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SUBTRACTION AND SLICING

To perform meaningful perturbative computations for collider processes, we need to combine partonic processes with different
final-state multiplicities. This requires care as final states with different multiplicities live in different phase spaces and
cancellations of infrared divergences occur at their edges, where some partons become unresolved (soft or collinear, or both).

To decouple these edges from the bulk of high-multiplicity phase spaces, two different methods are used — subtraction and
slicing.
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A subtraction method requires us to specify the subtraction term (what exactly is subtracted). This defines a “subtraction
scheme”. There are many schemes on the market.

A slicing method requires a slicing variable; for a finite value of this variable, leading soft and collinear singularities should not
occur in matrix elements for the highest-multiplicity final states that contributes to a perturbative order of interest.



POWER CORRECTIONS

Slicing calculations have a well-known problem — absence of the cancellation of power-suppressed terms in the slicing parameter.
To minimize it, one chooses the slicing parameter to be very small in numerical calculations, reducing the efficiency of the method.
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A possible way out is a deeper expansion in the slicing parameter, so that also O(d) terms cancel between the first and the
second term on the right hand side.
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The question is how to construct the expansion of the “sliced” term through the sub-leading power in the slicing variable, since
this requires going one step beyond the well-understood soft and collinear limits.



THE N-JETTINESS VARIABLE

There is just one slicing variable (N-jettiness) which works for processes with jets, for which some calculations are done at NNLO
and even beyond. It is defined in the following way
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1) Jet momenta in the above formula include incoming partons;

2) Final-state jet momenta need to be reconstructed before the N-jettiness for a
particular kinematic configuration can be computed;

Double real
3) Using N-jettiness as a slicing variable requires knowing how cross sections T i
behave at small values of 7. It has been proven that for small N-jettiness 12% 99 dTn = / B, B, SQHRJ.
values at leading power, cross sections factorize into beam (B), jet (J), soft(S) 4 ) d7Tn

and hard (H) functions;

Stewart, Tackmann, Waalewijn

\4) At next-to-leading power, no factorization formulas are available. )

N-jettiness is a complicated variable; because of this even at leading power progress with slicing computations was slow. Indeed,
until about a year ago, computations of NNLO soft functions for 1-jettiness and 2-jettiness cases were the only ones available.



THE N-JETTINESS SOFT FUNCTION AS AN EXAMPLE

To identify the problem, consider the NLO case. The only contribution beyond the renormalization is a single-gluon emission.
Hence, we need to compute the quantity below where finding the value of N-jettiness requires us to determine the minimum of
scalar products of particles” momenta when integrating over the soft-gluon phase space.
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Since the inception of perturbative computations with N-jettiness, the minimum was always determined explicitly by splitting
the phase space into regions where the minimum is unambiguously clear. The price to pay is a strong growth in the number of
terms with Heaviside functions that one has to deal with, and lack of clear physically-motivated structures in the calculations.
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Working at leading power, we have shown that if, instead of partitioning the phase space to find the minimum, one treats \N-
jettiness as any other infra-red safe variable and deal with it accordingly (implicitly!), computations simplify dramatically.

Agarwal, K.M., Pedron



POWER CORRECTIONS IN N-JETTINESS SLICING

The situation with next-to-leading power terms at small N-jettiness is even worse because almost nothing is known.

Such power corrections were discussed at NLO QCD for very simple processes ( e.g. W,Z,H production, thrust in electron-
positron collisions), where matrix elements and phase spaces can be written explicitly. For more complex processes, neither of

these 1ngred1ent8 is availiable for the exphc1t analYSlS' Moult, Rothen, Ebert, Zhu, Stewart, Tackmann, Vita, Boughezal, Isgro, Petriello

There are no computations beyond single-vector boson production at a hadron collider, and no complete (and realistic) calculation
with final-state jets, even at NLO. This is related to the complexity of N-jettiness variable, and also to the suboptimal way one

approaches the problem initially (partitioning the phase space). Boughezal, Isgro, Petriello

Our goal is to compute the first sub-leading power corrections for the N-jettiness variable in two cases:

1) production of an arbitrary color-less final state in hadron collisions at NLO QCD;

2) process (pa)+ @(Pp) ! ! +)jet with arealistic jet-finding algorithm.

