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Famously studied by Regge who considered analytically 
continuing in L. Partial wave amplitudes can have poles in 
complex l plane

<latexit sha1_base64="sL96h0ox4pIL1Xg5446hkLV8Lbw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURqR6LXjxWsB/QhrLZbtKlm03YnQil9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3c389hPXRiTqEccp92MaKREKRtFKbdOLInKB/XLFrbpzkFXi5aQCORr98ldvkLAs5gqZpMZ0PTdFf0I1Cib5tNTLDE8pG9GIdy1VNObGn8zPnZIzqwxImGhbCslc/T0xobEx4ziwnTHFoVn2ZuJ/XjfD8MafCJVmyBVbLAozSTAhs9/JQGjOUI4toUwLeythQ6opQ5tQyYbgLb+8SlqXVa9WrT1cVeq3eRxFOIFTOAcPrqEO99CAJjAYwTO8wpuTOi/Ou/OxaC04+cwx/IHz+QOv0Y8p</latexit>

s → ↑tRegge Limit

The pole at largest alpha dominates the scattering amplitude as <latexit sha1_base64="VzCnFfy0C7+MorZ6NJCrleZsFs4=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKR6rLoxmUF+4AmlMl00g6dTMLMjRJD8VfcuFDErf/hzr9x2mahrQcuHM65l3vvCRLBNTjOt7W0vLK6tl7aKG9ube/s2nv7LR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Hrit++Z0jyWd5AlzI/IQPKQUwJG6tmHGnuKD4ZAlIofsMdlCFnPrjhVZwq8SNyCVFCBRs/+8voxTSMmgQqiddd1EvBzooBTwcZlL9UsIXREBqxrqCQR034+vX6MT4zSx2GsTEnAU/X3RE4irbMoMJ0RgaGe9ybif143hfDSz7lMUmCSzhaFqcAQ40kUuM8VoyAyQwhV3NyK6ZAoQsEEVjYhuPMvL5LWWdWtVWu355X6VRFHCR2hY3SKXHSB6ugGNVATUfSIntErerOerBfr3fqYtS5ZxcwB+gPr8wegcJVc</latexit>

s → ↑
<latexit sha1_base64="JU8mFqJW/2CaiMWe7hLCQq8ynRk=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEuimJSHVZdONGqGAf0NQymU7aoTNJmJkINRR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4/5kxpx/m2ckvLK6tr+fXCxubW9o69u9dQUSIJrZOIR7LlY0U5C2ldM81pK5YUC5/Tpj+8mvjNByoVi8I7PYppR+B+yAJGsDZS1z64QZ5iAqn71MM8HuCSPhl37aJTdqZAi8TNSBEy1Lr2l9eLSCJoqAnHSrVdJ9adFEvNCKfjgpcoGmMyxH3aNjTEgqpOOr1+jI6N0kNBJE2FGk3V3xMpFkqNhG86BdYDNe9NxP+8dqKDi07KwjjRNCSzRUHCkY7QJArUY5ISzUeGYCKZuRWRAZaYaBNYwYTgzr+8SBqnZbdSrtyeFauXWRx5OIQjKIEL51CFa6hBHQg8wjO8wpv1ZL1Y79bHrDVnZTP78AfW5w99AJSg</latexit>

M → sω(t)

<latexit sha1_base64="Nh7DDlPbRt8oH2SRDGLMpct4EVM=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQF5ZEpLqsunFZwT6gCWUynbRDJw9mboQS+gVu/BU3LhRx69qdf+M0zUJbD1w4c869zL3HiwVXYFnfRmFldW19o7hZ2tre2d0z9w/aKkokZS0aiUh2PaKY4CFrAQfBurFkJPAE63jjm5nfeWBS8Si8h0nM3IAMQ+5zSkBLfbNy1RfYUTzAji8JTR2PAanCyTQVpw4R8Sh79M2yVbMy4GVi56SMcjT75pcziGgSsBCoIEr1bCsGNyUSOBVsWnISxWJCx2TIepqGJGDKTbNzpriilQH2I6krBJypvydSEig1CTzdGRAYqUVvJv7n9RLwL92Uh3ECLKTzj/xEYIjwLBs84JJREBNNCJVc74rpiOhYQCdY0iHYiycvk/ZZza7X6nfn5cZ1HkcRHaFjVEU2ukANdIuaqIUoekTP6BW9GU/Gi/FufMxbC0Y+c4j+wPj8AQlnm34=</latexit>

Al →
ω(t)

l ↑ ε(t)

<latexit sha1_base64="y3DBxsTd6ms0A5W29G2g2t2fI/Y=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpeyKVC9CUQSPFewHbJeSTbNtaDZZklmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpgIbsB1v52V1bX1jc3CVnF7Z3dvv3Rw2DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD0e3Ubz8xbbiSjzBOWBCTgeQRpwSs5IvrLhHJkFTuznqlslt1Z8DLxMtJGeVo9Epf3b6iacwkUEGM8T03gSAjGjgVbFLspoYlhI7IgPmWShIzE2Szkyf41Cp9HCltSwKeqb8nMhIbM45D2xkTGJpFbyr+5/kpRFdBxmWSApN0vihKBQaFp//jPteMghhbQqjm9lZMh0QTCjalog3BW3x5mbTOq16tWnu4KNdv8jgK6BidoAry0CWqo3vUQE1EkULP6BW9OeC8OO/Ox7x1xclnjtAfOJ8/OY6QlA==</latexit>

l = ω(E)
<latexit sha1_base64="uVNtxFwDJZqUOEpmOWRPykI1wTw=">AAAB+XicbVBNSwMxEM36WevXqkcvwSLUS9ktUr0IRS8eK9gPaNcym6ZtaJJdkmyhLP0nXjwo4tV/4s1/Y9ruQVsfDDzem2FmXhhzpo3nfTtr6xubW9u5nfzu3v7BoXt03NBRogitk4hHqhWCppxJWjfMcNqKFQURctoMR3czvzmmSrNIPppJTAMBA8n6jICxUtd1+Q3uAI+HUDQXWDyVu27BK3lz4FXiZ6SAMtS67lenF5FEUGkIB63bvhebIAVlGOF0mu8kmsZARjCgbUslCKqDdH75FJ9bpYf7kbIlDZ6rvydSEFpPRGg7BZihXvZm4n9eOzH96yBlMk4MlWSxqJ9wbCI8iwH3mKLE8IklQBSzt2IyBAXE2LDyNgR/+eVV0iiX/Eqp8nBZqN5mceTQKTpDReSjK1RF96iG6oigMXpGr+jNSZ0X5935WLSuOdnMCfoD5/MHpXuSYw==</latexit>

l = ω(t)m2 Interesting coincidence?

Seemed to look like low energy data



In a relativistic field theory if you sum a tower of t-channel spin J 
exchanges the cross section takes the form:

<latexit sha1_base64="oQUVEe2jTE6d9orEEzx3Byl6lnw=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahLiwzItVl0Y3LCvYBnbHcSTNtaDIzJBmhDAU3/oobF4q49Sfc+Temj4W2Hrjcwzn3ktwTJJwp7TjfVm5peWV1Lb9e2Njc2t6xd/caKk4loXUS81i2AlCUs4jWNdOcthJJQQScNoPB9dhvPlCpWBzd6WFCfQG9iIWMgDZSxz7wFOsJwKYJrO6zkgc86cOpezLq2EWn7EyAF4k7I0U0Q61jf3ndmKSCRppwUKrtOon2M5CaEU5HBS9VNAEygB5tGxqBoMrPJjeM8LFRujiMpalI44n6eyMDodRQBGZSgO6reW8s/ue1Ux1e+hmLklTTiEwfClOOdYzHgeAuk5RoPjQEiGTmr5j0QQLRJraCCcGdP3mRNM7KbqVcuT0vVq9mceTRITpCJeSiC1RFN6iG6oigR/SMXtGb9WS9WO/Wx3Q0Z8129tEfWJ8/qJ2W5g==</latexit>

ω → s(ω→1)

Violates Froissart bound: <latexit sha1_base64="IEZp+IIv2NK27TsNlgRlcALJ+cA=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lEao9FLx4r2A9oQplsN+3S3U3Y3RRK6D/x4kERr/4Tb/4bt20OWn0w8Hhvhpl5UcqZNp735ZQ2Nre2d8q7lb39g8Mj9/iko5NMEdomCU9ULwJNOZO0bZjhtJcqCiLitBtN7hZ+d0qVZol8NLOUhgJGksWMgLHSwHUD4OkYcKCZwH7NawzcqlfzlsB/iV+QKirQGrifwTAhmaDSEA5a930vNWEOyjDC6bwSZJqmQCYwon1LJQiqw3x5+RxfWGWI40TZkgYv1Z8TOQitZyKynQLMWK97C/E/r5+ZuBHmTKaZoZKsFsUZxybBixjwkClKDJ9ZAkQxeysmY1BAjA2rYkPw11/+SzpXNb9eqz9cV5u3RRxldIbO0SXy0Q1qonvUQm1E0BQ9oRf06uTOs/PmvK9aS04xc4p+wfn4BqrGkmQ=</latexit>

ω → 1.08 Something must unitarize

What happens in gauge theory?



Exchange of spin J particle in t-channel

<latexit sha1_base64="Ls52+7D62k8tvztYCKm/8Zrv+os=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXqQgVLAf0F1LNs22oUl2SbJCWfo3vHhQxKt/xpv/xrTdg1YfDDzem2FmXphwpo3rfjmFldW19Y3iZmlre2d3r7x/0NZxqghtkZjHqhtiTTmTtGWY4bSbKIpFyGknHF/P/M4jVZrF8t5MEhoIPJQsYgQbK/m3/QbyNRNIPzT65YpbdedAf4mXkwrkaPbLn/4gJqmg0hCOte55bmKCDCvDCKfTkp9qmmAyxkPas1RiQXWQzW+eohOrDFAUK1vSoLn6cyLDQuuJCG2nwGakl72Z+J/XS010GWRMJqmhkiwWRSlHJkazANCAKUoMn1iCiWL2VkRGWGFibEwlG4K3/PJf0j6rerVq7e68Ur/K4yjCERzDKXhwAXW4gSa0gEACT/ACr07qPDtvzvuiteDkM4fwC87HN+CgkPM=</latexit>

MJ → sJ

<latexit sha1_base64="jkEK3T33RBz0G2nHZJFAuPWgZyk=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuAqJSHVZdCOuKtgLtLFMppN26MwkzEyEEgK+ihsXirj1Odz5Nk7bLLT1h4GP/5zDOfOHCaNKe963tbS8srq2Xtoob25t7+zae/tNFacSkwaOWSzbIVKEUUEammpG2okkiIeMtMLR9aTeeiRS0Vjc63FCAo4GgkYUI22snn2YPGRdnvb83HXdgm/znl3xXG8qZxH8AipQqN6zv7r9GKecCI0ZUqrje4kOMiQ1xYzk5W6qSILwCA1Ix6BAnKggm56fOyfG6TtRLM0T2pm6vycyxJUa89B0cqSHar42Mf+rdVIdXQYZFUmqicCzRVHKHB07kyycPpUEazY2gLCk5lYHD5FEWJvEyiYEf/7Li9A8c/2qW707r9SuijhKcATHcAo+XEANbqAODcCQwTO8wpv1ZL1Y79bHrHXJKmYO4I+szx+uJJVT</latexit>

pµ1 ...pµJ

<latexit sha1_base64="x94mxHgot0PFnkdtfByfm9CKD0g=">AAACDXicbVDLSsNAFJ34rPUVdelmsAquQiJSXRbdiKsK9gFNDJPppB06MwkzE6GE/oAbf8WNC0Xcunfn3zhts7CtBy4czrmXe++JUkaVdt0fa2l5ZXVtvbRR3tza3tm19/abKskkJg2csES2I6QIo4I0NNWMtFNJEI8YaUWD67HfeiRS0UTc62FKAo56gsYUI22k0D5OH3I/lZQT6PMs9EaOwax2Owrtiuu4E8BF4hWkAgrUQ/vb7yY440RozJBSHc9NdZAjqSlmZFT2M0VShAeoRzqGCsSJCvLJNyN4YpQujBNpSmg4Uf9O5IgrNeSR6eRI99W8Nxb/8zqZji+DnIo000Tg6aI4Y1AncBwN7FJJsGZDQxCW1NwKcR9JhLUJsGxC8OZfXiTNM8erOtW780rtqoijBA7BETgFHrgANXAD6qABMHgCL+ANvFvP1qv1YX1OW5esYuYAzMD6+gWcwptJ</latexit>

p→µ1 ....p→µJ

QCD:

Gravity:

