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Abstract

Fixed-order computations of QCD amplitudes in general kinematics are limited to either one, two or three loops, 
depending on the number of particles produced. This strongly motivates our theoretical research programme 
aimed at understanding the behaviour of quark and gluon scattering amplitudes in special kinematic limits, in 
which new factorization and exponentiation properties arise.  A particularly interesting limit is the Regge limit, 
where major simplifications take place. A remarkable property of this limit is the exponentiation of energy 
logarithms, a phenomenon known as gluon Reggeization, leading to power-like dependence on the energy. This 
phenomenon can be investigated by establishing rapidity evolution equations. The dynamics is markedly more 
complex in full QCD, where colour off-diagonal evolution, generated by multi-Reggeon interactions, gives rise to 
Regge cuts, as compared to the planar limit, where this structure collapses onto a single Regge pole. 
Understanding this evolution facilitated in recent years the formulation of an effective two-dimensional theory of 
Reggeized gluons. Combining this with recent progress in 2 → 2 and 2 → 3 amplitude computations, we are now 
able to determine key ingredients beyond the next-to-leading tower of logarithms, such as the three-loop gluon 
Regge trajectory and the two-loop central-emission vertex. These, in turn, can be used to predict the structure of 
other multi-leg amplitudes and to determine the kernel of rapidity evolution to the next unknown order.  

QCD Scattering in the Regge Limit  



Wealth of new experimental data on QCD

• The Large Hadron Collider provides  
a wealth of data at  

• New energy regime is being explored 

• Multi-jet events are abundant  

• Heavy Ion programme explores  
high gluon density regime 

• Much more data is expected in the  
high-luminosity phase (from 2028)

s ≃ 14 TeV

Strong motivation to develop thorough theoretical understanding and computation methods
Excellent prospects to study QCD, e.g. jets, hadronization, kinematic limits,…  



Inspiration: cross section in proton-proton scattering

Figure from review by Pancheri and Srivastava.  
Data and model compilation 


by D. Fagundes, A. Grau and O. Shekhovtsova


•  The total cross section (measured in cosmic  
 rays and colliders) rises with energy  

• : the (forward) amplitude is  

growing as a power of the energy for . 

• Despite the large energy ,  receives  
contributions of small momentum exchange   

• Elastic and inelastic (jet)  
cross sections can be computed  
perturbatively if . 

• We consider  
We shall study  perturatively, but will not be able to address the growth of  
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Figure by Michael Fucilla

parton density evolution in  and in rapidityQ2

•DGLAP (Dokshitzer-Gribov-Lipatov-Altarelli-Parisi) evolution 
resums logarithms of   

•BFKL (Balitsky-Fadin-Kuraev-Lipatov) evolution resums 
energy logarithms (= rapidity  )  
 
The high-gluon-density saturation regime requires a  
generalisation: Balitsky-JIMWLK (Jalilian-Marian, Iancu, 
McLerran, Weigert, Leonidov and Kovner) 
non-linear evolution in rapidity 

Q2/μ2
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We shall study the consequences of this non-linear evolution on the  
amplitude perturbatively, but not address the saturation regime



Motivation

• Understand the high-energy behaviour of quark and gluon scattering amplitudes in full colour 

• Study the exponentiation of high-energy logarithms 

• Connect rapidity evolution equations to properties of scattering amplitudes 

• Establish connection with Regge poles and cuts in the complex angular momentum plane 

• Understand the interplay between the Regge limit and soft gluon exponentiation 

QCD scattering in the Regge limit  



Outline of the talk

• Inspiration: QCD at LHC   
• Amplitudes in the Regge limit: 
✓  Reggeization; factorization and its violation 
✓  Towards an effective two-dimensional theory from rapidity evolution 
    (will not discuss alternative approaches, such as Glauber-SCET).      

• Radiative corrections at the Loops and Legs frontier: 

✓   Disentangling pole from cut at NNLL in signature-odd 2 → 2 amplitudes 
✓   Determining the Lipatov Vertex at 2 loops

QCD Scattering in the Regge Limit



The Regge limit of 2 → 2 gauge-theory amplitudes
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Impact factorReggeized gluon

• Regge theory: the amplitude should be dominated by the t-channel exchange of the particle  
with the highest spin,           .  

• QCD: Simplification at leading power in t/s: helicity is conserved,  
and indeed, t-channel gluon exchange is dominant.  

• Reggeization (Regge-pole): 
 
resumming all terms:  

• Factorization: 

[αs(−t) ln ( s
−t )]

n
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The high-energy limit of 2 → 2 gauge-theory amplitudes


• This holds for the real part of the amplitude through NLL.  
Beyond that it is violated by non-planar corrections associated with multi-Reggeon 
exchange forming Regge cuts. These effects are now better understood. 
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•  The gluon Regge trajectory can be computed in perturbation theory. At one loop: 

• Regge-pole factorization amounts to a relation between gg→gg,  qg→qg,  qq→qq  



2 → 2 amplitudes: signature and reality properties

• Regge theory is based on expressing the t-channel amplitude as a sum over states with a 

given angular momentum   , and analytically continuing to the s channel. The latter requires 
separating between even and odd values of   , leading to even/odd signature. 

• Defining signature even and odd amplitudes under            
 

• The spectral representation of the amplitude implies:
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• Expanding the amplitude in the signature-symmetric log,   ,  
the coefficients in          are imaginary, while in          real.  
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The singularity structure of 2 → 2 amplitudes in the 
complex angular momentum plane: pole vs. cut
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• The signature-odd amplitude admits
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• Reggeization of the signature-odd amplitude (NLL): a manifestation of a pure Regge pole.



Signature, number of Reggeons and t-channel colour flow

• The signature odd and even sectors decouple
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odd even 

• Bose symmetry in gg → gg correlates odd/even signature      
with odd/even colour representations in the t channel.   
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<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t <latexit sha1_base64="5sCDq7HmTCSoLQjfqTcRhCXf7tU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhx7G/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2HXjeA=</latexit>

!<latexit sha1_base64="s8/qbN7E6idaeuA1LPI1k9/guPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4ZONAA==</latexit>s <latexit sha1_base64="5sCDq7HmTCSoLQjfqTcRhCXf7tU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhx7G/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2HXjeA=</latexit>!
<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="5sCDq7HmTCSoLQjfqTcRhCXf7tU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhx7G/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2HXjeA=</latexit>

!

