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SUBTRACTION AND SLICING

To perform meaningful perturbative computations for collider processes, we need to combine  partonic processes with different 
final-state multiplicities.  This requires care as final states with different multiplicities live in different phase spaces and 
cancellations of infrared divergences occur at their  edges, where some partons become unresolved (soft or collinear, or both).

To decouple these edges from the bulk of high-multiplicity phase spaces, two different methods  are used — subtraction and  
slicing.
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A slicing method requires a slicing variable;  for a finite value of this variable, leading soft and collinear singularities should not 
occur  in matrix elements  for  the highest-multiplicity final states that contributes to a perturbative order of interest.

A subtraction method requires us to specify the subtraction term (what exactly is subtracted). This defines a “subtraction 
scheme”. There are many schemes on the market. 



POWER CORRECTIONS

Slicing calculations have a well-known problem — absence of the cancellation of power-suppressed  terms in the slicing parameter. 
To minimize it, one chooses the slicing parameter  to be very small in numerical calculations, reducing  the efficiency of the method.                                                                                        

A possible way out is a deeper expansion in the slicing parameter,  so that also             terms cancel between the first and the 
second term on the right hand side.
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The question  is how to construct the expansion of the “sliced” term through the sub-leading power in the slicing variable, since 
this requires going one step beyond the well-understood soft and collinear limits.                                                                                          
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THE N-JETTINESS VARIABLE
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1) Jet momenta in the above formula include incoming partons;

2) Final-state jet momenta need to be reconstructed before the N-jettiness for a 
particular kinematic configuration  can be computed;

3) Using  N-jettiness as a slicing variable  requires knowing how cross sections 
behave at small  values of           It has been proven that for small N-jettiness 
values at leading power, cross sections factorize into beam (B),  jet (J), soft(S) 
and hard (H)  functions;

4) At next-to-leading power,  no factorization formulas are available.
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TN .

There is just one slicing variable (N-jettiness) which works for processes with jets, for which some calculations are  done at NNLO 
and even beyond.  It is defined in the following way
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N-jettiness is a complicated variable;  because of this even at leading power progress with slicing computations was slow. Indeed, 
until  about a year ago, computations of  NNLO soft functions for 1-jettiness and 2-jettiness cases were the only ones available. 

Stewart, Tackmann, Waalewijn 



THE N-JETTINESS SOFT FUNCTION AS AN EXAMPLE

To identify the problem, consider the NLO case.  The only contribution beyond the renormalization is a single-gluon emission. 
Hence, we need to compute the quantity below where finding the value of N-jettiness requires us to determine the  minimum of 
scalar products of particles’ momenta when integrating over the soft-gluon phase space.    

It is then easy to see that S̃2 can be written as

S̃2 =
1

2
S̃1S̃1 +

1

2
[Z1, Z

+
1 ] +

1

2

⇥
S1, Z1 � Z

+
1

⇤
+ S2,r � Z2,r � Z

+
2,r. (3.6)

We will show below that this representation is beneficial for computing the renormalized

N -jettiness soft function. Indeed, when representation in Eq. (3.6) is used, the required

e↵ort is minimized because cancellations of 1/✏ poles between the di↵erent quantities are

identified relatively early in the course of the computation. However, before discussing how

the NNLO computation is performed, we will illustrate our approach by calculating the

NLO contribution to the N -jettiness soft function.

4 N -jettiness soft function at NLO

We will explain main ideas of our approach by considering N -jettiness soft function at

NLO. Since one-loop virtual corrections to N -jettiness soft function do not need to be

considered, we focus on the single real-emission contribution below. We use label m to

denote a soft gluon and write its momentum as pm. The gluon m is the only unresolved

parton, therefore U = {m}.

We choose Phi = Ei, where Ei is the energy of the parton hi in the chosen reference

frame, and obtain (c.f. Eqs. (2.2,2.3))

T (m) = Em m. (4.1)

In Eq. (4.1) Em is the energy of the unresolved gluon m and  m is a function defined as

 m = min{⇢1m, ⇢2m, ⇢3m, ..., ⇢Nm}, (4.2)

where ⇢ij = 1 � ~ni · ~nj and ~ni is a unit vector which points in the direction of the three-

momentum of parton i.

The real-emission single-gluon soft contribution at fixed N -jettiness ⌧ reads

S⌧,1(⌧) = �

X

(ij)

Ti ·Tj I
(1)
S,ij(⌧), (4.3)

where we use the notation (ij) to indicate that the sum runs over all i, j 2 R with the

constraint i 6= j. Furthermore, Ti is the color charge operator of parton i,

I
(1)
S,ij = g

2
s

Z
[dpm] �(⌧ � Em m) Sij(m), (4.4)

gs is the bare QCD coupling constant and

Sij(m) =
pipj

(pipm)(pjpm)
=

1

E2
m

⇢ij

⇢im⇢jm
, (4.5)

is the soft eikonal function. It is convenient to write the phase space element of the gluon

m as follows

[dpm] =
d⌦(d�1)

m

2(2⇡)d�1

dEm

E
1+2✏
m

E
2
m =

⌦(d�2)

2(2⇡)d�1
[d⌦(d�1)

m ]
dEm

E
1+2✏
m

E
2
m. (4.6)
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N -jettiness soft function. Indeed, when representation in Eq. (3.6) is used, the required

e↵ort is minimized because cancellations of 1/✏ poles between the di↵erent quantities are

identified relatively early in the course of the computation. However, before discussing how

the NNLO computation is performed, we will illustrate our approach by calculating the

NLO contribution to the N -jettiness soft function.

4 N -jettiness soft function at NLO

We will explain main ideas of our approach by considering N -jettiness soft function at

NLO. Since one-loop virtual corrections to N -jettiness soft function do not need to be

considered, we focus on the single real-emission contribution below. We use label m to

denote a soft gluon and write its momentum as pm. The gluon m is the only unresolved

parton, therefore U = {m}.

We choose Phi = Ei, where Ei is the energy of the parton hi in the chosen reference

frame, and obtain (c.f. Eqs. (2.2,2.3))

T (m) = Em m. (4.1)

In Eq. (4.1) Em is the energy of the unresolved gluon m and  m is a function defined as

 m = min{⇢1m, ⇢2m, ⇢3m, ..., ⇢Nm}, (4.2)

where ⇢ij = 1 � ~ni · ~nj and ~ni is a unit vector which points in the direction of the three-

momentum of parton i.

The real-emission single-gluon soft contribution at fixed N -jettiness ⌧ reads

S⌧,1(⌧) = �

X

(ij)

Ti ·Tj I
(1)
S,ij(⌧), (4.3)

where we use the notation (ij) to indicate that the sum runs over all i, j 2 R with the

constraint i 6= j. Furthermore, Ti is the color charge operator of parton i,

I
(1)
S,ij = g

2
s

Z
[dpm] �(⌧ � Em m) Sij(m), (4.4)

gs is the bare QCD coupling constant and

Sij(m) =
pipj

(pipm)(pjpm)
=

1

E2
m

⇢ij

⇢im⇢jm
, (4.5)

is the soft eikonal function. It is convenient to write the phase space element of the gluon

m as follows

[dpm] =
d⌦(d�1)

m

2(2⇡)d�1

dEm

E
1+2✏
m

E
2
m =

⌦(d�2)

2(2⇡)d�1
[d⌦(d�1)

m ]
dEm

E
1+2✏
m

E
2
m. (4.6)
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+ ! (x2 ! x1)! (x1 ! x3) + ! (x2 ! x1)! (x3 ! x1)

Since the inception of perturbative computations with N-jettiness, the minimum was always determined explicitly by splitting 
the phase space into regions where the minimum is unambiguously clear.  The price to pay is a strong growth in the number of 
terms with Heaviside functions that one has to deal with,  and  lack of clear physically-motivated structures in the calculations. 
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I (1)
S,ij = g2

s

!
[dpm]! (" ! TN ({ pi } , pm)Sij (m)

Working at leading power, we have shown that if, instead of partitioning the phase space to find the minimum, one  treats N-
jettiness as any other infra-red safe variable  and deal with it accordingly (implicitly!), computations simplify dramatically.

Agarwal, K.M., Pedron 



POWER CORRECTIONS IN N-JETTINESS SLICING

Our goal is to compute the first sub-leading power corrections for the N-jettiness variable  in two cases:

1) production of an arbitrary color-less final state in hadron collisions at NLO QCD;

2) process                                                      with a realistic jet-finding  algorithm.                                                                                  

Such power corrections were discussed  at NLO QCD  for very simple processes ( e.g. W,Z,H production, thrust in electron-
positron collisions), where matrix elements and  phase spaces can be written explicitly.  For more complex processes, neither of 
these ingredients is availiable for the explicit analysis. 

There are no computations beyond single-vector boson production at a hadron collider, and no complete (and realistic) calculation  
with final-state jets, even at NLO.  This is related to the complexity of N-jettiness variable, and also to the suboptimal  way one 
approaches the problem initially (partitioning the phase space). 
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q(pa) + øq(pb) ! ! + jet

For the first process,  our focus will be on developing methods that are general enough to work for arbitrary (zero-jettiness) 
processes;  for the second —  on how the jet-finding algorithm affects these methods. 

The situation with next-to-leading power terms at small  N-jettiness is even worse because almost nothing is known. 

Moult, Rothen,  Ebert, Zhu, Stewart, Tackmann, Vita, Boughezal, Isgro, Petriello 

Boughezal, Isgro, Petriello 



GENERAL CASE OF A COLORLESS FINAL STATE



POWER CORRECTIONS TO ZERO-JETTINESS SLICING

For any process beyond the simplest ones,  an approach  based on explicit phase-space  parametrization, and the knowledge of 
matrix elements are not very useful.                                                                                     

Suppose we  want to study production of N  photons  at the  LHC at NLO QCD using 0-jettiness slicing.  How should  we  proceed 
in this case since neither the matrix element nor the phase space are known explicitly?                                                                                    

The following considerations are essential for solving the general problem:                                                                                   

1) similar to the leading-power case,  calculations at sub-leading power involve either soft or collinear gluon emissions; no other 
“modes”  become relevant (for smooth observables);

2) to expose dependences of a phase space on soft and collinear emissions beyond the leading power, momenta redefinitions can be 
employed, similar to  what has been used in fixed-order calculations for a long time. Such momenta redefinitions   are often 
implemented as Lorentz boosts and rescalings; 

3) the dependence of  the real-emission matrix elements squared on the soft gluon momentum at subleading power follows from 
the Low-Burnett-Kroll theorem;

4)  understanding collinear emissions (even of a single gluon) at next-to-leading power is a challenge,  since clean factorization of 
the hard matrix element into a splitting function and the no-emission matrix element disappears at subleading power.                                                                               



POWER CORRECTIONS TO ZERO-JETTINESS SLICING 

The starting point is the standard expression for the differential cross section                                                                                        

previous section, and derive the formula for power corrections. In Section4 we explain
how various quantities that appear in the Þnal formula can be computed by relating them
to generalizations of Berends-Giele currents [23]. In Section 5 we Þrst apply the general
formula to the processesqøq ! ! ! ! e+ e" and qøq ! !! , for which we derive expressions
for power corrections analytically, and then we compute the power correction toqøq ! 4!
numerically, further showcasing the general nature of the derived formula. We conclude in
Section 6. Some technical aspects of the calculation are discussed in appendices.

2 Power corrections: general considerations

We consider the following leading-order process

f a(pa) + f b(pb) ! X (PX ), (2.1)

where f a and f b are the initial-state partons, which we take to be a quark and an anti-
quark, and X denotes a generic colorless Þnal state with the momentumPX composed of
m massless particles. To discuss the next-to-leading power corrections in the zero-jettiness
variable, we add a gluon with the momentum k to the process in Eq. (2.1) and write the
di! erential cross section as

d"
d#

= N
!

[d ÷PX ]m [dk](2$)d%(pa + pb " ÷PX " k)

# %(# " T0(pa, pb, k)) O( ÷PX )
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col,pol

|M| 2(pb, pa, k, ÷PX ).
(2.2)

In Eq. (2.2) we used [dk] = d d" 1&k/ (2 (2$)d" 1k0) and [d ÷PX ]m =
m#

i =1
[d÷pi ]. The zero-jettiness

function is deÞned as follows

T0(pa, pb, k) = min
$

2pa ák
Q

,
2pb ák

Q

%
, (2.3)

with Q being an arbitrary normalization factor of mass dimension one. Furthermore,O
is an observable that depends on the momenta of colorless particles comprising the Þnal
state X , and N is the cross-section normalization that contains the ßux factor, color- and
spin-averaging terms, etc. We note that we have used a new notation for the momentum
of the colorless Þnal state by writing it with a tilde, PX ! ÷PX . The reason for doing this
will become clear later.

Using a reference frame where the collision axis is thez-axis, and writing the zero-
jettiness variable in terms of the energy and the polar angle of the emitted gluon, it is
easy to see that the constraint# = T0(pa, pb, k) implies that either the gluon energy or
its transverse momentum squared isO(#). The expansions around these distinct limits
can be performed independently of each other, as we show below. We will start with the
construction of the soft expansion.
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For smooth observables, one can compute  power corrections by expanding the integrand in the above formula around soft and 
(two) collinear limits independently of each other.    The reason is   the different     -dependence of these contributions.                                                                        

In the soft limit,  the energy of the gluon is              and the emission angle relative to the collision axis is            .                                                                                                        
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In the collinear  limit,  the gluon transverse momentum is                  and the energy is                 .                                                                                                        
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Consider the process                                                 where       is the final state that consists of       massless colourless partons.                                                                                       
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Hence, in the soft limit we expand the integrand in the gluon energy, and in the collinear limit — in the gluon transverse 
momentum, through sub- (soft) or sub-sub-leading (collinear) powers.                                                                                       
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THE SOFT CONTRIBUTION 

The  gluon four-momentum is removed  from the energy-momentum constraint using momenta redefinitions.                                                                                      

previous section, and derive the formula for power corrections. In Section4 we explain
how various quantities that appear in the Þnal formula can be computed by relating them
to generalizations of Berends-Giele currents [23]. In Section 5 we Þrst apply the general
formula to the processesqøq ! ! ! ! e+ e" and qøq ! !! , for which we derive expressions
for power corrections analytically, and then we compute the power correction toqøq ! 4!
numerically, further showcasing the general nature of the derived formula. We conclude in
Section 6. Some technical aspects of the calculation are discussed in appendices.

2 Power corrections: general considerations

We consider the following leading-order process

f a(pa) + f b(pb) ! X (PX ), (2.1)

where f a and f b are the initial-state partons, which we take to be a quark and an anti-
quark, and X denotes a generic colorless Þnal state with the momentumPX composed of
m massless particles. To discuss the next-to-leading power corrections in the zero-jettiness
variable, we add a gluon with the momentum k to the process in Eq. (2.1) and write the
di! erential cross section as

d"
d#

= N
!

[d ÷PX ]m [dk](2$)d%(pa + pb " ÷PX " k)

# %(# " T0(pa, pb, k)) O( ÷PX )
"

col,pol

|M| 2(pb, pa, k, ÷PX ).
(2.2)

In Eq. (2.2) we used [dk] = d d" 1&k/ (2 (2$)d" 1k0) and [d ÷PX ]m =
m#

i =1
[d÷pi ]. The zero-jettiness

function is deÞned as follows

T0(pa, pb, k) = min
$

2pa ák
Q

,
2pb ák

Q

%
, (2.3)

with Q being an arbitrary normalization factor of mass dimension one. Furthermore,O
is an observable that depends on the momenta of colorless particles comprising the Þnal
state X , and N is the cross-section normalization that contains the ßux factor, color- and
spin-averaging terms, etc. We note that we have used a new notation for the momentum
of the colorless Þnal state by writing it with a tilde, PX ! ÷PX . The reason for doing this
will become clear later.

Using a reference frame where the collision axis is thez-axis, and writing the zero-
jettiness variable in terms of the energy and the polar angle of the emitted gluon, it is
easy to see that the constraint# = T0(pa, pb, k) implies that either the gluon energy or
its transverse momentum squared isO(#). The expansions around these distinct limits
can be performed independently of each other, as we show below. We will start with the
construction of the soft expansion.
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2.1 The soft contribution

A gluon with momentum k is considered to be soft ifk ! ! . Since we are interested in
the relative O(! /

"
s) correction, where s = 2pa ápb, we only need to expand the integrand

in Eq. (2.2) to the Þrst subleading order in k. To facilitate this expansion, we use the
momentum mapping that absorbs k into the momentum of the colorless Þnal state [24],
and write

Pµ
ab = " ! 1 [! s]µ! (P !

ab # k! ). (2.4)

In Eq. (2.4) Pab = pa + pb, ! µ!
s is the matrix of a Lorentz boost that we specify below, and

" is a constant that is deÞned from the condition

" 2P2
ab = ( Pab # k)2. (2.5)

It follows from the above equation that

" =

!