No Froissart but gravity violates partial wave unitarity

<latexit sha1_base64="1XEVf9C2Fon4HXj39YiW5Uwz7lI=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUSkuiwWxI1QwT6gCWEynbRDZyZhZiKUkJ0bf8WNC0Xc+gvu/BunbRbaeuDC4Zx7ufeeMGFUacf5tpaWV1bX1ksb5c2t7Z1de2+/reJUYtLCMYtlN0SKMCpIS1PNSDeRBPGQkU44akz8zgORisbiXo8T4nM0EDSiGGkjBfbRLfQU5dCLJMKZh1gyRLARXEMF80zngV1xqs4UcJG4BamAAs3A/vL6MU45ERozpFTPdRLtZ0hqihnJy16qSILwCA1Iz1CBOFF+Nv0jhydG6cMolqaEhlP190SGuFJjHppOjvRQzXsT8T+vl+ro0s+oSFJNBJ4tilIGdQwnocA+lQRrNjYEYUnNrRAPkUlEm+jKJgR3/uVF0j6rurVq7e68Ur8q4iiBQ3AMToELLkAd3IAmaAEMHsEzeAVv1pP1Yr1bH7PWJauYOQB/YH3+AKI9mI0=</latexit>

M → ωCF s

t

<latexit sha1_base64="Fsc7EPtzSueHs2GxD/Vmht8110U=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmKVJdFF7pRKthWaGKYTCft0JlJmJkIJQTc+CtuXCji1p9w5984fSy09cCFwzn3cu89YcKo0o7zbRUWFpeWV4qrpbX1jc0te3unpeJUYtLEMYvlXYgUYVSQpqaakbtEEsRDRtrh4Hzktx+IVDQWt3qYEJ+jnqARxUgbKbD3rqCnKIdeJBHOLoJrCNV9FeaZzgO77FScMeA8caekDKZoBPaX141xyonQmCGlOq6TaD9DUlPMSF7yUkUShAeoRzqGCsSJ8rPxDzk8NEoXRrE0JTQcq78nMsSVGvLQdHKk+2rWG4n/eZ1UR6d+RkWSaiLwZFGUMqhjOAoEdqkkWLOhIQhLam6FuI9MGtrEVjIhuLMvz5NWteLWKrWb43L9bBpHEeyDA3AEXHAC6uASNEATYPAInsEreLOerBfr3fqYtBas6cwu+APr8wcx3paf</latexit>

M → GNs2

t



What happens once we calculate radiative corrections?

Generate large rapidity 
<latexit sha1_base64="Neu2PDanBhdhkPENVyFsURCpHxA=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBDiJe6KRI9BLx4jmIckS5idzCZD5rHM9Aoh5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruiRHALvv/trayurW9s5rby2zu7e/uFg8OG1amhrE610KYVEcsEV6wOHARrJYYRGQnWjIa3U7/5xIzlWj3AKGGhJH3FY04JOOmxI3S/ZM/hrFso+mV/BrxMgowUUYZat/DV6WmaSqaACmJtO/ATCMfEAKeCTfKd1LKE0CHps7ajikhmw/Hs4Ak+dUoPx9q4UoBn6u+JMZHWjmTkOiWBgV30puJ/XjuF+Docc5WkwBSdL4pTgUHj6fe4xw2jIEaOEGq4uxXTATGEgsso70IIFl9eJo2LclApV+4vi9WbLI4cOkYnqIQCdIWq6A7VUB1RJNEzekVvnvFevHfvY9664mUzR+gPvM8f/F6P5A==</latexit>

log(s/t)

QCD Reggeization:
<latexit sha1_base64="CsPylAr7GzZowLHXNtgalwAGorY=">AAACIXicbVBNS8NAEN34WetX1aOXxSLopSZF1GPRi0cFW4WmLZPtJl3cTcLuRCmhf8WLf8WLB0W8iX/G7cdBWx8MPN6bYWZekEph0HW/nLn5hcWl5cJKcXVtfWOztLXdMEmmGa+zRCb6LgDDpYh5HQVKfpdqDiqQ/Da4vxj6tw9cG5HEN9hPeUtBFItQMEArdUpnfqiB5YZG7eogx4GvRdRD0Dp5pHTKowfmCA/bfgRKQadUdivuCHSWeBNSJhNcdUqffjdhmeIxMgnGND03xVYOGgWTfFD0M8NTYPcQ8aalMShuWvnowwHdt0qXhom2FSMdqb8nclDG9FVgOxVgz0x7Q/E/r5lheNbKRZxmyGM2XhRmkmJCh3HRrtCcoexbAkwLeytlPbCxoA21aEPwpl+eJY1qxTupnFwfl2vnkzgKZJfskQPikVNSI5fkitQJI0/khbyRd+fZeXU+nM9x65wzmdkhf+B8/wC9PaPb</latexit>

sg2

t
→ sg2

t
(s/t)ω Regge trajectory = Rapidity anomalous dimensions

What happens in gravity?

The graviton also Reggeizes but the problem is that it no longer makes sense to 


resum logs (at least w/o more careful consideration)



GR, away from Regge, is understood  as an EFT for 
<latexit sha1_base64="PdZ0aurAAYK3CJE1wqtYvXIBZYM=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiBECGEmSPQY9OJFiGAWSMahp9OTNOlZ6K4R4hD8FS8eFPHqf3jzb+wkc9DEBwWP96qoqufFgiuwrG9jaXlldW09t5Hf3Nre2TX39psqSiRlDRqJSLY9opjgIWsAB8HasWQk8ARrecOrid96YFLxKLyDUcycgPRD7nNKQEuueVhUJSglp7grBL5x01iM7yuuWbDK1hR4kdgZKaAMddf86vYimgQsBCqIUh3bisFJiQROBRvnu4liMaFD0mcdTUMSMOWk0+vH+EQrPexHUlcIeKr+nkhJoNQo8HRnQGCg5r2J+J/XScC/cFIexgmwkM4W+YnAEOFJFLjHJaMgRpoQKrm+FdMBkYSCDiyvQ7DnX14kzUrZrpart2eF2mUWRw4doWNURDY6RzV0jeqogSh6RM/oFb0ZT8aL8W58zFqXjGzmAP2B8fkDjL2UBw==</latexit>

(s, t, u) → M2
pl

Assuming sufficiently smooth background metrics (Asymptotically flat for this talk)

Regge Limit of Gravity
<latexit sha1_base64="OsQo+pvrzjdecL6560RaFQKBJMg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3TtZhN2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZhGSoSCUbRSy/SiiGC/XHGr7hxklXg5qUCORr/81RskLIu5QiapMV3PTdGfUI2CST4t9TLDU8pGNOJdSxWNufEn82un5MwqAxIm2pZCMld/T0xobMw4DmxnTHFolr2Z+J/XzTC89idCpRlyxRaLwkwSTMjsdTIQmjOUY0so08LeStiQasrQBlSyIXjLL6+S1kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNKAJDB7hGV7hzUmcF+fd+Vi0Fpx85hj+wPn8AUTFjvI=</latexit>

s → t

<latexit sha1_base64="xJvPa/MsaS4uNas+mN/OFqxIyNs=">AAACE3icbVDJSgNBEO2JW4xb1KOXxiBEA8OMCdGLEBTFY4zZIMvQ0+lJmvQsdveIYcg/ePFXvHhQxKsXb/6NneWgiQ8KHu9VUVXPDhgV0jC+tdjC4tLySnw1sba+sbmV3N6pCj/kmFSwz3xet5EgjHqkIqlkpB5wglybkZrdvxj5tXvCBfW9shwEpOWirkcdipFUkpU8urWiy6vy8Aw2qSdhp517gE1xx2XUHaZLGWxlYamdzei6fmglU4ZujAHniTklKTBF0Up+NTs+Dl3iScyQEA3TCGQrQlxSzMgw0QwFCRDuoy5pKOohl4hWNP5pCA+U0oGOz1Wpw8bq74kIuUIMXFt1ukj2xKw3Ev/zGqF0TlsR9YJQEg9PFjkhg9KHo4Bgh3KCJRsogjCn6laIe4gjLFWMCRWCOfvyPKke62Zez9/kUoXzaRxxsAf2QRqY4AQUwDUoggrA4BE8g1fwpj1pL9q79jFpjWnTmV3wB9rnD9FCm5U=</latexit>

SEFT =

∫
d4x

→
g(R+ c3R

3 + ...)

Every log is associated with a counter-term with some unknown Wilson coefficient

Loss of systematics



But this CAN NOT be the whole story: After all we know how to calculate planetary 
scattering

<latexit sha1_base64="UQOuvir9G0QKi3IjSDwmtEDsIH4=">AAACB3icbVBNS8MwGE79nPOr6lGQ4BA8jXbI9Dj04kWY4D5grSVN0y4saUuSCqPs5sW/4sWDIl79C978N2ZdD7r5QMiT53lf3ryPnzIqlWV9G0vLK6tr65WN6ubW9s6uubfflUkmMOnghCWi7yNJGI1JR1HFSD8VBHGfkZ4/upr6vQciJE3iOzVOictRFNOQYqS05JlHEjpRBG+8PGWT+0bxcDgNoCouz6xZdasAXCR2SWqgRNszv5wgwRknscIMSTmwrVS5ORKKYkYmVSeTJEV4hCIy0DRGnEg3L/aYwBOtBDBMhD6xgoX6uyNHXMox93UlR2oo572p+J83yFR44eY0TjNFYjwbFGYMqgROQ4EBFQQrNtYEYUH1XyEeIoGw0tFVdQj2/MqLpNuo28168/as1ros46iAQ3AMToENzkELXIM26AAMHsEzeAVvxpPxYrwbH7PSJaPsOQB/YHz+AO50mBk=</latexit>

s → M2
pl →| t |This corresponds to the Regge limit

Crucial distinction between QCD and Gravity

This limit correspnods to large charge for GR

Leads to a VERY sharp saddle point in the path integral



Puzzle: Theory becomes strongly coupled, yet at the same time the 
process is semi-classical. Near forward Eikonal scattering.

Power Counting

We may worry that something similar can happen in the gravitational case and indeed it

would, however only if the the matter propagator assumes the dispersion relation E = p
2

2m , that is

the soft exchange would cause the source line to recoil and thus the matter lines are not eikonal,

and must behave quantum mechanically which, in turn, implies mv → 1/r or L → 1, which is

outside the set O. In the Regge limit, as long as the collinear lines eikonalize, the soft corrections

to local vertices can not generate the non-analyticity in t required to contribute to our collection

of observables.

Finally, one may worry that the exclusion of the s-channel operators will pose a challenge to

the Ward identity once we put gravitons on external states. In the EFT the Ward identity must

be satisfied order by order in each of the expansion parameters. As we shall see, by building

operators using explicitly gauge invariant building blocks we are assured that that the Ward

identities will be satisfied and the contribution from local interactions (s-channel processes) will

automatically be included 9.

4 Glauber Gravitational SCET

4.1 Power Counting

In QCD there are two countings, one based on the coupling (ωs), and the other upon the kinematic

variables t/s. This will no longer be true in gravity, since the charges are stress-energy, which will

complicate matters. On the other hand in both theories the field scalings, to be discussed once

we define the relevant modes, will be indepedent of the couplings since they will be determined

by the scaling in the free theory.

There are multiple kinematic scenarios of interest depending upon whether or not the scat-

terers are massive or not. In this paper we will consider massless case. As mentioned in the

introduction the EFT will be valid when the following hierarchy is satisfied

s ↑ Mpl ↑ t. (4.1)

As in the case of QCD we will be working to leading order in the parameter ε =
√
t/s, but to

all order in the couplings

ωQ ↓
t

M2
pl

< 1 ωC ↓
st

M4
pl

< 1, (4.2)

which control the quantum and classical loop corrections, respectively. ωC ↓
st

M
4
pl

< 1 implies

that classical non-linearities are sub-leading such that we are not in the regime where black hole

formation occurs10. However, we can study the approach to black hole formation as a function

of ωC .

As opposed to QCD, the gravitational Glauber interaction is power enhanced, i.e. 1/ε. Such

a state of a!airs is usually a death knell for any EFT since power counting forces us to rescale the

9
This may seem strange from the point of view that local interactions are suppressed. However, unphysical

polarizations on external lines can lead to leading order local contributions which will automatically be accounted

for in the EFT operators.
10
Here t is the typical momentum in one graviton (Glauber) exchange, which is called tindividual in [26, 27], and

should not be confused with the physical (impulse) t → Gs/b which results from a coherent field of Glaubers which

constitutes the shock wave.
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the loops. In the EFT the apparent non-analyticity in s due to Regge logs should be thought of

as being a matching (rapidity) scale (like the way Q shows up in a canonical Wilsonian RG). This

also explains why in the massless case we only have odd PM powers contributing to the classical

result, since the amplitude can only have integer powers of s. In the massive theory we can have

odd powers of the mass.

