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Pachcde Db 6”“]’ P"‘Q- RLQ‘QW 34. Clebsch-Gordan coefficients 010001-1
34. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,
) g J
Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —,/8/15. Notation:
m m
1/2x1/2 +i 10 5/2 b
(os() i
Fzei2 1| o o 2x1/2 w2572 372 my my | Coefficients
+1/2 -1/2(1/2 1/2] 1 [+2 +1/2 1}+3/2+3/2
-1/2 +1/2]1/2-1/2f-1 S ,/ siu()ew +2 -1/2| 1/5 4/5| 5/2 3/2
|-1/72-1/2[ 1 +1 +1/2| 4/5-1/5[+1/2 +1/2
5 /3 1 +1-1/2| 2/5 3/5| 5/2 3/2
Y9 = —(—(05207—> o ~1/2 -
1x1/2 [772 2 =\ 7 \3 3 0+1/2| 3/5 -2/5|-1/2 -1/2
32032 172 T | 0-1/2| 3/5 2/5] 5/2 3/2
[z i1z +172 Y)= /_o sin 6 cosf ¢ié -1+1/2| 2/5-3/5|-3/2 -3/2
2 -1-1/2| 4/5 1/5| 5/2
+1-1/2| 1/3 2/3]| 3/2 1/2 3/2x1/2 |
0+1/2| 2/3 -1/3|-1/2 -1/2 , 1 [15 5 i EEan +i i i -2 +1/2| 1/5 -4/5|-5/2
_ ,2i¢p + +1 + 2
0-1/2| 2/3 13| 372 Y2 = iV or sin® 6 e* [z -1 1
15172 17327332 |+3/2 -1/2[1/a 3/4) 2 1
2% 1[3 SV +1/2 +1/2(3/4-1/4] 0 o
X -1- 5/2
3| 3 3/2x1 L wrrerye |+1/2—1/2 172 12| 2 1
[x2+1] 1]+2 +2 [z 1] 1]+372 +3/2 -1/2+1/2|1/2 -1/2] -1 -1
+2 0(1/3 2/3] 3 2 1 w372 0| 2/5 3/5| 572 372 172 -1/2 -1/2|3/4 1/4| 2
+1 +112/3 -1/3] +1  +1  +1 +1/2 +1| 3/5 -2/5|+1/2 +1/2 +1/2 -3/2 +1/2]| 1/4-3/4]-2
+2 -111/15 1/3  3/5 +3/2-1(1/10 2/5 1/2 [=372-172] 1
1x1]2 +1 0[8/15 1/6-3/10| 3 2 1 +1/2 0| 3/5 1/15 -1/3| 5/2  3/2 1/2
+21 2 1 0+1| 2/5 -1/2 1/10] 0 0 0 -1/2 +1(3/10 -8/15 1/6|-1/2 -1/2 -1/2
[rrea 1f+r 1 +1-1[1/5 1/2 3/10 +1/2 -1[3/10 8/15 1/6
+1 of/2 1/2] 2 1 o 0 of[3/s 0 -2/5| 3 2 1 -1/2 0| 3/5 -1/15 -1/3| 5/2 3/2
0+1[1/2-1/2] o 0o o0 -1+1[1/5 -1/2 3/10] -1 -1 -1 -3/2 +41|1/10 -2/5 1/2|-3/2 -3/2
+1-1|1/6 1/2 1/3 0-1| 2/5 1/2 1/10 |-1/2—1 3/5 2/5| 5/2
0o ol2/3 o-1/3] 2 1 -1 0[8/15 -1/6-3/10| 3 2 -3/2 0] 2/5 -3/5|-5/2
-1+101/6 -1/2 1/3]-1 1| -2 +1|/1/15 -1/3  3/5| -2 -2 |-32-1] 1
0-1[1/2 1/2] 2 -1-1(2/3 1/3] 3
Yo = (—1ymy 21 olisz-172 |-2 . -2 0|1/3-2/3]-3 (j1jamimalj1jaJ M)
Ll = [ ymemime bzafs = (=) 192y jymamy |jaj1 TM)
) _ m—m' 3] 3/2x3/2 3 (9 1+ cosf
‘m/;m (-1 dm m! —m,—m/ +31 3 2 (1(1)0 = cosf i/g 12 = = (l% 1= —
[+372+372] 1]+2  +2 ) /2,1/ 53 , 2
2x3/2 | 71/2 sin 6
L2 \ilslm e v P B e T
[2+372]  1les/2+5/2 At R '; 1“;2 3/*0 12-1/ i V2
+3/2-1/2 [1/5 1
+2+1/2| 3/7 4/7| 772 s5/2 372 e | e i e 3 2 T o 4 1—cosf
