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parity violation . .. chiral fermions

... gauge invariance
fundamental observations ... deep QFT problems

renormalization and regularization
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Procedure in a nutshell — outline
0) Background: gauge invariance is vital but at stake!
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Procedure in a nutshell — outline
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Procedure in a nutshell — outline
0) Background: gauge invariance is vital but at stake!
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1) Ward identity 2) compensated by
violated special c.t.

(our main task)
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Procedure in a nutshell — outline
0) Background: gauge invariance is vital but at stake!

b b
ﬁk q1

A -
A R .
—p’ a2,
1) Ward identity 2) compensated by 3) Alternative:
violated special c.t. breaking via ¢ term
(our main task) (tool)

o F
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Outline

0 Introduction
@ Background: regularization and symmetry identities
@ Example breaking via s problem and required counterterm
@ Example alternative calculations

9 Detailed discussion

© More recent developments
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Necessity for regularization

Regularization is necessary to define QFT at the quantum level
@ many different options

cutoff-scale A DREG
f|p|</\ d4p M4_D f de
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Necessity for regularization

Regularization is necessary to define QFT at the quantum level

@ many different options

[ ]

cutoff-scale A

DREG
Jpren d*p
1y

M4_D f de

@ often regularizations break symmetries (Lorentz, gauge inv.
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The problem: v5 and DReg
Three properties in 4-dimensions — inconsistent in D # 4

{'757 ’Y“} = 07
Tr(v57"9"7"77) = 4ie??,

Tr(F1 rz) = Tr(F2F1) .
Give up at least one = many proposals!
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The problem: v5 and DReg

Three properties in 4-dimensions — inconsistent in D # 4

{’757’7“} = 07 (1)
Tr(ysyH 'y yPy7) = 4ietP?, (2)
Tr(M4M2) =Tr(r2ly). (3)

Give up at least one = many proposals!

@ Often limited range of applicability

@ BMHYV ('t Hooft, Veltman, Breitenlohner, Maison)
non-anticommuting, very complicated, breaks gauge inv.
But unitary, consistent
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BMHV scheme — non-anticommuting s

QFT consistent, unitary; breaks symmetries, complicated
@ “D-dim space” split into pure 4-dim space @ (—2¢)-dim space

Xt = XH 4 X+
V5 = 70717273
{75,9"} =0
[v5,9"] =0

Our idea: No-compromise approach to BMHV — apply it and
accept/deal with its difficulties!
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Detail/problem in dimensional regularization

Regularized diagrams <> regularized Lagrangian!
E.g. QED or QCD:

D-dim propagator > Lin = Yiy" 0,1
fully D-dim gauge interaction « Lint = Yy At

= in total: D-dim gauge invariance
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Detail/problem in dimensional regularization

Regularized diagrams <> regularized Lagrangian!
However, e.g. neutrino and B* (hypercharge):

D-dim propagator <> Lkin = Yir" 0,1
purely “L” gauge interaction < Lint = z/_;P,w“BMPU/}

= in total: not gauge invariant!
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Detail/problem in dimensional regularization
Regularized diagrams <> regularized Lagrangian!
However, e.g. neutrino and B* (hypercharge):

D-dim propagator <> Lkin = Yir" 0,1
purely “L” gauge interaction < Lint = 1/_1F’R7“BMPL1/J

= in total: not gauge invariant!

Leads to breaking of Ward/Slavnov-Taylor identities

£0 {need symmetry-restoring
counterterms
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Symmetry identities (Ward, Slavnov-Taylor) are vital:
::S(rreg + rCt) — On

@ Unphysical states/negative norm

@ Unitary and gauge independent physical
S-matrix

They must be valid in the renormalized theory

Dominik Stockinger DReg and 5 — no-compromise approach Introduction



Construction of Slavnov-Taylor identity
@ Ghosts for all generators — BRST:

Sp = Caégauge,a@

@ BRS transformations of ghosts «» s = 0:

1
SCy = égfabccbcc

o SIavnov—Taonr Operator S(I) = 0 aka “Lee identities/Zinn-Justin identity”)

or
= [ e se 50

@ Add sources L. = K, Sp; for composite operators

n=[dx; M (x)
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Concrete identities

identities”

In QED-like theories: Slavnov-Taylor identity S(I') = 0 ~~ “Ward

Pullan =0
P =0

Pulh, 5  €Q(Z(py) — (p;))
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Concrete identities

In QED-like theories: Slavnov-Taylor identity S(I') = 0 ~~ “Ward
identities”

Pulaa =0
Pt = 0
Pullp5 o €Q(X(py) — X(py))
@ Case 1: regularization preserves identities
~field/parameter renormalization transformation

@ Case 2: regularization breaks identities
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Concrete identities

In QED-like theories: Slavnov-Taylor identity S(I') = 0 ~~ “Ward
identities”

Pur%\ =0
Pul gana =0
Pullp5 o €Q(X(py) — X(py))

@ Case 1: regularization preserves identities

@ Case 2: regularization breaks identities

~~add also special counterterms which satisfy “S(I'*") = —A”
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Procedure in a nutshell — outline
0) Background: gauge invariance is vital but at stake!
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Symmetry identities (Ward, Slavnov-Taylor) are
usually manifestly valid in DReg!