4.2 The Action

As mentioned in the introduction, the sca!olding of our calculations will be Glauber SCET, and

here will will quickly review this topic in preparation for the introduction of the crucial factor-

ization theorem (4.12) upon which our analysis hinges. For the case of hard scattering a version

of SCET for gravity was developed in [69, 70]. Here we will be considering the complementary

case which describes the Regge region and has a very di!erent power counting which substan-

tially changes the nature of the theory. Some of atomistic gauge invariant objects upon which

we build our theory can be ported over from the EFT for gravity for the case of hard scattering

in [69, 70]. Also it is important to emphasize that the forward case considered here will involve

di!erent challenges than the foundational theory discussed in [69, 70], as we will be working in

what is known as SCETII versus those works which discussed SCETI. The distinction between

these theories lies in scaling of the invariant mass of the soft modes. In SCETI, the soft modes

have invariant masses which are parameterically smaller than the SCETII soft modes. In SCETI

therefore, the soft modes can be treated like a background field which is not true true in our case.

The EFT for near forward scattering in gravity is structurally very similar to the case of YM

theory [43], thought it will significantly di!er in important ways. The starting point for building

the EFT is to determine the modes necessary to reproduce the IR physics of the full theory. The

relevant modes are fixed by determining, given the regime of validity of the theory, the kinematic

regions for which IR singularities arise. There is no distinction between the modal analysis in

gravity and in YM theory, though the power counting of the fields components are di!erent (see

below). For high energy scattering the relevant modes are soft (s), collinear (n) and anti-colinear

(n̄) where the light cone momentum scale as pµs → (ω,ω,ω), pµn → (1,ω2,ω) and pµn̄ → (ω2, 1,ω),

respectively. Here ω →
↑
t/
↑
s is the power counting parameter. The overall scaling dimension

will be
↑
s. Any prediction will be made in the context of a triple expansion in ω, εC and εQ,

though we will only work to leading order in ω. In this paper our matter fields will be complex

scalars. Both soft and collinear scalar modes exist in the theory and both fields scale as ω. The

scalar soft mode loops will not generate rapidity logs and wont play a role at the order we will be

working. In the de Donder gauge the polarization of the collinear graviton field (hnµω) will scale

as (in the (+,↓,↔)) basis

hnµω →
pnµp

n
ω

ω
(4.5)

and all of the components of the soft graviton scale as ω. We can see that for the collinear modes

the large components nµnωhnµω scale as 1/ω, which poses a challenge to the power counting that

will be resolved when we write down the di!. invariant building blocks (see the appendix).

The total Lagrangian is written as

L = Ln + Ln̄ + Ls + LG . (4.6)
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EFT for Forward Scattering: (izr+Iain Stewart 2016)

(izr + M. Saavedra 2024)

Introduce Glauber Mode
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Figure 1. Tree level gluon exchange for q-q̄ forward scattering. In a) we show the full QCD graph with a

gluon exchange between a quark carrying n-collinear momenta pn2,3 and an antiquark carrying n̄-collinear

momenta pn̄1,4. In b) we show the two notations we will use for this leading power forward scattering in

the E↵ective Theory.

for leading power forward scattering as well as factorization violation in hard scattering, and

are discussed in more detail in Secs. 3 and 5. If Glauber exchange contributions do not spoil

factorization, a formalism to treat Glauber exchange can still provide a useful perturbative tool

to facilitate the summation of large logs that appear from the forward limit, ln(s/t) or ln(x),

where x is an appropriate Bjorken-type variable. In situations where factorization is violated a

formalism to treat Glauber exchange can be a useful tool for both calculating and characterizing

the nature of the violations.

The purpose of this paper is to set up a systematic e↵ective theory with which to study the

near forward scattering region of QCD and factorization violation in hard scattering processes

in a single framework. We will work within the framework of SCET. We construct a complete

leading power Lagrangian for Glauber exchange and show that it fits seamlessly with the current

tools used to study hard, collinear, soft, and ultrasoft factorization in hard scattering processes,

without inducing double counting. By working in the framework of an e↵ective field theory, one is

able to systematically keep track of terms in the power expansion, exploit symmetries, and derive

when certain approximations (like the eikonal approximation) are valid and when they break

down. Our EFT will also employ a MS style renormalization for rapidity divergences, making

it simple to derive rapidity renormalization group equations. Through matching calculations we

can also directly derive and prove results by calculations in full QCD in the appropriate limit.

The formalism presented here gives a starting point for using a field theoretic method to study

the physics of the near forward region, even beyond leading power. It also provides a direct

method of calculating (possible) factorization violating contributions, and potentially could yield

field theoretic methods for handling underlying event contributions in hadronic collisions.

Before proceeding, we briefly comment on the connections of our work to earlier literature.

First we note that in the CSS formalism [21, 31] that Glauber contributions are discussed in

detail, but are treated as a momentum region and hence are not fully separated from soft and

collinear gluon dynamics. This has advantages for certain steps of a factorization proof, but makes

it more di�cult to associate unique contributions with Glauber exchange, and also to see how

– 4 –

Generates Glauber operator basis

gauge field scale as ω so that we have the constraint

εµϑ
ω

s → psµϑ
ω

s → ω, (A.10)

and ϑs → ω0.

We are interested in building a di!. invariant Glauber operator of the form

SG =

∫
d4xOnOsOn̄. (A.11)

We can make it manifestly invariant if we make all of the operators invariant (i.e. not just

covariant) with respect to their respective symmetry group. Clearly covariance would not be

su”cient since the coordinate transformation necessary to return the action to its original form

will shift the arguments of the operators and violate momentum scaling. Thus it would seem that

we should find operators within each sector which are di!. invariant. We will see however, that

the soft sector will present challenges that imposing invariance under large gauge transformations

will not allow for this.

A.2 Gauge Invariant Building Blocks

A.3 The Collinear Sector

In this section we discuss the gauge invariant operator building blocks for scalar and graviton

collinear operators starting with a scalar field. This is accomplished (see [95]) by considering a

(codimension one null hypersurface) “platform” at minus null infinity (where di!s are no longer

gauge redundancies but global symmetries) and shooting out a geodesic in a direction µ = ϖ

orthogonal to the hypersurface which is coordinatized by x̃µ. We assume that the point x and x̃

are in the same convex neighborhood such that there is unique geodesic which connects the two

point. One then labels the points in the bulk as

xµ = x̃µ + x̂εs+Xµ

n (s). (A.12)

where Xµ(↑↓) = 0. x̂ε is the unit vector orthogonal to the platform. Xµ
n is a map from the

platform to th space-timebulk. The end-point of the geodesic in the bulk is taken at s = 0. In

flat space Xµ
n (0) = 0 and the subscript is there to remind us that it is built from collinear fields.

Xµ is a geometric object which is invariant under passive di!s. i.e. it pick out a point on the

manifold, which have physical significance. e.g. it would be the position of a local observer who

travelled on a rocket ship (free fall) from the platform.

We may then define a gauge invariant quantity

ϱ(x̃µ = xµ ↑Xµ

n (0)). (A.13)

xµ↑Xµ
n (0) = x̃µ which is defined at infinity and thus a gauge invariant quantity. Under an active

di! the shift in xµ will be cancelled by the shift in Xn. Each point in the bulk has a unique gauge

invariant image at infinity for small gauge transformations, i.e. those which dont act as global

transformations at infinity.
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where to take the final Fourier transform we used Eq. (9.9) for the integral
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The final result in Eq. (9.16) is the (N+1)’th term in the expansion of the exponential. Therefore

the sum of Glauber box graphs for 2-to-2 n-n̄ scattering exponentiates to give

Z
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where the position space Glauber function is given by

G̃(b?) = ei�(b?) , (9.19)

and where the the color matrix phase �(b?) defined in Eq. (9.1) is a Hermitian matrix. For

convenience we also define the momentum space Glauber function

G(q?) =

Z
d2b? e�i~q?·~b? ei�(b?) . (9.20)
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where to take the final Fourier transform we used Eq. (9.9) for the integral

I(N)
?
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The final result in Eq. (9.16) is the (N+1)’th term in the expansion of the exponential. Therefore

the sum of Glauber box graphs for 2-to-2 n-n̄ scattering exponentiates to give

Z
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�
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where the position space Glauber function is given by

G̃(b?) = ei�(b?) , (9.19)

and where the the color matrix phase �(b?) defined in Eq. (9.1) is a Hermitian matrix. For

convenience we also define the momentum space Glauber function

G(q?) =

Z
d2b? e�i~q?·~b? ei�(b?) . (9.20)

– 115 –

9.1 Glauber Exponentiation for Boxes with Rapidity Regulator

In Sec. 5.2.1 we showed how the rapidity regulator leads to a well defined integral for the one-

loop box and cross-box graphs, with the latter vanishing. In this section we will sum up all the

Glauber exchange box diagrams with the rapidity regulator, and show that the eikonal phase

is correctly reproduced. The connection of this sum of diagrams to the classical coherent state

generated by each of the collinear partons is explored further in Sec. 9.3. In the abelian limit soft

contributions vanish and the phase can be reproduced at the integrand level, as demonstrated

explicitly in App. C.1.

We begin by noting that the argument given in Sec. 5.2.1 for the vanishing of the one-loop

cross box holds for all non-ladder type topologies. Rapidity divergences are regulated by factors

|2kz1|
�⌘

· · · |2kz
N
|
�⌘, so we can consider the k0

i
integrals to be done by contours without concern

that the remaining integral might be unregulated. For any diagram with one or more crossed

Glauber exchange lines there is one or more k0
i
integrals for which the poles are all on the same

side of the real axis (and converge at 1). Thus, all diagrams with crossed Glauber rungs vanish

with our rapidity regulator, and we only need to consider the sum of the ladder graphs.

To show exponentiation we will manipulate an N -Glauber exchange diagram into the product

of single exchanges with a factor of 1/N !. The product form arises when we transform from q?

to the impact parameter space b?. In impact parameter space we will see that the amplitude

from iterated Glauber exchange is simply determined by a phase, given by the Fourier transform

of the 1/q2
?
potential between particles 1 and 2:

�(b?) = �TA
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2 g2(µ)
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.

The result is a matrix in the color space with TA

1 and TA

2 being the color matrix generators that

commute with each other, and act on particle 1 and 2 respectively. This color matrix notation is

by now quite standard, see Appendix A of [109] for an introduction to this notation. Recall that

d = 4� 2✏ and that ◆✏ = e✏�E/(4⇡)✏ is our notation for the factor that enters with each µ2✏ when

the coupling is in the MS scheme. The �(�✏) infrared divergence will be discussed further at the

end of this section.

The exponentiation results derived below hold equally well when iterating Glauber exchange

potentials between quark-quark, quark-antiquark, quark-gluon, and gluon-gluon channels, and

for cases where the scattering particles are n-n̄, n-s, or n̄-s. To be definite we consider quark-

antiquark n-n̄ scattering, where

TA

1 ⌦TA

2 = TA
⌦ T̄A . (9.2)
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Glauber Resummation

introduction the EFT will be valid when the following hierarchy is satisfied

s → Mpl → t. (4.1)

As in the case of QCD we will be working to leading order in the parameter ω =
√
t/s, but to

all order in the couplings

εQ ↑
t

M2
pl

< 1 εC ↑
st

M4
pl

< 1, (4.2)

which control the quantum and classical loop corrections, respectively. εC ↑
st

M
4
pl

< 1 implies

that classical non-linearities are sub-leading such that we are not in the regime where black hole

formation occurs10. However, we can study the approach to black hole formation as a function

of εC .

As opposed to QCD, the gravitational Glauber interaction is power enhanced, i.e. 1/ω. Such

a state of a!airs is usually a death knell for any EFT since power counting forces us to rescale the

action such that the superleading interaction scales as unity, which would make the kinetic pieces

sub-leading, and the theory would have no propagating degrees of freedom. However, since the

Regge limit is a semi-classical in nature the amplitude has su”cient structure that calculational

control can be maintained. To see this note that the semi-classical nature of the process ensures

that the amplitude can be written in impact parameter space [2] in the form

M(b, s) ↓

(
(1 + [

∑

i=0

εi

QCi(bs)])e
iω

(0)
Cl

∑
j=0(ε

j
CDj(bs)) ↔ 1

)
, (4.3)

where ϑ(0)Cl is the Fourier transform of the leading order Glauber result

ϑ(0)Cl = Gsϖϑ(µ̄2b2)ϑ#(↔ϱ). (4.4)

The function D(bs) is a series of logs.

Given this form of the amplitude we may treat the kinetic term as being as the same order

as the Glauber interaction. Furthermore, this form of the amplitude allows us to cleanly separate

the classical from the quantum 11 . This need not have been the case given that we have three

dimensionful parameters (s, t,M2
pl
), the dimensionless couplings ω,εQ and εC are not independent

(
ε
2
Q

ϖ2 = εC). This would not be a problem save for the fact that the theory contains (Glauber)

operators which scale as inverse powers of ω which complicates the power counting. At the

diagrammatic level we may distinguish classical and quantum corrections when considering soft

gravitons as any soft loop that does not involve an eikonal line will be quantum mechanical.

