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QFT in Minkowski space → Euclidean space

I Transformation ... not necessary but sometimes convenient

I Transformation-rules for space-time coordinates:

x0 → −i x̂0 and x i → x̂ i

⇒ derivatives: ∂0 → i ∂̂0 and ∂ i → − ∂̂i

I Transformation for a four-vector: A0 → i Â0 and Ai → −Ai .

I i SM → − SE .

I Example ... Φ4− theory:

i SM = i

∫
ddx

(
1

2
(∂µΦ ∂µΦ − m2Φ2) − λ

4!
Φ4

)
→ −SE = −

∫
dd x̂

(
1

2
(∂̂µΦ ∂̂µΦ + m2Φ2) +

λ

4!
Φ4

)



Generating Functional

I from now on: x means x̂ ... always in Euclidean space

I Z[J] = e−W[J] = 〈0|0〉J = 〈0|T
(
e
∫

dd x J(x)Φ(x)
)
|0〉

with J(x) being an external source

I Path integral representation:

e−W [J] =
1

N

∫
[dϕ] e−S[ϕ] e

∫
dd x J(x)ϕ(x)

with N =

∫
[dϕ] e−S[ϕ]



Generating Functional

I Z[J] ... generating functional of all Green-functions!

I
∞∑

n=0

1
n!

∫
ddx1 · · · ddxnJ(x1) · · · J(xn) 〈0|T (Φ(x1) · · ·Φ(xn)) |0〉

I 〈0|T (Φ(x1) · · ·Φ(xn)) |0〉 = 1
N
∫

[dϕ] e−S[ϕ] ϕ(x1) · · ·ϕ(xn)

I W[J] ... generating functional of connected Green-functions!

I -W[J] =
∞∑

n=1

1
n!

∫
ddx1 · · · ddxnJ(x1) · · · J(xn) Gn,c(Φ)

with Gn,c (Φ) = 〈0|T (Φ(x1) · · ·Φ(xn)) |0〉c



Example: ϕ4− Theory

I ϕ4− theory: e−W[J] = 1
N
∫

[dϕ] e−S[ϕ,J] with

S[ϕ, J] =

∫
ddx

(
1

2
(∂µϕ∂µϕ + m2ϕ2) +

λ

4!
ϕ4 − Jϕ

)
and N =

∫
[dϕ] e−S[ϕ,0]



Legendre transformation of W[J]

I Effective Action Γ is defined by

Γ[ϕ̄] = W[J] +

∫
ddx J(x) ϕ̄(x), where ϕ̄(x) = − δW[J]

δ J(x)

I Γ ... generating functional of 1-particle-irreduzible graphs

I Γ[ϕ̄] =
∞∑

n=1

1
n!

∫
ddx1 · · · ddxn ϕ̄(x1) · · · ϕ̄(xn) Γ(n)(x1, ... , xn)

I with Γ(n)(x1, ... , xn) being the 1PI Green-functions

I It holds: δ Γ[ϕ̄]
δ ϕ̄ = J(x)

I Expanding in powers of momentum instead of ϕ̄:
Γ[ϕ̄] =

∫
ddx (+Veff (ϕ̄) + 1

2 Z (ϕ̄) ∂µϕ̄∂µϕ̄ + ... )



Expansion of W[J] in powers of ~

I e−
1
~ W[J] = 1

N
∫

[dϕ] e−
1
~ S[ϕ,J]

I counting Lagrangian as independent of ~ !

I parameter m in S[ϕ,J]: inverse of Compton-wavelength
m = m1c

~ , (m1 ... mass of the particle)

I expansion in powers in ~: W[J] =
∞∑̀
=0

~` W`[J]

I W0[J] ... generating functional of connected tree diagrams

I W1[J] ... generating functional of the one-loop-graphs

I ........................................................................