For the first process, our focus will be on developing methods that are general enough to work for arbitrary (zero-jettiness)
processes; for the second — on how the jet-finding algorithm affects these methods.



GENERAL CASE OF A COLORLESS FINAL STATE



POWER CORRECTIONS TO ZERO-JETTINESS SLICING

For any process beyond the simplest ones, an approach based on explicit phase-space parametrization, and the knowledge of
matrix elements are not very usetul.

Suppose we want to study production of N photons at the LHC at NLO QCD using O-jettiness slicing. How should we proceed
in this case since neither the matrix element nor the phase space are known explicitly?

The following considerations are essential for solving the general problem:

1) similar to the leading-power case, calculations at sub-leading power involve either soft or collinear gluon emissions; no other
“modes” become relevant (for smooth observables);

2) to expose dependences of a phase space on soft and collinear emissions beyond the leading power, momenta redefinitions can be
employed, similar to what has been used in fixed-order calculations for a long time. Such momenta redefinitions are often
implemented as Lorentz boosts and rescalings;

3) the dependence of the real-emission matrix elements squared on the soft gluon momentum at subleading power follows from
the Low-Burnett-Kroll theorem;

4) understanding collinear emissions (even of a single gluon) at next-to-leading power is a challenge, since clean factorization of
the hard matrix element into a splitting function and the no-emission matrix element disappears at subleading power.



POWER CORRECTIONS TO ZERO-JETTINESS SLICING

Consider the process J(Pa) + @(Po) ! X + g where X is the final state that consists of 111 massless colourless partons.

The starting point is the standard expression for the differential cross section
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For smooth observables, one can compute power corrections by expanding the integrand in the above formula around soft and
(two) collinear limits independently of each other. The reasonis the different !-dependence of these contributions.
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In the soft limit, the energy of the gluonis O(!) and the emission angle relative to the collision axis is O(1) .

In the collinear limit, the gluon transverse momentumis O( ) and the energy is O( s).

Hence, in the soft limit we expand the integrand in the gluon energy, and in the collinear limit — in the gluon transverse
momentum, through sub- (soft) or sub-sub-leading (collinear) powers.



THE SOFT CONTRIBUTION

The gluon four-momentum is removed from the energy-momentum constraint using momenta redefinitions.
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This is accomplished by a combination of a particular Lorentz boost and a rescaling (massless particles).
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Once everything is put together, the boost is localized in the matrix element and in the observable, and the phase space is
factorized with the next-to-leading-power accuracy
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THE SOFT CONTRIBUTION

[t is straightforward to explicitly construct the boost operator and to expand the matrix element to first subleading soft term
using the Low-Burnett-Kroll theorem. We also assume that the observable can be expanded in series in soft gluon momentum.
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Since the dependence on the soft gluon momentum is now fully exposed, the integration over gluon momentum k can be

performed.



THE SOFT CONTRIBUTION

We find that we require just two integrals to describe soft power corrections for an arbitrary process with color-singlet final state.
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Integral |2 has a power-like collinear singularity. In the zero-jettiness case, this is not an problem since everything is simple; in

a more general case, this issue will require special attention.
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[t is straightforward to obtain the soft contribution explicitly, by expanding the above results in epsilon, but it is better to do this
for the full result which includes collinear contributions as well.



THE COLLINEAR CONTRIBUTION

Conceptually, the collinear contribution is computed similarly to the soft. However, there are important differences.
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1) The Lorentz boost removes the transverse component of the gluon momentum from the energy-momentum conservation;

the collinear component needs to be integrated over. The collinear boost can be written explicitly;

2) the zero-jettiness function simplifies because all not-collinear contributions can be omitted.

3) the emission angle is fixed from the zero-jettiness constraint; integration over the gluon energy remains.
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Need to expand the matrix element and the observable in K! to second order and integrate over the azimuthal directions.

