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Perturbation Theory

@ Quantum-Field-theoretic correlation functions and S-matrix
elements calculated in Perturbation theory

e E.g.: with £L =Ly + Lin, and Liy = O(N):
(01T ¢(x1)...0(2)|0) =

(O 61(21).01(an) expli ] d' Hiy()HO)
(0] [ dizexp{i [ d*aH] (x)}]0)

~ 0|T¢r(z1)...0r(7,)]0) +

+i [ @t (O 1(w1)..n(w) Hi(@)}0) + OOY)
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Locality and UV-Divergences

@ QFT is based on concept of locality,

e —> Ly and L;,; do only contain local operators , i.e. at same
space-time point

@ Examples:

=2, L8 — G

@ Locality leads to divergent integrals for higher order corrections
to tree-level results (in configuration + Fourier space)
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Example: 4-Point Vertex Function of ¢*-theory

AL - 2 K

002)

o Tree-level: ~ =i\

@ One-loop: >©< ~

(—iN) / d*k i i
2 (2m)* (k2 — md +ie] [(p1 + p2 — k)? — md + i€]
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Locality and UV-Divergences

Observations:

@ High-energy processes are encoded in value of A\ (not resolved,
pointlike interaction)
— locality

© Accuracy of X is obviously different at various orders in
perturbation theory

© Loop-integral is UV-divergent, i.e. at large k-values
© Divergent integrals will also appear in other loop-diagrams

Looks like an unsurmountable problem...
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Locality and UV-Divergences

BUT: this is to be expected!

@ We are trying to use a theory for all energies which is only valid
up to energies where a certain amount of detail of the local
interaction can be resolved

o Characteristic quantity: cutoff A
@ Processes at E > A effectively encoded in A
@ For E > A new theory might take over (e.g. new particles)

Important conclusion (running coupling)

Coupling A\ will be energy-dependend, A = A(A) , where A is an
energy scale (cutoff), up to which the theory is valid. Similiar for the
mass, m = m(A), and the field(s), ¢ = ¢(A).
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A few points have to be tackled now:

(]

Categorize the UV-divergences in the various theories

@ Find a convenient way to regularize the divergent integrals
@ Extract the finite parts, get rid of the divergent parts
°

Rewrite the infinite (bare) parameters of the theory in terms of
new, finite (renormalized) ones

Extract information about the running of the parameters
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Classification of UV-Divergences
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Superficial Degree of Divergence

As a first step define the naive degree of divergence of a diagram:

Superficial degree of divergence D:

D = powers of loop-momenta in numerator

— powers of loop-momenta in denominator

when all loop-momenta of that diagram become large.

e D < 0: not superficially divergent
@ D = 0: logarithmic divergence
@ D = 1: linear divergence
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@ Assume for the moment that loop-integral is regularized with a
hard cutoff A:

(= /A (d4k i i

2 2m)* [k2 — mg +ie] [(p1 +p2 — k)? — m§ + ie]

k—oco A kg A 1
—>c/ dk;ﬁ:c/ dkzzclog(A)

@ D =0 as expected
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Superficial Degree of Divergence

@ Divergent part of a diagram ~ A"

@ For every diagram D can be obtained in a sytematic way by
virtue of the Feynman rules (in every theory)

@ Momentum dependence of propagators is fixed

@ Ingredients to quantify D for a diagram:

Number of external lines

Number of vertices (loops)

Space-time dimension

Number of lines meeting at each vertex
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Example: ¢"-theory

Example: ¢"-theory in d space-time dimensions

oo =srp(152) - (45)

where
@ N ... number of external lines
@ n ... degree of self-interaction polynomial
e V' ... number of vertices
@ d ... space-time dimension
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Example: ¢"-theory
RIS CE

~~

n

Observation: the prefactor n of V' plays a crucial role:
e n > 0: D grows with number of vertices
— Non-renormalizable theory
@ 1 =0: D independend of number of vertices
— Renormalizable theory