• odd/even signature amplitude is governed by 
the exchange of an odd/even number of Reggeons.

More generally we use channel colour operators:
<latexit sha1_base64="YMT2woJ8eO/prJlZU9FiWU9syhE="></latexit>

T2
t is even, T2

s�u ⌘ T2
s �T2

u

2
is odd

<latexit sha1_base64="gMjjvBRo4v+oaGUzbcZpWrKuYjQ="></latexit>

Mij!ij
Regge����! M(�)

ij!ij +M(+)
ij!ij



Signature-odd amplitudes: Regge-pole factorisation and its breaking

two-loop Regge trajectory

one-loop impact factors

<latexit sha1_base64="odLZz+aV2eExtTgkwHSPxjetJz8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh4LXvRWwX5Am5bJdtMu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zM82POlHacbyu3tr6xuZXfLuzs7u0fFA+PmipKJKENEvFItn1UlDNBG5ppTtuxpBj6nLb88c3Mbz1SqVgkHvQkpl6IQ8ECRlAbqddFHo+wP+ylZfd82i+WnIozh71K3IyUIEO9X/zqDiKShFRowlGpjuvE2ktRakY4nRa6iaIxkjEOacdQgSFVXjq/emqfGWVgB5E0JbQ9V39PpBgqNQl90xmiHqllbyb+53USHVx7KRNxoqkgi0VBwm0d2bMI7AGTlGg+MQSJZOZWm4xQItEmqIIJwV1+eZU0LyruZaV6Xy3V7rI48nACp1AGF66gBrdQhwYQkPAMr/BmPVkv1rv1sWjNWdnMMfyB9fkDzM2SFg==</latexit>

↵(1)
g

<latexit sha1_base64="qsq4jRkktdfFqPpNVw06ZRS8FPE=">AAAB83icbVDLTgJBEOzFF+IL9ehlIjGBC9klRD2ScNEbJvJIYCWzwwAjs4/M9JqQDb/hxYPGePVnvPk3DrAHBSvppFLVne4uL5JCo21/W5mNza3tnexubm//4PAof3zS0mGsGG+yUIaq41HNpQh4EwVK3okUp74nedub1Od++4krLcLgHqcRd306CsRQMIpG6tX7jw9JsVKaFbHUzxfssr0AWSdOSgqQotHPf/UGIYt9HiCTVOuuY0foJlShYJLPcr1Y84iyCR3xrqEB9bl2k8XNM3JhlAEZhspUgGSh/p5IqK/11PdMp09xrFe9ufif141xeO0mIohi5AFbLhrGkmBI5gGQgVCcoZwaQpkS5lbCxlRRhiamnAnBWX15nbQqZeeyXL2rFmq3aRxZOINzKIIDV1CDG2hAExhE8Ayv8GbF1ov1bn0sWzNWOnMKf2B9/gBvFJCs</latexit>

C(2)
j (t)

<latexit sha1_base64="WYf7fBBn7nM3MeHrrbS1ACKOobc=">AAAB83icbVBNT8JAEJ3iF+IX6tFLIzGBC2kJUY8kXPSGiSAJVLJdtrBhu212pyak4W948aAxXv0z3vw3LtCDgi+Z5OW9mczM82PBNTrOt5Xb2Nza3snvFvb2Dw6PiscnHR0lirI2jUSkuj7RTHDJ2shRsG6sGAl9wR78SXPuPzwxpXkk73EaMy8kI8kDTgkaqd8c8Me0XKvMylgZFEtO1VnAXiduRkqQoTUofvWHEU1CJpEKonXPdWL0UqKQU8FmhX6iWUzohIxYz1BJQqa9dHHzzL4wytAOImVKor1Qf0+kJNR6GvqmMyQ41qveXPzP6yUYXHspl3GCTNLloiARNkb2PAB7yBWjKKaGEKq4udWmY6IIRRNTwYTgrr68Tjq1qntZrd/VS43bLI48nME5lMGFK2jADbSgDRRieIZXeLMS68V6tz6WrTkrmzmFP7A+fwBth5Cr</latexit>

C(2)
i (t)

<latexit sha1_base64="81g6Hg0l2orApp925V6Dn8evEmI=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBHqpSRa1GPBi94q2A9o0zLZbtqlm03Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5fsyZ0o7zba2srq1vbOa28ts7u3v7hYPDhooSSWidRDySLR8V5UzQumaa01YsKYY+p01/dDP1m49UKhaJBz2OqRfiQLCAEdRG6naQx0PsDbpp6eJs0isUnbIzg71M3IwUIUOtV/jq9COShFRowlGptuvE2ktRakY4neQ7iaIxkhEOaNtQgSFVXjq7emKfGqVvB5E0JbQ9U39PpBgqNQ590xmiHqpFbyr+57UTHVx7KRNxoqkg80VBwm0d2dMI7D6TlGg+NgSJZOZWmwxRItEmqLwJwV18eZk0zsvuZblyXylW77I4cnAMJ1ACF66gCrdQgzoQkPAMr/BmPVkv1rv1MW9dsbKZI/gD6/MHz9mSGA==</latexit>

↵(3)
g

<latexit sha1_base64="T7Wa4NIh4FjZEVEfrXkIZga+JV4=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHBC9klRD2SeNEbJgImsJDeYRYmzD4yM6shG/7DiweN8eq/ePNvHGAPClbSSaWqO91dXiy40rb9beXW1jc2t/LbhZ3dvf2D4uFRS0WJpKxJIxHJBw8VEzxkTc21YA+xZBh4grW98fXMbz8yqXgU3utJzNwAhyH3OUVtpF4XRTzC/rCXlqvn036xZFfsOcgqcTJSggyNfvGrO4hoErBQU4FKdRw71m6KUnMq2LTQTRSLkY5xyDqGhhgw5abzq6fkzCgD4kfSVKjJXP09kWKg1CTwTGeAeqSWvZn4n9dJtH/lpjyME81CuljkJ4LoiMwiIAMuGdViYghSyc2thI5QItUmqIIJwVl+eZW0qhXnolK7q5Xqt1kceTiBUyiDA5dQhxtoQBMoSHiGV3iznqwX6936WLTmrGzmGP7A+vwBzlOSFw==</latexit>

