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• Motivation & relevance for fundamental physics.  

• Necessary precision, and requisite loop orders. 

PA RT  2

PA RT  3

PA RT  1

• Point-like EFT of nuclei and leptons.  

• The Fermi function from loops.F E R M I  F U N C .

R A D .  C O R R .

E F T  &   D E C AYβ

• Structure of radiative corrections from EFT.  

• Renormalization group resummation of logarithms. 
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Quark   Mixing   In   The   S M

d′￼

s′￼

b′￼

=
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

d
s
b

C K M   C A B I B B O – K O B AYA S H I – M A S K AWA≡

F U N D A M E N TA L  
C O N S TA N T S  
O F  N AT U R E
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C K M    Unitarity 

|Vud |2 + |Vus |2 + |Vub |2 = 1

F I R S T  R O W  U N I TA R I T Y

1 − λ2
ud + λ2

us + O(λ6) = 1

I N  W O L F E N S T E I N  N O TAT I O N

๏ Percent-level accuracy in Kaon decay demands 
100 ppm accuracy in  beta decays 0+ → 0+

|Vud |2

|Vus |2
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C K M    Unitarity 

|Vud |2 + |Vus |2 + |Vub |2 = 1

F I R S T  R O W  U N I TA R I T Y

1 − λ2
ud + λ2

us + O(λ6) = 1

I N  W O L F E N S T E I N  N O TAT I O N

๏ Tension in first-row CKM unitarity. 

๏ If theory is under control: new physics discovered!

C I R I G L I A N O  + + +  A R X I V: 2 2 0 8 . 1 1 7 0 7
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Superallowed   At   Leading   Order
Γβ ∝ |Vud |2 × |ℳnucl |

2

0+ → 0+ only Jμ
V contributes

∂μJμ
V ≈ 0 CVC

|ℳnucl |
2 = 2⟨A |τ+ |B⟩ = 2 ⟨A ||1 ||A⟩

Isospin  Symmetry



10C →10 Be+νe

7

B̄ → Dℓν
Q C D Easy! --  Isospin Hard

Q E D Big -- Large  Zα Small

Legs Three (Q E D) Two (Q C D) 

Analogy  With    B-Physics :     Heavy    +   Weak    +    Gauge  Theory
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How   To  Measure  |Vud |
Superallowed  Decays

Hardy & Towner  2020
1 0 0  P P M   P R E C I S I O N

Underestimated
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Historical  Approach 

• The `` '' value includes the Fermi function (Dirac w.f.) . 

• Includes regulated (but not renormalized) UV divergence.   

• RCs are assumed to factorize (ansatz) from Fermi function. 

• RCs are computed in the "independent particle model".

ft
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Historical  Approach 

• The `` '' value includes the Fermi function (Dirac w.f.) . 

• Includes regulated (but not renormalized) UV divergence.   

• RCs are assumed to factorize (ansatz) from Fermi function. 

• RCs are computed in the "independent particle model".

ft
T H I S  I S  N O T  S U F F I C I E N T  
F O R  P R E C I S I O N  G O A L S  

O F  1 0 0  P P M !
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New  Approach  With   E F T
Factorization Theorem At   Leading   Power  +  Corrections   Of     𝒪 ((pR)2)

Γ = ∫ dΠedΠν ⟨ |ℳ |2 ⟩ × |C |2 (2π)δ(ΣE)

Matrix   Element Wilson   Coefficient

Long   Distance Short   Distance



Tower   Of   E F Ts

๏ No double counting!  

}EFTlong dist.

12

๏ Treat scales one at a 
time.  

W-boson mass

Lepton Energy 10 MeV

200 MeV

80 GeV

Nuclear Radius

Fermi Momentum

50 MeV

Nucleon mass 1 GeV

T O D AY ' S  TA L K

} S E E  W O R K  B Y  
D E K E N S  E T.  A L .   

&   
S E N G  E T.  A L .  



PA RT  2

PA RT  3

PA RT  1

13

F E R M I  F U N C .

R A D .  C O R R .

E F T  &   D E C AYβ

• Motivation & relevance for fundamental physics.  

• Necessary precision, and requisite loop orders. 

• Point-like EFT of nuclei and leptons.  

• The Fermi function from loops.

• Structure of radiative corrections from EFT.  