In the massless case, as we consider here, [69] finds that eikonlization fails at order O(G4), but

remains in tact in the soft sector [70], and thus will not a!ect our analysis.

10
Here t is the typical momentum in one graviton (Glauber) exchange, which is called tindividual in [27, 28], and

should not be confused with the physical (impulse) t → Gs/b which results from a coherent field of Glaubers which

constitutes the shock wave.
11
In the massive case there is an alternative path one can take by working in an EFT of potentials. Then the

super classical terms that show up in iterations are cancelled when matching onto the EFT [14, 68].
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Classical Eikonal
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ω(b)

This is a highly valuable object for Gravitational wave 
physics

Can Extract the  two body Hamiltonian in GR from the eikonal
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ω → d

d log b
ε(b)Scattering angle:

From which we can extract H order by order in G



Crucial distinction between QCD + GR

Glauber exchange is SUPER-LEADING

We may worry that something similar can happen in the gravitational case and indeed it

would, however only if the the matter propagator assumes the dispersion relation E = p
2

2m , that is

the soft exchange would cause the source line to recoil and thus the matter lines are not eikonal,

and must behave quantum mechanically which, in turn, implies mv → 1/r or L → 1, which is

outside the set O. In the Regge limit, as long as the collinear lines eikonalize, the soft corrections

to local vertices can not generate the non-analyticity in t required to contribute to our collection

of observables.

Finally, one may worry that the exclusion of the s-channel operators will pose a challenge to

the Ward identity once we put gravitons on external states. In the EFT the Ward identity must

be satisfied order by order in each of the expansion parameters. As we shall see, by building

operators using explicitly gauge invariant building blocks we are assured that that the Ward

identities will be satisfied and the contribution from local interactions (s-channel processes) will

automatically be included 9.

4 Glauber Gravitational SCET

4.1 Power Counting

In QCD there are two countings, one based on the coupling (ωs), and the other upon the kinematic

variables t/s. This will no longer be true in gravity, since the charges are stress-energy, which will

complicate matters. On the other hand in both theories the field scalings, to be discussed once

we define the relevant modes, will be indepedent of the couplings since they will be determined

by the scaling in the free theory.

There are multiple kinematic scenarios of interest depending upon whether or not the scat-

terers are massive or not. In this paper we will consider massless case. As mentioned in the

introduction the EFT will be valid when the following hierarchy is satisfied

s ↑ Mpl ↑ t. (4.1)

As in the case of QCD we will be working to leading order in the parameter ε =
√
t/s, but to

all order in the couplings

ωQ ↓
t

M2
pl

< 1 ωC ↓
st

M4
pl

< 1, (4.2)

which control the quantum and classical loop corrections, respectively. ωC ↓
st

M
4
pl

< 1 implies

that classical non-linearities are sub-leading such that we are not in the regime where black hole

formation occurs10. However, we can study the approach to black hole formation as a function

of ωC .

As opposed to QCD, the gravitational Glauber interaction is power enhanced, i.e. 1/ε. Such

a state of a!airs is usually a death knell for any EFT since power counting forces us to rescale the

9
This may seem strange from the point of view that local interactions are suppressed. However, unphysical

polarizations on external lines can lead to leading order local contributions which will automatically be accounted

for in the EFT operators.
10
Here t is the typical momentum in one graviton (Glauber) exchange, which is called tindividual in [26, 27], and

should not be confused with the physical (impulse) t → Gs/b which results from a coherent field of Glaubers which

constitutes the shock wave.
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But we just saw that ladder exchanges scale as 
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Gs → ωC/ωQ

So for a given digram which is quantum we can make it classical 
by adding a Glauber!
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Figure 3: Diagrams needed for the renormalization of S(2,2). The first two diagrams are soft eye
insertions into a Glauber rung, while the third diagrams is H graph.

5.1 The Systematics of the Regge Trajectory

The Regge trajectory is defined as the IR divergent anomalous dimensions of S(1,1) which is not

physical. Nonetheless, it is of considerable theoretical interest. In this paper we have calculated

the leading order trajectory which sums terms of the form t

M
2
pl
log

(
s

→t

)
. For this to be a sysematic

resummation we would need t

M
2
pl
log

(
s

→t

)
→ 1, at least for Einstein Gravity, since the existence of

counter-terms starting at order ( t

M
2
pl
)6 will dominate higher order terms in the re-summation if

the criteria above is not met. Thus in principle one could sum sub-leading logs until one reaches

the accuracy of ωQs at which point the counter-term will contribute some in a model dependent

fashion. The same conclusion applies to the running of higher dimension soft operators (or

collinear for that matter), and their subsequent BFKL type of equations. Note that for there

to be any systematic controld whatsoever we are still restricting our observable to have a large

impact parameter, as discussed previously.

6 The Gravitational BFKL Equation

In this section we derive the gravitational BFKL equation, which was first given for the total

cross section in [80]. As shown in [43], the BFKL equation is derived in the EFT through the

renormalization of S(2,2). We perform this renormalization, and then we generalize this result

and renormalize S(N,N) for arbitrary N . It is worth emphasizing that there is nothing special

about N = 2 other than the fact that this is the first soft operator which obeys convolutional

running. There are also BFKL like equations for higher N . The caveats about the systematics

in the previous discussion of the Regge trajectory apply here as well.

6.1 Renormalizing S(2,2)

There are only two loop topologies which renormalize S(2,2) corresponding the H graphs and eye

graphs as shown in figure (3). Graphs such as those involving scalar contributions to the Glauber

polarization have no rapidity divergences. The H-graph, shown on the right hand side of figure

(3) with no additional Glauber rungs, is calculated using the Feynman rule for the Lipatov vertex
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How do we consistently include radiative corrections to this leading order 
result? There should be both classical and quantum corrections 
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ω =
∑

εn
CC̃i(b)

DeVecchia et all proposed the 
following generalized form:

on fractional powers of s. In particular, it does not contain terms proportional to7
→
s

and so the expansion above is in terms of even powers 1/b2m, while in the massive case
all powers of 1/b can (and do) appear. In both the massive and the massless cases, terms
proportional to 1/! must be themselves exponentiated through higher-loop contributions
and contribute to a classical correction to the eikonal ω, while contributions with higher
powers of 1/! must be accounted for by the exponentiation of terms appearing at lower-
loop order.

In particular, if " is even, the term with m = !
2 is a new classical contribution to the

eikonal, while the terms with m < !
2 reconstruct the exponentiation of terms appearing

at a lower-loop order. All other terms with non-negative powers of ! are quantum terms
and do not need to exponentiate. If instead " is odd, all terms with m ≤ !−1

2 contribute to
the exponentiation of terms appearing at lower loops, while the terms with m ≥ !+1

2 are
quantum and do not necessarily exponentiate.

In conclusion, terms with m < !
2 do not contain new information as far as the classical

scattering is concerned and a first ingredient relevant for the classical eikonal (and thus to
the deflection angle) appears in the massless case at each even-loop order A(2!) for m = !

2 .
The odd-loop orders A(2!+1) do not contribute directly to the classical phase or angle.
However they still take part in the exponentiation and so are important to extract the
correct classical eikonal phase.

On the basis of these considerations we propose the following extension of the leading
eikonal to include also subleading contributions:

iA(ki, . . .)

2s
$ Â(0)(ki, . . .)

∫

dD−2b e−ibq/!
[(

1 + 2i!(s, b)
)

e2iδ(s,b) − 1
]

, (2.15)

where all the terms appearing in e2iδ(s,b) are proportional8 to !−1 while those appearing in
the prefactor ! contain the contributions with non-negative powers of !. The use of $
here and below indicates that the identity (2.15) is restricted to the non-analytic terms as
q → 0 that capture long-range e”ects in impact parameter space. Checking the validity
of (2.15) will be one of the main themes of the following sections.

3 Check of (and constraints from) the leading-eikonal

As argued in the previous section, it is natural to assume that the leading high energy
contribution at any loop order is simply captured by taking the Fourier transform of
the leading eikonal back to momentum space, see (2.10). In ref. [51], we showed that
this equation reproduces the leading terms at two- and three-loop order by using the full

7We take this as an empirical fact whose deeper reason should rest on the fact that each power of G
must be accompanied by an (energy)2 factor. In the absence of masses, a non-integer power of s would
have to be accompanied by a non-integer power of t and/or u, producing a multiple discontinuity excluded
by Steinmann-relation-type arguments.

8This resembles very much a WKB approximation in which the O(!−1) exponent contains a classical
action satisfying the Hamilton-Jacobi equation. For a review of the relationship between the WKB and
eikonal approximations, see e.g. ref. [61].
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Figure 3: Diagrams needed for the renormalization of S(2,2). The first two diagrams are soft eye
insertions into a Glauber rung, while the third diagrams is H graph.

5.1 The Systematics of the Regge Trajectory

The Regge trajectory is defined as the IR divergent anomalous dimensions of S(1,1) which is not

physical. Nonetheless, it is of considerable theoretical interest. In this paper we have calculated

the leading order trajectory which sums terms of the form t

M
2
pl
log

(
s

→t

)
. For this to be a sysematic

resummation we would need t

M
2
pl
log

(
s

→t

)
→ 1, at least for Einstein Gravity, since the existence of

counter-terms starting at order ( t

M
2
pl
)6 will dominate higher order terms in the re-summation if

the criteria above is not met. Thus in principle one could sum sub-leading logs until one reaches

the accuracy of ωQs at which point the counter-term will contribute some in a model dependent

fashion. The same conclusion applies to the running of higher dimension soft operators (or

collinear for that matter), and their subsequent BFKL type of equations. Note that for there

to be any systematic controld whatsoever we are still restricting our observable to have a large

impact parameter, as discussed previously.

6 The Gravitational BFKL Equation

In this section we derive the gravitational BFKL equation, which was first given for the total

cross section in [76]. As shown in [42], the BFKL equation is derived in the EFT through the

renormalization of S(2,2). We perform this renormalization, and then we generalize this result

and renormalize S(N,N) for arbitrary N . It is worth emphasizing that there is nothing special

about N = 2 other than the fact that this is the first soft operator which obeys convolutional

running. There are also BFKL like equations for higher N . The caveats about the systematics

in the previous discussion of the Regge trajectory apply here as well.

6.1 Renormalizing S(2,2)

There are only two loop topologies which renormalize S(2,2) corresponding the H graphs and eye

graphs as shown in figure (3). Graphs such as those involving scalar contributions to the Glauber

polarization have no rapidity divergences. The H-graph, shown on the right hand side of figure

(3) with no additional Glauber rungs, is calculated using the Feynman rule for the Lipatov vertex

– 18 –

<latexit sha1_base64="9mbce2NPr96IgUYc90++R84oa2Q=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdTP3WE2gjYvWA4wT8iA2UCAVnaKV29xYksp7XK5XdijsDXSZeTsokR71X+ur2Y55GoJBLZkzHcxP0M6ZRcAmTYjc1kDA+YgPoWKpYBMbPZvdO6KlV+jSMtS2FdKb+nshYZMw4CmxnxHBoFr2p+J/XSTG88jOhkhRB8fmiMJUUYzp9nvaFBo5ybAnjWthbKR8yzTjaiIo2BG/x5WXSPK941Ur1/qJcu87jKJBjckLOiEcuSY3ckTppEE4keSav5M15dF6cd+dj3rri5DNH5A+czx+NNo+r</latexit>

!1 Works at two loops



Subsequently found that this was not consistent with explicit 3 loop calculations 


in N=8 SUGRA  (Henn and Mistlberger)

How do we go about systematically finding the correct form for the amplitude? 



the loops. In the EFT the apparent non-analyticity in s due to Regge logs should be thought of

as being a matching (rapidity) scale (like the way Q shows up in a canonical Wilsonian RG). This

also explains why in the massless case we only have odd PM powers contributing to the classical

result, since the amplitude can only have integer powers of s. In the massive theory we can have

odd powers of the mass.

4.2 The Action

As mentioned in the introduction, the sca!olding of our calculations will be Glauber SCET, and

here will will quickly review this topic in preparation for the introduction of the crucial factor-

ization theorem (4.12) upon which our analysis hinges. For the case of hard scattering a version

of SCET for gravity was developed in [69, 70]. Here we will be considering the complementary

case which describes the Regge region and has a very di!erent power counting which substan-

tially changes the nature of the theory. Some of atomistic gauge invariant objects upon which

we build our theory can be ported over from the EFT for gravity for the case of hard scattering

in [69, 70]. Also it is important to emphasize that the forward case considered here will involve

di!erent challenges than the foundational theory discussed in [69, 70], as we will be working in

what is known as SCETII versus those works which discussed SCETI. The distinction between

these theories lies in scaling of the invariant mass of the soft modes. In SCETI, the soft modes

have invariant masses which are parameterically smaller than the SCETII soft modes. In SCETI

therefore, the soft modes can be treated like a background field which is not true true in our case.