I W`[J] ... generating functional of the `-loop-graphs



Saddle-point approximation

S[ϕ, J] =

∫
ddx

(
1

2
(∂µϕ∂µϕ + m2ϕ2) +

λ

4!
ϕ4 − Jϕ

)
I expanding around solution of classical equation ϕcl (x):
ϕ(x) = ϕcl (x) +

√
~ϕ′(x)

I ϕcl (x) obeys −∂2 ϕcl (x) + m2 ϕcl (x) + λ
3! ϕ

3
cl (x) = J(x)

⇒ terms linear in ϕ′ vanish in S[ϕ,J]

S[ϕ, J] = S[ϕcl , J] + ~S(2)[ϕ, J]

with S(2)[ϕ, J] =
1

2

∫
ddx {∂µϕ′∂µϕ′ + m2(ϕ′)2 +

λ

2
ϕ2

cl (ϕ′)2}︸ ︷︷ ︸
=ϕ′Dϕ′ with D =−∂2 + m2 +

λ

2
ϕ2

cl (x)︸ ︷︷ ︸
= v(x)

I ϕcl (x) independent of ϕ′(x); pull out S[ϕcl ,J] of path integral



Saddle-point approximation

I remaining integral: F{v} =
∫

[dϕ′] e−
1
2

∫
dd x ϕ′(x)Dϕ′(x)

I Namely, it holds: e−W1{J} = F{v}
F{0}

I expanding ϕ′(x) as ϕ′(x) = un(x)ξn

I taking orthonormal set of functions un(x):

⇒ F{v} =

∫
[dξ] e−

1
2

Dmnξmξn
with Dmn = (um,D un)

I It follows: F{v}F{0} = lim
N→∞

(
det D0
det D

) 1
2

⇒ W[J] = S[ϕcl , J] +
~
2

ln

(
det D

det D0

)
︸ ︷︷ ︸

= ~W1[ϕ,J]

+ ...



Calculation of W[J] of ϕ4− theory: 1

I from now on: calculation in dimensional regularization !

I beginning: S[ϕ0] =
∫

ddx
(

1
2 (∂µϕ0 ∂µϕ0 + m2

0ϕ
2
0) + λ0

4!ϕ
4
0

)
I dimensions: [ϕ0] = d−2

2 , [m0] = 1 and [λ0] = 4 − d

I renormalization: ϕ0 =
√
Zϕ ϕ, m2

0 = m2 − δm2 and

λ0 = Zλ λµ
4−d

I introducing dimensions: [Zϕ] = 0, [Zλ] = 0 and [µ] = 1;

I introducing µ so that λ is dimensionless !

I λ and m2 finite with d → 4 !

I S[ϕ0, J0] = S[ϕ0] -
∫

ddx ϕ0(x)J0(x) with J0 = 1√
Zϕ

J



Calculation of W[J] of ϕ4− theory: 2

Sr [ϕ, J] =

∫
ddx

(
1

2
(∂µϕ∂µϕ + m2ϕ2) +

λµ4−d

4!
ϕ4 − Jϕ

)
︸ ︷︷ ︸

O(~0)

+ ~
∫

ddx

(
A

2
∂µϕ∂µϕ +

B

2
ϕ2 +

C µ4−d

4!
ϕ4

)
︸ ︷︷ ︸

counterterms

I Zr [J] = e−
1
~ Wr [J] = 1

N
∫

[dϕ] e−
1
~ Sr [ϕ,J], ϕ = ϕcl +

√
~ϕ′

Zr [J] = Z[J0] = e−
1
~ Sr [ϕcl ,J] e

−
∫

dd x

(
A
2
∂µϕcl ∂µϕcl + B

2
ϕ2

cl + Cµ4−d

4!
ϕ4

cl

)

1

N

∫
[dϕ′] e

− 1
2

∫
dd x

(
∂µϕ′ ∂µϕ′+ m2(ϕ′)2 + λµ4−d

4!
ϕ2

cl (ϕ
′)2

)
︸ ︷︷ ︸

=
(

det D0
det D

) 1
2



Calculation of W[J] of ϕ4− theory: 3

I det A = eTr(ln A)