• Renormalization group resummation of logarithms. 
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Point-Like   E F T   Of   Nuclei
A   Lagrangian  For   Low-Energy  Beta  Decay



E F T    For    0+ → 0+

15

}EFTV
Lepton Energy 10 MeV

Nuclear Radius

Fermi Momentum

Nucleon mass

T O D AY ' S  TA L K

} S H O RT  D I S TA N C E S
• Largest corrections 

come from long 
distance scales. 

• Need to work to 
higher orders in 
perturbation theory.



ZA

ZB

eE F T    For    0+ → 0+
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ℒ = h†
A(v ⋅ D)hA + h†

B(v ⋅ D)hB

−
1
4

FμνFμν + e(γμDμ + m)e + νγμ∂μν

+C(μ) × [eγμPLν] × [h†
BvμhA]

Treat   Nuclei  Like  They  Are   Heavy    ̀ Quarks'

 A R X I V: 2 3 0 9 . 0 7 3 4 3



Heavy  Particle   E F Ts

2M
(p + k)2 − M2

→
1

v ⋅ k

v = p/M
๏ This simplifies amplitudes.  

๏ Heavy mass never appears. 
17



Heavy  Particle   E F Ts

18

ℒ = h†
v (v ⋅ D)hv

vμ vs γμ

v ⋅ q vs q2 − m2

Simplifications

= i(ZAe)δμ
0



Now  We  Just   Compute   Diagrams 

19

ZA

ZB

e

ZA

ZB

e

ZA

ZB

e

ZA

ZB

e

WAV E F U N C T I O N    R E N O R M A L I Z AT I O N   N O T   S H O W N

T R E E - L E V E L

O N E  L O O P

T W O  L O O P

ZA

ZB

e

ZA

ZB

e

ZA

ZB

e

ZA

ZB

e

ZA

ZB

e

ZA

ZB

e

ZA

ZB

e

ZA

ZB

e …
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Equivalent   Feynman   Rules 
T R E E - L E V E L

O N E  L O O P

T W O  L O O P

T H R E E  L O O P

๏ 1 diagram.

๏ 2 diagrams.

๏ 5 diagrams.

๏ 10 diagrams.

O N E  L O O P

𝒪(α) 𝒪(Zα)

1  N U C L E U S  W I T H  U N I T  C H A R G E   

+  A  B A C K G R O U N D  C O U L O M B  F I E L D
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Field   Theory   Of    The   Fermi  Function
Leading     Resummation−Z

A R X I V: 2 3 0 9 . 1 5 9 2 9
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Fermi   Function 
AT T R A C T E D  T O  N U C L E U S   

๏ Largest effects are  a series in Zα
๏ Historically done with finite-distance regulator 

⟨e− | ψ̄(x) |0⟩ ∼ ( 1
|x | )

ν

ν = 1 − Z2α2 − 1



The  Fermi   Function  Is   Big
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E F F E C T  I S  M A S S I V E !
V I S I B L E  O N  L O G - S C A L E



Enrico  Fermi   &   Beta  Decay 
๏ \

F O U N D AT I O N A L  W O R K  ( 1 9 3 4 )

T H E  " F E R M I  F U N C T I O N "
24



25

Diagrammatic   Expansion

+ …

𝒪(Zα)𝒪(1) 𝒪(Z2α2)

๏ With modified Feynman rules 
counting  is easy.  

๏ Keep only the "leading-in- " terms. 

Z

Z

ℳH

A R X I V: 2 3 0 9 . 1 5 9 2 9



Wavefunctions  And   Feynman  Diagrams
๏ One can try to explicitly compute loops, but it is hard work.  

๏ Can extract information from Dirac Equation with a Coulomb field. 

|ψ(±)
p ⟩ = |ϕp⟩ +

1
H − Ep ± iε

V |ϕp⟩ +
1

H − Ep ± iε
V

1
H − Ep ± iε

V |ϕp⟩ + . . .

