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QFT in Minkowski space — Euclidean space

» Transformation ... not necessary but sometimes convenient

v

Transformation-rules for space-time coordinates:
x9 = —i&0 and x' — &/
= derivatives: 8° — iJg and &' — — O

Transformation for a four-vector: A% — jA® and AT — —A'.

v

v

iSy — —SEe.

v

Example ... ®* — theory:

iSm = i/ddx (1(au¢au¢ — m?$?) — A<1>4>

—>—SE:—/dd>?<

Nl = N

e A
(0u® 0, ® + m*®?) + 4!¢4>



Generating Functional

» from now on: x means X ... always in Euclidean space

> ZJ) = M = (0[0), = (O[T (f 1%} o)

with J(x) being an external source

» Path integral representation:

1 y
w1 / [dip] &SIl of 4 J(0()
N

with N = / [de] e~Sl¥l



Generating Functional

» Z[J] ... generating functional of all Green-functions!
> > L dh - d¥xd(xa) - S(xa) (O] T (@(x1) - - D(xa)) |O)
n=0

> {OIT (®0a) - @(xn) [0) = & [ [de] eI p(31) - o(xn)

» WI[J] ... generating functional of connected Green-functions!
» W = 3 4 [d9 - d9%J(xa) - - J(xn) Gac ()
n=1

with  Gp o(®) = (0| T (®(x1) - P(xn))|0)c



Example: ¢* — Theory

> 904_ theory: e~ WHI — % f[dgp] e—Slv. ] with

1 A
Slp, J] = /d"x <(3u<p3u<p + m*?) + et —Jw)

N

and N = f [ng] e—S[SO,O]



Legendre transformation of W[J]

» Effective Action I is defined by
oW[J]

Mgl = W] + / dx J(x) @(x), where 3(x) = — 53100

» [ ... generating functional of 1-particle-irreduzible graphs

v

r[@] = Z % fddxl T dan SB(XI) T @(Xn) I_(n)(Xla 7Xn)
n=1

v

with T(")(xq, ..., x,) being the 1Pl Green-functions

It holds: 22 = J(x)

v

v

Expanding in powers of momentum instead of @:
@] = [ d% (+Verr (@) + 1 Z2(3) 0,50,5 + ...)



Expansion of W[J] in powers of A

>

>

>

counting Lagrangian as independent of 7 !

parameter m in S[p,J]: inverse of Compton-wavelength

m = T, (my ... mass of the particle)

expansion in powers in h: W[J] = > A W,[J]
=0

Wy[J] ... generating functional of connected tree diagrams

Wji[J] ... generating functional of the one-loop-graphs



Saddle-point approximation

1 A
Sle,J] = /ddx (2(8u908u90 + m%?) + et - Js&)
» expanding around solution of classical equation ¢¢(x):
e(x) = wa(x) + Vig'(x)

> al(x) obeys —0 pi(x) +m? galx) + 3¢ (6) = I(x)
= terms linear in ¢ vanish in S[y,]]

Slg,J] = Slea,J] + hS [cp,J]

1 A
with S [cp,J] /ddx{amﬁl L+ m (80/)2+5903/ (')}

A o
=¢'Dy’ with D=—82+m? + 5 0z(x)
—_——

=v(x)

> ©q(x) independent of ¢/(x); pull out S[py,J] of path integral



Saddle-point approximation
> remaining integral: F{v} = [[d¢'] e—3 J d/x¢' (D¢ (x)

Namely, it holds: e"WilJ} = ig]}t

v

n

expanding ¢'(x) as ¢'(x) = un(x)¢

v

v

taking orthonormal set of functions up(x):

=  F{v} = / [d€] €2 O™ \ith Dy = (m, D up)

v

1
VA7 T det Dy \ 2
It follows: For = nglo(detD>

h detD
W = — |
= W[J] Slpa, ] + 5 In <det D0> +

—_—
=hWi[p,J]



Calculation of W[J] of ¢* — theory: 1

>

v

v

v

v

v

v

from now on: calculation in dimensional regularization !

beginning: Slpo] = [ d%x (3(Dupo Duo + mBd) + 3¢)
dimensions: [yo] = %, [mo] =1and [M\] =4 —d

renormalization: ¢o = \/ZQO, mZ = m2 — 6m? and
Ao = Zyaptd

introducing dimensions: [Z,] =0, [Zy] = 0 and [p] = 1;

introducing p so that A is dimensionless !