I Wr [J] =

= Sr [ϕcl , J] + ~
∫

ddx
(

A
2 ∂µϕcl ∂µϕcl + B

2 ϕ
2
cl + Cµ4−d

4! ϕ4
cl

)
+ ~

2 Tr( lnD − lnD0 ) + O(~2)

I D = −∂2 + m2 +
λµ4−d

2
ϕ2

cl (x)︸ ︷︷ ︸
= v(x)

and D0 = −∂2 + m2



Calculating Tr( lnD )

I consider D in QM in d dimensions ( with [Xµ,Pν ] = iδµν ):

D = −∂2 + m2 + v(x) → P2 + m2 + v(X )

I only interested in Veff → neglect derivate terms in effective
action

I setting ϕcl (x) = const,
∫

ddx |x〉〈x | = 1 =
∫

ddp |p〉〈p|:

I Tr(ln D) =
∫

ddx 〈x | ln D|x〉 =
∫

ddx
∫

ddp 〈x | ln D |p〉〈p|x〉

I In that way: D is diagonalized

I Tr( lnD ) =
∫

ddx
∫ dd p

(2π)d ln(p2 + m2 +
λµ4−d

2
ϕ2

cl )︸ ︷︷ ︸
= v = const

⇒ Tr ( ln D − ln D0 ) =

∫
ddx

∫
ddp

(2π)d
ln

(
p2 + m2 + v

p2 + m2

)



Calculating Tr (ln D − ln D0)

I
∫ dd p

(2π)d
1

p2 + m2 =
∞∫
0

dt e−t m2

∫
ddp

(2π)d
e−t p2

︸ ︷︷ ︸
= (πt )

d
2 1

(2π)d

= ...

... = md−2

(4π)
d
2

Γ(1 − d
2 )

I poles at 1 − d
2 = 0, −1, −2, ... ⇒ thus a pole at d = 4 !

I ∂
∂ x

(∫ dd p
(2π)d ln

(
p2 + x
p2 + y

))
=
∫ dd p

(2π)d
1

p2 + x

I
∫ dd p

(2π)d ln
(

p2 + x
p2 + y

)
=

x∫
y

du
∫ dd p

(2π)d
1

p2 + u
=

2
d

Γ(1− d
2

)

(4π)
d
2

(x
d
2 − y

d
2 )

I Γ (1− d
2 )

d=4−2ε
= Γ (−1 + ε) = −( 1

ε + Γ′(1) + 1 + O(ε) )



Calculating Tr (ln D − ln D0)

I thus with x = m2 + v, y = m2 and d = 4 − 2ε:

∫ dd p
(2π)d ln

(
p2 + x
p2 + y

)
=

= − 1
2

1
1− ε

2

(4π)ε

(4π)2 Γ(ε− 1)
(
(m2 + λ

2 µ
2εϕ2

cl )
2−ε − m4−2ε

)
I multiplying with µ−2εµ2ε and using cε = e ε ln c = 1 + ε ln c:

= − 1

32π2
µ−2ε

(
1

ε
+

3

2
+ ln 4π + Γ′(1) + O(ε)

)
[
(m2 +

λ

2
µ2εϕ2

cl )
2(1 − ε ln

(
m2 + λ

2 µ
2εϕ2

cl

µ2

)
)

−m4 (1 − ε ln
m2

µ2
)
]



Calculating Tr (ln D − ln D0)

I Further calculation gives:

∫ dd p
(2π)d ln

(
p2 + m2 + λµ4−d

2
ϕ2

cl

p2 + m2

)
=

d=4−2ε
= − 1

32π2

(
1
ε + 3

2 + ln 4π + Γ′(1)
)
µ−2ε[

λm2µ2ε ϕ2
cl + λ2

4 µ
4εϕ4

cl −

− ε (λm2ϕ2
cl + λ2

4 ϕ
4
cl ) ln

(
m2 + λ

2
µ2εϕ2

cl

µ2

)
−

− εm4 ln

(
m2 + λ

2
µ2εϕ2

cl

m2

) ]