Wavefunction   Satisfies    Lippmann-Schwinger  Equation

26

๏ One-to-one correspondence between loops and expansion of 
the Dirac Coulomb wavefunction. A R X I V: 2 3 0 9 . 1 5 9 2 9
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Factorization   Of    Dirac   Wavefunction

ℳ = ℳS(μS)ℳH(μS, μH)ℳUV(μH, Λ)

Ψ(x) = ℳS(μS)ℳH(μS, μH)ℳ̃x(μH, x)

S A M E D I F F E R E N T

W H AT  W E  WA N T

A R X I V: 2 3 0 9 . 1 5 9 2 9
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All  Orders   Calculation 
ℳ̃x(μH, x)

๏ Finite distance  acts as regulator. x
๏ Can be computed in the   limit. pe, me → 0

๏ All orders in  solution can be obtained. Zα

S E E  B A C K U P  S L I D E S  F O R  E Q U AT I O N S

A R X I V: 2 3 0 9 . 1 5 9 2 9
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Extraction  Of   Hard  Matrix  Element
Ψ(x) = ℳS(μS)ℳH(μS, μH)ℳ̃x(μH, x)

K N O W N  T O  A L L  O R D E R S  I N  Zα

S E E  B A C K U P  S L I D E S  F O R  E Q U AT I O N S

A R X I V: 2 3 0 9 . 1 5 9 2 9
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Extraction  Of   Hard  Matrix  Element
Ψ(x) = ℳS(μS)ℳH(μS, μH)ℳ̃x(μH, x)

ℳH(μS, μH) =
Ψ(x)

ℳ̃x(μH, x)ℳS(μS)

K N O W N  T O  A L L  O R D E R S  I N  Zα

S E E  B A C K U P  S L I D E S  F O R  E Q U AT I O N S

A R X I V: 2 3 0 9 . 1 5 9 2 9
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Factorization   Of    Dirac   Wavefunction
ℳ̃x(μH, x) R E S U LT  C A N  B E  R E N O R M A L I Z E D  

AT  A L L - O R D E R S  I N  Zα
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All-Orders  Hard  Matrix  Element

๏ η = 1 − Z2α2 ๏ ξ = Zα/β ๏ M = (E + m)(1 + iξm/E)/(E + ηm)
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PA RT  2

PA RT  3

PA RT  1

F E R M I  F U N C .

R A D .  C O R R .

E F T  &   D E C AYβ

• Motivation & relevance for fundamental physics.  

• Necessary precision, and requisite loop orders. 

• Point-like EFT of nuclei and leptons.  

• The Fermi function from loops.

• Structure of radiative corrections from EFT.  

• Renormalization group resummation of logarithms. 
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Long-Distance   Radiative   Corrections
A  Low  Energy  Perspective
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Factorization  Theorem
๏ Amplitude depends on Wilson coefficient and matrix element.

dΓ ∝ |C(μ) |2 |ℳ |2 (μ) + 𝒪 ((pR)2)
๏ Implies that all short-distances factorize from long-distances. 

A R X I V: 2 3 0 9 . 0 7 3 4 3  
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R G   Analysis  &  Anomalous   Dim.
Resumming    Logs

A R X I V: 2 4 0 2 . 1 4 7 6 9

A R X I V: 2 3 0 9 . 0 7 3 4 3  



Relating   Different   Scales
dΓ ∝ |C(μ) |2 |ℳ |2 (μ)

= C(μH)[ |C(μL) |2

|C(μH) |2 ] |ℳ |2 (μL)

Calculate  With   Renormalization   Group

No   Large  Logs

A R X I V: 2 3 0 9 . 0 7 3 4 3  



Resummation With  R G + E F T
Factorize   &  Run 
ℳ = C(μ) ℳH(μ, p)

50 MeV
Nuclear Radius C(Λ)

5 MeV
Electron Energy C(μ) ℳH(μ, p)

R G  E V O L U T I O N

๏ Need beta function in QED

๏ Need anomalous dimension 

[ |C(μL) |2

|C(μH) |2 ] = exp [∫
γ(Z, α)
β(α)

dα]
A R X I V: 2 3 0 9 . 0 7 3 4 3  



+ α3(Z3γ(3,3) + Z2γ(3,2) + Zγ(3,1) + γ(3,0)) + …

Anomalous  Dimension  
γC =

dC(μ)
d log μ

S O LV E  D I R A C  E Q ’ N

(Z, Z − Q, Q) (Z + Q, Z, − Q)
S Y M M E T RY  I N  M A S S L E S S  L I M I T

Z = 0  R E D U C E S  T O  H E AV Y- L I G H T  C U R R E N T  I N  H Q E T

γC = α(Zγ(1,1) + γ(1,0)) + α2(Z2γ(2,2) + Zγ(2,1) + γ(2,0))