But sometimes not!
@ How can DReg break a symmetry? ~s5-problem!

@ What does the breaking look like?
@ How can we repair it?
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Warm-up exercise:
simple divergent one-Ioop integral

/dD k+p) = 1+ finite
€
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Warm-up exercise

simple divergent one Ioop integral

[ %
simple tensor integral

Kkt KkY
D
/dkk2

K+p)2

1
L.
k+p 6+ inite

1
—php¥ —
3. PP

v ini
26p g"" + finite
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Warm-up exercise:
simple divergent one-loop integral

/dD k+p =1+ finite
€

simple tensor integral

Kkt KkY 1 1
D v 2 Ly [
/d kk2(k+p)2 = 3PP qg P9 finite

integral with “evanescent numerator” (multiply with g,,,.!)

/aerL _ e + L + finite
Kkt p2z 3 T8

.. produces div-evanescent AND finite, non-evanescent terms!
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Example: Ward identity is valid in DReg in ordinary QED

Pulyn = 0?2?

Check QED transversality of photon self energy (

textbooks)

B Tr(ky" (K + p)7")
- [ o K2(k 1 p)?
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Example: Ward identity is valid in DReg in ordinary QED

Pulyn = 0?2?

Check QED transversality of photon self energy (~ textbooks)

B Tr(ky" (K + p)v")
- [ o K2(k 1 p)?

using p = (K + p) — K gives zero:

/dD k+p2Trkfy /dD k2Tr(k+p)7)_
(k + p)? k?  (k+p)?
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Check the same Ward identity in “chiral QED”

B Tr(KPry"PL(K + p)Prv" PL)
_pu/de K2k T p)?
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Check the same Ward identity in “chiral QED”

Tr(kPr"PL(K + p)Pry" PL)
k2(k + p)?

extracts purely 4-dim parts in numerator!

_ Tr(K5" (K + p)7” PL)
= Pu / d’k K2(k + p)2

using the same method, we cannot cancel anymore
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Check the same Ward identity in “chiral QED”

Tr(KPr~" PL(K + p)Pry" PL)
= [ o K2(k + p)?

extracts purely 4-dim parts in numerator!

Tr(K3" (K + P)7" PL)
D
using the same method, we cannot cancel anymore

we can only simplify to a term with evanescent numerator produces
div-evanescent AND finite, non-evanescent terms!
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(2

2 |n(_p2)> (7'p” - P°g") — ng“”] .

The full result for the self energy makes the breaking terms explicit:
F,lf\ff\(P)Hin, xQED ™~

Step 1: Regularization breaks transversality! Gauge invariance is
broken by div-evan. plus finite, non-evanescent, local terms!

J
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(2

Step 2: restoring c.t. here:

The full result for the self energy makes the breaking terms explicit:
F,lf\ff\(P)Hin, xQED ™~

2 |n(_p2)> (PP - P’g") - p°g"

—1_- _o_
Litxaep ~ 5 Aud A+ ..

Dominik Stockinger

DReg and 5 — no-compromise approach

Introduction




This is how the breaking can look like and how it can
be repaired.

But what is a more efficient way to compute the
breaking?
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Step 3: More efficient, direct calculation of breaking
using A =operator corresponding to symmetry breaking of £Lp J

and thus sufficient to determine symmetry-restoring c.t.s
but the calculation is simpler and more direct
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Regularized quantum action principle in DReg o

Maison '77]

Regularized diagrams < regularized Lagrangian! «+» path integral
Simple path integral relations

“ 5/D¢e’fﬁz/p¢(if5£)e’fﬂ "

are literally valid if path integral is defined by DReg diagrams and
D-dim Lagrangian

Technical tool therefore:

S(fL)y=A = S(Treg) =A-T in D dimensions

Dominik Stockinger DReg and 5 — no-compromise approach Introduction



Procedure in a nutshell — outline
0) Background: gauge invariance is vital but at stake!

b b
ﬁk q1

A -
A R ..
—p’ a2,
1) Ward identity 2) compensated by 3) Alternative:
violated special c.t. breaking via ¢ term

(our main task) (tool)

[m] = =
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Systematic task therefore

@ Find all such symmetry breakings by regularized Green functions
@ Show that they can be “repaired” by adding suitable counterterms
@ Determine these counterterms

Tools: Slavnov-Taylor identities, quantum action principle

Dominik Stockinger DReg and 5 — no-compromise approach Introduction



Outline

ﬂ Introduction

9 Detailed discussion

@ Translate the above discussion into our technical language
0 More recent developments
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Details: 1-loop calculation in abelian chiral model

Liinsint = Yin" Oputp + PPy PRAY + ...