1 #
2Pab ák

P2
ab

$ 1 #
Pab ák

P2
ab

+ O(k2). (2.6)

We then write

d" m (pa, pb, ÷PX , k) = [d ÷PX ]m [dk](2#)d$(d) (pa + pb # ÷PX # k)

= [d ÷PX ]m [dk](2#)d$(d)
"

" ! ! 1
s Pab # ÷PX

#

= [d ÷PX ]m [dk](2#)d$(d)
"

" ! ! 1
s

"
Pab # " ! 1! s ÷PX

##

= [d ÷PX ]m [dk] " ! d (2#)d$(d)
"

Pab # " ! 1! s ÷PX

#
.

(2.7)

To further simplify this expression, we use the fact that ÷PX =
m$

i =1
÷pi , so that

[d ÷PX ]m =
m%

i =1

dd ÷pi

(2#)d! 1 $+ (÷p2
i ). (2.8)

We then write
÷pi = " ! ! 1

s pi , (2.9)

and since! s is a Lorentz transformation, we Þnd

[d ÷PX ]m = " m(d! 2)
m%

i =1

ddpi

(2#)d! 1 $(p2
i ) = " m(d! 2)[dPX ]m . (2.10)

Hence, we obtain

d" m (pa, pb, ÷PX , k) = d " m (pa, pb, PX ) [dk] " m(d! 2)! d

$ d" m (pa, pb, PX ) [dk]
&

1 # %m
Pab ák

P2
ab

'
,

(2.11)

where
d" m (pa, pb, PX ) = [d PX ]m (2#)d$(pa + pb # PX ), (2.12)
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÷p2
i = 0

This is accomplished by a combination of a  particular Lorentz  boost and a rescaling (massless particles).
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2.1 The soft contribution

A gluon with momentum k is considered to be soft ifk ! ! . Since we are interested in
the relative O(! /

"
s) correction, where s = 2pa ápb, we only need to expand the integrand

in Eq. (2.2) to the Þrst subleading order in k. To facilitate this expansion, we use the
momentum mapping that absorbs k into the momentum of the colorless Þnal state [24],
and write

Pµ
ab = " ! 1 [! s]µ! (P !

ab # k! ). (2.4)

In Eq. (2.4) Pab = pa + pb, ! µ!
s is the matrix of a Lorentz boost that we specify below, and

" is a constant that is deÞned from the condition

" 2P2
ab = ( Pab # k)2. (2.5)

It follows from the above equation that

" =

!

1 #
2Pab ák

P2
ab

$ 1 #
Pab ák

P2
ab

+ O(k2). (2.6)

We then write

d" m (pa, pb, ÷PX , k) = [d ÷PX ]m [dk](2#)d$(d) (pa + pb # ÷PX # k)

= [d ÷PX ]m [dk](2#)d$(d)
"

" ! ! 1
s Pab # ÷PX

#

= [d ÷PX ]m [dk](2#)d$(d)
"

" ! ! 1
s

"
Pab # " ! 1! s ÷PX

##

= [d ÷PX ]m [dk] " ! d (2#)d$(d)
"

Pab # " ! 1! s ÷PX

#
.

(2.7)

To further simplify this expression, we use the fact that ÷PX =
m$

i =1
÷pi , so that

[d ÷PX ]m =
m%

i =1

dd ÷pi

(2#)d! 1 $+ (÷p2
i ). (2.8)

We then write
÷pi = " ! ! 1

s pi , (2.9)

and since! s is a Lorentz transformation, we Þnd

[d ÷PX ]m = " m(d! 2)
m%

i =1

ddpi

(2#)d! 1 $(p2
i ) = " m(d! 2)[dPX ]m . (2.10)

Hence, we obtain

d" m (pa, pb, ÷PX , k) = d " m (pa, pb, PX ) [dk] " m(d! 2)! d

$ d" m (pa, pb, PX ) [dk]
&

1 # %m
Pab ák

P2
ab

'
,

(2.11)

where
d" m (pa, pb, PX ) = [d PX ]m (2#)d$(pa + pb # PX ), (2.12)

Ð 4 Ð

is the phase space of the Born processqøq ! X , and

! m = m(d " 2) " d. (2.13)

Putting everything together, we Þnd

d"
d#

= N
!

d! m (pa, pb, PX )
!

[dk]
"

1 " ! m
Pab ák

P2
ab

#
$(# " T0(pa, pb, k))

# O(%" ! 1
s PX )

$

col,pol

|M| 2(pb, pa, k, %" ! 1
s PX ).

(2.14)

Since we are interested inO(#) corrections, we need the matrix element squared to
the Þrst subleading order in the expansion ink. The matrix element itself scales as 1/k ,
so that we need to ÞndO(1) terms in the expansion. The required terms can be obtained
from the Low-Burnett-Kroll theorem [ 18, 19], as we explain shortly.

Before discussing the expansion of the matrix element, we derive the formula for the
Lorentz boost " ! 1

s . We start with a general formula for the boost " gen(Qf , Qi ), that
transforms a vector Qi to a vector Qf ; this formula can be found in Eq. (A.2). The
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We turn to the discussion of the expansion of the matrix element in the soft limit. We
ignore the color charges since for the process we consider it is trivial to restore them at
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Once everything is put together, the boost is localized in the matrix element and in the observable, and the phase space is 
factorized with the next-to-leading-power accuracy                                                                                   
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Pab = pa + pb



THE SOFT CONTRIBUTION 

It is straightforward to explicitly construct the boost operator and to expand the matrix element to first subleading soft term 
using the Low-Burnett-Kroll  theorem.   We also assume that the observable can be expanded in series in soft gluon momentum.                                                                                   
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a,b =
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(pa,b ! k)2

with da = ( pa ! k)2, db = ( pb ! k)2 and ! µ! = [ " µ , " ! ]/ 2.

The structure-dependent contribution to the amplitude can be restored by requiring
that the Ward identity is fulÞlled, namely that the amplitude vanishes if the gluon polar-
ization vector #µ is replaced with its momentum kµ. This implies that in the soft limit
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where we only show thek-dependent momenta in the arguments of the functionN . Since
the currents J µ

a,b scale as 1/k , we need to expand thek-dependent functionsN in powers
of the gluon momentum. We then obtain
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Upon squaring the soft amplitude and summing over polarizations of all external particles,
we Þnd

g" 2
s |M (pb, pa, k, ÷PX )|2 " ! JµJ µ |M| 2(pb, pa, ÷PX ) + J µL µ|M| 2(pb, pa, ÷PX ) + . . . , (2.24)

where the ellipses denote terms that are Þnite in thek # 0 limit. We note that the Þrst
term on the right-hand side in Eq. (2.24) provides the leading contribution that scales as
1/k 2. Hence, we need to account for the momenta redeÞnitions in that term. Momenta
redeÞnitions impact particles that comprise the color-singlet systemX . Working through
Þrst sub-leading order ink, we obtain
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Combining this expression with Eq. (2.14), we observe that the integration over k can be
performed in a process-independent way and that for computing the soft contribution to

Ð 6 Ð

with da = ( pa ! k)2, db = ( pb ! k)2 and ! µ! = [ " µ , " ! ]/ 2.

The structure-dependent contribution to the amplitude can be restored by requiring
that the Ward identity is fulÞlled, namely that the amplitude vanishes if the gluon polar-
ization vector #µ is replaced with its momentum kµ. This implies that in the soft limit

M = ! gs#!
µ øvb

!

N (pa ! k) (J µ
a + Sµ

a ) +
"
! J µ

b + Sµ
b

#
N (pb ! k)

!
$

$
$pa,µ

!
$

$pb,µ

%
N

&

ua,

(2.20)

where we only show thek-dependent momenta in the arguments of the functionN . Since
the currents J µ

a,b scale as 1/k , we need to expand thek-dependent functionsN in powers
of the gluon momentum. We then obtain

M = ! gs#!
µ øvb

!

J µN ! (L µN ) +
"
NSµ

a + Sµ
b N

#
&

ua, (2.21)

where the function N is now k-independent and

J µ = J µ
a ! J µ

b , L µ = L µ
a ! L µ

b , (2.22)

with

L µ
a = J µ

a k! $
$p!

a
+

$
$pa,µ

, L µ
b = J µ

b k! $
$p!

b
+

$
$pb,µ

. (2.23)

Upon squaring the soft amplitude and summing over polarizations of all external particles,
we Þnd

g" 2
s |M (pb, pa, k, ÷PX )|2 " ! JµJ µ |M| 2(pb, pa, ÷PX ) + J µL µ|M| 2(pb, pa, ÷PX ) + . . . , (2.24)

where the ellipses denote terms that are Þnite in thek # 0 limit. We note that the Þrst
term on the right-hand side in Eq. (2.24) provides the leading contribution that scales as
1/k 2. Hence, we need to account for the momenta redeÞnitions in that term. Momenta
redeÞnitions impact particles that comprise the color-singlet systemX . Working through
Þrst sub-leading order ink, we obtain

g" 2
s |M (pb, pa, k, ÷PX )|2 "

!

! JµJ µ

'

1 !
m(

i =1

$
Pab ák

P2
ab

p"
i + B "# pi, #

%
$

$p"
i

)

+ J µL µ

&

|M| 2(pb, pa, PX ).

(2.25)

Combining this expression with Eq. (2.14), we observe that the integration over k can be
performed in a process-independent way and that for computing the soft contribution to

Ð 6 Ð

Since  the dependence on the soft gluon momentum is now fully exposed, the integration over gluon momentum k can be 
performed.                                                                           

with da = ( pa ! k)2, db = ( pb ! k)2 and ! µ! = [ " µ , " ! ]/ 2.

The structure-dependent contribution to the amplitude can be restored by requiring
that the Ward identity is fulÞlled, namely that the amplitude vanishes if the gluon polar-
ization vector #µ is replaced with its momentum kµ. This implies that in the soft limit

M = ! gs#!
µ øvb

!

N (pa ! k) (J µ
a + Sµ

a ) +
"
! J µ

b + Sµ
b

#
N (pb ! k)

!
$

$
$pa,µ

!
$

$pb,µ

%
N

&

ua,

(2.20)

where we only show thek-dependent momenta in the arguments of the functionN . Since
the currents J µ

a,b scale as 1/k , we need to expand thek-dependent functionsN in powers
of the gluon momentum. We then obtain

M = ! gs#!
µ øvb

!

J µN ! (L µN ) +
"
NSµ

a + Sµ
b N

#
&

ua, (2.21)

where the function N is now k-independent and

J µ = J µ
a ! J µ

b , L µ = L µ
a ! L µ

b , (2.22)

with

L µ
a = J µ

a k! $
$p!

a
+

$
$pa,µ

, L µ
b = J µ

b k! $
$p!

b
+

$
$pb,µ

. (2.23)

Upon squaring the soft amplitude and summing over polarizations of all external particles,
we Þnd

g" 2
s |M (pb, pa, k, ÷PX )|2 " ! JµJ µ |M| 2(pb, pa, ÷PX ) + J µL µ|M| 2(pb, pa, ÷PX ) + . . . , (2.24)

where the ellipses denote terms that are Þnite in thek # 0 limit. We note that the Þrst
term on the right-hand side in Eq. (2.24) provides the leading contribution that scales as
1/k 2. Hence, we need to account for the momenta redeÞnitions in that term. Momenta
redeÞnitions impact particles that comprise the color-singlet systemX . Working through
Þrst sub-leading order ink, we obtain

g" 2
s |M (pb, pa, k, ÷PX )|2 "

!

! JµJ µ

'

1 !
m(

i =1

$
Pab ák

P2
ab

p"
i + B "# pi, #

%
$

$p"
i

)

+ J µL µ

&

|M| 2(pb, pa, PX ).

(2.25)

Combining this expression with Eq. (2.14), we observe that the integration over k can be
performed in a process-independent way and that for computing the soft contribution to

Ð 6 Ð

with da = ( pa ! k)2, db = ( pb ! k)2 and ! µ! = [ " µ , " ! ]/ 2.

The structure-dependent contribution to the amplitude can be restored by requiring
that the Ward identity is fulÞlled, namely that the amplitude vanishes if the gluon polar-
ization vector #µ is replaced with its momentum kµ. This implies that in the soft limit

M = ! gs#!
µ øvb

!

N (pa ! k) (J µ
a + Sµ

a ) +
"
! J µ

b + Sµ
b

#
N (pb ! k)

!
$

$
$pa,µ

!
$

$pb,µ

%
N

&

ua,

(2.20)

where we only show thek-dependent momenta in the arguments of the functionN . Since
the currents J µ

a,b scale as 1/k , we need to expand thek-dependent functionsN in powers
of the gluon momentum. We then obtain

M = ! gs#!
µ øvb

!

J µN ! (L µN ) +
"
NSµ

a + Sµ
b N

#
&

ua, (2.21)

where the function N is now k-independent and

J µ = J µ
a ! J µ

b , L µ = L µ
a ! L µ

b , (2.22)

with

L µ
a = J µ

a k! $
$p!

a
+

$
$pa,µ

, L µ
b = J µ

b k! $
$p!

b
+

$
$pb,µ

. (2.23)

Upon squaring the soft amplitude and summing over polarizations of all external particles,
we Þnd

g" 2
s |M (pb, pa, k, ÷PX )|2 " ! JµJ µ |M| 2(pb, pa, ÷PX ) + J µL µ|M| 2(pb, pa, ÷PX ) + . . . , (2.24)

where the ellipses denote terms that are Þnite in thek # 0 limit. We note that the Þrst
term on the right-hand side in Eq. (2.24) provides the leading contribution that scales as
1/k 2. Hence, we need to account for the momenta redeÞnitions in that term. Momenta
redeÞnitions impact particles that comprise the color-singlet systemX . Working through
Þrst sub-leading order ink, we obtain

g" 2
s |M (pb, pa, k, ÷PX )|2 "

!

! JµJ µ

'

1 !
m(

i =1

$
Pab ák

P2
ab

p"
i + B "# pi, #

%
$

$p"
i

)

+ J µL µ

&

|M| 2(pb, pa, PX ).

(2.25)

Combining this expression with Eq. (2.14), we observe that the integration over k can be
performed in a process-independent way and that for computing the soft contribution to

Ð 6 Ð

<latexit sha1_base64="udp2zL/YSZqZo2zEu5CdzP0OR/0="></latexit>

g! 2
s

!

col ,pol

|M| 2(pb, pa, k, ! ! ! 1
s PX ) !



THE SOFT CONTRIBUTION 

We find that we require just two integrals to describe soft  power corrections for an arbitrary process with color-singlet final state.

the zero-jettiness cross section through next-to-leading power, we need to calculate two
distinct integrals
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s

!
[dk] ! (" ! T0(pa, pb, k))
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The second integral can be written as

I µ
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s
, (2.27)

so that
I 2 = 2 I µ

2 pb,µ = g2
s
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[dk]! (" ! T0(pa, pb, k))

2
(pa ák)

. (2.28)

Using these deÞnitions, we Þnd the following results for the integrals that are needed
to compute d#/ d" in the soft limit
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Putting everything together, and accounting for the fact that the observableO also depends
on the boosted momenta, we obtain
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(2.30)

where L f is the list that includes all particles in the Born process Eq. (2.1). We note that
in the last term in Eq. ( 2.30) the sum can be extended to include initial partons if an
observable does not depend on them and the corresponding derivatives vanish.

To Þnalize the calculation, we need to compute integralsI 1,2. To do this, we integrate
over the energy of the gluon with momentum k, removing the zero-jettiness! -function.
Then, using the following expressions for the angular integrals
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+ O((2), i = a, b, (2.31)
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Integral       has a power-like collinear singularity.  In the zero-jettiness  case, this is not an problem  since everything is simple; in 
a more general case, this issue will require special attention. 
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where L f is the list that includes all particles in the Born process Eq. (2.1). We note that
in the last term in Eq. ( 2.30) the sum can be extended to include initial partons if an
observable does not depend on them and the corresponding derivatives vanish.
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where
!
d! (d! 1)

!k

"
= d ! (d! 1)

!k
/ ! (d! 2) , ! k = min( " ak , " bk) and " ik = 1 ! cos#ik , i = a, b, we
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I 1 = [ $s]
#

Q
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$ ! 2" 4
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%
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+ O(%2)
$

. (2.32)

We note that in Eq. ( 2.32), a shorthand notation for the strong coupling constant was
introduced,

[$s] =
g2

s ! (d! 2)

2(2' )d! 1 . (2.33)

It is straightforward to use Eq. ( 2.30) together with the results for the two integrals
I 1,2 to determine both leading and subleading zero-jettiness contributions to the cross
section of a process in Eq. (2.1), that originate from the emission of a soft gluon. Since the
physical result requires including the contributions of the collinear emissions, we refrain
from presenting the expansion of Eq. (2.30) in powers of %. Nevertheless, for illustration
purposes, we show the 1/ %-divergence of the subleading soft contribution which can be
easily obtained from Eq. (2.30). This contribution comes entirely from the divergent part
of the integral I 2. After restoring the appropriate color factor, we obtain

d( s,div

d&
= !

2CF [$s] N
%

(Q&)! 2"

s! "

Q
s

%

& ) m +
'

i " L f

pµ
i

*
* pµ

i

(

) |M| 2 O(PX ). (2.34)

2.2 The Þrst collinear contribution: !k || !pa

As the next step, we need to construct expansions in the zero-jettiness variable around the
collinear limits. We will start with the case where the gluon is emitted along the direction
of the incoming quark with momentum pa. The case where the gluon is emitted along
the direction of the incoming anti-quark is completely analogous; we discuss it in the next
subsection.