X and m? finite with d — 4 !

Slgo, Jo] = S[o] - | d¥x po(x)Jo(x) with Jo = —~ J

N



Calculation of W[J] of ¢* — theory: 2

4—d
41

1
Sl J] = /ddx (2(%@8”@ + m?p?) +
o(1)
A B C 4d
th /ddx <2 Oup Oup + 5802 + /Z! (p4>

counterterms

L 2= e B = b Fldgle S g = g + Vi

804 - Jcp)

cut=d 4
VA [J] = Z[JO] = e_ﬁs [SOd,J]e Jd X( Oppel Oppel + 2g0d+ ”4! @c/)

/[d e 2 o a““" O’ +mP () + dwil(@’)z)

1
_ ([ detDg\ 2
“\ detD




Calculation of W[J] of ¢* — theory: 3

> det A = eTr(ln A)

» W, []] =

c 4—d
= S/[per, J] + hfddx (éawpcl ﬁ,u@cl + g@i/ + lﬁu Wﬁ/)

+ %Tr( InD — InDg ) + O(R?)

A 4—d
»D=-0%+m?2+ 'uTgog,(x) and Dg = —9? + m?
—_——

=v(x)



Calculating Tr( InD )
» consider D in QM in d dimensions ( with [X,,P,] = 0, ):
= -0+ m? + v(x) = P? 4+ m? + v(X)

> only interested in Ve — neglect derivate terms in effective
action

> setting wo(x) = const, [ dx|x)(x| = 1 = [ d%|p){p|:
» Tr(InD) = [d9% (x| In D|x) = [d9x [d9p (x| In D |p)(p|x)

» In that way: D is diagonalized

A
» Tr(InD ) = [ d? n(p?> + m? + a ©?)

= v = const

_ d
= Tr(InD—InDo)—/d X/(27r)d In( 2 m? )




Calculating Tr (In D — In Dy)

d
d9p _ d P 2
> (2Trdp +m2 fdte o / (27r)de M
——
d
:(%)2 (271)‘1
mi—2 d
= ra-— ¢
(47r)% ( 2)

v

poles at 1 — % =0, -1, -2, ...

2 (1 & (5) =1 &

v

d X
» [ e (5E) = fd”f(
2M(1-9) 4 4
d " 4m)$ (x2 — y2)

= thus a pole atd = 4!

2+X

deru:



Calculating Tr (In D — In Dy)

» thuswithx =m? + v,y =m?andd = 4 — 2¢:

a4 Px)
J s (52) =
47)° _ _
= _% 1% §4:32 Me—-1) ((m2 + %l‘za‘:oil)z ©—m 2a)

~2¢1,%¢ and using ¢ = e =1 +4¢lnc

-+ 3 + Indr + (1) + O(E))

» multiplying with p
1
A, 2, 2

2/,L€g0d>)

1 —2e <

T 32
A m? +
[(m? + 3 222 — <o ( z
m?2
—m*(1 — ¢ln ?)}



Calculating Tr (In D — In Dy)

» Further calculation gives:

f d?p n(P? >+ m? 4 ” ‘Pc/ _
@r)a N e =

d=4-2¢ 1
- T 3272 (

L3 4ndr + Q) w %

[)\m2N2690c/ i 4/‘48903

A, 26, .2
2.2 22 4 m-+ 5 p ey
—e(Am?pZ + o) In <Z —

A, 28, .2
4 m? + 2 1?2
—em In<mz‘>}



Effective action I'[]

» Writing whole expression in a function of
® = ¢ = pg + O(h) (Legendre transformation):

Mol = [ d* 2 x{3(Z(¢) dup Duyp + m2?) + 202 %)