↵(2)
g

<latexit sha1_base64="w/vsuCbU+U/qOO7DibBfyN6s+Fk=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoOQXMKuBPUYyEVvEcwDkjXMTmaTIbMPZnqFsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7vFgKjbb9beU2Nre2d/K7hb39g8Oj4vFJW0eJYrzFIhmprkc1lyLkLRQoeTdWnAae5B1v0pj7nSeutIjCB5zG3A3oKBS+YBSN1G8MxGNadiqzMlYGxZJdtRcg68TJSAkyNAfFr/4wYknAQ2SSat1z7BjdlCoUTPJZoZ9oHlM2oSPeMzSkAdduurh5Ri6MMiR+pEyFSBbq74mUBlpPA890BhTHetWbi/95vQT9GzcVYZwgD9lykZ9IghGZB0CGQnGGcmoIZUqYWwkbU0UZmpgKJgRn9eV10r6sOlfV2n2tVL/L4sjDGZxDGRy4hjrcQhNawCCGZ3iFNyuxXqx362PZmrOymVP4A+vzB2v+kKo=</latexit>

C(1)
i (t)

<latexit sha1_base64="HrpUnBj6o+hXqfLK3lQmMvxX4bw=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBCSS9iVoB4DuegtgnlAsobZyWwyZvbBTK8QlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXF0uh0ba/rbX1jc2t7dxOfndv/+CwcHTc0lGiGG+ySEaq41HNpQh5EwVK3okVp4Enedsb12d++4krLaLwHicxdwM6DIUvGEUj9er9x4e05JSnJSz3C0W7Ys9BVomTkSJkaPQLX71BxJKAh8gk1brr2DG6KVUomOTTfC/RPKZsTIe8a2hIA67ddH7zlJwbZUD8SJkKkczV3xMpDbSeBJ7pDCiO9LI3E//zugn6124qwjhBHrLFIj+RBCMyC4AMhOIM5cQQypQwtxI2oooyNDHlTQjO8surpHVRcS4r1btqsXabxZGDUziDEjhwBTW4gQY0gUEMz/AKb1ZivVjv1seidc3KZk7gD6zPH22LkKs=</latexit>

C(1)
j (t)

three-loop Regge trajectory

two-loop impact factors

Regge factorisation breaking 
(starting at 2 loops) can be 

inferred from comparing  
gg→gg,  qg→qg,  qq→qq 

amplitudes

 


But until recently unknown 
how to account for it

[Del Duca, Glover ’01]

Ta Tb Tc

Ta Tb Tc

k
1

k
2

k
3

one-loop Regge trajectory

Colour octet exchange in the t channel: single Reggeon

<latexit sha1_base64="XJYdub4ARTnFxnl/3tV93t0RfKg="></latexit>

M(�)
ij!ij = Ci(t) e

↵g(t)CA L Cj(t)Mtree
ij!ij + MR

<latexit sha1_base64="5sCDq7HmTCSoLQjfqTcRhCXf7tU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhx7G/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2HXjeA=</latexit>!
<latexit sha1_base64="s8/qbN7E6idaeuA1LPI1k9/guPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4ZONAA==</latexit>s

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t

<latexit sha1_base64="5sCDq7HmTCSoLQjfqTcRhCXf7tU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhx7G/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2HXjeA=</latexit>

!

<latexit sha1_base64="59CokUlVJhIGeB7XqujbTNtp350=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSK0C0siRV0W3bisYB/Q1DKZTpKhk0mYuRFK6De48VfcuFDErSt3/o2TtgttPXAvh3PuZeYeL+FMgW1/G4WV1bX1jeJmaWt7Z3fP3D9oqziVhLZIzGPZ9bCinAnaAgacdhNJceRx2vFG17nfeaBSsVjcwTih/QgHgvmMYNDSwKy6mCchHqh74fI4yDv1oeL6EpNMTbJTmLiSBSFUB2bZrtlTWMvEmZMymqM5ML/cYUzSiAogHCvVc+wE+hmWwAink5KbKppgMsIB7WkqcERVP5ueNLFOtDK0/FjqEmBN1d8bGY6UGkeenowwhGrRy8X/vF4K/mU/YyJJgQoye8hPuQWxledjDZmkBPhYE0wk03+1SIh1GqBTLOkQnMWTl0n7rOac1+q39XLjah5HER2hY1RBDrpADXSDmqiFCHpEz+gVvRlPxovxbnzMRgvGfOcQ/YHx+QNUfJ6G</latexit>

↵n
s logn

✓
s

�t

◆

<latexit sha1_base64="2OsPkJn7Sr9eqrHyqH1yEDL+XVQ=">AAACFnicbVBNS8NAEN34WetX1KOXYBHqoSWRoh6LXjxWsB/QpGWz3bRLN5uwOxFKyK/w4l/x4kERr+LNf+O2zUFbHww83pthZp4fc6bAtr+NldW19Y3NwlZxe2d3b988OGypKJGENknEI9nxsaKcCdoEBpx2Yklx6HPa9sc3U7/9QKVikbiHSUy9EA8FCxjBoKW+WXExj0e4r3rC5dGwl4qKk7mcBlB2A4lJqrK0Apkr2XAEZ32zZFftGaxl4uSkhHI0+uaXO4hIElIBhGOluo4dg5diCYxwmhXdRNEYkzEe0q6mAodUeensrcw61crACiKpS4A1U39PpDhUahL6ujPEMFKL3lT8z+smEFx5KRNxAlSQ+aIg4RZE1jQja8AkJcAnmmAimb7VIiOs0wCdZFGH4Cy+vExa51Xnolq7q5Xq13kcBXSMTlAZOegS1dEtaqAmIugRPaNX9GY8GS/Gu/Exb10x8pkj9AfG5w8tcKAE</latexit>

↵n
s logn�1

✓
s

�t

◆

<latexit sha1_base64="w4gCoQRQ89ibM3WtPQv3jKrnpz8=">AAACFnicbVDLSsNAFJ3UV62vqks3wSLURUtSirosunFZwT6gScNkOmmHTiZh5kYoIV/hxl9x40IRt+LOv3H6WGjrgQuHc+7l3nv8mDMFlvVt5NbWNza38tuFnd29/YPi4VFbRYkktEUiHsmujxXlTNAWMOC0G0uKQ5/Tjj++mfqdByoVi8Q9TGLqhngoWMAIBi15xYqDeTzCnuoLh0fDfioqtczhNICyE0hMUpWlFcgcyYYjOPeKJatqzWCuEntBSmiBplf8cgYRSUIqgHCsVM+2YnBTLIERTrOCkygaYzLGQ9rTVOCQKjedvZWZZ1oZmEEkdQkwZ+rviRSHSk1CX3eGGEZq2ZuK/3m9BIIrN2UiToAKMl8UJNyEyJxmZA6YpAT4RBNMJNO3mmSEdRqgkyzoEOzll1dJu1a1L6r1u3qpcb2II49O0CkqIxtdoga6RU3UQgQ9omf0it6MJ+PFeDc+5q05YzFzjP7A+PwBLw6gBQ==</latexit>