The EFT for near forward scattering in gravity is structurally very similar to the case of YM

theory [43], thought it will significantly di!er in important ways. The starting point for building

the EFT is to determine the modes necessary to reproduce the IR physics of the full theory. The

relevant modes are fixed by determining, given the regime of validity of the theory, the kinematic

regions for which IR singularities arise. There is no distinction between the modal analysis in

gravity and in YM theory, though the power counting of the fields components are di!erent (see

below). For high energy scattering the relevant modes are soft (s), collinear (n) and anti-colinear

(n̄) where the light cone momentum scale as pµs → (ω,ω,ω), pµn → (1,ω2,ω) and pµn̄ → (ω2, 1,ω),

respectively. Here ω →
↑
t/
↑
s is the power counting parameter. The overall scaling dimension

will be
↑
s. Any prediction will be made in the context of a triple expansion in ω, εC and εQ,

though we will only work to leading order in ω. In this paper our matter fields will be complex

scalars. Both soft and collinear scalar modes exist in the theory and both fields scale as ω. The

scalar soft mode loops will not generate rapidity logs and wont play a role at the order we will be

working. In the de Donder gauge the polarization of the collinear graviton field (hnµω) will scale

as (in the (+,↓,↔)) basis

hnµω →
pnµp

n
ω

ω
(4.5)

and all of the components of the soft graviton scale as ω. We can see that for the collinear modes

the large components nµnωhnµω scale as 1/ω, which poses a challenge to the power counting that

will be resolved when we write down the di!. invariant building blocks (see the appendix).

The total Lagrangian is written as

L = Ln + Ln̄ + Ls + LG . (4.6)
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This is a highly non-trivial statement as it implies that the Hilbert space 
factorizes
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G = ndiff → n̄diff → sdiff

However, this can not be the end of the story as 
we know that factorization is broken by box graph 
topologies

transform of the integral in Eq. (9.11) using Eq. (9.9) we find

n

n

n

n

qk1

pk 31

pk 41

k1 =)
F.T.?

1

2!

⇥
i�(b?)

⇤2
2Snn̄ . (9.12)

As anticipated, comparing Eq. (9.12) to Eq. (9.4) we see that this is the second term in the

expansion of an exponential.

Next consider the double box diagram. Again performing the contour integrals over the

energies, and then using Eq. (9.7) we find

n

n

n

n

q+

pk +
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, (9.13)

where to obtain the third equality we performed the kz1 and kz2 integrals to get �(x� y+↵1)�(y�

z + ↵2) and then performed the ↵1 and ↵2 integrals. Again due to the ⌘3 term in the prefactor

only the leading ultraviolet divergent contribution from the dxdydz integral contributes, which

comes from the limit x, y, z ! 0 where the �1 = �1(k1?) and �2 = �2(k2?) dependence drops

out. In this limit we can either do the integral directly to give the 1/3!, or note that we can

symmetrize as ✓(z > y > x) ! [✓(z > y > x) + ✓(y > z > x) + ✓(z > x > y) + ✓(x > z >

y) + ✓(x > y > z) + ✓(y > x > z)]/(3!) = 1/(3!). Everywhere in Eq. (9.13) the ? integral is

contained in

I(2)
?

(q?) =

Z
d�d�2k1?d�d�2k2? (◆✏µ2✏)3

(~k1? + ~q?)2(~k2? � ~k1?)2 ~k 2
2?

. (9.14)

Performing the ? Fourier transform of this integral using Eq. (9.9) gives

n

n

n

n
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pk +
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k -2 k1 k2

pk - 42

pk + 32

-k1 =)
F.T.?
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2Snn̄ , (9.15)
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with the time evolution operator

U(a, b;T ) = lim
T→↑(1↓i0)

∫ [
Dω

]
exp

[
i

∫
T

↓T

d4x
(
L
(0)
nn̄s(x) + L

II(0)
G

(x)
)]

, (4.11)

one then expands in the number of Glauber potential insertions attaching to the n and n̄ projec-

tiles, given by i and j respectively, so that

exp

[
i

∫
T

↓T

d4x
(
L
II(0)
G

(x)
)]

= 1 +
↑∑

i=1

↑∑

j=1

U(i,j). (4.12)

For any number of Glauber potential insertions, one can then factorize the soft and collinear

operators to give a factorized expression for the amplitude for scattering of projectile ε with ε↔ is

iMωω
→
= →

∑

MN

∫ ∫

↗(N,M)
JωN ({l↗i}, ϑ, ϖ)S(N,M)({l↗i}; {l

↔
↗i
}, ϑ, ϖ)J̄ω→M ({l↔↗i

}, ϑ, ϖ)

(4.13)

where, following the notation in [42], we defined

∫ ∫

↗(N,M)
=

(→i)N+M

N !M !

∫ N∏

i=1

M∏

j=1

[dd
→
li↗]

l2
i↗

[dd
→
l↔
j↗]

l↔2
j↗

ϱ̄d
→
(
∑

li↗ → q↗)ϱ̄
d
→
(
∑

l↔j↗ → q↗), (4.14)

ε and ε↔ label the external states, i.e. scalars or gravitons. As we will see in gravity N = M as

a consequence of symmetries at the order we are working.

Note that in Eq.(4.13) all of the Glauber light cone momentum integrals have been performed,

as have all of the soft and collinear loops, that is why J, S depend upon the regulators ϑ and ϖ.

All of the Glauber loops correspond to box integrals 15 which are rapidity finite and give a result

independent of the perp momenta, since the Glauber light-cone momenta are dropped in the soft

function. After performing the Glauber energy integral by contours we then use the result for

the rapidity regulated kz integration

∫
[dkz]

→2kz +A+ iϑ
|
2kz
ς

|
↓ε= →

1

4
. (4.15)

More generally, it was shown in [43] that the n-Glauber box diagram generates a factor of i
n

n!

which is necessary to form the semi-classical phase. This explains why the amplitude is defined

with the factorial prefactors in Eq.(4.14).

The jet function are defined as time ordered products, e.g. at the one and two Glauber gluon

15
Cross box integrals vanish with this regulator.
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Comparing the sum of Eqs. (6.15) and (6.16), we can obtain S(1)
(N+1,N+1):

S(1)
(N+1,N+1) =

4iN+1(N + 1)!w2

ω

[∑

i<j

ε2

8ϑ
K(ki→, kj→; ϖi→, ϖj→)

∏

p ↑=i,j

ϖ2
p→ϱ̄

d
→
(ϖp→ → kp→)

+
∑

j

ϖ2
j→ςG(ϖj)

∏

p ↑=j

ϖ2
p→ϱ̄

d
→
(ϖp→ → kp→)

]
. (6.19)

The leading RRGE is then given by

φ
↼

↼φ
S(N+1,N+1)({ki→}, {ϖ→i}) = →

∫

→(N+1)

(
↽(1)(N+1,N+1)({ki→}; {ϖ

↓
j→})S(N+1,N+1)({ϖ

↓
i→}; {ϖj→})

(6.20)

+ S(N+1,N+1)({ki→}; {ϖ
↓
j→})↽(N+1,N+1)({ϖ

↓
i→}; {ϖj→})

)
..

Recalling the definition of S(0)
(N+1,N+1)

S(0)
(i,j)(li→; l

↓
i→) = 2ϱiji

jj!
j∏

a=1

l↓2
i→

j↔1∏

n=1

ϱ̄d
→
(ln→ → l↓

n→) (6.21)

we find the anomalous dimension is given by

↽(N+1,N+1) = →iN+1(N + 1)!

[∑

i<j

ε2

8ϑ
K(ki→, kj→; ϖi→, ϖj→)

∏

m ↑=i,j

ϖ2
m→ϱ̄

d↔2(ϖm→ → km→) (6.22)

+
∑

j

ςG(ϖj)
∏

m ↑=j

ϖ2
m→ϱ̄

d↔2(ϖm→ → km→)

]
.

A few comments are in order. Firstly, we note that although it appears that the anomalous

dimension might be imaginary for even N , this is somewhat illusory, as the factor of iN+1 drops

out in the convolution. This is also the case with the overall factor of (N +1)!. Secondly, we note

that this does return ↽(2,2) in Eq. (6.10) when setting N = 1. To see this, we apply ↑ momentum

conservation to set k2 = q → k1 and ϖ2 = q → ϖ1. This also reproduces ↽(1,1) after setting N = 0.

We simply drop the terms involving K since there is no convolution at the one Glauber level, and

we have

↽(1,1) = iq2→ςG(q→). (6.23)

The reason for the discrepancy of a factor of iq2→ between this anomalous dimension and the

Regge trajectory computed in Section 5 is that this factor comes from the convolution for S(1,1),

and in Section 5 this factor has been absorbed into the anomalous dimension, as the convolution

is trivial. For N ↓ 2, this cannot be consistently done, and so the factor from the convolution has

been pulled out. Lastly, we mention that the anomalous dimension is symmetric under ki→ ↔ ϖi→.

This is not obvious given the definition of the kernel K in Eq. (6.17). Under the support of the

↑ delta-functions in the convolutions, one can see that ↽(N,N) is indeed symmetric.
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Figure 1: The structure of the perturbative series. The blue circles correspond to classical con-
tributions in the Post-Minkowskian expansion. The pink circles are super classical (box diagrams)
while the greens lines indicate quantum corrections from soft and collinear loops. The classical
contributions occur at odd orders in the PM expansion. Each soft/collinear loop generates a log
while Glauber loops generate iω.

such, the amplitude will become sensitive to the gravitational UV completion even if at large

impact parameter. The physical picture is analgous to the case discussed above for NRQCD.

The collinear loop generator a log
(
q2
)
generating the required non-analyticity to generate a long

range force from the contact interaction.

Nevertheless, if one is only interested in logs one can calculate solely in the soft sector since

the logs are all fixed by the anomalous dimensions which can be calculated by choosing to work

either in the soft sector or the collinear sectors 13, as will be discussed below. As one goes to

higher orders in the quantum expansion one must include power corrected Glauber operators

which can be lifted up by subsequent Glauber exchange. In this paper we will not be working to

su!ciently high order for this to be an issue.

If one wishes to power count by diagrams instead of operators, it is simple to read o” the

scaling of a given diagram. Each matter vertex gives as factor of s, while each matter line gives

a factor of 1/
→
s. All vertices give a power of 1/Mpl and given that the amplitude for scalars is

scaleless, the remaining units are made by powers of t with a minimum exponent of ↑1. Note

that each operator scales homogeneously with ε but not in ϑQ, or ϑC , thus even though those

couplings are ratios of scales we should think of them in the same as we would ϑs in YM theory.

Also all amplitudes are analytic in s since classically there are no hard momenta flowing through

behaves classically, and can be treated as in NRGR [9].
13
In the EFT the full amplitude has no rapidity divergences which cancel between the collinear and soft sectors.
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Factorization Theorem Implies the 
Generalized structure of the Amplitude

No classical contribution at 
even PM order. Also predicts 
the exitence of Classical Regge 
log(s/t) at each odd order.



To understand the Failure of the Ansatz we first 
must see how Exponentiation works in the EFT
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where d = 4�2✏, and recall the forward conditions p+4 = p+1 and p�3 = p�2 . The box and cross-box

loop integrals involve two Glauber denominators and two propagators from the collinear quarks.

They are
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These graphs involve log divergent integrals of the type
R
dk+/(k+ +� ± i0) and

R
dk�/(k� +

� ± i0) that are not regulated by dimensional regularization. These singularities must be dealt

with systematically by introducing an additional regulator.

In the case of the potential for two heavy quarks in NRQCD, the cross-box diagram would

be zero because both poles in the energy contour integral would be on the same side, and the

box diagram would be convergent since both fermion propagators would carry the loop energy.

Indeed, in NRQCD their are no crossed diagrams for potential iterations at any order in ↵s, and

the iterated box diagrams yield the Coulomb Greens function. In our case the Glauber potential

is instead static in both time and longitudinal distance, or equivalently static in the two light-cone

times x+ and x�. For the diagrams in Fig. 12 this implies that we have x�1 = y�1 , x
+
1 = y+1 ,

and x�2 = y�2 , x
+
2 = y+2 in position space, where the xi and yi coordinates are defined in the

figures. Naively this would seem to imply that only the Glauber box diagram can exist, because

in the cross-box diagram the ordering of the 1 and 2 Glauber potential vertices is di↵erent for

the n-collinear and n̄-collinear lines. However due to the multipole expansion, which ensures that

the collinear propagators are homogeneous in the power counting in Eq. (5.29), the n-collinear

propagator only depends on the n · k ⇠ �2 Glauber momentum, and not on the n̄ · k ⌧ n̄ · pn
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These are NOT eikonal propagators

Yet still behaves semi-classically why?
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Integral is not well defined it needs to be regulated (even in d-dimensions)= 0 , (5.30)

since the poles are on the same side. For the Glauber box integral we get
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where the kz integral is evaluated in Eq. (B.4). Here

2� =
(~k?+ ~q?/2) 2

p+1
+
(~k?+ ~q?/2) 2

p�2
�p�4 �p+3 (5.32)

and the ⌘ dependent term evaluates to (�i⇡) as ⌘ ! 0 for any value of this �. This extra (�i)

is the factor necessary for the Glauber potential to exponentiate into a phase. The result in

Eq. (5.31) for the ⌘-regulated box is exactly the same as the result obtained from manipulating

the integrands in the sum of the box and cross-box in the abelian case in App. C.1.