+ f d4f2sxuf2s{ _ (% + % + In4r + r’(l)) [)\m2ﬂ2590
2 A 2,2
+ 5 1% ] 4+ (m? + 3 1%0?)% In <m+u2l“0>

—m#*In (Z’—j)}ﬁ

. 4—d
+ f d*=x (é Oup Oup + %02 + leu 304) + .

with Z(p) = 1 + 25 &



[e] in MS: Renormalization

» Renormalization, adjusting the divergences in A, B and C:
A=0

g = (% + Indnm + r’(1)) mz)\Wlﬂ)2

C 1 X1

» d — 4:
Myl = [d**{3(Z(¢) Oup O + m*%) + 31 9%}

2
+ [ { = 3nm2e? + X

242 2 2
+(m? + 4 ©?)? In <m 7 i > — m*In (%) }74(41@2



[[¢] in MS
> interested in the physical mass !
Mol = [ d**{3(Z(¢) Oup dup + m*@%) + g o'}

2
+fd4x{— %[)\mztpz + /\7904]

24 A2 2
+(m? + %902)2 In <m u22 d ) — m#In (%) }74(417r)2

> expanding logarithm in a series:

24 A 2
|n(mu2290> In( >—|—2m2<p—8m490:|:

> Finally: Te] = [ d“x{l (Oupdpe + m2,0%) + 419} + .
with m?2 oh = m? + (47r)2 (In (Z‘—;) — 1)

and N = A + 535 In (2%)



Renormalization-Group Equations

v

differentiate equations of mlzgh and )\ with respect to u:

g M%Tj = ()4\12.1)22 ’Ym—function
> = MaT/\L = (13;7)52 ... S—function
» Relations between A(u) <> A(uo) and m2(H) o m2(,uo):

v

m2() = m2(uo) (1 + 39 In () + ..

2

2
> () = Ao) + 9 In (23) + .

I



Heat Kernel

>

o

Tr(InD - InDg) = — [ 4 Tr(e~t® — e~tDo) .. Schwinger
0

parametrization

Tr(InD - InDg) singular for d — 4, corresponds to small values
of t

= Heat-Kernel expansion: procedure for analyzing the
one-loop divergences completely

o0
Heat Kernel: K(x,y,t) = (x|e ®Ply) = 3> up(x)un(y) et
=]

K fulfills 9; K(x,y,t) + DK(x,y,t) = 0
with K(x,y,0) = 09(x — y)

for D — —A above equation: Heat-Equation
corresponding kernel:

(x=)?

k(Xert) = f (gjr,))d eitp2 ePx—y) = (47Tt)_% e a4t




Heat Kernel

» kernel for Dg = —A + m?:

d (x=y)?

Ko(x.y,t) = k(xy,t)e ™™ = (4nt)"2e & e M

v

for D: kernel smooth function for t>0; for t—0 peak at x=y

v

2
ansatz: K(x,y,t) = (47rt)_g e H(x,y,t)
with H(x,y,t) = Ho(x,y) + tH1(xy) + t>Ha(x,y) + ...

H fulfills:
tOH(x, y,t) + (x = y)*O,H(x,y,t) + tDH(x,y,t) = 0

v

> (x — y)* OuHo(x,y,t) = 0 and
((x=y)*0u + n)Hn(x,y) + DHy_1(x,y) = 0forn=1.2,...

> = Ho(X, ) 0( ) 1
Hi(xx) = —(m? + v(x))
Ha(xx) = =g Av(x) + 3 (m* + v(x))?



Seeley-Coefficients

» Tr(e7tP) = [d9xK(x,x, t)

» Tr(e tP — e7tDo) = fddx{H(X,x, t) — Ho(x,x,t)}
—t3 {ho + thy + t?hy + ..}

» = Seeley-Coefficients:

hy = (47)"2 /ddx{Hn(x,x, t) — Hon(x,x, )}

» =  hp(xx) =0
hi(x,x) = —(47r fddxv (x)

ha(x,x) = fddx{m v(x) + %v2(x)}
» Tr(InD — InDp) = % + % + .. polesatd = 2,4, ...
» d — 4:

Tr(InD — InDg) = W [d9x{2m? v(x) + v3(x)} + ...