+1+3/2| 4/7-3/7|+3/2 +3/2 +3/2 124372 |15 —1/2 3710 o o 0 0 1= 5
+2-1/2| 1/7 16/35 2/5
3/2 -3/2 |1/20 1/4 9/20 1/4
+1+1/2| 4/7 1/35 -2/5| 7/2  5/2 3/2 1/2 :1/2 -1;2 9/20 1§4 _1;20_1/4
2%x2 : — 0+3/2| 2/7-18/35 1/5| +1/2 +1/2 +1/2 +1/2 1175 3172 |9/20 ~1/a -1/20 174 3 2 T
[z <2 =1 PO +2-3/2| 1/35 6/35 2/5 2/5 -3/2 +3/2 |1/20 -1/4 9/20-1/4) -1 -1 -1
+1-1/2|12/35 5/14 0 -3/10 “1/2-3/2| 1/5 1/2 3/10
+2+111/2 1/2] 4 3 2 0+1/2|18/35 -3/35 -1/5 1/5| 7/2 s/2 3/2 12| |15 12|35 0 —25 3 2
+1+2(1/2-1/2| +2  +2 42 -1+3/2| 4/35-27/70 2/5 -1/10 | -1/2 -1/2-1/2 -1/2 Z3/2+1/2| 175-1/2 3110 -2 -3
+2 0/3/14 1/2 2/7 +1 -3/2|4/35 27/70 2/5 1/10 E —
+1 +1| 4/7  0-3/7 4 3 2 1 0 -1/218/35 3/35-1/5 -1/5 l ;Z _if; ig_ig ;
0 +2[3/14 -1/2 2/7| +1  +1  +1  +1 -1 +1/2 12/35 -5/14 0 3/10| 7/2 572 3/2| & ~
2 —1|1/14 3/10 3/7 1/5 -2 +3/2 | 1/35 -6/35 2/5 -2/5|-3/2 -3/2-3/2 3/2-3/2] 1
+1 o 3/7 1/5-1/14-3/10 0 -3/2| 2/7 18/35 1/5
0 +1| 3/7 -1/5-1/14 3/10 4 B 10 1 -1/2| a/7 21/35-2/51 772 572
-1 +2 [1/14-3/10 3/7 -1/5 0 0o o 0 0 2 172 | 1/7-16/35 2/5] —5/2 -5/2
+2 -2 | 1/70 1/10 2/7 2/5 1/5 -1-3/2| 4/7 3/7) 7/2
+1 -1 | 8/35 2/5 1/14 -1/10 -1/5 -2-1/2| 3/7 -4/7}-71/2
0 0 [18/35 0 -2/7 0 1/5
-1 +1 | 8/35 -2/5 1/14 1/10 -1/5| 4 3 2 1 I-z -3/2| 1
3/2 : -2 +2 | 1/70-1/10 2/7 -2/5 1/5| -1 -1 -1 -1
dilioniy = cos —
3/2,3/2 2 b} +1 -2(1/14 3/10 3/7 1/5
) 14 cosf\2 0 -1| 3/7 1/5-1/14-3/10
PE - 7\/31 +cos6 . 0 d%, = <+_> ~1 o 3/7 -1/5-1/14 3/10] 4 3 2
3/2,1/2 2 ) 2 -2 +1|1/14 -3/10 3/7 -1/5| -2 -2 -2
3/2 1—cost 0 9 _ _ltcost . 0 -2[3/14 1/2 2/7
A3 12 = V3 cos = d3, = sind -1 -1|4/7 o0-3/7] & 3
1+ cosf -2 0]3/14 -1/2 2/7| -3 -3
; 2 _ -
g2 = d2,= V6 sin? 6 diy = (2cos —1) 1 -2|1/2 1/2[ a
3/2,-3/2 3 1 -2 -1|1/2-1/2|-4
3/2 3cosf —1 0 2 1—cosf 2 _ 3 . ) -2 -2] 1
o cos— =——_ " g d{9=—4/= sinf cosf
d 212 = 3 cos 3 d 31 sin 6 1.0 38 S
3/2 _ 3cosfO+1 . 0 9 (l—cosf\2 9 _ l—cosf . 3 2 1
d1/2,71/2_7f sin 5 d2_72—<T) dl.il—T(2C0b€+1) (100—<§ cos 075)

Figure 34.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley ( The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974). The coefficients

here have been calculated using computer programs written independently by Cohen and at LBNL.
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