Similarly to the case of the soft emission considered earlier, we perform a momenta
mapping [24] that allows us to construct the collinear expansion. To do this, we start by
re-writing the gluon momentum k as follows

k =
k áPab

pa ápb
pa + ÷ka = (1 ! x)pa + ÷ka. (2.35)

The momentum conservation condition1

pa + pb = k + ÷QX , (2.36)

becomes
xpa + pb ! QX = 0 , (2.37)

1At variance with the previous section, here we denote the momentum of the colorless Þnal state X as
÷QX . We do this because we need several redeÞnitions of this momentum, before we reach the Þnal formula
in Sec. 3. There, we will return to the notation PX for the momentum of the Þnal state X .
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We note that in Eq. ( 2.32), a shorthand notation for the strong coupling constant was
introduced,

[$s] =
g2

s ! (d! 2)

2(2' )d! 1 . (2.33)

It is straightforward to use Eq. ( 2.30) together with the results for the two integrals
I 1,2 to determine both leading and subleading zero-jettiness contributions to the cross
section of a process in Eq. (2.1), that originate from the emission of a soft gluon. Since the
physical result requires including the contributions of the collinear emissions, we refrain
from presenting the expansion of Eq. (2.30) in powers of %. Nevertheless, for illustration
purposes, we show the 1/ %-divergence of the subleading soft contribution which can be
easily obtained from Eq. (2.30). This contribution comes entirely from the divergent part
of the integral I 2. After restoring the appropriate color factor, we obtain

d( s,div

d&
= !

2CF [$s] N
%

(Q&)! 2"

s! "

Q
s

%

& ) m +
'

i " L f

pµ
i

*
* pµ

i

(

) |M| 2 O(PX ). (2.34)

2.2 The Þrst collinear contribution: !k || !pa

As the next step, we need to construct expansions in the zero-jettiness variable around the
collinear limits. We will start with the case where the gluon is emitted along the direction
of the incoming quark with momentum pa. The case where the gluon is emitted along
the direction of the incoming anti-quark is completely analogous; we discuss it in the next
subsection.

Similarly to the case of the soft emission considered earlier, we perform a momenta
mapping [24] that allows us to construct the collinear expansion. To do this, we start by
re-writing the gluon momentum k as follows

k =
k áPab

pa ápb
pa + ÷ka = (1 ! x)pa + ÷ka. (2.35)

The momentum conservation condition1

pa + pb = k + ÷QX , (2.36)

becomes
xpa + pb ! QX = 0 , (2.37)

1At variance with the previous section, here we denote the momentum of the colorless Þnal state X as
÷QX . We do this because we need several redeÞnitions of this momentum, before we reach the Þnal formula
in Sec. 3. There, we will return to the notation PX for the momentum of the Þnal state X .
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the zero-jettiness cross section through next-to-leading power, we need to calculate two
distinct integrals

I 1 = g2
s

!
[dk] ! (" ! T0(pa, pb, k))

2pa ápb

(pa ák)(pb ák)
,

I µ
2 = g2

s

!
[dk] ! (" ! T0(pa, pb, k))

kµ

(pa ák)(pb ák)
.

(2.26)

The second integral can be written as

I µ
2 = I 2

Pµ
ab

s
, (2.27)

so that
I 2 = 2 I µ

2 pb,µ = g2
s

!
[dk]! (" ! T0(pa, pb, k))

2
(pa ák)

. (2.28)

Using these deÞnitions, we Þnd the following results for the integrals that are needed
to compute d#/ d" in the soft limit

g2
s

!
[dk] ! (" ! T0(pa, pb, k))

"
1 ! $m

Pab ák
P2

ab

#
(! JµJ µ) = I 1 ! $m I 2,

g2
s

!
[dk] ! (" ! T0(pa, pb, k)) ( JµJ µ)

Pab ák
P2

ab
p!

i = ! I 2p!
i ,

g2
s

!
[dk] ! (" ! T0(pa, pb, k)) ( JµJ µ)B !" = 0 ,

g2
s

!
[dk] ! (" ! T0(pa, pb, k)) J µL µ = ! I 2

"
pµ

a
%

%pµ
a

+ pµ
b

%
%pµ

b

#
.

(2.29)

Putting everything together, and accounting for the fact that the observableO also depends
on the boosted momenta, we obtain

d#(s)

d"
= N

!
[d! m (pa, pb, PX )]

$

O(PX )

%

I 1 ! $m I 2

! I 2

&

i ! L f

pµ
i

%
%pµ

i

'

|M| 2(pb, pa, PX ) ! I 2 |M| 2(pb, pa, PX )
m&

i =1

pµ
i

%
%pµ

i
O(PX )

(

,

(2.30)

where L f is the list that includes all particles in the Born process Eq. (2.1). We note that
in the last term in Eq. ( 2.30) the sum can be extended to include initial partons if an
observable does not depend on them and the corresponding derivatives vanish.

To Þnalize the calculation, we need to compute integralsI 1,2. To do this, we integrate
over the energy of the gluon with momentum k, removing the zero-jettiness! -function.
Then, using the following expressions for the angular integrals

! )
d" (d" 1)

#k

* &2$
k

' ak ' bk
=

1
(

,
! )

d" (d" 1)
#k

* &2$" 1
k

' ik
=

1
2(

!
1
2

!
(
2

+ O((2), i = a, b, (2.31)
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where L f is the list that includes all particles in the Born process Eq. (2.1). We note that
in the last term in Eq. ( 2.30) the sum can be extended to include initial partons if an
observable does not depend on them and the corresponding derivatives vanish.

To Þnalize the calculation, we need to compute integralsI 1,2. To do this, we integrate
over the energy of the gluon with momentum k, removing the zero-jettiness! -function.
Then, using the following expressions for the angular integrals
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It is straightforward to obtain the soft contribution explicitly, by expanding the above results in epsilon,  but it is better to do this 
for the full result which includes collinear contributions as well. 

<latexit sha1_base64="PGy09ubTYcfhMfdFfZnoIS1+ph4="></latexit>

! ak,bk = 1 ! "na,b á"nk
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THE COLLINEAR CONTRIBUTION 

Conceptually, the collinear contribution is computed similarly to the soft. However, there are important differences.                                                                                   

1)  The Lorentz boost removes the transverse component of the gluon momentum from the energy-momentum conservation;  
the collinear component needs to be integrated over.   The collinear boost can be written explicitly; 

2) the zero-jettiness function simplifies because all not-collinear  contributions can be omitted.    

3) the emission angle is fixed from the zero-jettiness constraint;  integration over the gluon energy remains.                                                                        

where
!
d! (d! 1)

!k

"
= d ! (d! 1)

!k
/ ! (d! 2) , ! k = min( " ak , " bk) and " ik = 1 ! cos#ik , i = a, b, we

Þnd

I 1 = [ $s]
#

Q
"

s

$ ! 2" 4
% &1+2 " , I 2 = [ $s]

#
Q&
"

s

$ ! 2" 4Q
s

#
1
2%

!
1
2

!
%
2

+ O(%2)
$

. (2.32)

We note that in Eq. ( 2.32), a shorthand notation for the strong coupling constant was
introduced,

[$s] =
g2

s ! (d! 2)

2(2' )d! 1 . (2.33)

It is straightforward to use Eq. ( 2.30) together with the results for the two integrals
I 1,2 to determine both leading and subleading zero-jettiness contributions to the cross
section of a process in Eq. (2.1), that originate from the emission of a soft gluon. Since the
physical result requires including the contributions of the collinear emissions, we refrain
from presenting the expansion of Eq. (2.30) in powers of %. Nevertheless, for illustration
purposes, we show the 1/ %-divergence of the subleading soft contribution which can be
easily obtained from Eq. (2.30). This contribution comes entirely from the divergent part
of the integral I 2. After restoring the appropriate color factor, we obtain

d( s,div

d&
= !

2CF [$s] N
%

(Q&)! 2"

s! "

Q
s

%

& ) m +
'

i " L f

pµ
i

*
* pµ

i

(

) |M| 2 O(PX ). (2.34)

2.2 The Þrst collinear contribution: !k || !pa

As the next step, we need to construct expansions in the zero-jettiness variable around the
collinear limits. We will start with the case where the gluon is emitted along the direction
of the incoming quark with momentum pa. The case where the gluon is emitted along
the direction of the incoming anti-quark is completely analogous; we discuss it in the next
subsection.

Similarly to the case of the soft emission considered earlier, we perform a momenta
mapping [24] that allows us to construct the collinear expansion. To do this, we start by
re-writing the gluon momentum k as follows

k =
k áPab

pa ápb
pa + ÷ka = (1 ! x)pa + ÷ka. (2.35)

The momentum conservation condition1

pa + pb = k + ÷QX , (2.36)

becomes
xpa + pb ! QX = 0 , (2.37)

1At variance with the previous section, here we denote the momentum of the colorless Þnal state X as
÷QX . We do this because we need several redeÞnitions of this momentum, before we reach the Þnal formula
in Sec. 3. There, we will return to the notation PX for the momentum of the Þnal state X .
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and we need to expand the Lorentz boost in Eq. (A.2) to second order in÷ka. We Þnd

! µ!
a (Qf , Qi ) = gµ! +

÷kµ
a Q!

a ! ÷k!
aQµ

a

÷Q2
a

!
1
2

Qµ
aQ!

a

Q4
a

÷k2
a !

1
2

÷kµ
a ÷k!

a

Q2
a

+ O(÷k3
a). (A.4)

We will also need the inverse of! a. It is easy to see that, to the required order, ! ! 1
a is

obtained from ! a by replacing ÷ka " ! ÷ka. Then

!
! ! 1

a

"µ!
(Qi , Qf ) = gµ! !

÷kµ
a Q!

a ! ÷k!
aQµ

a

Q2
a

!
1
2

Qµ
aQ!

a

Q4
a

÷k2
a !

1
2

÷kµ
a ÷k!

a

Q2
a

. (A.5)

This transformation needs to be applied topa, pb and k. The calculation of ! apa,b and
! ak requires us to compute scalar productsQa ápa,b and ÷ka ápa,b. SinceQa = xpa + pb, we
Þnd

Q2
a = xs, Qa ápa = s/ 2, Qa ápb = xs/ 2, (A.6)

where s = 2pa ápb. Furthermore,

Qa ápa

Q2
a

=
1

2x
,

Qa ápb

Q2
a

=
1
2

. (A.7)

Sincek = (1 ! x)pa + ÷ka, we Þnd

k ápa = ÷ka ápa, (A.8)

and, using k2 = 0, we obtain

÷k2
a = ! 2(1 ! x)÷ka ápa = ! 2(1 ! x)k ápa. (A.9)

It follows from Eq. ( 2.49) that ÷ka ápb = ! ÷ka ápa.
Combining these formulas, we Þnd the following expressions for the boosted momenta

! apa = pa +
1

2x
÷ka + Qa

kpa

Q2
a

#
1 ! 3x

2x

$
,

! apb = pb +
1
2

÷ka + Qa
kpa

Q2
a

#
3 ! x

2

$
,

! ak = (1 ! x)pa +
1 + x

2x
÷ka + Qa

kpa

Q2
a

#
1 ! x2

2x

$
.

(A.10)

Additionally, we write the formula for the Lorentz transformation of ÷ka and of pa ! k. We
obtain

! a(pa ! k) = xpa !
1
2

÷ka ! Qa
k ápa

Q2
a

3 ! x
2

, ! a÷ka = ÷ka !
÷k2

a

Q2
a

Qa. (A.11)

To extract soft singularities from the collinear case!k||!pa, we need a Lorentz boost! ! 1
ax .

It reads

!
! ! 1

ax

"µ!
= gµ! !

2(xpa + pb +
#

xPab)µ(xpa + pb +
#

xPab)!

s(2x +
#

x(x + 1))
+

2(xpa + pb)µP !
ab

s
#

x
. (A.12)
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where
QX = ÷QX + ÷ka. (2.38)

It is easy to show that Q2
X and ÷Q2

X are the same

Q2
X = ( ÷QX + ÷ka)2 = ( pa + pb ! k + ÷ka)2 = ( Pab !

k áPab

pa ápb
pa)2

= P2
ab ! 2k áPab = ( Pab ! k)2 = ÷Q2

X .
(2.39)

Since ÷Q2
X = Q2

X , we can obtain one of these momenta by Lorentz-boosting the other. We
therefore write

[d ÷QX ]m [dk](2! )d" (Pab ! ÷QX ! k) = [d ÷QX ]m [dk](2! )d" (xpa + pb ! QX )

= [d ÷QX ]m [dk](2! )d" (xpa + pb ! ! a(QX , ÷QX ) ÷QX ),
(2.40)

where the Lorentz boost! a(QX , ÷QX ) is deÞned as follows

QX = ! a(QX , ÷QX ) ÷QX . (2.41)

Since ÷QX =
m!

i =1
÷pi , we perform the required boost for each Þnal-state particle ÷pi =

! ! 1
a (QX , ÷QX )pi and obtain

m"

i =1

[dpi ][dk](2! )d"

#

xpa + pb !
m$

i =1

pi

%

=
&

d#
m"

i =1

[dpi ](2! )d"

#

#pa + pb !
m$

i =1

pi

%

[dk] " (x ! #).

(2.42)

The Lorentz transformation ! a(QX , ÷QX ) can be found in Eq. (A.2), where one should
identify Qi = ÷QX , Qf = QX .

Since we will have to apply this transformation to all Þnal-state particles and then
expand the result around the collinear limit, we need to simplify ! a. To do this, we
introduce the notation

Qa = xpa + pb, (2.43)

so that
Qf = Qa, Qi = Qa ! ÷ka. (2.44)

We use Eq. (2.35) to write ÷ka as

÷kµ
a = kµ !

k áPab

pa ápb
pµ

a. (2.45)

To simplify the expression for ÷ka further, we perform the Sudakov decomposition of the
vector k and write

kµ = $pµ
a + %pµ

b + kµ
" , (2.46)
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where the transverse momentumk! satisÞespa,bák! = 0. We then compute the coe! cients
! and " , and Þnd

÷kµ
a =

#k!
s

(2 " $ak)pµ
a +

#k!
s

$akpµ
b + kµ

! , (2.47)

where #k is the gluonÕs energy and$ak = 1 " cos%ak was introduced earlier. Furthermore,
we also made use of the fact that vectorspa,b are back-to-back, and that 2pa ápb = s.

The absolute value of the vectork! is determined from the on-shell conditionk2 = 0.
We derive

k2
! = " #2

k$ak(2 " $ak). (2.48)

Using Eq. (2.47), we write ÷kµ
a in Eq. (2.45) as follows

÷kµ
a =

#k!
s

$ak(pb " pa)µ + #k

!
$ak (2 " $ak)nµ

! =
2kpa

s
(pb " pa)µ + kµ

! . (2.49)

The important point is that ÷kµ
a vanishes in the soft#k # 0 and in the collinear $ak # 0

limits, which allows us to construct the expansion of the Lorentz-boost matrix " a, which
becomes the identity matrix in both of these limits.

The boost operator depends onQa and ÷ka; the collinear expansion is the expansion in
small ÷ka. Since ÷ka $

!
$ak and we need to account forO($ak) terms, we must expand" a

to second order in ÷ka. The expansion can be simpliÞed if we notice that

2÷ka áQa = ÷k2
a. (2.50)

The above equation follows from the equalityQ2
f = Q2

a = Q2
i = ( Qa " ÷ka)2. Hence, in this

case
(Qf + Qi )2 = 4Q2

a " ÷k2
a. (2.51)

Using this result, we easily arrive at the expressions for the boost operator" a and its
inverse, shown in Eqs (A.4, A.5).

We continue with the simpliÞcation of the starting expression for the cross section
in Eq. (2.2) in the collinear &k||&pa limit. The Þrst point is that the jettiness constraint is
simpliÞed in this limit, since ' k = $ak . It is important to emphasize that the above formula
is valid not only in the strict &k||&pa limit, but also in its neighborhood. Because of this, we
do not expand the zero-jettiness function around the collinear limit below. Hence, in the
Þrst step we write

d( ca

d)
= N

"
[d ÷QX ]m [dk](2* )d+(pa + pb " k " ÷QX )

%+
#

) "
!

s#k$ak

Q

$
O( ÷QX )

%

col,pol

|M| 2(pb, pa, k, ÷QX ).
(2.52)

Following the above discussion, we perform the momenta transformation and obtain

d( ca

d)
= N

1"

0

dx [dQX ]m (2* )d+(xpa + pb " QX )
"

[dk]+
#

1 "
2#k!

s
" x

$

%+
#

) "
!

s#k$ak

Q

$
O(" " 1

a QX )
%

pol,col

|M (pb, pa, k, " " 1
a QX )|2.

(2.53)
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$
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(2.53)
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Qf = ! aQi

The matrix of the inverse Lorentz transformation ! ! 1
a is given in Eq. (A.5).

The product of the gluon phase-space element [dk] and two ! -functions in Eq. (2.53)
can be simpliÞed, since these delta-functions Þx the gluon energy and its emission angle
relative to the direction of the quark with momentum pa. We Þnd
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=
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"
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2
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where

" k =
"

s
2

(1 ! x), $"
ak =

2Q#
s(1 ! x)

, [d" (d! 2) ] =
d" (d! 2)

" (d! 2)
. (2.55)

We now put everything together and write the collinear contribution as follows
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dx d# xa
m

$
d" (d! 2)

k

%
(1 ! x)! !