Generalization: Heat-Kernel expansion

Source: R. D. Ball: ,, Chiral Gauge Theory“, Phys. Rep.
182(1989)1

» quadratic term of euclidean action:

52 — %fd4x ch(—VV +Y)o with ® =
=D
and V, = 0, + X, X = —X, and YT = Y
WL =0 WL71
,_/%
=~ D
(S 4+ 2 TrIn( ))
> Z=—e W — ¢ Do

> Z=e W = o5 [ [do] e—S?[0]



Generalization: Heat-Kernel expansion
=1 _ 1 D _
» WL = 1Trin () =

o0
lim [ d{e*m12 Tr(e™™ — e Do)
m2—0 |

N =

» important observation: S(® invariant under local
gauge-transformation:
d(x) = R(x)®(x) RxX)TR(x) = 1
X, = RO,RP+RX,RT Y RYR?

» terms needed for a gauge-invariant action W-=1:
Y, VY =0,Y + [X,Y]
X = Xy — 0y Xy + [Xu, X))
D=-V-V+Y=-9%-2X,0, +Y —X

» calculation for constant fields X,, and Y = X? =
D =—-9% - 2X,0,

» reconstruction of result: X2 —Y and [X,,X,] = Xy



Generalization: Heat-Kernel expansion
» Tr(e™™®) = [d9 tr(x|e”"P|x)

» calculation: tr (x|e™P|x) = ... =

d
(4;)% T2t(l = 7Y + 372V 4+ S5 XX + )

o0
— . —rm?2 _d
» WL = 1 jim [drem L o3
m2—0 | (4m)

[doxtr(l — 7Y + 372Y2 + 572 X0 X + ... — 1)

(SN

> VVL:1 =

L jim [d9x {md*2r(1 — 9)tr(Y)

(4m)2 m2-0

—mIA2 = (3 Y2 4 L X X)) + }

1
2

» ford = 4 —2¢:

1 e 4—2¢ 2\—¢e 1 2 1
s () i / 025 () T (Y 4 X X))



Generalization: Heat-Kernel expansion

1 e 4-2¢ 2\—¢ 1, 1
- 5z (47) ﬁﬂo/ﬁ () TE) GV X X))
+ ...

o =

» for p*—theory: X = 0and Y = m? + v(x):

1

wt = b e L o)1)

> 1Tr (InD — InDg) = — L5 [ d*x {g (2m2v(x) + v3(x)) }
equal to
3 Tr(InD — InDg) = %m [d9% {2m? v(x) + v3(x)}

» with Tr(InD — InDo) = 2hz
= ha(x,x) = 32 x{2m v(x) + v?(x)}




Summary

» Generating functional of connected loop-diagrams can be
o0
written in powers of h: W] = 32 AW, [J]
(=0

» Generating functional of connected one-loop graphs has a
logarithmic term: W[J] = Sy, J] + g In ( cfeett[?o) 4.

» Renormalization-Group equations:

Om?2 _ Am?
D = G T
OX _ 32

» For analyzing the divergence-structure of ¢*—theory
completely = Heat-Kernel expansion

> pole for d — 4: ha(xx) = 535 [d*x{2m? v(x) + v3(x)}



Outlook and Applications

» effective potential Vg useful for analyzing the
vacuum-stability of the SM ( here ¢ is Higgs field):

v / v v
/ / "‘-

/ subility TN .‘" /
J A VA VAN

Fermi Planck

Fermi Planck Fermi Planck

Figure: effective potential for the Higgs field ¢ [Mikhail
Shaposhnikov: ,,Cosmology: theory", arXiv:1311.4979v1, [hep-ph]
20 Nov 2013]

» Applications for Heat-Kernel expansion:

1) quantum gravity

2) one—loops divergences in effective field theories (e.g. chiral
perturbation theory)