@ 1 < 0: D decreases with number of vertices
— Super-renormalizable theory
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Dimensional Analysis of ¢"-theory

@ Some dimensional analysis (in d dimensions) reveals an
interesting feature ([0,] = 1):

|

[ﬂ:{/d%a@]éo = [£]=d

o Concretely: L =1(0r¢)* — %2¢2 — 2™

d—2
+d

==—-1, [m*)=2  [N=-n

@ Surprisingly: [[M\] = —n
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Operator Dimension and Renormalizability

@ This is valid for the couplings of every theory
@ Allows to classify the renormalizability of a theory by:

a) Mass-dimension of the coupling: [A] = —n
b) Operator-dimension of Lin, since

> d, non-renormalizable
[O] =< =d, renormalizable
< d, super-renormalizable
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Renormalizable Physical Theories in d = 4

Theory L

¢! 3(0°9)° — %50 — o'

Yukawa 1(019)? — 9% + i) (F — m) — gibo)
Scalar QED (D" (Dyg) — 1Fu FH — N¢T9)?
QED (P —m)p — {Fu ™
GWS-Electro-Weak (D*¢")(D,d) + upto — M¢'¢)?
QCD Q (i —m) Q — 3G, G
Standard Model
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Explicit Renormalization
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Explicit Renormalization - An Example

@ As an illustrative example:  ¢*-theory in 4 dimensions

@ Refering to superficial degree of divergence for d = 4,n = 4:

D:d—mv_<$>zv:4_zv

@ Only diagrams with up to 4 external legs should superficially
diverge
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Divergent amplitudes in ¢*-theory

D =4 (unobservable vacuum shift)
—‘— D =2: ~ A? + p?log(A) + (finite terms)

D = 0: ~ log(A)

D <0: (finite)
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Multiplicative Renormalization

e ¢*-Lagrangian in d space-time dimensions (setting 4 — d = 2¢):

m2 A
5005 = 1%

Lo
525(3 $0)® — 2

@ Unobservable bare quantities ¢g, mg, \g are infinite

@ Rewrite in terms of new, finite quantities ¢, m, \:

Renormalized parameters
$0=Zs$,  Zy=1+062 + 0
M2 = Zpm?,  Zp=1+62Z5 + O(N?)
MN=EEZ0  Z=1+6Z0 + 002
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Expansion of the Lagrangian

L=274= (a%) -7 Z¢7¢2 ZAZQ 2€—¢4

m2

A
Mo ~2e N 4
5 O A 4!¢/+

-~

1
= 5(3%)2 -

Lrenormalized

(1) (1) (1) (1) (1)
0z ) 6Z¢ + 0Zm 2(5Z¢ +02,

¢ I _ 2.2 ~2% A
5 (09)" = ——5——m¢" — [ 1 ¢,+
Ecounter
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Renormalized Feynman Rules

7
p? —m? +ie

= i)

—@— = i —m?) ez —im?ez)

= =i (20280 +0z") A
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Example: Scalar-¢* at 1-loop Level

Using dimensional regularization: / d'k _>/ d'k
: ’ | et ) ey

2 divergent graphs at one-loop:

AL - _i;ﬂza / (gjr/;d [k2—niz2+z'5]
XX -

(—iNi2)? / ik i i
2 (2m) [(p1 + p2 + k)2 — m? +ig] [k2 — m? + ig]
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Strategy for Computation

Combine denominators with Feynman-parameter x
Shift the integration variable: kK — [ =k + zp
Wick-rotate: 1° =il%, [*>= I3

Separate radial part from the d-dimensional angular part:

/ (j;l)d N / (Z%ld /Ooo dl' = m /0 " g

Map [ € [0,00) to z € [0, 1], and read of the Beta-Function

(]
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1-Loop Contribution of 2-Pt-Fct.

Tadpole value:

? ) __Q /225 F(s—l
o 9 (470275 (mz)eq

Expand around e ~0: (note: u? = 4dme 7E?)