Effective action Γ[ϕ]

I Writing whole expression in a function of
ϕ ≡ ϕ = ϕcl + O(~) (Legendre transformation):

Γ[ϕ] =
∫

d4−2εx{1
2 (Z(ϕ) ∂µϕ∂µϕ + m2ϕ2) + λµ4−d

4! ϕ4}

+
∫

d4−2εx µ−2ε
{
−
(

1
ε + 3

2 + ln 4π + Γ′(1)
)

[λm2µ2ε ϕ2

+ λ2

4 µ
4εϕ4] + (m2 + λ

2 µ
2εϕ2)2 ln

(
m2 + λ

2
µ2εϕ2

µ2

)
−m4 ln

(
m2

µ2

)}
1

4 (4π)2

+
∫

d4−2εx
(

A
2 ∂µϕ∂µϕ + B

2 ϕ
2 + C µ4−d

4! ϕ4
)

+ ...

with Z(ϕ) = 1 + λ
(4π)2

1
6

λ
2
ϕ2

m2 + λ
2
ϕ2

+ ...



Γ[ϕ] in MS: Renormalization

I Renormalization, adjusting the divergences in A, B and C:

A = 0

B
2 =

(
1
ε + ln 4π + Γ′(1)

)
m2 λ 1

4 (4π)2

C
4! =

(
1
ε + ln 4π + Γ′(1)

)
λ2

4
1

4 (4π)2

I d → 4:

Γ[ϕ] =
∫

d4x {1
2 (Z(ϕ) ∂µϕ∂µϕ + m2ϕ2) + λ

4! ϕ
4}

+
∫

d4x
{
− 3

2 [λm2 ϕ2 + λ2

4 ϕ4]

+ (m2 + λ
2 ϕ

2)2 ln

(
m2 + λ

2
ϕ2

µ2

)
− m4 ln

(
m2

µ2

)}
1

4 (4π)2



Γ[ϕ] in MS

I interested in the physical mass !

Γ[ϕ] =
∫

d4x {1
2 (Z(ϕ) ∂µϕ∂µϕ + m2ϕ2) + λ

4! ϕ
4}

+
∫

d4x
{
− 3

2 [λm2 ϕ2 + λ2

4 ϕ4]

+ (m2 + λ
2 ϕ

2)2 ln

(
m2 + λ

2
ϕ2

µ2

)
− m4 ln

(
m2

µ2

)}
1

4 (4π)2

I expanding logarithm in a series:

ln

(
m2 + λ

2
ϕ2

µ2

)
= ln

(
m2

µ2

)
+ λ

2m2 ϕ
2 − λ2

8m4 ϕ
4 ± ...

I Finally: Γ[ϕ] =
∫

d4x {1
2 (∂µϕ∂µϕ + m2

phϕ
2) + λ′

4!ϕ
4} + ...

with m2
ph = m2 + λm2

2 (4π)2

(
ln
(

m2

µ2

)
− 1

)
and λ′ = λ + 3λ2

2 (4π)2 ln
(

m2

µ2

)



Renormalization-Group Equations

I differentiate equations of m2
ph and λ′ with respect to µ:

I ⇒ µ ∂m2

∂ µ = λm2

(4π)2 ... γm−function

I ⇒ µ ∂ λ
∂ µ = 3λ2

(4π)2 ... β−function

I Relations between λ(µ) ↔ λ(µ0) and m2(µ) ↔ m2(µ0):

I m2(µ) = m2(µ0)
(

1 + λ(µ0)
(4π)2 ln

(
m2

µ2

)
+ ...

)
I λ(µ) = λ(µ0) + 3λ(µ0)2

(4π)2 ln
(

m2

µ2

)
+ ...