E↵ectively the ⌘-regulator has decoupled the spacetime constraints so that the box diagram

alone is integrating the two Glauber potentials over x±, while the cross box does not contribute.

This is the same spacetime picture that is obtained by adding the box and cross-box integrands in

the abelian theory to get a �(k+)�(k�) type structure. In the non-abelian theory it is important

as far as the color structure is concerned that it is the box graph alone that contributes. The non-

abelian part of the cross-box topology contributes only for another momentum region, namely

when we have the loop graph with two soft gluons. In SCET this contribution has the non-abelian

color structure and is given by first graph in Fig. 3b. (This graph does not correspond solely to

vacuum polarization, and encodes the cross box contribution from terms involving soft Wilson

lines.) These soft graphs come from contractions of Oqg
ns and Oqg

n̄s with a soft loop momentum.

Since the soft gluon terms in the operator involve fABC they explicitly do not have an abelian

contribution, so it is a regulator independent statement that the abelian contribution is entirely

carried by the Glauber iterations. Any consistent regulator for the Glauber singularities must

have these properties.

We will see in Sec. 9.1 that the above properties of the ⌘-regulator extend in a nice way for

arbitrary iterations of Glauber potentials with Glauber loop momenta. Any iteration diagram

with crossed Glauber potential lines will give zero in the same manner as the crossed box above,
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Rapidity Regulator

Rapidity Factorization Scale

= 0 , (5.30)

since the poles are on the same side. For the Glauber box integral we get
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color structure and is given by first graph in Fig. 3b. (This graph does not correspond solely to
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lines.) These soft graphs come from contractions of Oqg
ns and Oqg

n̄s with a soft loop momentum.

Since the soft gluon terms in the operator involve fABC they explicitly do not have an abelian

contribution, so it is a regulator independent statement that the abelian contribution is entirely
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Independent of external perp momenta, effective 
eikonalization. The box behaves semi-classically 
despite that the power counting does not fix it to 
be so.

Can’t drop



which is the third term in the expansion of the exponential.

This naturally generalizes to the case of the N -loop box graph with (N + 1)-rungs. Doing

the energy integrals by contours and using Eq. (9.7) we have
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where to take the final Fourier transform we used Eq. (9.9) for the integral
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The final result in Eq. (9.16) is the (N+1)’th term in the expansion of the exponential. Therefore

the sum of Glauber box graphs for 2-to-2 n-n̄ scattering exponentiates to give
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where the position space Glauber function is given by

G̃(b?) = ei�(b?) , (9.19)

and where the the color matrix phase �(b?) defined in Eq. (9.1) is a Hermitian matrix. For

convenience we also define the momentum space Glauber function

G(q?) =

Z
d2b? e�i~q?·~b? ei�(b?) . (9.20)
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which is the third term in the expansion of the exponential.

This naturally generalizes to the case of the N -loop box graph with (N + 1)-rungs. Doing

the energy integrals by contours and using Eq. (9.7) we have
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Consequence of Rapidity Regulator

which is the third term in the expansion of the exponential.

This naturally generalizes to the case of the N -loop box graph with (N + 1)-rungs. Doing

the energy integrals by contours and using Eq. (9.7) we have
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where to take the final Fourier transform we used Eq. (9.9) for the integral
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The final result in Eq. (9.16) is the (N+1)’th term in the expansion of the exponential. Therefore

the sum of Glauber box graphs for 2-to-2 n-n̄ scattering exponentiates to give
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where the position space Glauber function is given by

G̃(b?) = ei�(b?) , (9.19)

and where the the color matrix phase �(b?) defined in Eq. (9.1) is a Hermitian matrix. For

convenience we also define the momentum space Glauber function

G(q?) =

Z
d2b? e�i~q?·~b? ei�(b?) . (9.20)
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which is the third term in the expansion of the exponential.

This naturally generalizes to the case of the N -loop box graph with (N + 1)-rungs. Doing

the energy integrals by contours and using Eq. (9.7) we have
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action such that the superleading interaction scales as unity, which would make the kinetic pieces

sub-leading, and the theory would have no propagating degrees of freedom. However, since the

Regge limit is a semi-classical in nature the amplitude has su!cient structure that calculational

control can be maintained. To see this note that the semi-classical nature of the process ensures

that the amplitude can be written in impact parameter space [2] in the form

M(b, s) →

(
(1 + [

∑

i=0

ωi

QCi(bs)])e
iω

(0)
Cl

∑
j=0(ε

j
CDj(bs)) ↑ 1

)
, (4.3)

where ε(0)Cl is the Fourier transform of the leading order Glauber result

ε(0)Cl = Gsϑϑ(µ̄2b2)ϑ”(↑ϖ). (4.4)

The function D(bs) is a series of logs.

Given this form of the amplitude we may treat the kinetic term as being as the same order

as the Glauber interaction. Furthermore, this form of the amplitude allows us to cleanly separate

the classical from the quantum 11 . This need not have been the case given that we have three

dimensionful parameters (s, t,M2
pl
), the dimensionless couplings ϱ,ωQ and ωC are not independent

(
ε
2
Q

ϖ2 = ωC). This would not be a problem save for the fact that the theory contains (Glauber)

operators which scale as inverse powers of ϱ which complicates the power counting. At the

diagrammatic level we may distinguish classical and quantum corrections when considering soft

gravitons as any soft loop that does not involve an eikonal line will be quantum mechanical.

In the massless case, as we consider here, [67] finds that eikonlization fails at order O(G4), but

remains in tact in the soft sector [68], and thus will not a#ect our analysis.

Notice that a direct calculation of terms which scale as powers of ωC would not su!ce to

extract the classical piece since, as we can see from the form of the amplitude, the expansion of

the exponent will yield powers of ωC (from the leading term) that will hit quantum terms in the

prefactor and generate classical scaling contributions ( s
t
ω2
Q
= ωC). Figure one shows the general

structure of the series. We see that the classical contribution skips orders in the PM expansion

since we need an extra Glauber exchange to get a factor of s/M2
pl

to accompany a quantum

suppression of t/M2
pl
. The RRG sums all the logs along the green lines, as each step to the right

generates another log, whereas vertical motion does not. The bottom green line generates the

leading order Regge trajectory. These logs can arise from either soft or collinear emissions. As

we will discuss below in the EFT all diagrams get contributions from soft and collinear partons.

In the soft sector it is easy to determine which diagrams are classical and which are quantum,

as any loop which does not involve an eikonal line is necessarily quantum. The RRG running of

the soft function, which sums diagrams which involve adding rungs between Glauber lines, will

include both quantum as well a classical piece. It also sums the soft eye graphs which are purely

quantum mechanical.

As previously mentioned, in the collinear sector the massless parton can split 12 and, as

11
In the massive case there is an alternative path one can take by working in an EFT of potentials. Then the

super classical terms that show up in iterations are cancelled when matching onto the EFT [13, 66].
12
When working in the limit where s → m

2
, collinear emissions are no longer relevant and the source always
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What are the necessary conditions for ACV ansatz to apply?

on fractional powers of s. In particular, it does not contain terms proportional to7
→
s

and so the expansion above is in terms of even powers 1/b2m, while in the massive case
all powers of 1/b can (and do) appear. In both the massive and the massless cases, terms
proportional to 1/! must be themselves exponentiated through higher-loop contributions
and contribute to a classical correction to the eikonal ω, while contributions with higher
powers of 1/! must be accounted for by the exponentiation of terms appearing at lower-
loop order.

In particular, if " is even, the term with m = !
2 is a new classical contribution to the

eikonal, while the terms with m < !
2 reconstruct the exponentiation of terms appearing

at a lower-loop order. All other terms with non-negative powers of ! are quantum terms
and do not need to exponentiate. If instead " is odd, all terms with m ≤ !−1

2 contribute to
the exponentiation of terms appearing at lower loops, while the terms with m ≥ !+1

2 are
quantum and do not necessarily exponentiate.

In conclusion, terms with m < !
2 do not contain new information as far as the classical

scattering is concerned and a first ingredient relevant for the classical eikonal (and thus to
the deflection angle) appears in the massless case at each even-loop order A(2!) for m = !

2 .
The odd-loop orders A(2!+1) do not contribute directly to the classical phase or angle.
However they still take part in the exponentiation and so are important to extract the
correct classical eikonal phase.

On the basis of these considerations we propose the following extension of the leading
eikonal to include also subleading contributions:

iA(ki, . . .)

2s
$ Â(0)(ki, . . .)

∫

dD−2b e−ibq/!
[(

1 + 2i!(s, b)
)

e2iδ(s,b) − 1
]

, (2.15)

where all the terms appearing in e2iδ(s,b) are proportional8 to !−1 while those appearing in
the prefactor ! contain the contributions with non-negative powers of !. The use of $
here and below indicates that the identity (2.15) is restricted to the non-analytic terms as
q → 0 that capture long-range e”ects in impact parameter space. Checking the validity
of (2.15) will be one of the main themes of the following sections.

3 Check of (and constraints from) the leading-eikonal

As argued in the previous section, it is natural to assume that the leading high energy
contribution at any loop order is simply captured by taking the Fourier transform of
the leading eikonal back to momentum space, see (2.10). In ref. [51], we showed that
this equation reproduces the leading terms at two- and three-loop order by using the full

7We take this as an empirical fact whose deeper reason should rest on the fact that each power of G
must be accompanied by an (energy)2 factor. In the absence of masses, a non-integer power of s would
have to be accompanied by a non-integer power of t and/or u, producing a multiple discontinuity excluded
by Steinmann-relation-type arguments.

8This resembles very much a WKB approximation in which the O(!−1) exponent contains a classical
action satisfying the Hamilton-Jacobi equation. For a review of the relationship between the WKB and
eikonal approximations, see e.g. ref. [61].

7

- All energetic line eikonalize (at least effectively)

- Quantum corrections should only modify a single Glauber exchanges.                   
Corrections be should be absorbable into the convolution in momentum space.

n

n̄

n

n̄

n

n̄

Figure 3: Diagrams needed for the renormalization of S(2,2). The first two diagrams are soft eye
insertions into a Glauber rung, while the third diagrams is H graph.

5.1 The Systematics of the Regge Trajectory

The Regge trajectory is defined as the IR divergent anomalous dimensions of S(1,1) which is not

physical. Nonetheless, it is of considerable theoretical interest. In this paper we have calculated

the leading order trajectory which sums terms of the form t

M
2
pl
log

(
s

→t

)
. For this to be a sysematic

resummation we would need t

M
2
pl
log

(
s

→t

)
→ 1, at least for Einstein Gravity, since the existence of

counter-terms starting at order ( t

M
2
pl
)6 will dominate higher order terms in the re-summation if

the criteria above is not met. Thus in principle one could sum sub-leading logs until one reaches

the accuracy of ωQs at which point the counter-term will contribute some in a model dependent

fashion. The same conclusion applies to the running of higher dimension soft operators (or

collinear for that matter), and their subsequent BFKL type of equations. Note that for there

to be any systematic controld whatsoever we are still restricting our observable to have a large

impact parameter, as discussed previously.

6 The Gravitational BFKL Equation

In this section we derive the gravitational BFKL equation, which was first given for the total

cross section in [76]. As shown in [42], the BFKL equation is derived in the EFT through the

renormalization of S(2,2). We perform this renormalization, and then we generalize this result

and renormalize S(N,N) for arbitrary N . It is worth emphasizing that there is nothing special

about N = 2 other than the fact that this is the first soft operator which obeys convolutional

running. There are also BFKL like equations for higher N . The caveats about the systematics

in the previous discussion of the Regge trajectory apply here as well.

6.1 Renormalizing S(2,2)

There are only two loop topologies which renormalize S(2,2) corresponding the H graphs and eye

graphs as shown in figure (3). Graphs such as those involving scalar contributions to the Glauber

polarization have no rapidity divergences. The H-graph, shown on the right hand side of figure

(3) with no additional Glauber rungs, is calculated using the Feynman rule for the Lipatov vertex
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The EFT shows us that both of  these conditions fail at three loops

-When do the energetic lines NOT behave semi-classically?
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FT (1/k2→) → ω(x+)ω(x↑)Glauber mode exchange:transform of the integral in Eq. (9.11) using Eq. (9.9) we find
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As anticipated, comparing Eq. (9.12) to Eq. (9.4) we see that this is the second term in the

expansion of an exponential.