!
1 +

&$"ak
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"
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a QX )
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C! 1
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s # |M (pb, pa, k, ! ! 1
a QX )|2,

(2.56)

where
d# xa

m = [d QX ]m (2%)d! (xpa + pb ! QX ). (2.57)

To determine the subleading contributions to the cross section, we use Eq. (2.56) as
a starting point and expand the matrix element squared and the observable around the
collinear limit using explicit expressions for the Lorentz boost! a. We integrate the result
of the expansion over the azimuthal angle of the emitted gluon, leading to the Þnal expres-
sion which depends on the scalar products ofpa,b and pi , as well as on the derivatives of the
observablewith respect to the momenta pi . This expression will have to be combined with
the contribution of the other collinear limit ( )k||)pb) and the contribution of the soft limit,
to arrive at the next-to-leading power correction to the di$erential cross section subject to
the zero-jettiness constraint.

To proceed further, we need to construct the collinear expansion of the matrix element
squared. We write

g2
sCF Fa =

&

pol

|M| 2(pb, pa, k, ! ! 1
a QX ) =

&

pol

|M| 2(! apb, ! apa, ! ak, QX ), (2.58)

where we have used the Lorentz invariance of the matrix element squared to move the
action of the Lorentz boost to pa, pb and k. The advantage of the above formula is that
the action of the boost is now ÒlocalizedÓ; we need to consider changes in the momenta of
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To determine the subleading contributions to the cross section, we use Eq. (2.56) as
a starting point and expand the matrix element squared and the observable around the
collinear limit using explicit expressions for the Lorentz boost! a. We integrate the result
of the expansion over the azimuthal angle of the emitted gluon, leading to the Þnal expres-
sion which depends on the scalar products ofpa,b and pi , as well as on the derivatives of the
observablewith respect to the momenta pi . This expression will have to be combined with
the contribution of the other collinear limit ( )k||)pb) and the contribution of the soft limit,
to arrive at the next-to-leading power correction to the di$erential cross section subject to
the zero-jettiness constraint.

To proceed further, we need to construct the collinear expansion of the matrix element
squared. We write
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where we have used the Lorentz invariance of the matrix element squared to move the
action of the Lorentz boost to pa, pb and k. The advantage of the above formula is that
the action of the boost is now ÒlocalizedÓ; we need to consider changes in the momenta of

Ð 11 Ð

previous section, and derive the formula for power corrections. In Section4 we explain
how various quantities that appear in the Þnal formula can be computed by relating them
to generalizations of Berends-Giele currents [23]. In Section 5 we Þrst apply the general
formula to the processesqøq ! ! ! ! e+ e" and qøq ! !! , for which we derive expressions
for power corrections analytically, and then we compute the power correction toqøq ! 4!
numerically, further showcasing the general nature of the derived formula. We conclude in
Section 6. Some technical aspects of the calculation are discussed in appendices.

2 Power corrections: general considerations

We consider the following leading-order process

f a(pa) + f b(pb) ! X (PX ), (2.1)

where f a and f b are the initial-state partons, which we take to be a quark and an anti-
quark, and X denotes a generic colorless Þnal state with the momentumPX composed of
m massless particles. To discuss the next-to-leading power corrections in the zero-jettiness
variable, we add a gluon with the momentum k to the process in Eq. (2.1) and write the
di! erential cross section as

d"
d#

= N
!

[d ÷PX ]m [dk](2$)d%(pa + pb " ÷PX " k)

# %(# " T0(pa, pb, k)) O( ÷PX )
"

col,pol

|M| 2(pb, pa, k, ÷PX ).
(2.2)

In Eq. (2.2) we used [dk] = d d" 1&k/ (2 (2$)d" 1k0) and [d ÷PX ]m =
m#

i =1
[d÷pi ]. The zero-jettiness

function is deÞned as follows

T0(pa, pb, k) = min
$

2pa ák
Q

,
2pb ák

Q

%
, (2.3)

with Q being an arbitrary normalization factor of mass dimension one. Furthermore,O
is an observable that depends on the momenta of colorless particles comprising the Þnal
state X , and N is the cross-section normalization that contains the ßux factor, color- and
spin-averaging terms, etc. We note that we have used a new notation for the momentum
of the colorless Þnal state by writing it with a tilde, PX ! ÷PX . The reason for doing this
will become clear later.

Using a reference frame where the collision axis is thez-axis, and writing the zero-
jettiness variable in terms of the energy and the polar angle of the emitted gluon, it is
easy to see that the constraint# = T0(pa, pb, k) implies that either the gluon energy or
its transverse momentum squared isO(#). The expansions around these distinct limits
can be performed independently of each other, as we show below. We will start with the
construction of the soft expansion.
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Qi = pa + pb ! k



THE COLLINEAR CONTRIBUTION 

The challenge is made complicated  by the fact that the collinear expansion of the matrix element squared is poorly understood.  
Furthermore, we need to be able to extract soft divergences from quantities evaluated in the collinear limit.                                                                                
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the initial partons and the momentum of the gluon k, but the momenta of the Þnal-state
color-neutral particles do not need to be changed.

We require the expression of the matrix element that is suitable for the study of the
collinear limit. Furthermore, the collinear limit should be written in such a way that the
soft singularity in the corresponding expressions can be isolated. Finally, it is convenient
to Þrst expand the matrix element squared around the collinear limit, and apply the boost
later; this approach keeps the expressions more compact since the boost will have to be
applied to fewer terms.

We write the matrix element as

M = ! gsTa! !
! øvb

!

N (pb, pa ! k, QX )
(öpa ! ök)" !

(! 2pa ák)
+ N !

Þn,a

"

ua. (2.59)

The collinear #k||#pa singularity is present in the Þrst term of the above expression, whereas
the second term is subleading in the collinear limit. However, that term still has a soft
singularity. For this reason, it is convenient to write it as follows

N !
Þn,a = R!

Þn(pb, pa, k, QX ) + " ! (öpb ! ök)
2pb ák

N (pb ! k, pa, QX ). (2.60)

We note that R!
Þn arises from diagrams where the gluon is emitted from o! -shell lines and,

therefore, it contains neither collinear nor soft singularities. In what follows we will denote
N (pb, pa ! k, QX ) as Na(pb, pa ! k, QX ) and N (pb ! k, pa, QX ) as Nb(pb ! k, pa, QX ), and
we will not write their arguments explicitly unless it is needed.

In the collinear limit #k||#pa, we write the matrix element squared as a sum of three
terms

Fa = Faa + Far + Frr,a , (2.61)

where the Þrst term on the right-hand side refers to the square of the diagram where the
gluon is emitted o! the parton a, the second term refers to the interference of this diagram
with the remaining ones, and the third one to the contribution of the remaining diagrams
squared.

We begin by considering the Þrst term on the right-hand side of Eq. (2.61) and write
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we obtain
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(2.99)

All terms that appear in the above formula should be evaluated for the boosted momenta
p1, p2, k. In practice, this concerns the Þrst term and the last three terms on the right-hand
side in Eq. (2.99) which, after the boost, will have to be expanded to the required order
in k! . The result of this expansion for the last three terms in Eq. (2.99) is free of both
collinear and soft singularities but it is somewhat messy; we present the corresponding
formulas in Appendix B.

2.3 The second collinear contribution: !k || !pb

We need to consider the second collinear contribution which arises when the gluon is emitted
along the direction of an anti-quark with momentum pb. The construction of the Lorentz
transformation and the parametrization of the gluon momentum is identical to what has
been discussed in the previous section except that the replacementpa " pb should be
applied.

The simpliÞcation of the matrix element proceeds as in the previous subsection. It is
easy to see that in addition to the pa " pb transformation, we also need to perform the
replacementNa " ! N +

b . We Þnd
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(2.100)
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The matrix of the inverse Lorentz transformation ! ! 1
a is given in Eq. (A.5).

The product of the gluon phase-space element [dk] and two ! -functions in Eq. (2.53)
can be simpliÞed, since these delta-functions Þx the gluon energy and its emission angle
relative to the direction of the quark with momentum pa. We Þnd

[dk] !
!

1 !
2" k"

s
! x

"
!

!
# !

"
s" k$ak

Q

"
=

" (d! 2)

2(2%)d! 1 d" k " 1! 2!
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ak (2 ! $ak )! ! d" (d! 2)

" (d! 2)
!
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1 !
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s

! x
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!
!
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"
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"

=
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2
(1 ! x)! !

!
1 +

&$"ak

2

"
[d" (d! 2) ],

(2.54)

where

" k =
"

s
2

(1 ! x), $"
ak =

2Q#
s(1 ! x)

, [d" (d! 2) ] =
d" (d! 2)

" (d! 2)
. (2.55)

We now put everything together and write the collinear contribution as follows

d' ca

d#
=

CF [( s]Q1! !

2#1+ ! N

1#

0

dx d# xa
m

$
d" (d! 2)

k

%
(1 ! x)! !

!
1 +

&$"ak

2

"

# O(! ! 1
a QX )

&

pol,col

C! 1
F g! 2

s # |M (pb, pa, k, ! ! 1
a QX )|2,

(2.56)

where
d# xa

m = [d QX ]m (2%)d! (xpa + pb ! QX ). (2.57)

To determine the subleading contributions to the cross section, we use Eq. (2.56) as
a starting point and expand the matrix element squared and the observable around the
collinear limit using explicit expressions for the Lorentz boost! a. We integrate the result
of the expansion over the azimuthal angle of the emitted gluon, leading to the Þnal expres-
sion which depends on the scalar products ofpa,b and pi , as well as on the derivatives of the
observablewith respect to the momenta pi . This expression will have to be combined with
the contribution of the other collinear limit ( )k||)pb) and the contribution of the soft limit,
to arrive at the next-to-leading power correction to the di$erential cross section subject to
the zero-jettiness constraint.

To proceed further, we need to construct the collinear expansion of the matrix element
squared. We write

g2
sCF Fa =

&

pol

|M| 2(pb, pa, k, ! ! 1
a QX ) =

&

pol

|M| 2(! apb, ! apa, ! ak, QX ), (2.58)

where we have used the Lorentz invariance of the matrix element squared to move the
action of the Lorentz boost to pa, pb and k. The advantage of the above formula is that
the action of the boost is now ÒlocalizedÓ; we need to consider changes in the momenta of
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We still have to apply the Lorentz boost to the expression on the right, 
but we can make sure that the boost acts on                   only.                                                                                 
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pa , pb, k



PUTTING EVERYTHING TOGETHER

We need to combine the soft and collinear contributions.  This is straightforward, in principle, but a few points require care.

where

N !
Þn,b = R!

Þn !
Na(öpa ! ök)! !

2pa ák
. (2.101)

Similar to the collinear case"k||"pa discussed in the preceding section, the Þrst two lines
contain divergent terms and the remaining terms are Þnite in the collinear and soft limits.
The boost that needs to be applied here di! ers from the boost in the case"k||"pa. We denote
the required Lorentz boost as" b; it is given in Appendix A.

3 Combining soft and collinear contributions

In this section, we extract collinear and soft singularities from the di! erent contributions
to the di ! erential cross section, and derive the Þnite result for the next-to-leading term in
the zero-jettiness expansion.

3.1 The Þrst collinear region: !k || !pa

We begin with the contribution of the Þrst collinear region where the gluon is emitted along
the direction of the incoming quark with momentum pa. The di! erential cross section reads
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(3.1)

where the Born phase space d# xa
m can be found in Eq. (2.57), ÷QX = " ! 1

a QX , Fa is given in
Eq. (2.99), and the momenta pa, pb, k which appear in that equation should be boosted.
It is convenient to write, with the required accuracy,
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#
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(3.2)

where the function Fa,reg does not have soft or collinear singularities. Among the four
terms that appear on the right-hand side of Eq. (3.2), the Þrst one requires the expansion
of the reduced matrix element in k" , the second term has apower divergence at x = 1,
and the third one has a regular soft singularity.

We begin with the discussion of the Þrst term on the right-hand side of Eq. (3.2). We
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In this section, we extract collinear and soft singularities from the di! erent contributions
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F =

The first term is the leading collinear contribution.  It needs to be expanded through second power in the gluon transverse 
momentum after the boost (gluon momentum is hidden in the functions                   . 

The second term has the power-like soft singularity. We need to get it back to the logarithmic one. 

The third term is soft, with simple logarithmic singularity; it involves  a function that describes the structure-dependent 
radiation. 

The forth term — a placeholder for many contributions — has no collinear  or  soft singularities, can be integrated over the 
phase space.
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WHERE IT ALL EXPLODES

Consider the first term which is the only one contributing to leading and subleading terms in the zero-jettiness expansion.
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where the function Fa,reg does not have soft or collinear singularities. Among the four
terms that appear on the right-hand side of Eq. (3.2), the Þrst one requires the expansion
of the reduced matrix element in k" , the second term has apower divergence at x = 1,
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F =

The subscript of the trace function indicates that momenta pa, pb and k should be boosted
with the matrix ! a.

To proceed further, we need to expand the trace function and the observable in Eq. (3.3)
around the collinear limit, and extract the soft singularity that is present in Pqq(x) from all
terms in such an expansion. As the Þrst step, we discuss the (standard) leading collinear
contribution which is obtained by setting ! a ! 1 and neglecting the transverse momentum
of the gluon k. We Þnd
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" 1+ ! N
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0

dx d" xa
m O(QX )

Pqq(x)
x(1 " x)! |M (pb, xpa, QX )|2. (3.4)

In deriving Eq. ( 3.4) we have used the equality 2pak = " Q, and the fact that in the collinear
limit

Tr
"
Na(pb, pa " k, QX ) x öpaN +

a (pb, pa " k, QX )öpb
#

! a
! |M (pb, xpa, QX )|2, (3.5)

where|M (pb, xpa, QX )|2 is the spin-summed matrix element for the elastic processqøq ! X
where the quarkq and the anti-quark øq have momentaxpa and pb, respectively. There is a
soft singularity present in the splitting function, but it is straightforward to extract it and
we do not discuss this point further.

The subleading terms require more e#ort. We start with the discussion of the trace
function and write

Tr
"
Na(pb, pa " k, QX ) x öpa N +

a (pb, pa " k, QX ) öpb
#
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"
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# N +
a (pb + $pa1, xpa " $pa1, QX ) (öpb + $öpa1)

#
.

(3.6)

The momenta shifts shown in Eq. (3.6) are easily obtained using the explicit form of the
boost operator ! a, c.f. Appendix A. We Þnd

$pa1 =
k"

2
+

2pak
s

(pb + (1 " x)%a1) ,

$pa2 =
k"

2
"

2pak
s

(pa " (1 " x)%a2) ,
(3.7)

with
%a1 =

pa

4
+

3pb

4x
, %a2 =

3pa

4
+

pb

4x
. (3.8)

The non-trivial step, required to move forward, is the expansion of Eq. (3.6) in powers
of k" . Since the shifts in Eq. (3.7) are linear in k" , the trace in Eq. (3.6) needs to be
expanded throughsecondorder in k" . To organize this expansion e$ ciently, it is convenient
to rewrite Eq. ( 3.6) by introducing the following momenta

Pa = xpa " $p, Pb = pb + $p, $p =
k"

2
+

k2
"

4sx
(pb " xpa). (3.9)
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At the leading power we trivially get the standard result — the matrix element of the no-emission process with re-scaled 
momentum of the incoming quark.

At the subleading power,  things  becomes much more complex, since expansion through  the  second order in the transverse 
momentum of the gluon is needed.  We have not found a way to write these expansions in a simple, compact way.
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The momenta shifts shown in Eq. (3.6) are easily obtained using the explicit form of the
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The non-trivial step, required to move forward, is the expansion of Eq. (3.6) in powers
of k" . Since the shifts in Eq. (3.7) are linear in k" , the trace in Eq. (3.6) needs to be
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These momenta are constructed in such a way thatP2
a = P2

b = 0 with O(k2
! ) accuracy,

and Pa + Pb = xpa + pb. Using these momenta, we Þnd
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sx
pb, pb + ! pa1 = Pb +

2k ápa

sx
pb. (3.10)

Furthermore, we Þnd

xpa + ! pa2 = Pa + k! !
2k ápa

s
xpa. (3.11)

We are now in a position to rewrite Eq. (3.6) in the following way
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.
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x

%
|M| 2(Pb, Pa, QX ) + k! ,µTr
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"

!
2k ápa
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'
Tr[ N (1) ,µ

a xpaN +
a pb] + c .c.

(
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k! ,µk!
!

2
D ax,b

! Tr
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Na" µN +

a öpb
"

,

(3.12)

whereD xa,b
µ = x" 1#/ #pµ

a ! #/ #pµ
b, and the quantity N (1) ,µ

a is deÞned through the expansion
of the function Na as follows

Na(qb ! ! q, qa + ! q, QX ) = Na(qb, qa, Qx) + ! qµN (1) ,µ
a (qb, qa, QX ). (3.13)

Note that in Eq. ( 3.12) we have written the matrix element as a function of two
momenta Pa, Pb. This is possible because both of these momenta are on-shell and the
momentum conservation Pa + Pb = QX is assured. It remains to expand the matrix
element squared through the right order ink! . The result reads

|M| 2(Pb, Pa, QX ) =

#

1 !
kµ

!

2
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k2
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(pµ
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!

&

|M| 2(pb, xpa, QX ).