Heat Kernel

I Tr(lnD - lnD0) = −
∞∫
0

dt
t Tr(e−tD − e−tD0) ... Schwinger

parametrization

I Tr(lnD - lnD0) singular for d → 4, corresponds to small values
of t

I ⇒ Heat-Kernel expansion: procedure for analyzing the
one-loop divergences completely

I Heat Kernel: K(x,y,t) = 〈 x |e−tD|y〉 =
∞∑

n=1
un(x)un(y) e−tEn

I K fulfills ∂t K (x , y , t) + DK (x , y , t) = 0
with K(x,y,0) = δd (x − y)

I for D → −∆ above equation: Heat-Equation

I corresponding kernel:

k(x,y,t) =
∫ dd p

(2π)d e−tp2
eip(x−y) = (4πt)−

d
2 e−

(x−y)2

4t



Heat Kernel

I kernel for D0 = −∆ + m2:

K0(x,y,t) = k(x,y,t)e−tm2
= (4πt)−

d
2 e−

(x−y)2

4t e−tm2

I for D: kernel smooth function for t>0; for t→0 peak at x=y

I ansatz: K(x,y,t) = (4πt)−
d
2 e−

(x−y)2

4t H(x,y,t)
with H(x,y,t) = H0(x,y) + t H1(x,y) + t2 H2(x,y) + ...

I H fulfills:
t ∂tH(x , y , t) + (x − y)µ∂µH(x , y , t) + t DH(x , y , t) = 0

I (x − y)µ ∂µH0(x , y , t) = 0 and
((x − y)µ∂µ + n) Hn(x , y) + DHn−1(x , y) = 0 for n = 1,2,...

I ⇒ H0(x,x) = H0(x,y) = 1
H1(x,x) = −(m2 + v(x))
H2(x,x) = −1

6 ∆ v(x) + 1
2 (m2 + v(x))2



Seeley-Coefficients

I Tr(e−tD) =
∫

ddx K(x , x , t)

I Tr(e−tD − e−tD0) =
∫

ddx {H(x , x , t) − H0(x , x , t)}
= t−

d
2 {h0 + th1 + t2h2 + ...}

I ⇒ Seeley-Coefficients:

hn = (4π)−
d
2

∫
ddx {Hn(x , x , t) − H0,n(x , x , t)}

I ⇒ h0(x,x) = 0

h1(x,x) = − (4π)−
d
2

∫
ddx v(x)

h2(x,x) = (4π)−
d
2

∫
ddx {m2 v(x) + 1

2 v
2(x)}

I Tr(lnD − lnD0) = 2h1
d−2 + 2h2

d−4 + ... poles at d = 2,4, ...

I d → 4:
Tr(lnD − lnD0) = 1

16π2 (d−4)

∫
ddx {2m2 v(x) + v2(x)} + ...



Generalization: Heat-Kernel expansion

Source: R. D. Ball:
”
Chiral Gauge Theory“, Phys. Rep.

182(1989)1

I quadratic term of euclidean action:

S(2) = 1
2

∫
d4x ΦT (−∇∇ + Y )︸ ︷︷ ︸

:=D

Φ with Φ =

ϕ1
...
ϕn


and ∇ρ = ∂ρ + Xρ ... X

T
ρ = −Xρ and Y T = Y

I Z = e−W = e
−(

WL=0︷︸︸︷
Scl

+

WL=1︷ ︸︸ ︷
1

2
Tr ln

(
D

D0

)
)

I Z = e−W = e−Scl ∫
[dΦ] e−S(2)[Φ]



Generalization: Heat-Kernel expansion

I WL=1 = 1
2 Tr ln

(
D
D0

)
=

= −1
2 lim

m2→0

∞∫
0

dτ
τ e−τm2

Tr(e−τD − e−τD0)

I important observation: S(2) invariant under local
gauge-transformation:
Φ(x) → R(x)Φ(x) R(x)T R(x) = 1