@ As stated, this is not gauge invariant
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Details: 1-loop calculation in abelian chiral model

Liinsint = Yin" Oputp + PPy PRAY + ...

@ As stated, this is not gauge invariant
= and leads to breaking of tree-level Slavnov-Taylor identity

S4(So) =4 = /ddX (eyFii)C{Ei (5PR + 3&) 1/1/} :

. . « ~ ~ Insertions A - I’ determine
/'\\ = (eVni) (Fﬁ Pr +92PL>QB STI breaking
7P N1 1 :
7 Only & can contribute!
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Details: Two ways to check symmetry identities

QED-like Ward identities all summarized by desired STI
Pulpa =0

Pul g < €Q(X(Py) — E(Pg))

but the STl is broken on the regularized level (and g.a.p. provides
relation):

@ Two alternative ways to compute breaking
@ crosscheck! But A - T simpler (completeness!)

Dominik Stockinger DReg and 5 — no-compromise approach Detailed discussion



Details: full 1-loop calculation

The complete set of power-counting divergent 1-loop diagrams with
inser'gion of A:

A/L AD1
A,
Results mean: breaking of three concrete WI/STls.

They have the form /e¥anescent , (jocay)
~- local counterterms can repair the symmetry!

(There is an additional diagram corresponding to the fermion triangle loop and the true anomaly (assumed absent))

Dominik Stockinger DReg and ~5 — no-compromise approach Detailed discussion



Details: Results for counterterms

! 1
0LS(LMpali)+ Sky + Sk)
o
from finiteness gy restoration

A ' rJeg

Full 1-loop symmetry-restoring counterterms:

e? Y e Tr(Y
Sh=ro /d4x{ ~ B3, o%m 4 L B) 72y

(25 o )Z(w,u?PRw/)}

~+ Correspondence to the three diagrams/three Ward identities
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Outline
@ Introduction

9 Detailed discussion

© More recent developments
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Three dimensions of difficulty

1. higher loops
2. abelian/non-abelian

3. intricacies of the EWSM

Dominik Stéckinger DReg and ~5 — no-compromise approach
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ngher OrderS (SUbrenorma|lzat|0n!) [Paul Kihler. .. Matthias Weisswange. .. ]

A ¢ AY e
;‘« :‘«
pat Ly p2+_ +_p1
v Do W P
2-loop insertion of A 1-loop insertion of A,
A . A ¢
;‘« T e
Pt 1 poA Ap1
v Pa ¥ Vo
insertion of A into 1-loop diagram with 1-loop ct insertion

Checks: 1. The sum gives Sy(M") fsinite =local.
2. We can solve Sg(M™)sinite + SaSf, L 0 for local CTs.

C
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ngher OrderS (SUbrenormallzatlon!) [Paul Kihler. .. Matthias Weisswange. .. ]

4-loop insertion of A 4-loop insertion of A
- B
fu,uA
Br c
3-loop insertion of A},  3-loop counterterm diagram

Checks: 1. The sum gives Sy(M")]finite =local.

2. We can solve Sg(I")|finie + SgSf, L 0 for local CTs.
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General pattern at n =2-, 3-, 4-loop
Requiring the renormalized STI to hold leads to the result

2n
e break 1 5 e? n, break ; 3212
S”=—/d4x E AaA“ —Fp A
fct (1 67'('2) n 2 8 AAAA ( )
. break
2break 11 4
Fan =g (V)
,break _ 35242 | 8448 1639 4 2
an = (33600 + 21600 $3) TH(VR) — 21500 T(VA)Tr(VR)
,SM __ 105574465087 |, 2665684621 499349 99009133
AA = “ooaee1760 T+ “ 6008400 & (3) — 1749604 (4) — 309952 ¢ (5)

Technicalities: (A) Mathematica+FeynArts+FeynCalc up to 3-loop, (B) QGraf+FORM-+Fire/Reduze?2 at 4-loop