↵n
s logn�2

✓
s

�t

◆

LL

NLL

NNLL

[Del Duca, Falcioni, Magnea, Vernazza  ’14]

Regge factorization and violation:



The shock-wave formalism and non-linear rapidity evolution 

• The colliding particles are replaced by (sets of) infinite lightlike Wilson lines 
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Provides complete separation between the light-cone directions 
and the transverse plane: 2-dimensional dynamics



Towards an effective theory: Defining the Reggeon  

• In the perturbative regime                it is natural to expand in terms of 
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• Scattered particles are expanded in states of a definite number of Reggeons  

• Amplitudes are governed by rapidity evolution  
between the target and projectile:

Simon Caron-Huot (2013)
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Computing multi-Regge exchanges using non-linear rapidity evolution  
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Signature-odd 2 → 2 amplitudes: understanding the NNLL tower
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Signature odd 2 → 2 amplitude at NNLL:  Regge pole and cut

 
 
                      must be universal (gg, gq, qq) to be absorbed in the factorizing pole term.      

                      cannot contribute beyond 3 loops: the NNLL Regge pole term has no free parameters! 
 
 
 Indeed, at 4 loops planar Multi Regge contributions conspire to cancel! 

<latexit sha1_base64="Qnmr78TareDhVLUJJfHAkzGMf24="></latexit>
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<latexit sha1_base64="j2pTnOS+HlH/OjM9EE7OIrfglEc="></latexit>
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<latexit sha1_base64="cTr0+EaqPlP5b6Fy22+GqUngPU8="></latexit>
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planar

<latexit sha1_base64="cTr0+EaqPlP5b6Fy22+GqUngPU8="></latexit>
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ij!ij
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planar

Falcioni, EG, Maher, Milloy, Vernazza   
Phys.Rev.Lett. 128 (2022) 13, 13; 
JHEP 03 (2022) 053 

Requiring that the Regge cut  
is strictly non-planar fixes   
the separation between  
Regge pole vs. Regge cut 
 
 



Signature odd amplitude at NNLL: Regge pole and cut properties

All-order structure through NNLL for any gauge theory, any representation:

Regge pole-factorized Regge cut: breaks factorization
<latexit sha1_base64="HQkinLo/mrRmZTp27AIN2a2jCZ8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhDiJexKUI/BXDxGMA9IljA7mU3GzM4sM71CCPkHLx4U8er/ePNvnCR70MSChqKqm+6uMBHcoOd9O2vrG5tb27md/O7e/sFh4ei4aVSqKWtQJZRuh8QwwSVrIEfB2olmJA4Fa4Wj2sxvPTFtuJIPOE5YEJOB5BGnBK3UrPV4CS96haJX9uZwV4mfkSJkqPcKX92+omnMJFJBjOn4XoLBhGjkVLBpvpsalhA6IgPWsVSSmJlgMr926p5bpe9GStuS6M7V3xMTEhszjkPbGRMcmmVvJv7ndVKMboIJl0mKTNLFoigVLip39rrb55pRFGNLCNXc3urSIdGEog0ob0Pwl19eJc3Lsn9VrtxXitXbLI4cnMIZlMCHa6jCHdShARQe4Rle4c1Rzovz7nwsWtecbOYE/sD5/AGwBo6P</latexit>

Ci(t)

<latexit sha1_base64="xZtkYm2ISziut3MUIN1Mge9P51E=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY7MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvBpD73209UaSbFo5nG1I/wULCQEWys1Kr3x2Vz2S+W3Iq7AFonXkZKkKHRL371BpIkERWGcKx113Nj46dYGUY4nRV6iaYxJhM8pF1LBY6o9tPFtTN0YZUBCqWyJQxaqL8nUhxpPY0C2xlhM9Kr3lz8z+smJrz1UybixFBBlovChCMj0fx1NGCKEsOnlmCimL0VkRFWmBgbUMGG4K2+vE5aVxXvulJ9qJZqd1kceTiDcyiDBzdQg3toQBMIjOEZXuHNkc6L8+58LFtzTjZzCn/gfP4AsY2OkA==</latexit>

Cj(t)

<latexit sha1_base64="jNohcoWDA1ISm6UznsqZOkWZs94=">AAAB8nicbVBNS8NAEN34WetX1aOXYBHqpSRS1GPRi8cK9gPSUCbbbbt0sxt2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelAhu0PO+nbX1jc2t7cJOcXdv/+CwdHTcMirVlDWpEkp3IjBMcMmayFGwTqIZxJFg7Wh8N/PbT0wbruQjThIWxjCUfMApoJWCLohkBL1hBS96pbJX9eZwV4mfkzLJ0eiVvrp9RdOYSaQCjAl8L8EwA42cCjYtdlPDEqBjGLLAUgkxM2E2P3nqnlul7w6UtiXRnau/JzKIjZnEke2MAUdm2ZuJ/3lBioObMOMySZFJulg0SIWLyp397/a5ZhTFxBKgmttbXToCDRRtSkUbgr/88ippXVb9q2rtoVau3+ZxFMgpOSMV4pNrUif3pEGahBJFnskreXPQeXHenY9F65qTz5yQP3A+fwCtYZDe</latexit>

↵g(t)
<latexit sha1_base64="s8/qbN7E6idaeuA1LPI1k9/guPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4ZONAA==</latexit>s

<latexit sha1_base64="4mSRiAOC1HPbUsbyd7QN48TyFAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4xeNAQ==</latexit>

t <latexit sha1_base64="5sCDq7HmTCSoLQjfqTcRhCXf7tU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhx7G/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2HXjeA=</latexit>

!

<latexit sha1_base64="5sCDq7HmTCSoLQjfqTcRhCXf7tU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhx7G/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2HXjeA=</latexit>!