K



THE COLLINEAR CONTRIBUTION

The challenge is made complicated by the fact that the collinear expansion of the matrix element squared is poorly understood.
Furthermore, we need to be able to extract soft divergences from quantities evaluated in the collinear limit.
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We still have to apply the Lorentz boost to the expression on the right,
but we can make sure that the boost acts on Pa, Po, K only.
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PUTTING EVERYTHING TOGETHER

We need to combine the soft and collinear contributions. This is straightforward, in principle, but a few points require care.
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The first term is the leading collinear contribution. It needs to be expanded through second power in the gluon transverse

momentum after the boost (gluon momentum is hidden in the functions N,, N .

The second term has the power-like soft singularity. We need to get it back to the logarithmic one.

The third term is soft, with simple logarithmic singularity; it involves a function that describes the structure-dependent
radiation.

The forth term — a placeholder for many contributions — has no collinear or soft singularities, can be integrated over the
phase space.



WHERE IT ALL EXPLODES

Consider the first term which is the only one contributing to leading and subleading terms in the zero-jettiness expansion.
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At the leading power we trivially get the standard result — the matrix element of the no-emission process with re-scaled
momentum of the incoming quark.
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At the subleading power, things becomes much more complex, since expansion through the second order in the transverse
momentum of the gluon is needed. We have not found a way to write these expansions in a simple, compact way.
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THE FINAL RESULT: COMBINING SOFT AND COLLINEAR CONTRIBUTIONS

Putting everything together, we obtain the following result next-to-power correction. The result is complicated. However,

many terms involve derivatives of observables. Also, complex Green’s functions appear in the result.
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HOW TO COMPUTE THE GREEN’S FUNCTIONS AND DERIVATIVES OF MATRIX ELEMENTS

Since the boost

calculation of t

transformation keeps the momenta of colorless partons intact, it is relatively straightforward to organize the

ne Green'’s functions. The main idea is to do this recursively, following the approach by Berends and Giele to

computing QCD amplitudes.

To describe production of N photons in a quark-antiquark collision, consider the following current defined recursively
through the equation. Thanks to the Lorentz transformation, the gluon momentum always flows through the quark line.

The function
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N5 is easily obtained from the recurrence of the current since the boundary conditions are very simple.
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NUMERICAL CHECKS

Numerical checks for qg! ! "1 |*| , with the lower coefficient fit analytic
cut on the invariant mass. Excellent agreement between e _A740 740718  —4.740740 741
fitted and computed coefficients in the zero-jettiness ;- I’\ILL 13.741 118 266 13.741 118 217
expansion. CNLP,LL 0.00017 0.000 00
CnrpNon —1.0710 —1.0725

. . Numerical fit comparison for NLP contribution of 4 photon production
We have also checked the master formula by considering 2 I r—— |
photon and 4 photon production in quark collisions. B ot i i
_ ur numerical results
0.015}
For the 4 photon, numerical results are computed for _ . ,
. 7| B ’ P1,L P21 *** PN,L
several values of ! and the results are compared with the Sk 00101 O(Py,) = -
analytic formula for a particular choice of an observable. -
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PRODUCTION OF A PHOTON AND A JET



PRODUCTION OF A PHOTON AND A JET

There is not a single process for which power corrections in N-jettiness are known, even at NLO. The problem is a jet algorithm
since the N-jettiness depends on the jet momentum, and jet needs to be reconstructed.
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To reconstruct a jet need a jet algorithm. We use the K; -jet algorithm; when the dust settles, it turns out that the exact jet-
finding algorithm does not matter that much.
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If the minimum comes from the dis -list, the parton i becomes the jet, if it comes from the d; -list, momenta of partons i and
j are combined, and the process is repeated with the new (ij) parton until one runs out of partons. The list of jets is cleaned

by removing those that have a transverse momentum below a preselected cut.

Clustered configuration Unclustered configuration



PRODUCTION OF A PHOTON AND A JET

To proceed, we order two gluons in their transverse momentum, and explicitly write the expression for for the cross section,
“resolving the jet-algorithm constraints”. The jet is associated with the harder gluon, if unclustered, and with both gluons, if
clustered. Whether or not clustering occurs, depends on the angular separation between partons.
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The N-jettiness function depends on the jet momentum
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Kinematic configurations, that support the small-jettiness value are:

1) the gluon with the smaller transverse momentum becomes very soft;

2) the gluon with the smaller transverse momentum becomes collinear to incoming partons;

3) the two final-state gluons become collinear to each other.