[Bélusca-Maito, llakovac, Kithler, Mador-Bozinovi¢, DS '21], [DS, Weisswange '23], [v. Manteuffel, DS, Weisswange '25]
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Three dimensions of difficulty

1. higher loops
2. abelian/non-abelian

3. intricacies of the EWSM

Dominik Stéckinger DReg and ~5 — no-compromise approach

More recent developments
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Non-abelian details (STl with loop corrections)

Example abelian Ward identity

eQ (M,z(0) ~Ty3(P) + G Tygae =0
Non-abelian STI: | 1
|
r¢cp rwlz(p/) — .. + rcpM FWAH - O

loop-corrected BRST prefactors ~ special vertices/diagrams

(new structures, worse power-counting, “strange” vertices: R =bosonic spinor, p** =fermionic vector with antighost number)

Implementation in FeynArts allows both approaches of calculation
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Result for non-abelian chiral gauge theory

[Bélusca-Maito, llakovac, Mador-Bozinovi¢, DS, 2020] [2-loop result: Kihler, DS 2025]

2-loop calculation implemented in FeynArts, many cross checks
symmetry-restoring counterterm for YM+fermions+scalars (1-loop)

Sf1ct,restore =

167;2 {gz SzéR) (5SGG+ SGGG—/d4X Ga#aQGg) n ng(;S)TN’
+gzw/d4x P GaaPrasae - % [dtx g GzGromor
g (1 +5g1) Ca(R)S,, ((YQ)*ZRaYED)U/d4Xg¢i$aPR¢j
_ngcz(G)

4 (SRoys T+ SRcwa)} g

Dominik Stockinger
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Three dimensions of difficulty

1. higher loops
2. abelian/non-abelian

3. intricacies of the EWSM

Dominik Stéckinger DReg and ~5 — no-compromise approach
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SM difficulties — highlight

@ chiral fermions with different L/R gauge interactions, e.qg.
v=9Yr+vr, VL #Vr#0
such that kinetic terms, which must contain
GrilbL
now even break global gauge invariance and require e.g.
Ligt O (¢Td)? and (¢d)?

@ can try to optimize D-dimensional Lagrangian by adding
evanescent terms, e.g.

QM?L%%@DL%&WL

@ studied impaCt of such OptionS [Ebert, Kiihler, DS, Weisswange '24]
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General exploration — U(1) part of SM

General framework containing all above as special cases
= option 1 ist most promising (ever, kinler, DS, Weisswange '24]

=y %808+ £8,88,8
62| 3 24 1= Y

2
. _ = B
— 12692 (0" 61) 62 — 0(8" 62) | B — T-6v2[0]61B" B + 2 0eeB B,
+9uB [5F°pt1PR + 5FL05fH PL] (o

{ SV yeerohen + Yy yulipaun + gy yadidbda +h.e }

+ 65}/2[ 020" d2 — —193 (¢2¢2)B" + 492(252(15 +hC]

( 0Ya 2020202 + o (5}’4 8Yud) B} 1202 + §5Y4 D oot + h.c.)} ,

Dominik Stéckinger
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Summary and Conclusions

Background:

@ ~5 is problematic in DReg, BMHV scheme is rigorous

@ ~5 non-anticommuting, distinguish 4-dim and e-dim quantities

@ gauge invariance broken already in £p and at loop level
Renormalization in general: Tren = MNreg + It

@ [en should be finite

@ S(lren) = 0 should hold

@ this fixes divergent and symmetry-restoring counterterms

@ in addition, counterterms derived from field/parameter
renormalization may be added

Dominik Stockinger DReg and ~5 — no-compromise approach More recent developments
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Conclusions

Apply BMHV non-anticommuting 5 scheme to chiral gauge theories
@ gauge/BRST invariance broken via A - T

@ need symmetry-restoring and evanescent divergent counterterms
Status:

@ Method established, many crosschecks
@ two computations of breaking, locality, cancellability

@ Feynman rules implemented in FeynArts and QGRAF setups
Results and outlook:

@ 4-loop abelian model, 2-loop non-abelian
@ 1-loop general fermions+scalars exploration
@ further goals: EWSM, SMEFT, RGEs
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General Summary

Results:
@ Symmetry-restoring counterterms: 1-/2-loop YM, 3/4-loop “QED”

@ Method established: determine violation of Ward/Slavnov-Taylor
identities from A-diagrams

@ Result has compact simple structure
Outlook:
@ 1-, 2-loop EWSM, 3-loop YM ...
@ many details not talked about relevant for SM!
@ automatize, implement in FeynArts, FeynRules etc
@ alternative £p, schemes (FDH, DRed, etc, other v5 schemes)
@ RGEs
@ Fierz problem. ..