✓single Reggeon; colour octet 
✓dominant in planar limit 
✓Trajectory and impact factors at NNLL are fully fixed  

by matching to (qq, gg, qg) scattering amplitudes*

<latexit sha1_base64="/UxqiSMgCmvrGlsMgzS0sJCkBD8="></latexit>
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✓multiple Reggeons; various colour reps. 
✓suppressed in planar limit 
✓proportional to (iπ)2

✓no dependence on the matter content:     
the same for any gauge theory!

✓Sensitive to soft singularities beyond  
the dipole formula. 

*  3-loop Amplitudes: Caola, Chakraborty, Gambuti, von Manteuffel, Tancredi, JHEP 10 (2021) 206] 
                                  Caola et al. Phys.Rev.Lett. 128 (2022) 21, 21 
   Falcioni, EG, Maher, Milloy, Vernazza, Phys.Rev.Lett. 128 (2022) 13, 13; JHEP 03 (2022) 053 



Regge-pole factorisation for multi-leg amplitudes in MRK

Multi-Regge Kinematics (MRK) 
<latexit sha1_base64="9lXMWf69/ipJq1enssDmnuvLGFk=">AAAB73icbVBNS8NAEJ34WetX1aOXYBHqpSRS1GOxF48V7Ae0IWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiu0XG+rbX1jc2t7cJOcXdv/+CwdHTc1nGqKGvRWMSqGxDNBJeshRwF6yaKkSgQrBOMGzO/88SU5rF8wEnCvIgMJQ85JWikbsPnFfTlhV8qO1VnDnuVuDkpQ46mX/rqD2KaRkwiFUTrnusk6GVEIaeCTYv9VLOE0DEZsp6hkkRMe9n83ql9bpSBHcbKlER7rv6eyEik9SQKTGdEcKSXvZn4n9dLMbzxMi6TFJmki0VhKmyM7dnz9oArRlFMDCFUcXOrTUdEEYomoqIJwV1+eZW0L6vuVbV2XyvXb/M4CnAKZ1ABF66hDnfQhBZQEPAMr/BmPVov1rv1sWhds/KZE/gD6/MHNTCPcA==</latexit>

Ci(tn)

<latexit sha1_base64="61coTHuriRs4QuGDh2J6oLeSKBY=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHBC9k1RD0SuXjERB4JbDazwyyMzD6c6TUhhJ/w4kFjvPo73vwbB9iDgpV0UqnqTneXn0ih0ba/rdza+sbmVn67sLO7t39QPDxq6ThVjDdZLGPV8anmUkS8iQIl7ySK09CXvO2P6jO//cSVFnF0j+OEuyEdRCIQjKKROnXvoYyec+4VS3bFnoOsEicjJcjQ8IpfvX7M0pBHyCTVuuvYCboTqlAwyaeFXqp5QtmIDnjX0IiGXLuT+b1TcmaUPgliZSpCMld/T0xoqPU49E1nSHGol72Z+J/XTTG4diciSlLkEVssClJJMCaz50lfKM5Qjg2hTAlzK2FDqihDE1HBhOAsv7xKWhcV57JSvauWajdZHHk4gVMogwNXUINbaEATGEh4hld4sx6tF+vd+li05qxs5hj+wPr8Adn5jzQ=</latexit>

Cj(t1)

<latexit sha1_base64="yRdfdhIPuPao6dVaMm+tQN4WlQs=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBHqpSRS1GPRi8cK9gPaECbbTbt0s4m7m0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZekHCmtON8W2vrG5tb24Wd4u7e/sFh6ei4peJUEtokMY9lJ0BFORO0qZnmtJNIilHAaTsY3c389phKxWLxqCcJ9SIcCBYygtpIXg95MkR/UNG+e+GXyk7VmcNeJW5OypCj4Ze+ev2YpBEVmnBUqus6ifYylJoRTqfFXqpogmSEA9o1VGBElZfNj57a50bp22EsTQltz9XfExlGSk2iwHRGqIdq2ZuJ/3ndVIc3XsZEkmoqyGJRmHJbx/YsAbvPJCWaTwxBIpm51SZDlEi0yaloQnCXX14lrcuqe1WtPdTK9ds8jgKcwhlUwIVrqMM9NKAJBJ7gGV7hzRpbL9a79bFoXbPymRP4A+vzB9oZkYI=</latexit>

↵g(t1)

<latexit sha1_base64="2vosUHERDeFkgYD1D1KQz+2yZF0=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBHqpSRS1GPRi8cK9gPaECbbTbt0s4m7m0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZekHCmtON8W2vrG5tb24Wd4u7e/sFh6ei4peJUEtokMY9lJ0BFORO0qZnmtJNIilHAaTsY3c389phKxWLxqCcJ9SIcCBYygtpIXg95MkR/UNG+uPBLZafqzGGvEjcnZcjR8EtfvX5M0ogKTTgq1XWdRHsZSs0Ip9NiL1U0QTLCAe0aKjCiysvmR0/tc6P07TCWpoS25+rviQwjpSZRYDoj1EO17M3E/7xuqsMbL2MiSTUVZLEoTLmtY3uWgN1nkhLNJ4YgkczcapMhSiTa5FQ0IbjLL6+S1mXVvarWHmrl+m0eRwFO4Qwq4MI11OEeGtAEAk/wDK/wZo2tF+vd+li0rln5zAn8gfX5AzbZkb8=</latexit>

↵g(tn)

<latexit sha1_base64="rhH/mwy63Vc8ViDT73kYDHXjfW8=">AAACAHicbVBNS8NAEN3Ur1q/oh48eAkWoUIpSSnqsejFYwX7AW0Im+2mXbrZhN2JUEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDPPjzlTYNvfRmFtfWNzq7hd2tnd2z8wD486KkokoW0S8Uj2fKwoZ4K2gQGnvVhSHPqcdv3J7czvPlKpWCQeYBpTN8QjwQJGMGjJM086FfCc6iDEMPaDNM68RhW8+oVnlu2aPYe1SpyclFGOlmd+DYYRSUIqgHCsVN+xY3BTLIERTrPSIFE0xmSCR7SvqcAhVW46fyCzzrUytIJI6hJgzdXfEykOlZqGvu6cHaqWvZn4n9dPILh2UybiBKggi0VBwi2IrFka1pBJSoBPNcFEMn2rRcZYYgI6s5IOwVl+eZV06jXnsta4b5SbN3kcRXSKzlAFOegKNdEdaqE2IihDz+gVvRlPxovxbnwsWgtGPnOM/sD4/AEKFJVr</latexit>

V (t1,p4, t2)