(3.14)

As the last step, we need to combine Eqs (3.12, 3.14) and average over the directions
of the vector k! in O(k2

! ) terms.3 It is convenient to write the result as follows

Tr
!
Na(pb, pa ! k, QX ) x öpa N +

a (pb, pa ! k, QX ) öpb)
"

! a
= |M| 2(pb, xpa, QX )
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kµ
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2

'
D xa,b

µ |M| 2(pb, xpa, QX ) ! 2Tr
!
Na" µN +

a öpb
"(

+
2kpa

s
Wa(x).

(3.15)

3Note that we do not discard terms linear in k! because such terms may get combined with the collinear
expansion of an observableO producing a non-vanishing result. However, since O(k2

! ) terms that ap-
pear from the expansion of the matrix element squared will always be multiplied by O(k0

! ) terms in the
observable, we can average over directions ofk! in such terms right away.
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In the above equation the function Wa(x) is deÞned as

Wa(x) = ! pb,µW µ
a1(x) + (1 ! x)Wa2(x), (3.16)

where
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a1(x) =Tr
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(3.17)

Another quantity that we need to expand is the observableO because it depends on
the transformed momentum of the Þnal-state colorless particles

÷QX = ! " 1
a QX . (3.18)

We write
%
! " 1

a

&µ!
(x) = gµ! + bµ! ,"

a k! ," +
2k ápa

s
lµ!
a , (3.19)

where
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" =

Qµ
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" ! Q!
agµ
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a (x) = " µ!
ab + (1 ! x)

'
1

2x
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gµ!
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4x

(
, (3.20)

with

" µ!
ab =

pµ
ap!

b ! pµ
bp!

a

pa ápb
. (3.21)

We note that in Eq. ( 3.20), we have replacedkµ
! k!

! with its average value, since there will
be no further dependencies onk! when this term is combined with an amplitude squared.
Furthermore, we took the four-dimensional limit because such terms do not present soft or
collinear singularities. Finally, we note that

lim
x# 1

lµ!
a (x) = " µ!

ab . (3.22)

Using the above results, we easily expand the observableO around the collinear limit

O(! " 1
a QX ) =

)

1 +
*

k"
! ba

µ!
" +

2k ápa

s
lµ!
a (x)

+
L µ!

!
1
2

(1 ! x)k ápa tµµ 1,!! 1
a L µµ 1 L !! 1

,

O(QX ).

(3.23)

In Eq. (3.23), the di" erential operator L µ! reads

L µ! =
m-

i =1

p!
i

#
#pi,µ

, (3.24)
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THE FINAL RESULT: COMBINING SOFT AND COLLINEAR CONTRIBUTIONS 

Putting everything together, we obtain the following result next-to-power correction.  The result is complicated.  However, 
many terms involve derivatives of observables.  Also, complex Green’s functions appear in the result.

We then replace (1! x)! ! ! 1 with the plus distribution in the standard way and Þnd

d! cb,3

d"
=

[#s]CF Q1! !

2" ! N

1!

0

dx d! m (pa, xpb, PX )
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1
$

%(1 ! x) +
1

(1 ! x)+

#

" O(PX )
4p"

a

s

$
Tr

%
N +

b öpbRÞn," öpa
&

+ c .c.
'

.

(3.68)

We compute the x = 1 contribution following the discussion in the previous section and
Þnd

d! cb,3,NLP

d"
=

[#s]CF Q1! !

2" ! $
N d! m (pa, pb, PX ) O(PX )

"
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a

s

(
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)
N + öpbN (1)

" öpa

*

x=1
+ c .c.

+

+
[#s]CF Q

2
N
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0

dx
(1 ! x)+

d! m (pa, xpb, PX ) O(PX )

"
4p"

a

s

$
Tr

%
N +

b öpbRÞn," öpa
&
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'

.

(3.69)

The 1/ $ pole in the Þrst term of the above equation is canceled by the Þrst term in
Eq. (3.63).

3.3 The Þnal result for the next-to-leading power correction

In this section, we combine all the di" erent contributions, and derive the Þnal formula for
the production of an arbitrary colorless Þnal stateX in the qøq # X process at next-to-
leading power in the zero-jettiness expansion at NLO QCD. We need to account for the
soft and two collinear contributions, presented in Eqs (2.30, 2.99, 2.100), using further
simpliÞcations of the last two equations (the collinear contributions) discussed in Secs.2.2
and 2.3, and in Appendix B.

Using the above results, it is straightforward to check that, at next-to-leading power,
all 1/ $ poles cancel after summing soft and collinear contributions. However, the result
contains a ln" -enhanced term, which appears as a consequence of the mismatch of the
$-dependent exponents of" in the soft and collinear contributions. We note that the 1/ $
poles proportional to the tensor &µ"

ab cancel when taking the sum of both collinear regions.
We write the next-to-leading power contribution in the expansion of the qøq # X cross

section in the zero-jettiness as the sum of three terms

d! NLP

d"
=

[#s]CF Q
s

N

,

2
"
ln

-
Q"
s

.
+ 1

#
CNLP ,s + C NLP ,a + C NLP ,b

/

. (3.70)

The Þnite remnant of the soft and soft-collinear contributions read

CNLP ,s =
!

d! m (pa, pb, PX )

0

1 ' m +
2

i " L f

pµ
i

(
( pµ

i

3

4 |M (pb, pa, PX )|2 O(PX ), (3.71)
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We compute the x = 1 contribution following the discussion in the previous section and
Þnd

d! cb,3,NLP

d"
=

[#s]CF Q1! !

2" ! $
N d! m (pa, pb, PX ) O(PX )

"
4p"

a

s

(
Tr

)
N + öpbN (1)

" öpa

*

x=1
+ c .c.

+

+
[#s]CF Q

2
N

1!

0

dx
(1 ! x)+

d! m (pa, xpb, PX ) O(PX )

"
4p"

a

s

$
Tr

%
N +

b öpbRÞn," öpa
&

+ c .c.
'

.

(3.69)

The 1/ $ pole in the Þrst term of the above equation is canceled by the Þrst term in
Eq. (3.63).
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where the sum extends over all particles in the process.5 We note that for amplitudes with
masslessparticles only, the following equation holds
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This result follows from the fact that the mass dimension of the amplitude squared with
two initial-state and m Þnal-state particles is (! ! m ) and that the derivative operator in
the above equation probes the mass dimension of the amplitude squared in the massless
case.
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where
d! m = d ! (pa, pb, PX ), d! xa

m = d ! (xpa, pb, PX ), (3.74)

Wa(x) is deÞned in Eq. (3.16), FÞn,a can be found in Appendix B, and the functions Na,
Nb and Rµ

Þn appearing in the above expression should be evaluated with the following
arguments

Na = Na(pb, xpa, PX ),

Nb = Nb(pb ! (1 ! x)pa, pa, PX ),

Rµ
Þn = Rµ

Þn(pb, pa, (1 ! x)pa, PX ).

(3.75)

We note that many terms in Eq. (3.73) involve derivatives of the observableO; these terms
are written for a generic case and may simplify signiÞcantly if a deÞnite observable is
considered. We will see examples of this in what follows.

5We remind the reader that the validity of Eq. ( 3.71) requires that the observable O is independent of
momenta pa , pb.
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In the above equation the function Wa(x) is deÞned as

Wa(x) = ! pb,µW µ
a1(x) + (1 ! x)Wa2(x), (3.16)
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Another quantity that we need to expand is the observableO because it depends on
the transformed momentum of the Þnal-state colorless particles
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We note that in Eq. ( 3.20), we have replacedkµ
! k!

! with its average value, since there will
be no further dependencies onk! when this term is combined with an amplitude squared.
Furthermore, we took the four-dimensional limit because such terms do not present soft or
collinear singularities. Finally, we note that
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ab . (3.22)

Using the above results, we easily expand the observableO around the collinear limit
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In Eq. (3.23), the di" erential operator L µ! reads
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, (3.24)
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HOW TO COMPUTE THE GREEN’S FUNCTIONS AND DERIVATIVES OF MATRIX ELEMENTS

Since the boost transformation keeps the momenta of colorless partons intact, it is relatively straightforward to organize the 
calculation of the Green’s functions.  The main idea is to do this recursively, following the approach  by Berends and Giele to 
computing QCD amplitudes. 

Figure 1 . Pictorial representation of Eq. (4.1).

GreenÕs functions can be calculated. It turns out that methods developed for computing
high-multiplicity QCD amplitudes more than thirty years ago [ 23] are suitable for this
purpose.6

Although we are certain that the discussion in this section can be made fully general,
for the sake of deÞniteness, we consider the case when the stateX consists ofN photons.
The observable function O(PX ) is chosen in such a way that photons are hard and not
collinear to the incoming quark and anti-quark; hence, we treat them as hard particles
throughout the calculation.

We need to understand how to compute the GreenÕs functionsNa,b, N (1) ,µ
a,b etc., as well

as R!
Þn and its expansion to Þrst order ink! . We will start with the discussion of the two

simplest GreenÕs functionsNa,b. To calculate them, we introduce the quark current öJ (c.f.
Fig. 1) which depends on the momentum of the incoming quark (that we denote asqa) and
the momenta and polarization vectors ofN photons. The momentum of the anti-quark is
obtained from the momentum conservation. The current reads öJ (qa, ! N ), where the set
! N is given by ! N = { (p1, "1), (p2, "2), .., (pN , "N )} , and (pi , "i ) denote the momentum and
the polarization vector of the photon i . The current is a four-by-four matrix that satisÞes
the following recurrence relation

öJ (qa, ! N ) =
i

öqa ! öQN

N!

m=1

(ieqö"m ) öJ (qa, ! N/m ), (4.1)

where eq is the quark electric charge,

QN =
N!

m=1

pm , (4.2)

! N/m denotes the original set! N from which the photon m is removed, and the recursion
starts by identifying öJ (qa, {} ) with the identity matrix. A schematic representation of
Eq. (4.1) is shown in Fig. 1.

Eq. (4.1) is general; it allows us to compute the current öJ and obtain the GreenÕs
functions Na,b from it. This is achieved by simply removing the propagator i/ (öqa ! öQN )

6The extension of these methods beyond QCD is discussed in Ref. [25].
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i
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N!

m=1
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N!

m=1
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from Eq. (4.1). We then Þnd

Na,b =
N!

m=1

(ieqö! m ) öJ
"
qa,b, " N/m

#
, (4.3)

where the two vectorsqa,b are di! erent for the two cases. For example, many terms in the
Þnal formula involve functions Na and Nb in the collinear #k||#pa limit. In that case

qa = xpa, qb = pa. (4.4)

For the #k||#pb case,
qa = pa ! (1 ! x)pb, qb = pa. (4.5)

In addition, we require the expansion of these GreenÕs functions for certain deforma-
tions of the quark momentum q; we will denote such deformations by$q. The important
feature of these deformations is that they do not a! ect momenta and polarizations of col-
orless particles of the Þnal stateX . Thanks to this feature, it becomes straightforward to
compute the expansion of the functionsNa,b with respect to such deformations. Writing

öJ (q + $q," N ) = öJ (0) (q," N ) + $qµ öJ (1) ,µ (q," N ) +
$q! $qµ

2
öJ (2) ,µ! (q," N ) + O($q3), (4.6)

we can derive equations that currents öJ (0) , öJ (1) ,µ and öJ (2) ,µ! satisfy. In fact, the equation
for J (0) is identical to Eq. (4.1). The equations for öJ (1) ,µ and öJ (2) ,µ! read

öJ (1) ,µ (qa, " N ) = !
1

öqa ! öQN
%µJ (0) (qa, " N ) +

i

öqa ! öQN

N!

m=1

(ieqö! m ) öJ (1) ,µ (qa, " N/m ),

öJ (2) ,µ! (qa, " N ) = !
1

öqa ! öQN

$
%µJ (1) ,! (qa, " N ) + %! J (1) ,µ (qa, " N )

%

+
i

öqa ! öQN

N!

m=1

(ieqö! m ) öJ (2) ,µ! (qa, " N/m ).

(4.7)

To start the recursion, we use öJ (0) (qa) = ö1, öJ (1) ,µ (qa) = 0 and öJ (2) ,µ! (qa) = 0. To compute
relevant GreenÕs functions, we write their expansions as

Na,b(q + $q, PX ) = Na,b(q, PX ) + $qµN (1) ,µ
a,b (q, PX ) +

$qµ$q!

2
N (2) ,µ!

a,b (q, PX ) + . . . , (4.8)

where q is the quark momentum and ellipses stand for terms with higher powers of$q.
Then, using Eqs (4.3, 4.7), we Þnd

N (1) ,µ
a,b =

N!

m=1

(ieqö! m ) öJ (1) ,µ "
qa,b, " N/m

#
,

N (2) ,µ!
a,b =

N!

m=1

(ieqö! m ) öJ (2) ,µ! "
qa,b, " N/m

#
.

(4.9)
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To describe production of N photons in a quark-antiquark collision, consider the following current defined recursively 
through the equation. Thanks to the Lorentz transformation, the gluon momentum always flows through the quark line.

The function           is easily obtained from the recurrence of the current since the boundary conditions are very simple.  
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NUMERICAL CHECKS

We have also checked the master formula by considering 2 
photon and 4 photon production in quark collisions.  

For the 4 photon, numerical results are computed for 
several values of       and the results are compared with the 
analytic formula for a particular choice of an observable. 
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Numerical checks for                                       , with the lower 
cut on the invariant mass.   Excellent agreement between 
fitted and computed coefficients in the zero-jettiness 
expansion. 
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PRODUCTION OF A PHOTON AND A JET

There is not a single process for which power corrections in N-jettiness are known, even at NLO.   The problem is a jet algorithm 
since the N-jettiness depends on the jet momentum,  and jet needs to be reconstructed.

If the minimum comes from the        -list , the  parton i becomes the jet, if it comes from the       -list, momenta of partons i and 
j are combined, and the process is repeated with the new (ij) parton until one runs out of partons.   The list of jets is cleaned 
by removing those that have a transverse momentum below a preselected cut. 

Some technical details are discussed in appendices.

2 General remarks

We study the production of a prompt photon and a jet in hadron collisions, pp ! ! + j . We
focus on theqøq ! ! + g partonic channel, and do not consider any other partonic channels
in this paper. We imagine that the N -jettiness slicing scheme [41, 45, 48] is employed for
computing the NLO QCD corrections. An important ingredient for calculations in this
scheme is the di! erential cross section for Þnal states withT1 < "cut , where T1 is the N -
jettiness variable, and"cut is a small quantity. To allow the choice of somewhat larger values
of "cut in practical computations, we need to construct an expansion of theqøq ! ! + j
cross section through Þrstsubleadingpower in the one-jettiness variableT1 " "cut .

To deÞne a Þnal-state jet, we require a jet algorithm. We will consider the so-called
inclusive sequentialk! jet algorithm [ 93, 94].3 We will describe how it works before ad-
dressing the question of how it impacts the calculation of power corrections.

To this end, we introduce two phase-space ÒdistancesÓ

dij = min( k2
! ,i , k2

! ,j )
R2

ij

R2 , diB = k2
! ,i , (2.1)

where k! ,x is the transverse momentum of a partonx # (i, j ) deÞned with respect to the
collision axis. We note that dij and diB measure distances between the Þnal-state partons
i and j , and between the Þnal-state partoni and the beam axis, respectively. For the
quantity Rij , one typically takes

R2
ij = ( #i $ #j )2 + f 2

! ($ i $ $ j ), (2.2)

where #i,j are pseudo-rapidities of the two partonsi and j , and f ! is a function of their
azimuthal angles$i,j . We choose

f ! ($ i $ $ j ) = arccos(cos($ i $ $j )) , (2.3)

since this maps the di! erence of two azimuthal angles onto the [0, %] interval, independent
of how azimuthal angles are parametrized.

To apply the jet algorithm to a set of Þnal-state partons PN = { 1, 2, 3, .., N } , we start
by computing two lists. One of them is composed ofdij Õs calculated for each (ij ) pair from
PN , and the second Ð ofdiB for each i # PN . We then compare the minimal values of the
two lists

dmin = min [min { dij } , min{ diB } ] . (2.4)

If dmin is the minimum of the { dij } list, the two partons i and j are removed from PN

and replaced there by a new partonij whose momentum ispij = pi + pj . If, however, the
minimum is provided by the { diB } list, the parton i is removed from the list PN and added
to the list of jets PJ that is empty at the start of this procedure. We continue this process

3We note that our results can be used, without any modiÞcation, for the anti- k! jet clustering algorithm
as well.
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diB
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dij

until no partons are left in the list PN . Finally, all jets with the transverse momentum
lower than a pre-selected valuep! ,cut are removed from the list of jets. Once this is done,
we associate a deÞnite number of jets with the partonic Þnal state described by the original
list PN .

We continue with the discussion of what this algorithm implies for the computation of
the power corrections. At leading order, we apply it to the partonic process

qa + øqb ! ! + gm. (2.5)

Therefore, the list of partons consists of a single gluongm. This parton is moved to the list
of jets immediately, and if its transverse momentum exceedsp! ,cut , it is identiÞed with a
jet. Once the jet is identiÞed, we compute the one-jettiness and Þnd

T1 = min
!

2pmpa

Pa
,
2pmpb

Pb
,
2pmpJ

PJ

"
= 0 , (2.6)

because in this casepJ = pm.

