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1) Harmonic oscillator in the Heisenberg picture

Let there be a one-dimensional harmonic oscillator

H = P 2/2m+mω2X2/2.

Determine the time evolution of the position and momentum operators using the Hei-
senberg equations of motions. Write down the relation between the position and mo-
mentum uncertainties at the time t and those at the time t = 0 for an arbitrary state.
What do you get if the state has the minimal product of uncertainties at the time t = 0.
What if, additionally to that, the relation ∆X(0) = ∆P (0)/mω is fulfilled as well?

2)Spin precession in a time-independent magnetic field

Let there be a spin-1/2 system with the Hamiltonian

H = −~µ ~B , ~µ = γ~S , ~B = B~ez .

(a) Determine the Heisenberg equations for the Heisenberg spin operators ~SH(t) and
solve them with the initial condition that the Heisenberg spin operators at t = 0 coincide
with the corresponding Schrödinger spin operators, i.e ~SH(0) = ~SS .

(b) Solve the problem in the Schrödinger picture for the two-component spin wave
function (

a+(t)
a−(t)

)
(c) Show the equivalence of the two solutions by calculating the time evolution of the
expectation values for a spin state that initially points in x-direction at t = 0, in both
the Heisenberg and the Schrödinger picture.

3) Orbital angular momentum

Show that the components of the orbital angular momentum operator

Lk = εklmXlPm

fulfill the following commutation relations:

[Lk, Ll] = ih̄εklmLm, [Lk, Xl] = ih̄εklmXm, [Lk, Pl] = ih̄εklmPm.

Hint: Use the commutation relations [Xk, Pl] = ih̄δkl and [Xk, Xl] = [Pk, Pl] = 0,
without specifying any particular representation.

4) Translation

Show that the following relation is fulfilled for a finite translation:

exp(−i~a ~P/h̄) f(~X) exp(i~a ~P/h̄) = f(~X − ~a1) ,

where ~X and ~P are the abstract position and momentum operators.