<latexit sha1_base64="Q/cH/LDjOpcfV759aXRjNREfDs0=">AAACCHicbVBNS8NAEN3Ur1q/oh49GCxCBS2JFPVY9OKxgv2AtoTNdtMu3WzC7kQoIUcv/hUvHhTx6k/w5r9x0+agrQ8GHu/NMDPPizhTYNvfRmFpeWV1rbhe2tjc2t4xd/daKowloU0S8lB2PKwoZ4I2gQGnnUhSHHictr3xTea3H6hULBT3MIloP8BDwXxGMGjJNQ9bFXATceakp70Aw8jzkyjNBXDFiWuW7ao9hbVInJyUUY6Ga371BiGJAyqAcKxU17Ej6CdYAiOcpqVerGiEyRgPaVdTgQOq+sn0kdQ61srA8kOpS4A1VX9PJDhQahJ4ujM7Vs17mfif143Bv+onTEQxUEFmi/yYWxBaWSrWgElKgE80wUQyfatFRlhiAjq7kg7BmX95kbTOq85FtXZXK9ev8ziK6AAdoQpy0CWqo1vUQE1E0CN6Rq/ozXgyXox342PWWjDymX30B8bnD6CamRo=</latexit>

V (tn�1,pn�1, tn)

<latexit sha1_base64="WtVVLkveaRULEg9uOn1W52LVtO4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPS9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gACbo2h</latexit>p1

<latexit sha1_base64="lfjEq2ZVlSJMUvqhpQemAs6Nhh4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcD8o2i</latexit>p2
<latexit sha1_base64="TnFXd0WF2keaW9dpfuXYmDfv4Fc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdI/75crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb2Lau2uVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsFdo2j</latexit>p3

<latexit sha1_base64="5qqAjw1YTtZ9L4PvUnzbaUEklQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6Rf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEG+o2k</latexit>p4

<latexit sha1_base64="Q0ZbrXQlCdH3CedgMBPNgBy3qDE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2VXinosevFYwX5Au5Rsmm1Ds0lIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUMjLVhDaJ5FJ3ImwoZ4I2LbOcdpSmOIk4bUfju5nffqLaMCke7UTRMMFDwWJGsHVSW/UzcRFM++WKX/XnQKskyEkFcjT65a/eQJI0ocISjo3pBr6yYYa1ZYTTaamXGqowGeMh7ToqcEJNmM3PnaIzpwxQLLUrYdFc/T2R4cSYSRK5zgTbkVn2ZuJ/Xje18U2YMaFSSwVZLIpTjqxEs9/RgGlKLJ84golm7lZERlhjYl1CJRdCsPzyKmldVoOrau2hVqnf5nEU4QRO4RwCuIY63EMDmkBgDM/wCm+e8l68d+9j0Vrw8plj+APv8wcAEI9c</latexit>pn�1

<latexit sha1_base64="/tBr7vbkxkg2g3EnlRi7bM1nRSM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJT/u5mvarNbfuzkFWiVeQGhRo9qtfvUHCspgrZJIa0/XcFIOcahRM8mmllxmeUjamQ961VNGYmyCfHzslZ1YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AI7SO6g==</latexit>pn
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p+3 � p+4 � ... � p+n

p�3 ⌧ p�4 ⌧ ... ⌧ p�n
|p3| ⇠ |p4| ⇠ ... ⇠ |pn|
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target p1 = (0, p�1 ;0)

projectile p2 = (p+2 , 0;0)

strong hierarchy of light-cone components  

Regge (pole) factorization in MRK

Regge (pole) factorization holds in MRK for the 
dispersive (real part) of the amplitudes through NLL; 
established using unitarity [Fadin et al. 2006]

Impact factor

Lipatov vertices

Reggeized gluon

Planar limit: 
• Four- and five-point planar amplitudes have only Regge poles. Essential for the BDS ansatz in SYM. 
• Six and higher-point planar amplitudes have also Regge cuts in some special kinematic regions  
 [Bartels, Lipatov, Sabio Vera (2008)]. All multiplicity planar results are available [Del Duca et al. (2019)]

no ordering of transverse components



2 → 3 amplitudes in multi-Regge kinematics

P1

P2 P3

P4

P5

s12 =
s
x2

s45 =
s1
x

s34 =
s2
x

s15 = t1

s23 = t2

j

i

g

Q2

Q1

• Multi-Regge kinematics: 

<latexit sha1_base64="sca9l0xvUhNG0lvjksfnNcJNXM0="></latexit>

Signature-preserving operator on line i, j: T(++) = (Ta
1 +Ta

5) · (Ta
2 +Ta

3),

Signature-preserving on line i, inverting on j: T(+�) = (Ta
1 +Ta

5) · (Ta
2 �Ta

3),

Signature-preserving on line j, inverting on i: T(�+) = (Ta
1 �Ta

5) · (Ta
2 +Ta

3),

Signature-inverting operator on lines i, j: T(��) = (Ta
1 �Ta

5) · (Ta
2 �Ta

3).
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T2
t1 ⌘ (T1 +T5)

2

T2
t2 ⌘ (T2 +T3)

2

• t-channel colour basis: 
diagonal operators:  

• Signature symmetry operations:  
<latexit sha1_base64="egXKCs1lsC0tXAHCC/zRmB3GA5c="></latexit>

(1 $ 5) ! {s ! �s, s45 ! �s45},
(2 $ 3) ! {s ! �s, s34 ! �s34}.

Del Duca and Schmidt (1998); Del Duca, Duhr, Glover (2009);  
Caron-Huot, Chicherin, Henn, Zhang,  Zoia, JHEP 10 (2020) 188;  
Fadin, Fucilla, Papa (2023) 

s12 →
s12

x2
s45 →

s1

x
s34 →

s2

x
s15 → t1 s23 → t2 for x → 0



2 → 3 amplitudes at one loop: multi-Reggeon contributions
• A new feature compared to 2 → 2 scattering: even and odd signature mix 

 
These have now been eventuated also in the effective multi-Reggeon framework
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+ log
p24
p23p

2
5
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2
5

T(�+) + log
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p23p

2
4

T(+�) +O(✏)

�
M

tree
ij!i0gj0

(a) (b)(a) (b)

(a) (b)

• As in 2 → 2 scattering, at one-loop multi-Reggeon exchanges  
do not affect the odd-odd signature part of the amplitude,  
hence factorization (for the [8,8] component) holds just as at tree level:
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1-loop vertex extracted/computed in Del Duca and Schmidt (1998); Del Duca, Duhr, Glover (2009); Fadin, Fucilla, Papa (2023) 

Tree
One-loop:  signature  
Leading Logarithms

( − , − )

One-loop 
 signature  

No Logarithms (“Next to Leading”) 
( − , − )

One-loop  
, ,  signature  

No Logarithms 
No [8,8] colour component

( − , + ) ( + − ) ( + , + )

Figures from: Buccioni, Caola, Devoto, Gambuti — 2411.14050 [hep-ph] 

Extracting the Lipatov vertex from one-loop amplitudes



Multiple-Reggeon effect in 2 → 3 scattering: two loops

• At two loops there are many contributions of mixed odd-even signature 

(b) (c)

t t

1l

t

(a)

1l

(f)

1l

(e)

1l

t

(d)

t

(a) (b)

• But importantly, there are also odd-odd contributions from multiple Reggeons

These break factorization!