At next-to-leading order, we have to consider the process4

qa + øqb ! ! + gm + gn, (2.7)

and apply the jet algorithm to two gluons gm and gn. To simplify further steps, it is
convenient to order the two gluons in the transverse momenta, and label them in such a
way that p! ,m > p ! ,n. The starting point for the application of the jet algorithm is the list
P2 = { m, n} . We have to Þnd the minimum of { dmn, dmB , dnB } . Thanks to the transverse
momentum ordering, this minimum is dmn if Rmn < R , and dnB if Rmn > R . Then, in the
Þrst (clustered) case, we have a one-jet event with the jet momentumpJ = pm+ pn provided
that p! ,J > p ! ,cut , and in the second (unclustered) case we have, potentially, two jets with
the transverse momentap! ,n and p! ,m. To have a one-jet event we requirep! ,n < p ! ,cut

and p! ,m > p ! ,cut .
Following this discussion, we can make the NLO QCD real-emission contribution to

the ! + j production explicit. To simplify the notation, we write the one-jettiness variable
with an argument which refers to the momentum of the jet used in its deÞnition, i.e.

T1(pJ ) =
#

i " { m,n}

min
!

2pi pa

Pa
,
2pi pb

Pb
,
2pi pJ

PJ

"
. (2.8)

As we just described, the jet momentum depends on whether gluons are clustered into a
jet or not. We Þnd

d" O

d#
= N # 1

$
d! (pa, pb|pm, pn, p! ) |M| 2(pa, pb; pm, pn, p! ) $(p! ,m " p! ,n)

#
%

$(Rmn " R) $(p! ,m " p! ,cut ) $(p! ,cut " p! ,n) %(# " T1(pm)) O(pm, p! )

+ $(R " Rmn) $(p! ,[mn] " p! ,cut ) %(# " T1(p[mn])) O(p[mn], p! )
&

,

(2.9)

4We do not need to consider the virtual corrections to the process in Eq. ( 2.5) because they will only
contribute at T1 = 0.

Ð 4 ÐClustered configuration Unclustered configuration

To reconstruct a jet need a jet algorithm.  We use the       -jet algorithm; when the dust settles, it turns out that the exact jet-
finding algorithm does not matter that much. 
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PRODUCTION OF A PHOTON AND A JET

To proceed, we order two gluons in their transverse momentum, and explicitly write the expression for for the cross section, 
“resolving the jet-algorithm constraints”. The jet is associated with the harder gluon, if unclustered, and with  both gluons,  if 
clustered.  Whether or not clustering occurs, depends on the angular separation between partons. 

until no partons are left in the list PN . Finally, all jets with the transverse momentum
lower than a pre-selected valuep! ,cut are removed from the list of jets. Once this is done,
we associate a deÞnite number of jets with the partonic Þnal state described by the original
list PN .

We continue with the discussion of what this algorithm implies for the computation of
the power corrections. At leading order, we apply it to the partonic process

qa + øqb ! ! + gm. (2.5)

Therefore, the list of partons consists of a single gluongm. This parton is moved to the list
of jets immediately, and if its transverse momentum exceedsp! ,cut , it is identiÞed with a
jet. Once the jet is identiÞed, we compute the one-jettiness and Þnd

T1 = min
!

2pmpa

Pa
,
2pmpb

Pb
,
2pmpJ

PJ

"
= 0 , (2.6)

because in this casepJ = pm.

At next-to-leading order, we have to consider the process4

qa + øqb ! ! + gm + gn, (2.7)

and apply the jet algorithm to two gluons gm and gn. To simplify further steps, it is
convenient to order the two gluons in the transverse momenta, and label them in such a
way that p! ,m > p ! ,n. The starting point for the application of the jet algorithm is the list
P2 = { m, n} . We have to Þnd the minimum of { dmn, dmB , dnB } . Thanks to the transverse
momentum ordering, this minimum is dmn if Rmn < R , and dnB if Rmn > R . Then, in the
Þrst (clustered) case, we have a one-jet event with the jet momentumpJ = pm+ pn provided
that p! ,J > p ! ,cut , and in the second (unclustered) case we have, potentially, two jets with
the transverse momentap! ,n and p! ,m. To have a one-jet event we requirep! ,n < p ! ,cut

and p! ,m > p ! ,cut .
Following this discussion, we can make the NLO QCD real-emission contribution to

the ! + j production explicit. To simplify the notation, we write the one-jettiness variable
with an argument which refers to the momentum of the jet used in its deÞnition, i.e.

T1(pJ ) =
#

i " { m,n}

min
!

2pi pa

Pa
,
2pi pb

Pb
,
2pi pJ

PJ

"
. (2.8)

As we just described, the jet momentum depends on whether gluons are clustered into a
jet or not. We Þnd

d" O

d#
= N # 1

$
d! (pa, pb|pm, pn, p! ) |M| 2(pa, pb; pm, pn, p! ) $(p! ,m " p! ,n)

#
%

$(Rmn " R) $(p! ,m " p! ,cut ) $(p! ,cut " p! ,n) %(# " T1(pm)) O(pm, p! )

+ $(R " Rmn) $(p! ,[mn] " p! ,cut ) %(# " T1(p[mn])) O(p[mn], p! )
&

,

(2.9)

4We do not need to consider the virtual corrections to the process in Eq. ( 2.5) because they will only
contribute at T1 = 0.

Ð 4 ÐKinematic configurations, that support the small-jettiness value are: 

1) the  gluon with the smaller transverse momentum becomes very soft;  
2) the  gluon with the smaller transverse momentum becomes  collinear to incoming partons;
3) the two final-state gluons become collinear to each other.  

The  N-jettiness function depends on the jet momentum 

whereN is the normalization factor, O is an observable that depends on the jet momentum
and the momentum of the photon, and d! is the phase space that will be deÞned in the
next section. We usep[mn] to denote the sum of the gluon momenta,p[mn] = pm + pn.

To simplify the notation, we will absorb the ! -functions, that ensure that the transverse
momentum of the jet is larger than the transverse-momentum cut, into the deÞnition of
the observableO. Hence, from now on, we will only write explicitly the R-dependent ! -
functions from the jet algorithm, as well as the ! -function that ensures that the transverse
momentum of the parton n is small.

There is an important di " erence in the one-jettiness functions that appear in the two
terms in the integrand in Eq. (2.9). In the Þrst term, pJ = pm and therefore

T1(pm) = min
!

2pnpa

Pa
,
2pnpb

Pb
,
2pnpm

PJ

"
. (2.10)

In the second term, pJ = p[mn], and we Þnd a more complicated expression for the one-
jettiness function

T1(p[mn]) =
#

i ! { m,n}

min
!

2pi pa

Pa
,
2pi pb

Pb
,
2pi p[mn]

PJ

"

= min
!

2pnpa

Pa
,
2pnpb

Pb
,
2pnpm

PJ

"
+ min

!
2pmpa

Pa
,
2pmpb

Pb
,
2pmpn

PJ

"
.

(2.11)

To compute power-suppressed one-jettiness corrections, we need to analyze di" erent con-
tributions to Eq. ( 2.9), Þnding kinematic regions where the one-jettiness function deÞned
in Eqs (2.10,2.11) is small.

If the two partons m and n have generic momenta,T1 cannot be small. For this to
occur, partons m and n should have special, singular kinematics. In general, given that
p" ,m > p " ,n and at least one jet is required, there are four options for the partonn:

¥ n is collinear to a, b or m;

¥ n is soft.

We will continue with the discussion of these cases separately. We choose the reference
frame where momenta of partonsa and b are along thez axis, and we denote a polar angle
of a parton x by ! x .

The collinear case n||a In this case, the energy of the partonn is large,En ! Ea ! Eb,
but the polar angle is small, ! n !

$
" PJ /E 2

a. At the same time the four-momentum of
the parton m is generic, i.e. Em ! Ea and ! m ! 1. Clustering of m and n into a jet is
impossible because the rapidity of the partonn is very large

#n =
1
2

ln
1 + cos! n

1 " cos! n
! "

1
2

ln
" PJ

E 2
a

. (2.12)

Therefore,

R2
mn ! ln2

%
" PJ

E 2
a

&
, (2.13)
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PRODUCTION OF A PHOTON AND A JET

Kinematic configurations, that support the small-jettiness value are: 

1) the  gluon with the smaller transverse momentum becomes very soft;  
2) the  gluon with the smaller transverse momentum becomes  collinear to incoming partons;
3) the two final-state gluons become collinear to each other.  

To treat collinear emissions properly, we need to specify the relation between the N-jettiness value     and the jet 
radius      and the transverse-momentum jet cut       .      
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We assume that                                           which implies that collinear initial-state emissions are never clustered
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into the final-state jets, and that collinear final-state emissions are always clustered into the final-state jet.

Initial-state radiation FInal-state radiation 



THE SOFT CONTRIBUTION

The soft contribution corresponds to                .  The N-jettiness function simplifies  slightly, but it still differs  between clustered 
and not clustered cases.   Momenta are redefined, in the same way as for the color-singlet case. There is a simple way to write 
the matrix element squared with next-to-leading power accuracy in the soft limit. 
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Since the jet momentumqj depends on whether partons are clustered into a jet or not,
there are two possible ways forqj to transform under the soft boost and rescaling. They
are

qj = pm + pn = ! ! ! 1
s pj + k, if clustered,

qj = pm = ! ! ! 1
s pj , if not clustered.

(3.19)

The one-jettiness function also di" ers for the two cases. However, since

pm ápn = ( ! ! ! 1
s pj ) ák = pj ák + O(k3), (3.20)

we Þnd that the following equation holds

T1(qj ) = min
!

2pak
Pa

,
2pbk
Pb

,
2pj k
PJ

"
+ "qj ,p[mn]

2pj k
PJ

, (3.21)

and no O(k) corrections appear in the expression for the one-jettiness.

To compute d#s/ d$ through Þrst subleading correction in $, we need to expand all
the relevant quantities in the integrand in Eq. (3.17) to Þrst subleading order in the gluon
energy%k. This includes the expansion of the matrix element squared, the observable and
also the function # (Rmn, qj ) which gets modiÞed because the angular distance between
partons j and k, and m and k is not the same. We will start with the discussion of the
matrix element.

The next-to-soft correction to the squared matrix element can be obtained from the
extension of the Burnett-Kroll-Low theorem [99, 100] to QCD. For the processqøq ! &+ j ,
such a study was performed in Ref. [76], where it was shown that, with the required
accuracy, the squared matrix element for this process can be written in the following way

g! 2
s |M| 2(pa, pb, pm, k, ÷p! ) "

#
CF #

CA

2

$
2pa ápb

pa ák pb ák
|M 0(pa + "pa,b, pb + "pb,a, pm, ÷p! )|2

+
CA

2
2pa ápm

pa ák pm ák
|M 0(pa + "pa,j , pb, pm # "pm,a, ÷p! )|2

+
CA

2
2pb ápm

pb ák pm ák
|M 0|2(pa, pb + "pb,m, pm # "pm,b, ÷p! )|2.

(3.22)

The momenta shifts in Eq. (3.22) read

"pl,m = #
1
2

#
k +

pm ák
pl ápm

pl #
pl ák

pl ápm
pm

$
. (3.23)

They satisfy the following equations

"pl,m + "pm,l = # k, (pl ± "pl,m )2 = ± 2pl á"pl,m + O(k2) = O(k2). (3.24)

These equations ensure that with the next-to-soft accuracy, all momenta that appear in
the matrix element M 0 in Eq. (3.22) are on-shell, and that the momentum conservation is
satisÞed, provided that equation

pa + pb = pm + ÷p! + k, (3.25)
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s pj + k, if clustered,

qj = pm = ! ! ! 1
s pj , if not clustered.
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The one-jettiness function also di" ers for the two cases. However, since

pm ápn = ( ! ! ! 1
s pj ) ák = pj ák + O(k3), (3.20)

we Þnd that the following equation holds

T1(qj ) = min
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2pak
Pa
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2pbk
Pb

,
2pj k
PJ

"
+ "qj ,p[mn]

2pj k
PJ

, (3.21)

and no O(k) corrections appear in the expression for the one-jettiness.

To compute d#s/ d$ through Þrst subleading correction in $, we need to expand all
the relevant quantities in the integrand in Eq. (3.17) to Þrst subleading order in the gluon
energy%k. This includes the expansion of the matrix element squared, the observable and
also the function # (Rmn, qj ) which gets modiÞed because the angular distance between
partons j and k, and m and k is not the same. We will start with the discussion of the
matrix element.

The next-to-soft correction to the squared matrix element can be obtained from the
extension of the Burnett-Kroll-Low theorem [99, 100] to QCD. For the processqøq ! &+ j ,
such a study was performed in Ref. [76], where it was shown that, with the required
accuracy, the squared matrix element for this process can be written in the following way

g! 2
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2pa ápb

pa ák pb ák
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CA

2
2pa ápm
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+
CA

2
2pb ápm

pb ák pm ák
|M 0|2(pa, pb + "pb,m, pm # "pm,b, ÷p! )|2.

(3.22)
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3.2 The soft contribution

We consider the case when the partonn is soft, which means that its energy is of order! .
We note that this kinematic conÞguration has to be considered for the case when partons
m and n are clustered into a jet, and for the case when they are not. Our starting point is
Eq. (2.21) that we repeat here for convenience

d" s
O

d!
= N ! 1

!
d! (pa, pb|pm, pn, ÷p! )|M| 2(pa, pb; pm, pn, ÷p! )

! " (Rmn, qj ) #(! " T1(qj )) O(qj , ÷p! ).
(3.12)

We note that the normalization factor in Eq. ( 3.12) coincides with the one for the
leading order processqøq # g + $. This means that

N ! 1 d! ab
! j |M 0(pa, pb, pj , p! )|2 = ø" 0 d! ab

! j
(1 " 2%+ 2%2 " &)

2%(1 " %)
, (3.13)

and we will use this equation for simplifying some computations in what follows.
We also note that we have written the photon momentum in Eq. (3.12) as ÷p! . This

is done on purpose since, because of Lorentz transformations, this momentum will be
redeÞned as we proceed with the calculation, and we would like to reserve the notationp!

for the photon momentum appearing in the Þnal equations.
The soft contribution corresponds to the scalingpn $ ! . For the sake of convenience,

in what follows we will refer to pn as k. To construct the expansion around the soft limit,
we deÞne the four-momentum

Pab = pa + pb, (3.14)

and perform a boost and a rescaling to remove the momentumk from the energy-momentum
conservation constraint pa + pb = pm + k + p! , which is implicitly present in Eq. ( 3.12). We
write

' Pµ
ab = [ # s]µ" (Pab " k)" . (3.15)

The matrix # s in the above equation is the Lorentz boost. The rescaling parameter' ,
computed through Þrst order in k $ ! , reads

' % 1 "
Pab ák

P2
ab

. (3.16)

Performing the boost, and using the phase-space modiÞcation in the soft limit com-
puted in Ref. [91], we Þnd

d" s
O

d!
= N ! 1

!
d! ab

j ! [dk]
"

1 + 2&
Pab ák

P2
ab

#
" (Rmn, qj )

! |M| 2(pa, pb; ' # ! 1
s pj , k, ' # ! 1

s p! ) #(! " T1(qj )) O(qj , ' # ! 1
s p! ),

(3.17)

where pm = ' # ! 1
s pj , ÷p! = ' # ! 1

s p! and p2
j = p2

! = 0. Furthermore,

[dk] = d ( k ( 1! 2#
k

$ d! 2

2(2) )d! 1 [d$ k],
$
# ! 1

s

%
µ" = gµ" "

kµP"
ab " Pµ

abk
"

P2
ab

+ O(k2). (3.18)
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The soft case E n ! 0 Finally, we need to discuss the soft case whereEn ! ! . Then
p! ,n " p! ,m ! p! ,cut , and conditions that ensure these requirements can be dropped. At
the same time, since the soft gluonn can be emitted at an arbitrary angle, it is impossible
to say a priori whether it will be clustered into a jet together with m, or not. Because of
this, we write the soft contribution in such a way, that both clustered and non-clustered
cases can be described. The soft contribution reads

d" s
O

d!
= N " 1

!
d! (pa, pb|pm, pn, p! )|M| 2(pa, pb; pm, pn, p! )

# " (Rmn, qj ) #(! $ T1(qj )) O(qj , p! ),
(2.21)

whereqj is the momentum of the identiÞed jet, and" (Rmn, qj ) is the remnant of the angular
distance of the jet algorithms deÞned as follows

" (Rmn, qj ) = $(Rmn $ R) #qj ,pm + $(R $ Rmn) #qj ,p[mn] . (2.22)

The one-jettiness function reads

T1(qj ) = min
"

2papn

Pa
,
2pbpn

Pb
,
2pmpn

PJ

#
+ #qj ,p[mn]

2pmpn

PJ
. (2.23)

The last term distinguishes between the clustered and the non-clustered cases.

Computational strategy To compute the various contributions, we adopt the strategy
discussed in Ref. [91], where we constructed Lorentz transformations for di#erent cases,
used them to factorize the phase space for the photon and the two partons with the power
accuracy, and expanded the squared matrix element and the observable functions around
soft and collinear limits. In Ref. [91] we developed a process-independent procedure to
expand the matrix element for the production of a color-singlet Þnal state. For simplicity,
in this paper we make use of the explicit form of the matrix element for theqøq % %+ g+ g
process, to construct an expansion in the soft and collinear limits.