Dominik Stockinger DReg and ~5 — no-compromise approach More recent developments 39/38



Symmetry transformations of Green functions

oi(X) = 9i(x) + d9i(x), L(x) — L(x)+ dL(x)
How do Green functions behave?

Dominik Stockinger DReg and 5 — no-compromise approach



Symmetry transformations of Green functions

oi(X) = 9i(x) + d9i(x), L(x) — L(x)+ dL(x)
Path integral:
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Symmetry transformations of Green functions

oi(X) = 9i(x) + d9i(x), L(x) — L(x)+ dL(x)
Path integral:

Z(J) = / D¢ e/ £+I9
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Symmetry transformations of Green functions

oi(X) = 9i(x) + d9i(x), L(x) — L(x)+ dL(x)

Z(J) = / D¢ e/ £+I9

(measure invariant) = /D(b eif£+6£+J¢+J5¢
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Symmetry transformations of Green functions

oi(X) = 9i(x) + d9i(x), L(x) — L(x)+ dL(x)

Z(J) = / Do el £+
(measure invariant) = /D(b eif£+6£+J¢+J5¢

(1st order in &) = /’D¢) (1 +lf5£+J5¢)elfﬁ+J¢
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Symmetry transformations of Green functions

oi(X) = 9i(x) + d9i(x), L(x) — L(x)+ dL(x)

Z(J) = / D¢ e/ £+I9

(measure invariant) = /D(b eif£+6£+J¢+J5¢
(1st order in &) = /D¢) (1 +II5E+J5¢)eIfE+J¢
result: 0= /D()b (,f&c + J5¢)eif£+J¢
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Symmetry transformations of Green functions

oi(X) = 9i(x) + d9i(x), L(x) — L(x)+ dL(x)

Z(J) = / D¢ e/ £+I9

(measure invariant) = /D¢ eif£+6£+J¢+J5¢
(1st order in &) = /D¢ (1 +lf5£+J5¢)elf£+J¢
result: 0= /D¢ (,f&c + J5¢)eif£+J¢

Formal “derivation” for 6L = 0 gives form of ST identities

((601)d2...) + (91(62)...) +...=0
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Symmetry transformations of Green functions

oi(X) = 9i(x) + d9i(x), L(x) — L(x)+ dL(x)

Z(J) = / D¢ e/ £+I9

(measure invariant) = /D¢ eif£+6£+J¢+J5¢
(1st order in &) = /D¢ (1 +lf5£+J5¢)elf£+J¢
result: 0= /D¢ (,f(S[’ + J5¢)eif£+J¢

“derivation” is valid in DReg and gives breaking paco: s o) soneizs0s.00125]

((0p1)p2...) +{P1(dd2)...) + ... = —i{p1¢2...([IL))
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Symmetry transformations of Green functions

oi(X) = 9i(x) + d9i(x), L(x) — L(x)+ dL(x)

Z(J) = / D¢ e/ £+I9

(measure invariant) = /D¢ eif£+6£+J¢+J5¢
(1st order in &) = /D¢ (1 +lf5£+J5¢)elf£+J¢
result: 0= /D¢ (,f&c + J5¢)eif£+J¢

This is exactly true in DREG (where 6£ might be # 0)

((0p1)d2...) + (61(0¢2) ...) + ... = —i{p12...([L))
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Symmetry transformations of Green functions — really

Regularized quantum action principle

((601)p2...) + (H1(0¢2)...) + —i{p102...([0L))

Interpret this as an identity between regularized Feynman diagrams
@ becomes a property of regularization scheme, does not
necessarily hold (no fundamental QFT requirement)

@ if desired, must be proven for each regularization

DREG: [Breitenlohner, Maison '77],

@ valid in srHz: [Lowenstein et al '71],
DRED: [DS '05]
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Symmetry transformations of Green functions — really

Regularized quantum action principle

((601)p2...) + (H1(0¢2)...) + —i{p102...([0L))

Interpret this as an identity between regularized Feynman diagrams

ldea of proof in DREG/DRED: look at possible Wick contractions

@ 0L = 0Lquadratic + 0 Lint, 0 Lquadratic = (6¢;)Djjd;
@ Use properties of DREG/DRED: D is inverse propagator even on
regularized level, scaleless integrals vanish

@ then, combinatorics leads to above identity

Dominik Stockinger DReg and 5 — no-compromise approach



	Introduction
	Background: regularization and symmetry identities
	Example breaking via 5 problem and required counterterm
	Example alternative calculations

	Detailed discussion
	Translate the above discussion into our technical language

	More recent developments
	Backup