Signature odd-odd 2 → 3 amplitude at two loops 
• Two-loop contributions of odd-odd signature:
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RgR3 +M(2)
R3gR

• These affects the [8,8] colour channel
• Their large-Nc limit is universal



Factorizable and non-factorizable contributions in 2 → 3 amplitudes
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• The [8,8] odd-odd component of the Multi-Reggeon (MR) amplitude, splits into  
Regge-factorizable (planar) terms and non-factorizable terms  
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Abreu, Falcioni, EG, Milloy and Vernazza — Regge poles and cuts and the Lipatov vertex PoS LL2024 (2024) 085 
Buccioni, Caola, Devoto, Gambuti — 2411.14050 [hep-ph] 
Abreu, De Laurentis, Falcioni, EG, Milloy and Vernazza — to appear



Extracting the Lipatov vertex from 2 → 3   signature amplitudes( − , − )

Abreu, Falcioni, EG, Milloy and Vernazza — Regge poles and cuts and the Lipatov vertex PoS LL2024 (2024) 085 
Buccioni, Caola, Devoto, Gambuti — 2411.14050 [hep-ph];  Abreu, De Laurentis, Falcioni, EG, Milloy and Vernazza: to appear

Two-loop : 
Leading Logarithms

( − , − )
Two-loop 

: 
NLL
( − , − )

Two-loop : Next-to-next-to Leading Logarithms ( − , − )

Multi-Reggeon [8,8] contributions

Robust check: we obtained the (same) expression for the 2-loop QCD Lipatov Vertex from all three partonic channels!    

Two-loop amplitudes are available since last year: G. De Laurentis, H. Ita , M. Klinkert, V. Sotnikov 2311.10086, 2311.18752,    
B. Agarwal, F. Buccioni, F. Devoto, G. Gambuti, A. von Manteuffel, L. Tancredi, 2311.09870  



Odd-Odd 2 → 3 amplitude: discontinuity structure

• All-order factorization formula for 2 → 3 amplitudes in  
Multi-Regge kinematics in terms of two real-valued vertex functions 
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• Steinmann relations forbid unitarity cuts in partially overlapping channels. 

• Allowed iterated discontinuities: 
compatible with the signature 
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s12 and s45 or s12 and s34

[Bartels (1980), Fadin and Lipatov (1993),…, Fadin, Fucilla, Papa (2023)]
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Odd-Odd 2 → 3 amplitude

• Equivalently: a single complex-valued vertex   
rapidity variables absorb a phase:
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• All-order factorization formula for 2 → 3 amplitudes in Multi-Regge kinematics in terms  
of two real-valued vertex functions <latexit sha1_base64="ekl7ip2g9EMTktuO4UM8txGlPJI="></latexit>vR, vL
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Complex-valued vertex: properties

z

z̄

z = 0 z = 1

z̄ = 1

z̄ = 0

z = z̄

z + z̄ = 1

Figure 2. Lines in the z and z̄ plane identifying the position of physical (z = 0, 1 and z̄ = 0, 1)
and spurious (z = z̄ and z + z̄ = 1) singularities of the Lipatov vertex (or the amplitude at
MRK). The physical singularities (drawn in blue) represent the zeros of the squared transverse
momentum t1 or t2 of (2.9) carried by the Reggeized gluons (additional singularities appear when
these invariant diverge, at z ! 1 and z̄ ! 1). The spurious singularity at z = z̄ (in red)
represents, at the level of the amplitude, the limit where tr5 ⌘ �4 i ✏µ⌫�⇢P

µ
1 P

⌫
2 P

�
3 P

⇢
5 = 0, as can

be seen from eq. (2.11); this corresponds to the situation where all 5 parton 3-momenta are lying
in a plane, or alternatively that the three transverse momenta of the vertex are aligned, i.e. admit:
(q1 · q2)2 � |q1|2|q2|2 = |p4|4(z � z̄)2/4 = 0. Finally, spurious singularity at z + z̄ = 1 (in olive
green) corresponds to the soft limit where |p4|2 ! 0 and t1 = t2 ⌘ t.

and we shall now focus on describing the structure of v(1)(t1, t2, |p4|2).
The complexity of the Lipatov vertex is essentially just due to its dependence on the

three transverse momenta q1,q2 and p4. This is encoded in an analytic function of the

complex conjugate pair of variables z and z̄, introduced in eq. (2.8). Figure 2 describes

the location of singularities and potential singularities of the vertex as a function of z

and z̄. The lines z = 0, 1 and z̄ = 0, 1 in the (z, z̄) plane mark the physical singularities

of the amplitude. These lines correspond to the poles associated to the Reggeized gluon

propagators with virtualities t1 and t2 going on shell. There are two more regions in the

(z, z̄) plane associated to potential singularities of the amplitude. One is the line z = z̄,

where the invariant tr5, defined in eq. (2.3), vanishes to leading power in the multi-Regge

limit, following eq. (2.11). Finally, the line z+ z̄ = 1 corresponds to the soft limit, in which

the momentum p4 of the gluon radiated at central rapidity vanishes and the virtualities

of the Reggeized gluons are identical, i.e. t1 = t2 ⌘ t. In this limit z and z̄ develop large

imaginary parts:

Soft limit: z(z̄) ! 1

2
± i

s
�t

|p4|2
� 1

4
, p4 ! 0 (3.3)

However, no physical singularity occurs on z = z̄ or on z+ z̄ = 1, which are only associated