The required Lorentz transformations for the casesn||a and n||b, as well as for the
case when the partonn is soft, are discussed in detail in Ref. [91]. The new technical
element required here is the momenta mappings for the collinearm||n case. We describe
these mappings in AppendixA.

3 Power corrections to the ! +jet production in the qøq ! g! channel

3.1 Leading order

We consider the partonic process

q(pa) + øq(pb) % %(p! ) + g(pj ), (3.1)

and associate the Þnal-state gluon with a jet. The di#erential cross section of the process
in Eq. (3.1) reads

d" 0 =
NcQ2

q(egs)2

2sN 2
c

!
d! ab

! j

$

col,pol

|M 0|2(pa, pb, pj , p! )
4Nc(Qqegs)2 O(pj , p! ), (3.2)
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THE SOFT CONTRIBUTION: ANGULAR DISTANCE MODIFICATION

A new element in the soft contribution is the modification of the ``angular distance’’          between partons. It  is a finite 
contribution, that describes soft emissions moving from clustered to unclustered jet configurations as the result of recoil.  It is 
finite because it happens on the boundary between regions and this prevents partons from developing collinear singularities.    

<latexit sha1_base64="wVnEk3gkYVap/BYY4oAvBQyiERY="></latexit>

Rmn

The original ! ! " distance refers to partonsm and n. We have identiÞedn with k,
but the momentum of m is expressed through the (large) momentumpj and additional
k-dependent terms. Hence, as explained in AppendixB, in the center-of-mass frame of the
colliding partons pa,b, the following relation holds

Rmn = Rjk +
#k"

s
R jka , (3.36)

where #k # $ is the (small) energy of the gluonk. Indices of the function R indicate that
it depends on%nj , %nk and %na. Explicitly, this function reads

R jka =
1

sin2 &j
[%nk $ %nj ] á

!
' Rjk

'" j
%na !

' Rjk

'! j
[%na $ %nj ]

"
, (3.37)

where &j and " j are the polar and azimuthal angles of the partonj . The derivation of
Eq. (3.37) is provided in Appendix B. It follows that

! (Rmn, qj ) = ! (Rjk , qj ) +
#k"

s
Rjka ( (R ! Rjk )

#
(qj ,pj ! ( qj ,p[mn]

$
+ O($2). (3.38)

The Þrst term on the the right-hand side of Eq. (3.38) is not power-suppressed; it will
have to be combined with corrections to the matrix element, the observable and the phase
space. Therefore, this term will contribute both at leading and at next-to-leading order in
the expansion in$.

On the contrary, the O(#k/
"

s) term in Eq. ( 3.38) is already power-suppressed; it
involves two contributions with opposite signs which depend on whether the two gluons
are clustered into a jet or not. Since this is a power-suppressed contribution already, the
clustering issue is only relevant for thejettiness function, where the di" erence between the
two cases in the soft limit is a leading order e" ect.

Therefore, the power correction that originates from the expansion ofRmn in Eq. (3.38)
reads

d) s,R
O

d$
= g2

s N ! 1
%

d# ab
j ! [dk] |M 0|2(pa, pb; pj , p! ) O(pj , p! ) ( (R ! Rjk )

$ S1(%nk)
1

#k
"

s
R jka (( ($ ! #k* nc(%nk)) ! ( ($ ! #k* c(%nk))) ,

(3.39)

where the functions* nc,c refer to non-clustered and clustered deÞnitions of the one-jettiness
function, respectively. They read

* nc = min
&

2Ea+ak

Pa
,
2Eb+bk

Pb
,
2Ej +jk

PJ

'
, * c = * nc +

2Ej +jk

PJ
. (3.40)

Integrating over #k in Eq. (3.39), taking the , % 0 limit and separating the integration
over directions of the vector%k, we obtain

d) s,R
O

d$
=

- s

2.
ø) 0

%
d# ab

j !
1 ! 2/ + 2 / 2

2/ (1 ! / )
O(pj , p! ) FR(%na, %nb, %nj ), (3.41)
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We note that this kinematic conÞguration has to be considered for the case when partons
m and n are clustered into a jet, and for the case when they are not. Our starting point is
Eq. (2.21) that we repeat here for convenience

d" s
O

d!
= N ! 1

!
d! (pa, pb|pm, pn, ÷p! )|M| 2(pa, pb; pm, pn, ÷p! )

! " (Rmn, qj ) #(! " T1(qj )) O(qj , ÷p! ).
(3.12)

We note that the normalization factor in Eq. ( 3.12) coincides with the one for the
leading order processqøq # g + $. This means that

N ! 1 d! ab
! j |M 0(pa, pb, pj , p! )|2 = ø" 0 d! ab

! j
(1 " 2%+ 2%2 " &)

2%(1 " %)
, (3.13)

and we will use this equation for simplifying some computations in what follows.
We also note that we have written the photon momentum in Eq. (3.12) as ÷p! . This

is done on purpose since, because of Lorentz transformations, this momentum will be
redeÞned as we proceed with the calculation, and we would like to reserve the notationp!

for the photon momentum appearing in the Þnal equations.
The soft contribution corresponds to the scalingpn $ ! . For the sake of convenience,

in what follows we will refer to pn as k. To construct the expansion around the soft limit,
we deÞne the four-momentum

Pab = pa + pb, (3.14)

and perform a boost and a rescaling to remove the momentumk from the energy-momentum
conservation constraint pa + pb = pm + k + p! , which is implicitly present in Eq. ( 3.12). We
write

' Pµ
ab = [ # s]µ" (Pab " k)" . (3.15)

The matrix # s in the above equation is the Lorentz boost. The rescaling parameter' ,
computed through Þrst order in k $ ! , reads

' % 1 "
Pab ák

P2
ab

. (3.16)

Performing the boost, and using the phase-space modiÞcation in the soft limit com-
puted in Ref. [91], we Þnd
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The soft case E n ! 0 Finally, we need to discuss the soft case whereEn ! ! . Then
p! ,n " p! ,m ! p! ,cut , and conditions that ensure these requirements can be dropped. At
the same time, since the soft gluonn can be emitted at an arbitrary angle, it is impossible
to say a priori whether it will be clustered into a jet together with m, or not. Because of
this, we write the soft contribution in such a way, that both clustered and non-clustered
cases can be described. The soft contribution reads

d" s
O

d!
= N " 1

!
d! (pa, pb|pm, pn, p! )|M| 2(pa, pb; pm, pn, p! )

# " (Rmn, qj ) #(! $ T1(qj )) O(qj , p! ),
(2.21)

whereqj is the momentum of the identiÞed jet, and" (Rmn, qj ) is the remnant of the angular
distance of the jet algorithms deÞned as follows

" (Rmn, qj ) = $(Rmn $ R) #qj ,pm + $(R $ Rmn) #qj ,p[mn] . (2.22)

The one-jettiness function reads

T1(qj ) = min
"

2papn

Pa
,
2pbpn

Pb
,
2pmpn

PJ

#
+ #qj ,p[mn]

2pmpn

PJ
. (2.23)

The last term distinguishes between the clustered and the non-clustered cases.

Computational strategy To compute the various contributions, we adopt the strategy
discussed in Ref. [91], where we constructed Lorentz transformations for di#erent cases,
used them to factorize the phase space for the photon and the two partons with the power
accuracy, and expanded the squared matrix element and the observable functions around
soft and collinear limits. In Ref. [91] we developed a process-independent procedure to
expand the matrix element for the production of a color-singlet Þnal state. For simplicity,
in this paper we make use of the explicit form of the matrix element for theqøq % %+ g+ g
process, to construct an expansion in the soft and collinear limits.

The required Lorentz transformations for the casesn||a and n||b, as well as for the
case when the partonn is soft, are discussed in detail in Ref. [91]. The new technical
element required here is the momenta mappings for the collinearm||n case. We describe
these mappings in AppendixA.

3 Power corrections to the ! +jet production in the qøq ! g! channel

3.1 Leading order

We consider the partonic process

q(pa) + øq(pb) % %(p! ) + g(pj ), (3.1)

and associate the Þnal-state gluon with a jet. The di#erential cross section of the process
in Eq. (3.1) reads

d" 0 =
NcQ2

q(egs)2

2sN 2
c

!
d! ab

! j

$

col,pol

|M 0|2(pa, pb, pj , p! )
4Nc(Qqegs)2 O(pj , p! ), (3.2)
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The original ! ! " distance refers to partonsm and n. We have identiÞedn with k,
but the momentum of m is expressed through the (large) momentumpj and additional
k-dependent terms. Hence, as explained in AppendixB, in the center-of-mass frame of the
colliding partons pa,b, the following relation holds

Rmn = Rjk +
#k"

s
R jka , (3.36)

where #k # $ is the (small) energy of the gluonk. Indices of the function R indicate that
it depends on%nj , %nk and %na. Explicitly, this function reads

R jka =
1

sin2 &j
[%nk $ %nj ] á

!
' Rjk

'" j
%na !

' Rjk

'! j
[%na $ %nj ]

"
, (3.37)

where &j and " j are the polar and azimuthal angles of the partonj . The derivation of
Eq. (3.37) is provided in Appendix B. It follows that

! (Rmn, qj ) = ! (Rjk , qj ) +
#k"

s
Rjka ( (R ! Rjk )

#
(qj ,pj ! ( qj ,p[mn]

$
+ O($2). (3.38)

The Þrst term on the the right-hand side of Eq. (3.38) is not power-suppressed; it will
have to be combined with corrections to the matrix element, the observable and the phase
space. Therefore, this term will contribute both at leading and at next-to-leading order in
the expansion in$.

On the contrary, the O(#k/
"

s) term in Eq. ( 3.38) is already power-suppressed; it
involves two contributions with opposite signs which depend on whether the two gluons
are clustered into a jet or not. Since this is a power-suppressed contribution already, the
clustering issue is only relevant for thejettiness function, where the di" erence between the
two cases in the soft limit is a leading order e" ect.

Therefore, the power correction that originates from the expansion ofRmn in Eq. (3.38)
reads

d) s,R
O

d$
= g2

s N ! 1
%

d# ab
j ! [dk] |M 0|2(pa, pb; pj , p! ) O(pj , p! ) ( (R ! Rjk )

$ S1(%nk)
1

#k
"

s
R jka (( ($ ! #k* nc(%nk)) ! ( ($ ! #k* c(%nk))) ,

(3.39)

where the functions* nc,c refer to non-clustered and clustered deÞnitions of the one-jettiness
function, respectively. They read

* nc = min
&

2Ea+ak

Pa
,
2Eb+bk

Pb
,
2Ej +jk

PJ

'
, * c = * nc +

2Ej +jk

PJ
. (3.40)

Integrating over #k in Eq. (3.39), taking the , % 0 limit and separating the integration
over directions of the vector%k, we obtain

d) s,R
O

d$
=

- s

2.
ø) 0

%
d# ab

j !
1 ! 2/ + 2 / 2

2/ (1 ! / )
O(pj , p! ) FR(%na, %nb, %nj ), (3.41)
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where

FR =
1

!
s

!
d! k

2!
" (R " Rjk ) S1(#nk) R jka

"
1

$nc(#nk)
"

1
$c(#nk)

#
. (3.42)

We have mentioned above that, when writing Eq. (3.41), we have taken the %# 0 limit.
To justify this step, we note that the " -function " (R " Rjk ) in Eq. ( 3.42) depends on the
polar and azimuthal angles of the gluonk, and the integration over directions of the gluon
momentum cannot produce collinear singularities. To perform it, we integrate Þrst over
the gluon azimuthal angle &k and Þnd

FR =
R

2!
!

s

1!

! 1

d cos' k$
R2 " (( k " ( j )2

2%

! =1

S1(#n(! )
k )

$ R jka (#na, #n(! )
k , #nj )

&
1

$nc(#n(! )
k )

"
1

$c(#n
(! )
k )

'

'
"

! "
(

R2 " (( k " ( j )2

#
.

(3.43)

The sum runs over two solutions for the azimuthal angle of the vector#nk. The parametriza-
tion reads

#n(! )
k = (sin ' k cos&(! )

k , sin ' k sin&(! )
k , cos' k ), (3.44)

where
&(! )

k = mod( &j ±
(

R2 " (( k " ( j )2, 2! ). (3.45)

Remaining contributions The remaining soft contributions involve modiÞcations of
the matrix element, the phase space and the observables, but not the angular measure of
the clustering algorithm. Putting everything together, we write the result in the following
way

d) s
O

d*
= N ! 1[+s]

!
d" ab

" j
d, k

, 1+2 #
k

[d! k ] |M 0|2(pa, pb; pj , p" ) # (Rjk , qj ) " (* " T (qj ))

$

)

S1(#nk)
*

1 +
, k!

s

+
2%"

%

x" j, "

,
pµ

x +
!

s
2

ökµ "
- kx

2
Pµ

ab

-
. px ,µ

+ ' (R " Rjk )
!

sökµ . pj ,µ

./
O(pj , p" ) +

, k!
s

S2(#nk)O(pj , p" )

0

,

(3.46)

where all terms beyond next-to-leading-power corrections in* have been omitted. Similarly
to what has been discussed earlier, we integrate over the gluon energy, k using the fact
that the one-jettiness function is linear in it, c.f. Eq. ( 3.39). However, instead of employing
functions $c,nc introduced earlier, we write

T (qj ) = , k$k(#nk), (3.47)
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R2
m,n = ( ! m ! ! n)2 ! f 2

! (" m ! " n)

The soft case E n ! 0 Finally, we need to discuss the soft case whereEn ! ! . Then
p! ,n " p! ,m ! p! ,cut , and conditions that ensure these requirements can be dropped. At
the same time, since the soft gluonn can be emitted at an arbitrary angle, it is impossible
to say a priori whether it will be clustered into a jet together with m, or not. Because of
this, we write the soft contribution in such a way, that both clustered and non-clustered
cases can be described. The soft contribution reads

d" s
O

d!
= N " 1

!
d! (pa, pb|pm, pn, p! )|M| 2(pa, pb; pm, pn, p! )

# " (Rmn, qj ) #(! $ T1(qj )) O(qj , p! ),
(2.21)

whereqj is the momentum of the identiÞed jet, and" (Rmn, qj ) is the remnant of the angular
distance of the jet algorithms deÞned as follows

" (Rmn, qj ) = $(Rmn $ R) #qj ,pm + $(R $ Rmn) #qj ,p[mn] . (2.22)

The one-jettiness function reads

T1(qj ) = min
"

2papn

Pa
,
2pbpn

Pb
,
2pmpn

PJ

#
+ #qj ,p[mn]

2pmpn

PJ
. (2.23)

The last term distinguishes between the clustered and the non-clustered cases.

Computational strategy To compute the various contributions, we adopt the strategy
discussed in Ref. [91], where we constructed Lorentz transformations for di#erent cases,
used them to factorize the phase space for the photon and the two partons with the power
accuracy, and expanded the squared matrix element and the observable functions around
soft and collinear limits. In Ref. [91] we developed a process-independent procedure to
expand the matrix element for the production of a color-singlet Þnal state. For simplicity,
in this paper we make use of the explicit form of the matrix element for theqøq % %+ g+ g
process, to construct an expansion in the soft and collinear limits.

The required Lorentz transformations for the casesn||a and n||b, as well as for the
case when the partonn is soft, are discussed in detail in Ref. [91]. The new technical
element required here is the momenta mappings for the collinearm||n case. We describe
these mappings in AppendixA.

3 Power corrections to the ! +jet production in the qøq ! g! channel

3.1 Leading order

We consider the partonic process

q(pa) + øq(pb) % %(p! ) + g(pj ), (3.1)

and associate the Þnal-state gluon with a jet. The di#erential cross section of the process
in Eq. (3.1) reads

d" 0 =
NcQ2

q(egs)2

2sN 2
c

!
d! ab

! j

$

col,pol

|M 0|2(pa, pb, pj , p! )
4Nc(Qqegs)2 O(pj , p! ), (3.2)
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THE SOFT CONTRIBUTION: OTHER TERMS

In other soft terms, after momentum transformation, we expose the dependence on the gluon energy by expanding the phase 
space and the matrix element. 