A 5 (1 w2
Observation:

e Divergence has been isolated (1)

@ Tadpole is independend of momentum
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1-Loop Contribution of 2-Pt-Fct.

Including the counterterm should give a finite result:
— = —X— + ( ) + —— +
+ O\ = finite to O()\)
Counterterm value still undefined
——— =i(p*—m?) 5Zé1) —im?6z\V

— must be used to cancel the divergence of O(\)
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1-Loop Contribution of 2-Pt-Fct.

Quantitatively:

22 iAo (1 e
=i(p m)—|—327r2m <5+10g[m2}+1)+

+i(p? —m?) 625 — im?5Z{D + O()?)

Since the tadpole is independend of p?, the first counterterm can be
fixed:

Field strength 1-loop correction
1 _
578" =0
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Renormalization Schemes

Choice for 523 is ambiguous however!
— have to pick a renormalization scheme

a) MS-scheme: only divergent terms are sucked in by counterterms

Mass 1-loop correction in MS

A
oz — 2
™o 32m2e

@ All parameters indirectly fixed by experiment (e.g. mass
parameter # physical mass!!)

@ Easy-to-handle counterterms (suitable for RG-analyis)
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Renormalization Schemes

b) On-shell-scheme: renormalization conditions

! 1 ! .
p2=m?2 pe—m* +e
t_

A 1 u?
VA 50,2 (g + log {W} + 1>

@ Mass parameter is physical
e Simplifies application of LSZ-formalism (no Z-factors)
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1-Loop Contribution of 4-Pt-Fct.

it N2 I'(e)

>@< :W/oldxw—x(l—x><p1+p2>2r

=S

Expand around e ~0: (note: u? =4me 7Ej?)

F~2e )2 1 2
A (1 / 1
.= - 1
3272 (5 * 0 da log [m2 —xz(l — a:)s} + (’)(e))

Similiar contributions from ¢- and u-channel
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1-Loop Contribution of 4-Pt-Fct.

Including the vertex counter term should give finite results:

X + O(N) = finite to O(\?)
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1-Loop Contribution of 4-Pt-Fct.

Quantitatively:
. 32#25 )\2 Z'/]Zs)\2 1 ILL2
= —IA+ dr |1

\Z/ 32m2e * 3272 /0 T8 e —z(1—x)s *

tree N——

level divergence

same forstu
12

| 1
! Og[w J”g[ : x(l—a»uD*
— g6z — 262 A

¢
=0

Coupling 1-loop correction in MS

1 _
" = 3272¢
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Counterterm Values in MS

52" =0
A
Sz — 2
m 32m2¢e
3\
YA
g 327m2¢

=
= m?):(l—i—

32m2e

3\
3272

go=(1+0(N)) ¢

+ O(A2)> m?

+ (9(/\2)> 7D
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Renormalization Group
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Renormalization-Group Equations

Possible to extract futher information by following observations:

@ Mass scale y introduced just to keep [\] = 0 — exact value
arbitrary
@ Observables/ unrenormalized quantities should be independend
of u:
d>\0 . d¢0 . dmg
dlog[p?] — dloglp?] — dlog|p?]

!
=0

@ Above conditions will enforce ;-dependences of A\, m, ¢
(RG-dependence)
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Renormalization-Group Equations

Renormalized parameters
$0=+Zsb,  Zs=1+3Z0 + O
m2 = Znm?,  Zm=1+062ZY + O\
Mo =[%EZ0 N, Zy=1+02" + 00

= ODEs for A(u), m*(n), ¢(n)
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RG-Equation for A at 1-loop

d o
dlogp?] ™* "
d ., ) 3\
€ 2 1 )\ =
= dioag [ = g [ (14 o)
d\
— ~2¢ 1
o ( +327r2 ) ( 327r2 )dlog[/ﬂ]
———

Eﬁf\
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RG-Equation for m? at 1-loop

d
dlog[?]

