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Pachcle Dek 6*‘00«? pD\Q- £¥Q-6°V 34. Clebsch-Gordan coefficients  010001-1

34. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,

J J
Note: A square-root sign is to be understood over every coefficient, e.g., for —=8/15 read —/8/15. Notation: M M
m m
1/2x1/2 +i m— — 1 2
—(()\9 v ;
[Frze12] 3] o o ir 2x1/2 |, %n o My my | Coefficients
+1/2 =1/2|1/2 1/2] 1 [+2 4172 1)+3/2 4372
Z1/2 +1/2]1/2-1/2)-1 Y= \/— sinf ' +2 <172 1/5 4s5] 572 372
-1/2-1/2| 1 +1 +1/2| 4/5-1/5}+1/2 +1/2
-0 o (3 1 +1-1/2| 2/5 3/5| S5/2 3/2
12 37 Yy = p(— cos® ) — ;) 0+1/2] 35 -2/5|-1/2 -172
1x1 +3/21 3/2 1/2 5 0=-1/2| 3/5 2/5| S5/2 3/2
[+1 +172] 1}e172 4172 }’21 SRR Sy [T, W7 Y 7 -1+1/2]| 2/5 -3/5]-3/2 -3/2
8w 2 -1 -1/2) 4/5 1/5] 5/2
+1=1/2| 1/3 2/3]| 3/2 1/2 3/2x1/2
0+1/2| 2/3 -1/3}-1/2 -1/2 g Lifi8: . i TR +i i i -2 +1/2| 1/5 =4/5]=5/2
F o e i + + + oy
0-1/2| 273 173| 32| Yz = 7\ 5, sin"# Ty R Lz-12] 1
-1+1/2| 173 -2/3}-3/2 t3/2-1/211/4 3/41 2 1
2513 > +1/2 +1/2{3/4-174] 0 o
X -1-1/2 1
+3[ 3 2 75 4.0 Bl S o v2-12212 2] 2 1
[#2 +1] 1]+2 +2 [5372 1] 1|+3/2 +3/2 -1/2 +1/2|1/2 =1/2] -1 -1
+2 01/3 2/3 3 2 1 +3/2 ol 275 35 s/2 3/2 172 ~1/2 -1/2| 3/4 1/4] 2
+1 #112/3 -1/3] +1 +1 +1 +1/2 +1| 3/5 =2/50+1/2 +1/2 +1/2 -3/2 +1/2| 1/4-3/4}-2
+2 -111/15 1/3  3/5 +3/2-1]1/10 2/5 1/2 |-3/2-172] 1
1x1]? +1 0(8/15 1/6-3/10| 3 2 1 +1/2 ol 3/5 1715 -1/3| 5/2 372 172
+20 2 1 ) o+1| 2/5-1/2 1/720] 0o o 0 -1/2+1|3/10 -8/15 1/6]-1/2 =1/2 =1/2
[frey 1+ w1 +1-1]1/5 1/2 3/10 +1/2 =1|3/10 8/15 1/6
«1 ofi/2 172 2 1 o 0 0{3/5 0 -2/% 3 2 1 -1/2 0| 3/5 -1/15 -1/3| 5/2 3/2
o+1f1/2-172] o o o -1+1|1/5 -1/2 3/10)] -1 -1 -1 -3/2 #1{1/10 =-2/5 1/2}-3/2 -3/2
+1-1[1/6 1/2 1/3 0-1 2/5 1/2 1/10 -1/2-1| 3/5 2/5] 5/2
0 0{2/3 0-1/3] 2 1 -1 0|8/15 -1/6-3/10] 3 2 -3/2 0| 2/5 -3/5}-5/2
-1 +1[1/6 =1/2 1/3] -1 =1 -2 +1)1/15 -1/3  3/5| -2 -2 ~3/2 1] 1
o-1f172 172 2 -1-1{2/3 1/3] 3
Yy " = (-1)y"Yy™ -1 ofi/2-1/2 |-2 -2 0[1/3-2/3}-3 (f179myma|iy 72 M)
4 : T
-1-1] 1} ;¢ m - -2 =1] 1 e Foolg oihifissa O
! dmo=\5717 Yy em e I = (=177 172y jymamy o j1 JM)