3.2 The soft contribution

We consider the case when the partonn is soft, which means that its energy is of order! .
We note that this kinematic conÞguration has to be considered for the case when partons
m and n are clustered into a jet, and for the case when they are not. Our starting point is
Eq. (2.21) that we repeat here for convenience

d" s
O

d!
= N ! 1

!
d! (pa, pb|pm, pn, ÷p! )|M| 2(pa, pb; pm, pn, ÷p! )

! " (Rmn, qj ) #(! " T1(qj )) O(qj , ÷p! ).
(3.12)

We note that the normalization factor in Eq. ( 3.12) coincides with the one for the
leading order processqøq # g + $. This means that

N ! 1 d! ab
! j |M 0(pa, pb, pj , p! )|2 = ø" 0 d! ab

! j
(1 " 2%+ 2%2 " &)

2%(1 " %)
, (3.13)

and we will use this equation for simplifying some computations in what follows.
We also note that we have written the photon momentum in Eq. (3.12) as ÷p! . This

is done on purpose since, because of Lorentz transformations, this momentum will be
redeÞned as we proceed with the calculation, and we would like to reserve the notationp!

for the photon momentum appearing in the Þnal equations.
The soft contribution corresponds to the scalingpn $ ! . For the sake of convenience,

in what follows we will refer to pn as k. To construct the expansion around the soft limit,
we deÞne the four-momentum

Pab = pa + pb, (3.14)

and perform a boost and a rescaling to remove the momentumk from the energy-momentum
conservation constraint pa + pb = pm + k + p! , which is implicitly present in Eq. ( 3.12). We
write

' Pµ
ab = [ # s]µ" (Pab " k)" . (3.15)

The matrix # s in the above equation is the Lorentz boost. The rescaling parameter' ,
computed through Þrst order in k $ ! , reads

' % 1 "
Pab ák

P2
ab

. (3.16)

Performing the boost, and using the phase-space modiÞcation in the soft limit com-
puted in Ref. [91], we Þnd

d" s
O

d!
= N ! 1

!
d! ab

j ! [dk]
"

1 + 2&
Pab ák

P2
ab

#
" (Rmn, qj )

! |M| 2(pa, pb; ' # ! 1
s pj , k, ' # ! 1

s p! ) #(! " T1(qj )) O(qj , ' # ! 1
s p! ),

(3.17)

where pm = ' # ! 1
s pj , ÷p! = ' # ! 1

s p! and p2
j = p2

! = 0. Furthermore,

[dk] = d ( k ( 1! 2#
k

$ d! 2

2(2) )d! 1 [d$ k],
$
# ! 1

s

%
µ" = gµ" "

kµP"
ab " Pµ

abk
"

P2
ab

+ O(k2). (3.18)
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The soft case E n ! 0 Finally, we need to discuss the soft case whereEn ! ! . Then
p! ,n " p! ,m ! p! ,cut , and conditions that ensure these requirements can be dropped. At
the same time, since the soft gluonn can be emitted at an arbitrary angle, it is impossible
to say a priori whether it will be clustered into a jet together with m, or not. Because of
this, we write the soft contribution in such a way, that both clustered and non-clustered
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The last term distinguishes between the clustered and the non-clustered cases.
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expand the matrix element for the production of a color-singlet Þnal state. For simplicity,
in this paper we make use of the explicit form of the matrix element for theqøq % %+ g+ g
process, to construct an expansion in the soft and collinear limits.
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element required here is the momenta mappings for the collinearm||n case. We describe
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holds.
According to Eq. (3.17), we need to compute the matrix element for boosted and

rescaled momenta. We will make use of the fact that the mass dimension of the|M 0|2 is
zero (see Eq. (3.8)), and that it is boost-invariant. Then, the following equation holds

|M 0(pa, pb, ! ! ! 1
s pj , ! ! ! 1

s p! )|2 = |M 0(! ! 1! spa, ! ! 1! spb, pj , p! )|2. (3.26)

It is easy to check, using explicit formula for the boost and the rescaling that

! ! 1! spa = pa ! "pa,b, ! ! 1! spb = pb ! "pb,a, (3.27)

where"pa,b and "pb,a are deÞned in Eq. (3.23). Then, through next-to-soft terms, Eq. ( 3.22)
becomes
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(3.28)

where we have used the fact thatk á(! ! ! 1
s pj ) = k ápj with the required accuracy,

c.f. Eq. (3.20). We stress that momenta in Eq. (3.28) satisfy the leading-order energy-
momentum conservation equation

pa + pb = pj + p! . (3.29)

Furthermore, we note a peculiar fact that the momenta transformations removed the next-
to-soft correction from the (a, b) dipole, whereas such corrections do remain in the (a, j )
and (b, j ) dipoles.

Eq. (3.28) provides a suitable starting point for computing the required expansion of
the real-emission squared matrix element in the soft limit through subleading power. We
use explicit form of the leading-order matrix element squared Eq. (3.8) and Þnd
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"
,

(3.30)

where
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%ak%bk
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%ak%jk
+

2%bj
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"
,

S2($nk) = CA
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%ab

%ak%bk
!

%aj

%ak%jk
!

%bj

%bk%jk
!

2
%jk

"
,

(3.31)

and %xy = 1 ! $nx á$ny. We stress that in deriving Eq. (3.30) no &-dependent terms have
been neglected.
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Integration over the gluon energy removes the 1-jettiness constraint and leads to power-like collinear singularities in 
clustered and non-clustered cases. They are dealt with using subtractions, in clustered and non-clustered contributions. 
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T1(qj ) = ! k " c,nc

which allows us to proceed without indicating whether we deal with the clustered or the
unclustered case, until later. Integrating over ! k , we Þnd
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d#
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d! ab

" j [d" k ] %2!
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sökµ ) pj ,µ

()
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#
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S2(&nk)O(pj , p" )

*
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(3.48)

It remains to integrate Eq. (3.48) over &nk. This step is non-trivial because the inte-
gration is divergent, and the structure of divergences depends on whether the gluons have
been clustered in a jet or not.

Indeed, if the clustering happens, the function# (Rjk , qj ) restricts the integration over
the gluon angle to the region around&nk||&nj , which implies that this is the only direction
that can cause collinear singularities in this case. On the contrary, if no clustering occurs,
the only possible collinear conÞgurations are&nk||&na and &nk||&nb.

To extract the singularities, and to re-write the integral in Eq. ( 3.48) in such a way that
non-trivial integrations can be performed in three dimensions, we employ the methodology
of local subtractions. Although it is fairly straightforward to construct the subtraction
terms, the present case is somewhat special because in the subleading terms the collinear
singularities are power-like. To see this, we note that in Eq. (3.48) functions S1,2(&nk) have
linear singularities in the collinear limits (c.f. Eq. ( 3.31)), leading to usual logarithmic
singularities when the integration over directions of &nk is performed. However, in the
subleading terms these singularities are further ampliÞed by singularities caused by the
presence of the function 1/ %k in the integrand. We explain below how suitable subtraction
terms can be constructed in this case as well.

The clustered case We begin by considering the clustered case where the only sin-
gular direction is &nk||&nj . To subtract this singularity, we need to expand the integrand
in Eq. (3.48) around this limit. Since the one-jettiness function, as well as the function
*(R # Rjk ) do not change in the vicinity of the collinear limit, we can replace them with
their limiting values, %k $ 2Ej ( jk /P J and *(R # Rjk ) $ 1, for the purpose of subtract-
ing both leading- and next-to-leading collinear singularities. It remains to expandS1,2(&nk)
through constant terms in the ( jk $ 0 limit. We Þnd

S1(&nk) =
2CA

( kj
+

CF

+(1 # +)
+

CA '
1 # '

(1 # 2+ + 2+2)
+(1 # +)

+ O(( jk ),

S2(&nk) = #
4CA

( kj
#

CA '
1 # '

(1 # 2+ + 2+2)
+(1 # +)

+ O(( jk ).
(3.49)

To obtain these expressions, we constructed the expansion ofS1,2 in ( jk , and integrated
the obtained expressions over components of&nk, which are transversal to the direction of
&nj . While one can perform this integration in the subtraction term, when the di$erence of
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COLLINEAR CONTRIBUTIONS

There are three collinear contributions, they describe emissions along the incoming partons and the emission along the final-state 
hard gluon.   Emissions along incoming partons are always unclustered,  emissions  along the outgoing parton are always 
clustered. 

The initial-state emissions are dealt with in a manner which is similar to what we discussed for the production of a color-
neutral final state. 

The final-state emissions require a new type of momenta redefinition which, however, is well-known from fixed-order 
perturbative methodology.

The jet and photon momenta are parametrized using the Sudakov decomposition as in
Eq. (3.5) but with pb replaced with xpb, and s replaced with xs.

Similar to the n||a case, the collinear expansion generates power divergences in the
x ! 1 limit; these divergences are dealt with using integration by parts, as discussed in
the preceding section. Hence, without further ado, we just note that results for then||b
case can be obtained from Eqs (3.80) and (3.81) by applying the following replacements

pa " pb, ! " 1 # ! , Pa " Pb, d! xa,b " d! a,xb. (3.87)

3.5 The case n||m

As explained in Section2, we assume that the relation between the one-jettiness value"
and the jet radius R is such, that when the smallest scalar product ispm ápn, partons m
and n are clustered into a jet. Hence, in this case, the expression for the cross section reads

d#mn
O

d"
= N ! 1

!
d! (pa, pb|pm, pn, ÷p! )|M| 2(pa, pb; pm, pn, ÷p! )$(p" ,m # p" ,n)

$ %
"

" #
4pmpn

PJ

#
O(p[mn], ÷p! ),

(3.88)

where p[mn] = pm + pn is the jet four-momentum.
To simplify Eq. ( 3.88), we use the symmetry of the integrand with respect tom " n

exchange, to remove the transverse momentum ordering$(p" ,m # p" ,n), and divide the
cross section by two. We then use the momentum mapping described in AppendixA to
write Eq. ( 3.88) in the following way

d#mn
O

d"
=

N ! 1

2
" d! 2

"

4(2&)d! 2

!
d! ab

! j
dsmn

2&
s! "

mn ' 1! 2" d( m [d" d! 2
" ] (( m(1 # ( m)) ! "

$ |M| 2(pa, pb; pm, pn, ' p! ) %
"

" #
2smn

PJ

#
O(pj + (1 # ' )p! , ' p! ),

(3.89)

where smn = 2pm ápn and ' = 1 # smn/s . The vectors pj and p! are light-like. We
emphasize that pj is not the jet momentum as follows from the Þrst argument of the
observable functionO. Furthermore, the ÒoriginalÓ photon momentum ÷p! and the ÒÞnalÓ
photon momentum p! are proportional, but not equal, to each other, i.e. ÷p! = ' p! .

The rest of the computation involves the expansion of the matrix element squared, and
the observable around the collinear limit. To perform it, we use the Sudakov decomposition
of pm,n in terms of pj, ! . As shown in Appendix A, the following equations hold

pm = ( m pj +
smn

s
(1 # ( m)p! +

$
smn( m(1 # ( m)n" ,

pn = (1 # ( m)pj +
smn

s
( mp! #

$
smn( m(1 # ( m)n" ,

(3.90)

where n" ápj, ! = 0.
We have to use this decomposition in the matrix element squared in Eq. (3.89) and

expand it in smn % " . Such expansion generates terms of the form

pa,b án" , (pa,b án" )2. (3.91)
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p2
j = p2

! = 0

The  momentum of the jet is                              , and its  invariant mass is             .
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! = 1 !
smn

s

Displayed  representation is suitable for  expanding  the integrand in powers of                   . 
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write Eq. ( 3.88) in the following way

d#mn
O

d"
=

N ! 1

2
" d! 2

"

4(2&)d! 2

!
d! ab

! j
dsmn

2&
s! "

mn ' 1! 2" d( m [d" d! 2
" ] (( m(1 # ( m)) ! "

$ |M| 2(pa, pb; pm, pn, ' p! ) %
"

" #
2smn

PJ

#
O(pj + (1 # ' )p! , ' p! ),

(3.89)

where smn = 2pm ápn and ' = 1 # smn/s . The vectors pj and p! are light-like. We
emphasize that pj is not the jet momentum as follows from the Þrst argument of the
observable functionO. Furthermore, the ÒoriginalÓ photon momentum ÷p! and the ÒÞnalÓ
photon momentum p! are proportional, but not equal, to each other, i.e. ÷p! = ' p! .

The rest of the computation involves the expansion of the matrix element squared, and
the observable around the collinear limit. To perform it, we use the Sudakov decomposition
of pm,n in terms of pj, ! . As shown in Appendix A, the following equations hold
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where n" ápj, ! = 0.
We have to use this decomposition in the matrix element squared in Eq. (3.89) and

expand it in smn % " . Such expansion generates terms of the form

pa,b án" , (pa,b án" )2. (3.91)
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NUMERICAL CHECKS

We check the final result numerically by comparing computations at small finite      with the result of the analytic expansion. We 
focus on  the cross section for the photon + jet production, which involves a cut on the jet transverse momentum. We find a very 
satisfactory agreement for the power-suppressed terms. 
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numerical NLO cross sections! num ("max , "min ); the important point is that di ! erent number
of terms in the " -expansion are retained in the analytic results shown there. It is clear from
the plot that the inclusion of full next-to-leading-power corrections extends the region of
the # values, where the numerical and analytical results agree, indicating the correctness
of the latter.

Figure 1 . The comparison of the ÒexactÓ cross section! num (c.f. Eq. (3.107) and its various
approximations obtained by di! erent truncations of the expansion in smallN -jettiness. The analytic
approximations including the leading-power (LP) contributions, the LP + leading-logarithmic (LL)
next-to-leading-power (NLP) correction, and the LP + full NLP corrections. The three curves in
the plot become indistinguishable for" < 10! 3.

4 Conclusions

In this paper we have derived, for the very Þrst time, the subleading power corrections in
the one-jettiness variable to a process with the Þnal-state jet. We focused on the partonic
processqøq ! $ + j since it is su" ciently simple to directly work with the relevant matrix
elements, and it does not require the photon-isolation procedure to get a physical result.
We employed a fully-realistic k! jet algorithm in this study.

We have shown that the method for computing power corrections developed by us in
Ref. [91] to describe production of arbitrary color-singlet Þnal states in hadron collisions,
remains e! ective also for processes with Þnal-state jets. Key elements of this approach are
momenta redeÞnitions and Lorentz transformations; they are familiar from the discussion
of general subtraction schemes at NLO and NNLO (see [101] and references therein).

Our study of power corrections can be extended in several ways in the future. First, in
this paper we have relied on the explicit form of the matrix element and did not attempt
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p! ,cut (GeV)
CNLP,LL CNLP,NLL

analytic Þtted analytic Þtted

20 32.00 32.0(3) 69.27(6) 71(1)
25 20.25 20.1(3) 31.29(3) 31.9(9)
30 13.88 13.9(3) 14.13(3) 14.5(8)

Table 1 . Comparison of the subleading coe! cients CNLP,LL and CNLP,NLL obtained using the Þt
against the analytic calculation for di" erent cuts on the jetÕs transverse momenta. See text for
further details.

Verifying that the two results actually agree provides a check on the next-to-leading-power
corrections reported in this paper.

We note that it is challenging to check the correctness of the next-to-leading-power
corrections with decent accuracy; the reason is that the integral in Eq. (3.107) is dominated
by the double- and single-logarithmic, leading-power contributions. Our strategy is to
subtract them from ! num ("max , "min ) by considering

ø! num ("max , "min ) = ! num ("max , "min ) !

! max!

! min

d"
d! LP

" j

d"
O(pj ), (3.109)

and Þt ø! which receives contributions from the subleading terms only. To present the
results, we write the higher-order power corrections in the following form

"
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d! LP
" j
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#

= ln # CNLP,LL + CNLP,NLL + # ln # CNNLP,LL

+ # CNNLP,NLL + á á á,

(3.110)

where # = " /
"

s and the ellipses indicate the neglected power corrections at higher orders
in the expansion in #.

We determine the C-coe! cients in Eq. (3.110) by Þtting ø! num computed for #min =
10" 5 and choosingO(40) points for #max from the interval #max # [5$ 10" 5, 5$ 10" 3]. We
note that we do not Þt all the C-coe! cients in Eq. (3.110) simultaneously. Instead, we Þrst
extract the leading-log coe! cient CNLP,LL from data and verify its consistency with the
analytic result. Once this is accomplished, we assume that theCNLP,LL is correct, subtract
it from ø! num ("max , "min ) and Þt the di" erence for the coe! cient CNLP ,NLL . The value of the
obtained coe! cient CNLP ,NLL is then compared to the analytic results derived this paper,
c.f. Eqs (3.103) and (3.104).

The comparison of the numerical and analytic results for the power corrections is shown
in Table 1 for di" erent values of the transverse-momentum cut. It follows from Table1
that the agreement is quite impressive, especially given the smallness of the sub-leading
contributions in the region of the Þt.

Another useful illustration of the correctness of the next-to-leading-power corrections
computed in this paper is provided in Figure 1. There we plot ratios of analytic and
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SUMMARY

I discussed two things in this talk:  
1) calculation of zero-jettiness  power corrections to the production of an arbitrary colorless final state in quark collisions at 

NLO QCD;

2) calculation of 1-jettiness power corrections to the production of a photon and a jet for a realistic jet-clustering algorithm at 
NLO QCD.

It is useful to think about N-jettiness as an implicit infra-red safe observable with the known behaviour in the collinear and soft 
limits; partitioning the phase space, that allows one to write the N-jettiness without the minimum function, is not necessary.

For the linear power corrections one still needs to deal with soft and collinear radiation only (for  fairly smooth observables). 
Momenta redefinitions, familiar from fixed-order perturbative computations, allow factorization of a generic phase space 
with subleading-power accuracy. 

For further progress, a better understanding of the  collinear expansion of a generic matrix element through  second subleading 
power in the transverse momentum is required. At this level,  the usual idea of factorization of a universal function and a matrix 
element of low multiplicity or its derivatives (as in the soft case)  starts being violated. 

Also, the expansion of generic observables in collinear limits needs to be optimized; one needs two derivatives and this makes 
it difficult to write next-to-leading power corrections in a way that allows computations for all observables in one go — a 
routine practice in leading-power computations. 

Although this sounds simple, it has never been done before (and not because no one cared..).