Next consider the double box diagram. Again performing the contour integrals over the

energies, and then using Eq. (9.7) we find
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where to obtain the third equality we performed the kz1 and kz2 integrals to get �(x� y+↵1)�(y�

z + ↵2) and then performed the ↵1 and ↵2 integrals. Again due to the ⌘3 term in the prefactor

only the leading ultraviolet divergent contribution from the dxdydz integral contributes, which

comes from the limit x, y, z ! 0 where the �1 = �1(k1?) and �2 = �2(k2?) dependence drops

out. In this limit we can either do the integral directly to give the 1/3!, or note that we can

symmetrize as ✓(z > y > x) ! [✓(z > y > x) + ✓(y > z > x) + ✓(z > x > y) + ✓(x > z >

y) + ✓(x > y > z) + ✓(y > x > z)]/(3!) = 1/(3!). Everywhere in Eq. (9.13) the ? integral is

contained in

I(2)
?

(q?) =

Z
d�d�2k1?d�d�2k2? (◆✏µ2✏)3

(~k1? + ~q?)2(~k2? � ~k1?)2 ~k 2
2?

. (9.14)

Performing the ? Fourier transform of this integral using Eq. (9.9) gives
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Exchange is 
instantaneous

Glaubers form ``bursts” which build up the Shock wave  
(AS) metric. As long as nothing interupts the burst it will 
eikonalize.



If we have only soft corrections this would indeed be true.

Proof:  Consider first all possible corrections that are two 
particle irreduciible which scale classically. These correspond 
to H graph topologies:

where the 1/(A+2B)! comes from performing the light cone integrals over the A+2B→1 glauber

boxes.

To generalize to higher order soft Kernel, we write a generalized H diagram as Hn which

corresponds to an multiple H like topology which is composed of n Glaubers. For such diagrams

to scale classically any pair of Glaubers can only be connected by one soft graviton. An example

of H4 is shown on the RHS of Fig. 6.

Figure 6. Glauber-exchange topologies. Left: H-shaped diagram. Right: One contibution to H4. There
are 3!! other topologies.

Now we consider an arbtirary diagram with ni factor of Hi, with H1 being single Glauber

exchange. The following the same combinatoric argument as in the H2 case we find the number

of diagrams will be given by

N(n1, n2....nm) =
m∏

a=1

1

na!

1

an
(8.3)

Which is exactly the multi-nomial weight generated by expanding out the exponential. Note that

the in the exponent Hn comes with a factor of 1/n which arises from doing the light cone integrals

accounting for the rapidity regulator.

It is interesting to note that quantum corrections to the soft kernels Hn do not change the

combinatorics.

8.2.2 The Massive Case

As far as the soft contribution is conserved there is no distinction between the massive and

massless case. The only possible place such a di!erence could show up would be in the scalar

propagator. However, since the BHQET propagator is eikonal, as dictated by the leading order

Lagrangian, the proof of exponention goes through as in the massless case.

8.3 The Issue of Collinear Contributions in Gravity

8.3.1 Proof of Eikonlization in the Presence of Collinears

As we will as far as the collinears is concerned the massive case is simpler than the massless case.

In fact as we shall how show, in the massive case, the calculation will remain under calculational

controls (as it better be) but the eikonal form will be distinct from the conjectured form given in

Eq. 5.1.

8.4 The Massive Case

It was shown in [23] that, in the massless case, any collinear diagram where the collinear vertex

“interupts” a Glauber burst, this is called the ”collapse rule”. “Interrupt means that if we employ
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Remarkably all such digrams cane be 
resummed in the EFT as a consequence of the 
fact that the EFT enforces homogenous scaling 
of integral
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Figure 14. Two di↵erent momentum routings for the two loop diagram stemming from the time ordered

product of two O
qq
nsn̄ insertions with one soft gluon. The soft momentum `µ = kµ1 + kµ2 can only be routed

in a way which is consistent with the power counting. In a) the loops are soft and n-n̄ Glauber with

`µ ⇠ (�,�,�) and kµ ⇠ (�2,�2,�) respectively, while in b) the loops are s-n Glauber and s-n̄ Glauber

with kµ1 ⇠ (�2,�,�) and kµ2 ⇠ (�,�2,�) respectively.

can set

O
BC

s,�k
±
r

(q?, q
0

?) = 8⇡↵s q
2
? �2(q? � q0?) �k+r ,0�k�r ,0 , (5.47)

and Eq. (5.46) gives a factor of |2i@z|�⌘⌫⌘ ! |2qz|�⌘⌫⌘ for each potential carrying momentum

q. This then yields the rapidity regulator factors used in the box and cross-box calculations

in Sec. 5.2.1. For n-s scattering the regulator for each potential is made homogeneous by the

inclusion of the boost factor �ns ⇠ �. As discussed in Sec. 5.2.1, the result for Glauber loops

from Oij
ns iterations is independent of �ns. In Sec. 10.3 we encounter two-loop examples where

both the ⌘ regulator in the Glauber potentials and in the Wilson lines are needed simultaneously

and justifies the choice of the power of ⌘ in Eq. (5.46).

As a more complicated example of how the rapidity regulators work, we can consider the

H-graph involving two Lipatov vertices, which is shown in Fig. 14 for two di↵erent momentum

routings. In Fig. 14a we have a soft loop momentum `µ ⇠ � and a n-n̄ Glauber loop momentum

kµ ⇠ (�2,�2,�) for its (+,�,?) components. In Fig. 14b the same diagram is shown but now

using a n-s Glauber loop momentum kµ1 ⇠ (�2,�,�) and a n̄-s Glauber loop momentum kµ2 ⇠

(�,�2,�). The routing of momentum in the two graphs are related by the changes of variable

n · k1 = n · k , n̄ · k1 = n̄ · (k + `) , k1? = k? + `? , (5.48)

n · k2 = n · (`� k) , n̄ · k2 = �n̄ · k , k2? = �k? .

In order that these two momentum routings give the same results, it is important that the rapidity

regulators also are transformed into one another under this change of variable, and of course also

will regulate the singularities in the diagram. Eq. (5.46) with the in · @ and in̄ · @ factors satisfies
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lS → (ω,ω,ω)

By routing the light cone momenta appropriately 
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l±S
Does not show up in the box propagators. All 
external box light cone integrals can be done trivially, 
leaving only two-d transverse  momentum integrals. 

Lipatov/Verlinde+Verlinde  1991 (Two d field theory?)



8.1 The Massive Case

In the gravitational version of boosted HQET the Glauber resummation goes through unscathed.

The collinear massive propagator is eikonal as a consequence of the action eq.5.4. Thus, the

exponentiation in impact parameter space of the soft corections to the Glauber ladder goes

through exactly as in the massless case.

8.2 Proof of Exponentiation in the Presence of Soft Corrections

8.2.1 The Massless Case

k+

k→

· · · · · · · · · ·

Figure 5. The vertical lines are Glaubers while the blob represents all possible soft loops.

For the soft corrections the eikonalization follows in the EFT as a consequence of the fact that

the soft ± light cone momenta do now appear in the collinear lines. This can be seen by routing

all of the plus/minus momenta into the upper/lower collinear sectors where the soft momenta is

small compared to the large light cone momenta in their respective sectors (see figure 3). Since

the collinear action is multipole expanded the soft light-cone momenta which scale as k± → ω will

not appear in the collinear propagators. As such the Glauber loop momentum integrals can be

done as if the softs were not there. Furthermore, the soft momentum light-cone integrals can be

done independently of the Glauber loop integrals.

We wish to show that all classical corrections which scale as Gs
2

t
εn

C
exponentiate in impact

parameter space. To do so we must first determine which topologies will generate classical

contributions. Each Glauber contributes a factor of Gs, and each soft propagator introduces

a factor of Gt, so starting from one Glauber exchange we can generate another diagram with

classical scaling by adding a soft graviton and one Glauber. Eikonalization implies that the two

particle irreducible (2PI) classically scaling diagrams exponentiate.

To see how this occurs, let us consider the first (in the massless case understudy here)

classically scaling 2PI diagram which is the “H” diagram and arises at 3PM, shown on the LHS

of Fig. 6. We will show that diagrams involving A unattached Glaubers and B insertions of

H diagrams will arise with the appropriate combinatorial factor to match the exponential form

eI1+H , where I1/H is the impact parameter space value for the one graviton exchange and H

diagram respectively. The number of such topologies is given by

N(A,B) =
1

(A+ 2B)!

(
A+ 2B

A

)
(2B ↑ 1)!! =

1

A!2BB!
(8.2)

– 16 –

Consider A unattached Glaubers and B insertions of H’s

Box integrations, consequence of rapidity regulator

amplitude in impact-parameter space schematically as

M(b, s) = i [exp (iωcl(b, s)) K(b, s)→ 1] , (10.1)

where K(b, s) = 1 if all intermediate sources eikonalize. In the massless theory K is instead an

operator-valued impact-parameter kernel generated by the non-eikonal collinear subgraphs. The

classical eikonal phase which appears in Eq. 10.1 has an all-orders expansion in connected classical

H-diagram topologies,

ωcl(b, s) =
→∑

L=0

εL

C ω(L)
H

(b, s), ω(L)
H

(b, s) =
1

SL

∫ L+1∏

a=1

d2↑2ωqa
(2ϑ)2↑2ω

exp

(
ib ·

L+1∑

a=1

qa

)
HL(q1, . . . , qL+1; s).

(10.2)

Here HL denotes the connected classical H topology with L soft-loop insertions, including its

crossed and mirror orderings, and SL is its symmetry factor. The first term, ω(0)
H

, is the Fourier

transform of the single-Glauber exchange, while each higher soft loop correction is weighted by

the corresponding factor of εC in Eq. 10.2.

Let us begin with the two loop diagram b. This diagram has classical scaling. However, its

impact parameter transform can not be written in the eikonal form in Eq. 3.3 since its a product

of form factors in q↓ space. In impact parameter space it takes a convolutive form

M(b) =

∫
d2p↔F (b→ b↔)(eiε(b

→) → 1). (10.3)

This form starts at two loops.

Staying the in Abelian theory for the moment, we must now consider diagram c.This diagrams

di!ers from (b) in that there are now two Glaubers bursts with a non-eikonal source in bewteen

them.

References

[1] Ira Z. Rothstein and Michael Saavedra. Relations Between Anomalous Dimensions in the Regge
Limit. 10 2024.

[2] John F. Donoghue. Introduction to the e!ective field theory description of gravity. In Advanced

School on E!ective Theories, 6 1995.

[3] Hung Cheng and Tai Tsun Wu. Expanding Protons: Scattering at High Energies. MIT Press,
Cambridge, MA, 1987. ISBN 978-0-262-03126-4.

[4] J. R. Forshaw and D. A. Ross. Quantum Chromodynamics and the Pomeron. Cambridge University
Press, 1997. ISBN 978-0-521-56880-7, 978-0-511-52438-7. doi: 10.1017/CBO9780511524387.

[5] Yuri V. Kovchegov and Eugene Levin. Quantum Chromodynamics at High Energy, volume 33.
Cambridge University Press, 2023. ISBN 978-1-009-29144-6, 978-1-009-29141-5, 978-1-009-29142-2.
doi: 10.1017/9781009291446.

[6] Boris Lazarevich Io!e, Victor Sergeevich Fadin, and Lev Nikolaevich Lipatov. Quantum

chromodynamics: Perturbative and nonperturbative aspects. Cambridge Univ. Press, 2010. ISBN
978-1-107-42475-3, 978-0-521-63148-8, 978-0-511-71744-4. doi: 10.1017/CBO9780511711817.