Xµ → R ∂µ R−1 + R Xµ R−1 Y → R Y R−1

I terms needed for a gauge-invariant action WL=1:
Y, ∇µ Y = ∂µ Y + [Xµ,Y]
Xµν = ∂µ Xν − ∂ν Xµ + [Xµ,Xν ]
D = −∇ · ∇ + Y = −∂2 − 2Xµ ∂µ + Y − X2

I calculation for constant fields Xµ and Y = X2 ⇒
D = − ∂2 − 2Xµ∂µ

I reconstruction of result: X2 →Y and [Xµ,Xν ] → Xµν



Generalization: Heat-Kernel expansion
I Tr(e−τD) =

∫
ddx tr 〈x |e−τD|x〉

I calculation: tr 〈x |e−τD|x〉 = ... =
1

(4π)
d
2
τ−

d
2 tr(1 − τY + 1

2 τ
2Y 2 + 1

12 τ
2 XµνXµν + ...)

I WL=1 = −1
2 lim

m2→0

∞∫
0

dτ
τ e−τm2 1

(4π)
d
2
τ−

d
2∫

ddx tr(1 − τY + 1
2 τ

2Y 2 + 1
12 τ

2 XµνXµν + ... − 1)

I WL=1 = 1
2

1

(4π)
d
2

lim
m2→0

∫
ddx

{
md−2Γ(1− d

2 ) tr(Y)

− md−4Γ(2− d
2 ) tr( 1

2 Y2 + 1
12XµνXµν) + ...

}
I for d = 4 −2ε:

− 1

32π2
(4π)ε lim

m2→0

∫
d4−2εx

{
(m2)−ε Γ(ε) tr(

1

2
Y2 +

1

12
XµνXµν)

}



Generalization: Heat-Kernel expansion

− 1

32π2
(4π)ε lim

m2→0

∫
d4−2εx

{
(m2)−ε Γ(ε)︸︷︷︸

= 1
ε

+ ...

tr(
1

2
Y2 +

1

12
XµνXµν)

}

I for ϕ4−theory: X = 0 and Y = m2 + v(x):

WL=1 = − 1

64π2

∫
d4x

{ 1

ε
[ (m2 + v(x))2]

}
I 1

2 Tr (ln D− ln D0) = − 1
64π2

∫
d4x

{
1
ε

(
2m2v(x) + v2(x)

)}
equal to

1
2 Tr(lnD − lnD0) = 1

2
1

16π2 (d−4)

∫
ddx {2m2 v(x) + v2(x)}

I with Tr(lnD − lnD0) = 2 h2
d−4

⇒ h2(x,x) = 1
32π2

∫
d4x {2m2 v(x) + v2(x)}



Summary

I Generating functional of connected loop-diagrams can be

written in powers of ~: W[J] =
∞∑̀
=0

~` W`[J]

I Generating functional of connected one-loop graphs has a

logarithmic term: W[J] = S[ϕcl , J] + ~
2 ln

(
det D
det D0

)
+ ...

I Renormalization-Group equations:

µ ∂m2

∂ µ = λm2

(4π)2 + ...

µ ∂ λ
∂ µ = 3λ2

(4π)2 + ...

I For analyzing the divergence-structure of ϕ4−theory
completely ⇒ Heat-Kernel expansion

I pole for d → 4: h2(x,x) = 1
32π2

∫
d4x {2m2 v(x) + v2(x)}



Outlook and Applications

I effective potential Veff useful for analyzing the
vacuum-stability of the SM ( here φ is Higgs field):

Figure: effective potential for the Higgs field φ [Mikhail
Shaposhnikov:

”
Cosmology: theory“, arXiv:1311.4979v1, [hep-ph]

20 Nov 2013]

I Applications for Heat-Kernel expansion:

1) quantum gravity

2) one−loops divergences in effective field theories (e.g. chiral
perturbation theory)