» - | - - , l SO - -I -l

o-1)1/2 172 2 -1-1[273 13| 3
Yy = (—1)ymYy™ -1 ofi/2-1/2 |-2 -2 0[1/3-2/3}-3 (7179myma|iy 72 M)
-1-1] 1 X im -2-1] 1 =gy =i fii i
l dio=\57= Y e ™ I = (=1)7717 2y jymamy |jajr JM)
20+ 1
J m-m’ 3] _ g7 3/2x3/2| 3 . 0 1 + cosfl
dm',m == ( ) dm m! ‘I—m,—m’ +3]1 3 2 d‘]) 0= cost d}/j 1/2 = COS8 — d% ] =
[F372 +372| 1]+2 +2 ; 2.1/ 2 ' 2
2x3/2 ,-7,52 — #3/2+1/2( 172 12| 3 2 1 212 Smf) dl __sind
[2+372] 1|ss245/2 21/223/2 ;Z';;; 1;; 1‘;; 3/:; 1/2.-1/2 = B M V2
+ -
+2+1/2| 3/7 4/71 /2 5/2 3/2 +1/72+4172 1375 0 -2/5 3 2 1o /1 1 —cost
+1+3/2| 4/7-3/7W3/2 +3/2 +3/2 ~1/2 +3/2 11/5 =1/2 3/10 0 0 0 0 ¢ 1,=-1= T
*2-1/2| 1/7 16/35 2/5 3/2 -3/2 |1/20 1/4 9/20 1/4
— +1+1/2| 477 1735 -2/5| 172 s/2 3/2 1/2 :1,2 -1/2 |9/20 174 -1/20-174
2x2 : . : 043/2| 2/7-18/35 1/5] +1/2 +1/2 +1/2 +1/2 _1/2 +1/2 19/20 -1/4 -1/20 1/4 3 2 1
[z +2 s 4% +2-3/2| 1735 6/35 2/5 2/5 ~3/2 +3/2 |1/20 -1/4 9/20-1/4] -1 -1 =1
*f *; :’: ;Z ; ; ; o+1/2\18/35 -3/35 -1/s  us| w2 s/2 3/2 12| | yaanlas o —asl s 2
+1 +21/2 - + 2+ -1+43/2| 4/35-27/70  2/5 -1/10 | -1/2 -1/2-1/2 -1/2| | 2305172 | 175-1/2 310l -3 -3
+2 013/14 1/2 2/7 +1 -3/2| 4/35 27/70 2/5 1/10
+141| 417 o0-37] 4 3 2 1 0 -1/2 18/35 3/35 -1/5 =1/5 By il e
0 +213/14 -1/2 2/7] +1 +1 +1 +1 -1 +1/2 12/35 -5/14 0 3710 7/2 5/2 3/2
T2 —111/18 3/10 3/7 1/5 -2 +3/2 | 1/35 -6/35 2/5 -2/5}-3/2 -3/2-3/2 }3r2-3/2
+1 0| 3/7 1/5-1/14-3/10 0 =372 | 2/7 18/35 1/5
0 +1| 3/7 -1/5-1/14 3/10 4 3 2 1 0 -1 <172 | 477 1382758 172 572
142 [V14.3/20, ~-3/7 =343 gr ¢ g 8 8 -2 172 | 1/7-16/35 2/5] -5/2 -5/2
+2 =2 | /70 /10 2/7 2/5 1/5 -1-372] 477 37| 7172
+1 -1 | 8/35 2/5 1/14 -1/10 -1/5 -2-1721 377 -as7%172
0o 0 [18/35 0 -2/7 0 1/5
-1 41 | 8/35 -2/5 1/14 1/10 -1/5| & 3 2 1 -2-3/2| 1
13/2 _1+4+cos@ @ -2 +2 | 1/70-1/10 2/7 -2/5 1/5] -1 -1 -1 -1
3332 " 5 *R3 +#1 -2[1/14 3/10 3/7 1/5
L 1 4+ cosf\ 2 0 -1| 3/7 1/5 -1/14-3/10
d:’/" =_\/§1+“”’9 : ‘_’ d2, = (_+._) -1 0| 3/7 -1/5-1/14 3/10 4 3 2
3/2,1/2 2 2 *'~ 2 -2 +1(1/14 -3/10 3/7 -1/5| -2 -2 -2
3/2 ~1 — cos# 7} 2 1+ cosf 0 -2(3/14 1/2 2/7
dyrp 12 = \/3—2—(0%2 d3,= 5 sinf/ -1 -1|47 o0-3/7] & 3
-2 03714 -1/2 277 -3 -3
d>2 . _ﬂgi"g d2.= V6 sin2 d3,= ﬂ( osf —1) -1 -2|1/2 1/72] 4
3/2,~3/2 5 oWy 20~ 7 ° ' 2 -2 -1|1/2-1/72]-4
3/2 3cosl—1 @ 9  1l—cos@ _ 2 _ é 3 . -2 2] 1
11/2]/)———-9——('0.\5 (12'51——-—0——-—&"10 dl‘ﬂ_ 25"'06(h0
3/2 _ 3cost+1 . 0 a (1l —cosf\? 5 1—cost _ 3 2 1
dily yp=——g—sinz  d}_,=(—5—) d = —5— (2eos0+1)  dfg= (3 cos?0-3)

Figure 34.1: The sign convention is that of Wigner ( Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley ( The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, W iley, New York, 1957),
and Cohen ( Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1914) The coefficients

here have been calculated using computer programs written independently by Cohen and at LBNL.