– 20 –

Similar arguments show that 

<latexit sha1_base64="aEMK69Ifj8MGnu+V7jaUg4tApEg=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgRISwGyTaCEEbywjmAsm6zE7OJkNmL8zMCmFJb+Or2FgoYusL2Pk2TpItNPGHgY//nMOZ83sxZ1JZ1reRW1ldW9/Ibxa2tnd298z9g5aMEkGhSSMeiY5HJHAWQlMxxaETCyCBx6Htja6n9fYDCMmi8E6NY3ACMgiZzyhR2nLNItynrNcHrsglK8/BtfApzrB6MnHNklWxZsLLYGdQQpkarvnV60c0CSBUlBMpu7YVKyclQjHKYVLoJRJiQkdkAF2NIQlAOunslgk+1k4f+5HQL1R45v6eSEkg5TjwdGdA1FAu1qbmf7VuovwLJ2VhnCgI6XyRn3CsIjwNBveZAKr4WAOhgum/YjokglCl4yvoEOzFk5ehVa3YtUrt9qxUv8riyKMjVERlZKNzVEc3qIGaiKJH9Ixe0ZvxZLwY78bHvDVnZDOH6I+Mzx80hpni</latexit>

eiω=i(ω0+ω2)
<latexit sha1_base64="i7vpcRx5GdR9z+rs6hxUhr2RVEQ=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKdVjrRePFewHtkvJptk2NMkuSVYoS/+FFw+KePXfePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxrczv/1ElWaRfDCTmPoCDyULGcHGSo89nYh+enNRn/aLJbfszoFWiZeREmRo9ItfvUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3iKzqwyQGGkbEmD5urviRQLrScisJ0Cm5Fe9mbif143MeG1nzIZJ4ZKslgUJhyZCM3eRwOmKDF8YgkmitlbERlhhYmxIRVsCN7yy6ukdVn2quXqfaVUq2dx5OEETuEcPLiCGtxBA5pAQMIzvMKbo50X5935WLTmnGzmGP7A+fwBM7WQoA==</latexit>∑

A,B



This shows that to all orders soft emissions are all consistent with 
the ansatz. The problem is with the collinear emissions.

Weinberg (1965) famous showed that for wide angle scattering there are no 
collinear divergences at leading power in soft limit. 

(Generalized to non-eikonal by  Akhoury et al)

However, the possibile  lack of collinear divergences does 
not imply that there are no collinear (non-analytic) 
contributions.



(a) (b) (c)

Figure 7. (a) Single collinear emission across the first Glauber exchange. (b) Two overlapping collinear
emissions. (c) A collinear emission spanning across the entire box.
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Figure 8. (a) Same topology as panel (c) of Fig. 7, but with the second Glauber exchange attached to
the collinear graviton line rather than the upper straight matter line. (b) Same topology with the collinear
graviton line connecting the bottom-left matter line to the top-right matter line.

Figure 9. Time-ordered diagram corresponding to the final panel on the second line of Fig. 25 in
Rothstein–Stewart. Solid black lines form the reverse-Z topology with arrows centered on each segment,
red dotted lines denote Glauber exchanges, and blue wavy lines represent collinear propagators without
arrows.

Figure 10. Variant of Fig. 8: an additional graviton is drawn over the top, and an additional straight
Glauber exchange connects from the bottom line to this new top graviton.

10 Generalized Eikonalization Formula

As we will now show, in the massless case the amplitude is still under calculational control, but

the form of the eikonalization changes drastically from the naive one in Eq. 3.3. As discussed

in the previous section, in covariant perturbation theory collinear lines can break up Glauber

bursts. However, this does not mean we have lost control of the calculation which only occurs if

there are super classical contributions which do not exponentiate.

It is useful to separate the purely classical part, which still exponentiates, from the genuinely

non-local collinear corrections. With the normalization of Eq. 3.6 we may write the resummed
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=0. Shock waves can 
no be disrupted.

However, each collinear partons has its 
own Glauber burst

These are form factor like corrections which are NOT 
convoluations in momentum space



All orders form of the Superplanckian Amplitude

<latexit sha1_base64="AvSiILJOHxgyRC3lfEB3BpDJ+C4="></latexit>

M(b) =
∑

i

(1 +!i)→
∏

i→
ei(ωcl+ωsQ)

Number of collinear partons
Glauber burst for each Parton



EFT factorization gives all orders form for the 
amplitude, allows us to consistently separate 
quantum from classical and strongly constrains 
the form of the amplitude

Can use it e.g. to calculate higher order CLASSICAL Regge Logs using rapidity RG

5

l1 → q1

l1 → q2

q1

q2

q3

l2 → q2

l2 → q3

| |

| |

|

|

FIG. 2: Momenta parametrisation for H2.

Using IBPs [69], one can reduce H1(q2→) to two simple
master integrals which are product and iterations of bub-
bles in (A1a). The ω expansion of the discontinuity reads
in momentum and impact-parameter space, respectively:

2ImM
(2)
2↑2(s, q

2) = 8G3
Ns3 log(s)

(
4εµ2

q2

)2ω

(19a)

→

(
↑

1

ω2
+

2

ω
+ ϑ2 +O(ω0)

)
,

2ImM̃
(2)
2↑2(s, b

2) =
8G3

Ns2

εb2
log(s)

(
εb2ϖeεE

)3ω
(19b)

→

(
↑

1

ω
+ 2 +O(ω0)

)
.

Notice that this identically agrees with eq.(3.7) of [44].
Double-H diagrams: In general, at four-loops there

are six diagrams contributing to the 5PM amplitude
at leading logarithmic accuracy, in agreement with the
counting (14). However, it turns out they are all equal
and equivalent to the one in Fig. 2, where two horizon-
tal soft gravitons are simultaneously cut in the Regge
limit. Such equivalence is a direct consequence of target-
projectile symmetry and factorization properties of the
high-energy scattering. Using again the MRK approx-
imation and accounting for both the eikonal symmetry
factor from the Glauber graviton exchanges and the ra-
pidity–ordering factor from the two soft emissions, one
finds

2ReM(4)
2↑2(s, q

2) ↓ ↑
(8εGN )5s4

64ε2
log2(s)H2(q

2
→), (20a)

H2(q
2
→) ↔ ϖ4ω

∫

l1→, l2→, q2→

J(q2, l1) q
2
2 J(q2, l2)

→ ϱ̂(d)(l1→ + l2→ + q→ ↑ q2→), (20b)

where we used the momentum parametrisation in Fig. 2
and we have defined

J(q, l) =

∫

k→

K
GR(k, q; l)

k2→(k ↑ l)2→q
2
→(q ↑ l)2→

=
∑

i=1,2

Ji(q, l), (21)

with Ji(q, l) given in App. A. Therefore, one can decom-

pose H2(q2→) = H(A)
2 (q2→) +H(B)

2 (q2→) where we define

H(A)
2 (q2→) = ϖ4ω

∫

l1→,l2→,q2→

ϱ̂(d)(l1→ + l2→ + q→ ↑ q2→)

→ q22 (J2(q2, l1)J2(q2, l2) + 2J1(q2, l1)J2(q2, l2)), (22)

H(B)
2 (q2→) = ϖ4ω

∫

l1→,l2→,q2→

ϱ̂(d)(l1→ + l2→ + q→ ↑ q2→)

→ q22 J1(q2, l1)J1(q2, l2). (23)

The first integral H(A)
2 (q2→) can be solved in terms of

bubbles (A1a) and tensor bubbles (A2) integrals, see
App. A for further details. Interestingly, the second in-

tegral H(B)
2 (q2→) is proportional to

H(B)
2 (q2→) ↗

∫

l1→,l2→

(l21→)
d
2 (l22→)

d
2

(q ↑ l1)2→(q ↑ l2)2→(q ↑ l1 ↑ l2)2→
, (24)

which is a scalar kite topology with non-integer expo-
nents, similar to the one found at four-loops in QCD [70].
As shown in App. A, it can be solved [71] in d dimen-
sions using the Gegenbauer polynomial technique [72–74]
in terms of the hypergeometric function 3F2.
Summing together the six diagrams contributing to the

5PM order we get the following ω-expanded results:

2ReM(4)
2↑2(s, q

2) ↓ ↑4G5
Ns4 log2(s)

q2

ε

(
4εµ2

q2

)4ω

→

[
↑

1

ω3
↑

1

ω2
↑

9

ω
+

2

ω
ϑ2 +

2

ω
ϑ3 +O(1)

]
, (25)

2ReM̃(4)
2↑2(s, b

2) ↓ ↑256G5
N
s3 log2(s)

(εb2)2
(
εb2ϖeεE

)5ω

→

[
1

8ω2
↑

1

ω
+

5

2
+

5

16
ϑ2 ↑

1

4
ϑ3 +O(ω)

]
. (26)

V. PREDICTING SUB-LEADING LOGS FROM
LEADING LOGS THROUGH ANALYTICITY

AND CROSSING

The computation of the leading classical double loga-
rithm at 5PM allows us to extract further information
on the amplitude at the same loop order by using s ↘ u
crossing–symmetric dispersion relations. In particular,
the result we obtained is related to the single classical

logarithm in the imaginary part ofM(4)
2↑2(s, t), which will

be our starting point to get information on the eikonal
phase. Crossing-symmetric constraints of this type were
first identified at 3PM in the Regge limit [27] and later ex-
tended to massive scattering in [44]. It was further shown
in QCD [75] that crossing symmetry dictates how imag-
inary terms appear in the leading expansion in t/s. In
particular, when logarithms are written in the combina-
tion log |s/t|↑iε/2, their coe!cients are real (imaginary)
for amplitudes with minus (plus) crossing signature. Here
we generalize the result of [75] to gravity, or equivalently
extend the analysis of [27] to higher PM orders.
Since we consider scalar scattering, the amplitude has

positive crossing signature. As discussed above, the scal-
ing of the gravitational coupling as Gs implies that we
must retain all orders in t/s. For this reason, we re-
place s/t by the crossing-covariant variable zt = 1+2s/t,

(Alessio et al 2025)

Iterate 1-loop rapidity anomalous 
dimension twice
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and we have defined

J(q, l) =

∫

k→

K
GR(k, q; l)

k2→(k ↑ l)2→q
2
→(q ↑ l)2→

=
∑

i=1,2

Ji(q, l), (21)

with Ji(q, l) given in App. A. Therefore, one can decom-

pose H2(q2→) = H(A)
2 (q2→) +H(B)

2 (q2→) where we define

H(A)
2 (q2→) = ϖ4ω

∫

l1→,l2→,q2→

ϱ̂(d)(l1→ + l2→ + q→ ↑ q2→)

→ q22 (J2(q2, l1)J2(q2, l2) + 2J1(q2, l1)J2(q2, l2)), (22)

H(B)
2 (q2→) = ϖ4ω

∫

l1→,l2→,q2→

ϱ̂(d)(l1→ + l2→ + q→ ↑ q2→)

→ q22 J1(q2, l1)J1(q2, l2). (23)

The first integral H(A)
2 (q2→) can be solved in terms of

bubbles (A1a) and tensor bubbles (A2) integrals, see
App. A for further details. Interestingly, the second in-

tegral H(B)
2 (q2→) is proportional to

H(B)
2 (q2→) ↗

∫

l1→,l2→

(l21→)
d
2 (l22→)

d
2

(q ↑ l1)2→(q ↑ l2)2→(q ↑ l1 ↑ l2)2→
, (24)

which is a scalar kite topology with non-integer expo-
nents, similar to the one found at four-loops in QCD [70].
As shown in App. A, it can be solved [71] in d dimen-
sions using the Gegenbauer polynomial technique [72–74]
in terms of the hypergeometric function 3F2.
Summing together the six diagrams contributing to the

5PM order we get the following ω-expanded results:

2ReM(4)
2↑2(s, q

2) ↓ ↑4G5
Ns4 log2(s)

q2

ε

(
4εµ2

q2

)4ω

→

[
↑

1

ω3
↑

1

ω2
↑

9

ω
+

2

ω
ϑ2 +

2

ω
ϑ3 +O(1)

]
, (25)

2ReM̃(4)
2↑2(s, b

2) ↓ ↑256G5
N
s3 log2(s)

(εb2)2
(
εb2ϖeεE

)5ω

→

[
1

8ω2
↑

1

ω
+

5

2
+

5

16
ϑ2 ↑

1

4
ϑ3 +O(ω)

]
. (26)

V. PREDICTING SUB-LEADING LOGS FROM
LEADING LOGS THROUGH ANALYTICITY

AND CROSSING

The computation of the leading classical double loga-
rithm at 5PM allows us to extract further information
on the amplitude at the same loop order by using s ↘ u
crossing–symmetric dispersion relations. In particular,
the result we obtained is related to the single classical

logarithm in the imaginary part ofM(4)
2↑2(s, t), which will

be our starting point to get information on the eikonal
phase. Crossing-symmetric constraints of this type were
first identified at 3PM in the Regge limit [27] and later ex-
tended to massive scattering in [44]. It was further shown
in QCD [75] that crossing symmetry dictates how imag-
inary terms appear in the leading expansion in t/s. In
particular, when logarithms are written in the combina-
tion log |s/t|↑iε/2, their coe!cients are real (imaginary)
for amplitudes with minus (plus) crossing signature. Here
we generalize the result of [75] to gravity, or equivalently
extend the analysis of [27] to higher PM orders.
Since we consider scalar scattering, the amplitude has

positive crossing signature. As discussed above, the scal-
ing of the gravitational coupling as Gs implies that we
must retain all orders in t/s. For this reason, we re-
place s/t by the crossing-covariant variable zt = 1+2s/t,



There are other open problems in this limit having to do with 
radiation (``energy crisis”) that I think the EFT can shed light on