PRODUCTION OF APHOTON AND A JET
Kinematic configurations, that support the small-jettiness value are:

1) the gluon with the smaller transverse momentum becomes very soft;

2) the gluon with the smaller transverse momentum becomes collinear to incoming partons;

3) the two final-state gluons become collinear to each other.

To treat collinear emissions properly, we need to specify the relation between the N-jettiness value , and the jet

radius i and the transverse-momentum jet cut .

R—
We assume that ~ 1 R! In p+ which implies that collinear initial-state emissions are never clustered

into the final-state jets, and that collinear final-state emissions are always clustered into the final-state jet.

Initial-state radiation FInal-state radiation



THE SOFT CONTRIBUTION

The soft contribution corresponds to E, | ! . The N+jettiness function simplifies slightly, but it still differs between clustered

and not clustered cases. Momenta are redefined, in the same way as for the color-singlet case. There is a simple way to write

the matrix element squared with next-to-leading power accuracy in the soft limit.
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THE SOFT CONTRIBUTION: ANGULAR DISTANCE MODIFICATION

A new element in the soft contribution is the modification of the ““angular distance” R between partons. It is a finite
contribution, that describes soft emissions moving from clustered to unclustered jet configurations as the result of recoil. It is
finite because it happens on the boundary between regions and this prevents partons from developing collinear singularities.
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THE SOFT CONTRIBUTION: OTHER TERMS

In other soft terms, after momentum transformation, we expose the dependence on the gluon energy by expanding the phase
space and the matrix element.
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Integration over the gluon energy removes the 1-jettiness constraint and leads to power-like collinear singularities in
clustered and non-clustered cases. They are dealt with using subtractions, in clustered and non-clustered contributions.
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COLLINEAR CONTRIBUTIONS

There are three collinear contributions, they describe emissions along the incoming partons and the emission along the final-state
hard gluon. Emissions along incoming partons are always unclustered, emissions along the outgoing parton are always

clustered.

The initial-state emissions are dealt with in a manner which is similar to what we discussed for the production of a color-

neutral final state.

The final-state emissions require a new type of momenta redefinition which, however, is well-known from fixed-order

perturbative methodology.
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Displayed representation is suitable for expanding the integrand in powers of 2mn :



NUMERICAL CHECKS

We check the final result numerically by comparing computations at small finite ! wit

n the result of the analytic expansion. We

focus on the cross section for the photon + jet production, which involves a cut on the j

satisfactory agreement for the power-suppressed terms.

et transverse momentum. We find a very
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SUMMARY

[ discussed two things in this talk:

1) calculation of zero-jettiness power corrections to the production of an arbitrary colorless final state in quark collisions at
NLO QCD;

2) calculation of 1-jettiness power corrections to the production of a photon and a jet for a realistic jet-clustering algorithm at
NLO QCD.

Although this sounds simple, it has never been done before (and not because no one cared..).

[t is useful to think about N-jettiness as an implicit infra-red safe observable with the known behaviour in the collinear and soft
limits; partitioning the phase space, that allows one to write the N-jettiness without the minimum function, is not necessary.

For the linear power corrections one still needs to deal with soft and collinear radiation only (for fairly smooth observables).
Momenta redefinitions, familiar from fixed-order perturbative computations, allow factorization of a generic phase space
with subleading-power accuracy.

For further progress, a better understanding of the collinear expansion of a generic matrix element through second subleading
power in the transverse momentum is required. At this level, the usual idea of factorization of a universal function and a matrix
element of low multiplicity or its derivatives (as in the soft case) starts being violated.

Also, the expansion of generic observables in collinear limits needs to be optimized; one needs two derivatives and this makes
it difficult to write next-to-leading power corrections in a way that allows computations for all observables in one go — a
routine practice in leading-power computations.