A R X I V: 2 4 0 2 . 1 4 7 6 9



α1 α2 α3

Z0

Z1

Z2

Z3

γ(1,0)

α4

Z4

γ(2,0) γ(3,0) γ(4,0)

0

−

α0

0

0

γ(2,2)−

−

−

− −

− − − γ(4,4)

γ(4,3)

γ(4,1)

γ(4,2)

γ(2,1)

−

γ(3,2)

γ(3,1)

TA K E  F R O M  H Q E T  L I T. S O LV E  D I R A C  E Q ’ N S Y M M E T RY

N E W  I N P U T !A R X I V: 2 4 0 2 . 1 4 7 6 9



U S E  E I K O N A L  A L G E B R A   
T O  R E D U C E  D I A G R A M S

M I X E D  E U C L I D E A N  +  
 L O R E N T Z I A N  I N T E G R A L S

A R X I V: 2 4 0 2 . 1 4 7 6 9



G R O Z I N  2 0 0 3 G R O Z I N  2 0 2 3

N E W  I N P U T

New   Result  For  Anomalous   Dimension

R E S U M M AT I O N  C O M P L E T E   
T H R O U G H  3 - L O O P S !

A R X I V: 2 4 0 2 . 1 4 7 6 9
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Long-Distance  Matrix  Element
Resumming    Logs

A R X I V: 2 4 0 2 . 1 4 7 6 9

A R X I V: 2 3 0 9 . 0 7 3 4 3  



44

Recall  We  Have  The  Leading-   ResultZα

๏ η = 1 − Z2α2 ๏ ξ = Zα/β ๏ M = (E + m)(1 + iξm/E)/(E + ηm)
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Next  We   Need   Subleading  Corrections

⟨ |ℳH |2 ⟩ = F(Zα, E, μ)[1 + δ(1,0)(E) + δ(2,1)(E) + …]
๏ Order-  result in "Sirlin's Scheme" in 1967 & in   in 2004.  

๏ Order-  result in "Sirlin's Scheme" in 1986  

๏ As of one month ago,  calculation did not exist for  terms.

α MS

Zα2

MS Zα2
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Next  We   Need   Subleading  Corrections

⟨ |ℳH |2 ⟩ = F(Zα, E, μ)[1 + δ(1,0)(E) + δ(2,1)(E) + …]
๏ Order-  result in "Sirlin's Scheme" in 1967 & in   in 2004.  

๏ Order-  result in "Sirlin's Scheme" in 1986  

๏ As of one month ago,  calculation did not exist for  terms.

α MS

Zα2

MS Zα2
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Next  We   Need   Subleading  Corrections

⟨ |ℳH |2 ⟩ = F(Zα, E, μ)[1 + δ(1,0)(E) + δ(2,1)(E) + …]

๏  calculation for  terms confirmed by two groups (2025). MS Zα2
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Next  We   Need   Subleading  Corrections

⟨ |ℳH |2 ⟩ = F(Zα, E, μ)[1 + δ(1,0)(E) + δ(2,1)(E) + …]

๏  calculation for  terms confirmed by two groups (2025). MS Zα2
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Kinoshita-Lee-Naueberg   Constraints
A  Collinear- Safe   Observable
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Inclusive  Lifetime  Is  I R-Collinear   Safe

๏ This implies further constraints on the amplitude. 



51

 I R-Collinear   Safe  &  MS
๏ Study limit of   with  held fixed. me → 0 α(μ)

Γ = Γ(0) + ᾱΓ(1) + ᾱ2Γ(2) + ᾱ3Γ(3) + …

๏ KLN tells us these coefficients have no logarithms of .  

๏ Only holds after intergrating over phase space. 

log(me)
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Higher  Order   Constraints 
๏ Order-  correction has non-trivial cancellation. 

 
 
 

๏ Only vanishes after phase space integration. 

α
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Higher  Order   Constraints 
๏ Fermi-function introduces extra energy dependence. 