2t
my =0 =

= i o) = g (1 5 ) 7] =

2
:(1+)\)dm+1 A,

327m2e ) dlog[p?]  32w%e dlog[u?]
———
=m?2ym
1 dm? A

_ 1 _ 2
Tn = e dloglu?]  32n2 +O()
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RG-Equation for ¢ at 1-loop

d o1 d

Tiogi = 0 Tog] 749 = Togp)

¢2

1 d¢?

_ _ 2
% = 3 dlogh O

Field is RG-invariant at 1-loop level (not anymore at higher orders)
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Solutions to the RGE s

Straighforward solution with initial conditions at scale f:
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Relation between MS- and On-Shell mass m

on

2 2 2 on, 2 2 2 on\—1
my = Zmm=, mgy= Zmm = ms, =m"Zn,(Z7)

Plug in + expand:

m2 = m?*(u) (1 — 3;2 (log {:1—22} + 1) + (9()2))

e m?2 s actually RG-invariant (like every observable)

@ = can be evaluated at any convenient scale
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Running Coupling

@ Coupling obviously energy dependend:
Ao

M) = 1 — 5= 2)\Olog[ ]

@ RG interpolates between processes measured at different energies

@ Expansion:

3 1 3\’ 21 oK
A(p) = Ao 1+32 /\Olog[’u]—i-(gz ) Mg log [M—g}

+ ..

o Ideal scale: y~ py = no large log's
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@ Diverges if denominator vanishes:

,U2 ! 3272
A(Ho) log {—2} =0 = 2 = (up)’e® o

3272 e

— needs input from experiment: (o)

A()
800

600 -

200 -

; . . . L u[GeV]
0 2x10%*  4x10** 6x10** 8x10**  1x 10251

Figure: Running coupling of ¢*-theory at 1-loop (g = 125 GeV, g = 1)
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Running Coupling

@ Conclusion: although introduced just for dimensional reasons, u
plays the role of a cutoff!!

o At fixed loop-level predictions give reliable answers if scales are
of the order of p

@ Theory breaks down for p2 >< p? (perturbative expansion
invalid, large log's)
@ Smart choice simplifies computation of quantum corrections

@ Problematic scenario: process with widely varying scales
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Example: eTe™ — hadrons at E.,, = /s > m,

@ RG-equation for the strong coupling a:

dovg a? ol ol
dlog[u?] — “ap (41)2 b= (47)3 fa .
@ Solution at 1-loop:
as (e
(i) = o)

1+ —%4(:0)50 log [5—2]

Daniel Lechner (University of Vienna) Renormalization 30.1.2015 47 / 52



Example: eTe™ — hadrons at E.,, = /s > m,

o(ete” — hadrons)
olete” = ptu)

A T L RE Y (AT EX BN

R(s) =

@ 12>, < s would spoil perturbative expansion

@ Reliable pert. prediction only for 2 ~ s

@ Way around this potential problem: Use the RG-solution to
evolve a(f1g) to as(4/s)

@ Then: 1y = /s, and log [%] = 0!
0

30.1.2015
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Summary
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Summarizing

We saw/achieved:

@ Origin of UV-divergences — locality

(]

Classification of UV-divergences

Explicit renormalization of ¢*-theory:

o Regulariztion schemes (Dim. reg.)
Mulitplicative Renormalization: g = Z, ¢
Counterterms to cancel infinities
Renormalization (Subtraction) schemes
— MS  vs. On-shell

Derivation RGE's by p-dependence

Solution — energy-dependend (running) parameters

o as "cutoff’ (determines quality of pert. expansion)
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Further Intricacies

@ Renormalization of theories with different particle species
(QED,...)

@ Symmetries (e.g. gauge-invariance) influencing the procedure

@ Multi-loop calculations such as

N
NI

— overlapping (nested, non-local) divergences

@ Non-renormalizable theories
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