 
 
 

๏ Fixes logarithmic enhancement at . O(Z2α3)
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Results  For  Superallowed  Decays
New  Shifts  In  Old  Places

P.  VA N D E R  G R I E N D   
O N  T H E  M A R K E T !
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Long  - Distance   Corrections 

๏ Scale variation uncertainties below error budget goal!
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Corrections  To  Literature 

๏ Reorganize 
existing result

๏  New  
 input

๏  Full  
 Result

๏ Short-
distance
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Implications   For   |Vud |
|Vud |2 ∼ 1/ℱt
๏ Shift upwards of  by 

about .  

๏ Exacerbates the first-row 
CKM unitarity tension.  

๏ More to do at  
short-distances. 

ℱt
∼ 1σ
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Neutron  Beta  Decay 
The  Fermi  Function   &  Neutron  Beta  Decay
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The Fermi -Function  In  Neutron   Decay? 

๏ In historical treatment 
largest corrections to 
neutron decay come from 
Fermi-function. 

๏ Fermi function resums 
 but.... Zα/β

Z = 1 β ∼ O(1)
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Factorization   Of   Amplitude 
ℳ = ℳS(μS)ℳH(μS, μH)ℳUV(μH, Λ)

O R I G I N

Zα
4π

(2πi) × log
−p2 − i0

μ2
=

Zα
4π

(2πi) × (log
p2

μ2
− iπ)

3 - D  M O D E S I R   D I V.
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Source  Of   Enhancements
Lepton Energy 1 MeV

T O D AY ' S  TA L K

IR scale  
regulator,  
atomic screening

1 keV

Soft-hard 
boundary

๏ In a conventional calculation the 
large enhancements are from the 
"hard" region.  

๏ They come from IR divergences 
in the hard region.  

๏ We can make a different choice 
and associate them with UV 
divergences in the soft region. 
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Results  :  Reorganizing   Theory

๏ Can resum factors of  with RG.  

๏ Improves convergence, and gives most precise prediction.

(2πi)2



Conclusions   &   Outlook

63
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• CKM unitarity demands precise theory.  
• Key players: superallowed and neutron beta decays.  
• Heavy particle methods give new theoretical control.  
• Many new results in the past two years.  
• Theory being systematized across length scales.

Executive   Summary



Backup  Slides

65
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Wavefunctions  &  Diagramatics



Wavefunctions  And   Feynman  Diagrams
๏ Coulomb effects historically 

handled with ``distorted waves''

๏ What are the equivalent effects in  
Feynman diagrams? 

|ψ(±)
p ⟩ = |ϕp⟩ +

1
H − Ep ± iε

V |ϕp⟩ +
1

H − Ep ± iε
V

1
H − Ep ± iε

V |ϕp⟩ + . . .

Use  Lippmann-Schwinger  Equation!

67



Wavefunctions  And   Feynman  Diagrams
๏ Coulomb effects historically 

handled with ``distorted waves''

๏ What are the equivalent effects in  
Feynman diagrams? 

Loop With A Phase Factor!

⟨x |ψ(±)
p ⟩ = eip⋅x (1 + ∫

d3Q
(2π)3

1
2P ⋅ Q + Q2 ± iε

Zα
Q2

eiQ⋅x + . . . )
68
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Two-Loop  Expressions  At   𝒪(Z2α2)
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Brute  Force  2-Loop   Calculation 
๏ Compute Coulomb corrections explicitly through 2-loops.

๏ Dim-reg + renormalization.  Well defined amplitude. 

๏ No obvious pattern.  Resummation impossible by brute force. 
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Eikonal   Algebra  Identity 



72

New  Result 
G(q1…qN) = Zn

N

∏
i=1

(2πi)δ(v ⋅ qi)

+Zn−1 ∑
j

1
v ⋅ qi ∏

i≠j

(2πi)δ(v ⋅ qi)

+Zn−2 ∑
k

∑
j≠k

1
v ⋅ qk

1
v ⋅ qj ∏

i≠j,k

(2πi)δ(v ⋅ qi)

+…

⟨B(v) |Jμ1
(q1)…𝒪…JμN

(qN) |A(v)⟩ = vμ1
…vμN

G(q1…qN)
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Fermi   Function

๏ We can define "outer" radiative corrections in the EFT

๏ Factorize into a RG-running piece, and a low-energy matrix element.

L O G ( 2 P R )

๏ Fermi function has been factored out. 
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Explicit  Expressions   For   Fermi   Function
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Factorization   Of    Dirac   Wavefunction
ℳ̃x(μH, x) C L O S E D  F O R M  I N T E G R A L S  AT  

A R B I T R A R I LY  H I G H  O R D E R  
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Factorization   Of    Dirac   Wavefunction
ℳ̃x(μH, x) B A R E  A M P L I T U D E  M AY  B E  

S U M M E D  T O  A L L  O R D E R S
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Factorization   Of    Dirac   Wavefunction
ℳ̃x(μH, x) R E S U LT  C A N  B E  R E N O R M A L I Z E D  

AT  A L L - O R D E R S  I N  Zα
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All-Orders  Hard  Matrix  Element

๏ η = 1 − Z2α2 ๏ ξ = Zα/β ๏ M = (E + m)(1 + iξm/E)/(E + ηm)
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Coulomb   Enhancement
๏ Largest effects are  a series in Zα

U N I V E R S A L  R E S U LT  F O R  Q E D

๏ η = 1 − Z2α2 ๏ ξ = Zα/β ๏ M = (E + m)(1 + iξm/E)/(E + ηm)

A L L  O R D E R S  I N  Zα

M S - B A R  R E N O R M A L I Z E D
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AT T R A C T E D  T O  N U C L E U S   

๏ Largest effects are  a series in Zα

๏ η = 1 − Z2α2 ๏ ξ = Zα/β ๏ M = (E + m)(1 + iξm/E)/(E + ηm)

A L L  O R D E R S  I N  Zα

๏ Well defined EFT matrix element.  Can be evolved with RG to re-sum logs. 

Coulomb   Enhancement

U N I V E R S A L  R E S U LT  F O R  Q E D
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Properties   Of    The   Anomalous  Dimension



Anomalous  Dimension  
γC =

dC(μ)
d log μ

γC = α(Zγ(1,1) + γ(1,0)) + α2(Z2γ(2,2) + Zγ(2,1) + γ(2,0))
+ α3(Z3γ(3,3) + Z2γ(3,2) + Zγ(3,1) + γ(3,0)) + …



Anomalous  Dimension  
γC =

dC(μ)
d log μ

γC = α(Zγ(1,1) + γ(1,0)) + α2(Z2γ(2,2) + Zγ(2,1) + γ(2,0))
+ α3(Z3γ(3,3) + Z2γ(3,2) + Zγ(3,1) + γ(3,0)) + …

S O LV E  D I R A C  E Q ’ N
๏ Subtlety: Divergent as  x → 0
๏ New result: All orders result in  

the -scheme (good for RG).MS



Anomalous  Dimension  
γC =

dC(μ)
d log μ

S O LV E  D I R A C  E Q ’ N

Z = 0  R E D U C E S  T O  H E AV Y- L I G H T  C U R R E N T  I N  H Q E T

γC = α(Zγ(1,1) + γ(1,0)) + α2(Z2γ(2,2) + Zγ(2,1) + γ(2,0))
+ α3(Z3γ(3,3) + Z2γ(3,2) + Zγ(3,1) + γ(3,0)) + …



+ α3(Z3γ(3,3) + Z2γ(3,2) + Zγ(3,1) + γ(3,0)) + …

Anomalous  Dimension  
γC =

dC(μ)
d log μ

S O LV E  D I R A C  E Q ’ N

(Z, Z − Q, Q) (Z + Q, Z, − Q)
S Y M M E T RY  I N  M A S S L E S S  L I M I T

Z = 0  R E D U C E S  T O  H E AV Y- L I G H T  C U R R E N T  I N  H Q E T

γC = α(Zγ(1,1) + γ(1,0)) + α2(Z2γ(2,2) + Zγ(2,1) + γ(2,0))



α1 α2 α3

Z0

Z1

Z2

Z3

γ(1,0)

α4

Z4

γ(2,0) γ(3,0) γ(4,0)

0

−

α0

0

0

γ(2,2)−

−

−

− −

− − − γ(4,4)

γ(4,3)

γ(4,1)

γ(4,2)

γ(2,1)

−

γ(3,2)

γ(3,1)

TA K E  F R O M  H Q E T  L I T. S O LV E  D I R A C  E Q ’ N S Y M M E T RY

N E W  I N P U T !



Ratio   Of   Wilson  Coefficients 
   Z ∼ 𝖫 ∼ α−1/2