– 17 –
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(q1 · q2)2 � |q1|2|q2|2

|p4|2/4
= (z � z̄)2 ! 0
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q2i = ti < 0 p24 = 0

• Absence of discontinuities in physical kinematics ( ) 
implies that the transcendental functions  in the complex 
vertex should be Single-Valued GPLs 

• The reality of  and target-projectile symmetry  
imply definite  and  symmetry properties

z = z̄*
f(z, z̄)

vL and vR
z ↔ z̄ z ↔ 1 − z

• 2-dim momenta:   <latexit sha1_base64="i0RgmzL7b+3vXsXaf53DU4zQNCo="></latexit> �t1
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• Symbol alphabet:  

• Rational factors may have spurious singularities on the lines 
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Contributions to BFKL kernel at increasing logarithmic accuracy

Multiple parton Central Emission Vertices at : 2-gluon CeV in sYM: Byrne, Del Duca, Dixon, EG, Smillie 2204.12459 
and on-going work with De Laurentis, Byrne, Del Duca, Mo, Smillie  

Leading  
Order

Next to  
Leading Order

Next to next to 
Leading Order



(1) Rapidity evolution equations (2 dim!) facilitate efficient computation in the (multi) Regge limit

NLL for signature even 2 → 2 amplitudes (all orders) 
NNLL for signature odd 2 → 2 amplitudes (so far to four loops)  
NNLL for signature odd-odd 2 → 3 amplitudes (so far to two loops) 

(2)  Regge-pole factorization violations in 2 → 2 and 2 → 3 amplitudes - Regge cut contributions - are non-planar  

(3)  Based on (1), (2) and recent 3-loop 4-point calculations we now know all Regge-pole parameters to NNLO.  

(4)  Based on (1), (2) and (3) and recent 2-loop 5-point calculations we determined the 2-loop Lipatov vertex in QCD. 

    This vertex is one of the building blocks of NNLO BFKL Kernel. The remaining ones will be available soon.

Conclusions  

Great prospects to further exploiting the interplay between the Regge limit, 
fixed-order computations and the study of IR singularities 
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 factorization in forward elastic scatteringkT
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Collinear factorization

Factorization schematic by Federico Silvetti

Separation of process-dependent short-distance physics (perturbative partonic cross sections)  
and universal long-distance physics (non-perturbative Parton Density Functions) in hard scattering: 
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Proven to all order orders for inclusive measurements (e.g. Drell-Yan) 

[Collins-Soper-Sterman, hep-ph/0409313]

DGLAP evolution resums logarithms of , but effects due to large rapidity  
separations appear in both partonic cross sections and PDFs
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TMD factorization 



Signature-even 2 → 2 amplitude in full colour: NLL to any order  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,
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Figure 3. Graphical representation of the amplitude at NLL accuracy, as obtained through BFKL
evolution. The addition of one rung corresponds to applying once the leading-order BFKL evolution
on the wavefunction of order (` � 2). This gives the wavefunction at order (` � 1), according to
eq. (2.17). Closing the ladder and integrating over the resulting loop momentum gives the reduced
amplitude, according to eq. (2.11).

2.2 Evolution of the wavefunction

Eq. (2.11) shows that the `-th order amplitude is obtained in terms of iterated integrals that
arise upon evaluating the wavefunction ⌦(`�1)(p, k) to order (` � 1). It is straightforward
to compute the first few orders which gives us an opportunity to revisit the findings of
ref. [23]. We will be able to explain why a new colour structure emerges for the first time
at four loops and explore the general structure of the relevant iterated integrals.

A useful fact is that the evolution admits one well-known solution in the case where
the exchanged state is colour-adjoint and ⌦(p, k) is constant (i.e. independent of k) [1, 2].
The adjoint exchange gives a signature-even state with the same leading-order trajectory
as the reggeised gluon. This enables one to rewrite the Hamiltonian (2.14) as a part which
vanishes when ⌦(p, k) is constant, plus a part proportional to (CA �T2

t ):
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The evolution of the signature-even amplitude (NLL)  
is governed by the BFKL equation:

While the amplitude has IR poles,  
the wavefunction is IR finite to any order!

Caron-Huot, EG, Reichel, Vernazza, JHEP 1803 (2018) 098; JHEP 08 (2020) 116
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Defining the Reduced Amplitude

 The equation can be solved iteratively.



All orders solution in the soft approximation
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Figure 3. Graphical representation of the amplitude at NLL accuracy, as obtained through BFKL
evolution. The addition of one rung corresponds to applying once the leading-order BFKL evolution
on the wavefunction of order (` � 2). This gives the wavefunction at order (` � 1), according to
eq. (2.17). Closing the ladder and integrating over the resulting loop momentum gives the reduced
amplitude, according to eq. (2.11).

2.2 Evolution of the wavefunction

Eq. (2.11) shows that the `-th order amplitude is obtained in terms of iterated integrals that
arise upon evaluating the wavefunction ⌦(`�1)(p, k) to order (` � 1). It is straightforward
to compute the first few orders which gives us an opportunity to revisit the findings of
ref. [23]. We will be able to explain why a new colour structure emerges for the first time
at four loops and explore the general structure of the relevant iterated integrals.

A useful fact is that the evolution admits one well-known solution in the case where
the exchanged state is colour-adjoint and ⌦(p, k) is constant (i.e. independent of k) [1, 2].
The adjoint exchange gives a signature-even state with the same leading-order trajectory
as the reggeised gluon. This enables one to rewrite the Hamiltonian (2.14) as a part which
vanishes when ⌦(p, k) is constant, plus a part proportional to (CA �T2

t ):

⌦(`�1)(p, k) = Ĥ⌦(`�2)(p, k) Ĥ = (2CA �T2
t )Ĥi + (CA �T2

t )Ĥm (2.17)
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Solving for the wavefunction in the soft approximation:
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The amplitude in the soft approximation

Having solved for the wavefunction, we can 

compute the amplitude!
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Figure 3. Graphical representation of the amplitude at NLL accuracy, as obtained through BFKL
evolution. The addition of one rung corresponds to applying once the leading-order BFKL evolution
on the wavefunction of order (` � 2). This gives the wavefunction at order (` � 1), according to
eq. (2.17). Closing the ladder and integrating over the resulting loop momentum gives the reduced
amplitude, according to eq. (2.11).

2.2 Evolution of the wavefunction

Eq. (2.11) shows that the `-th order amplitude is obtained in terms of iterated integrals that
arise upon evaluating the wavefunction ⌦(`�1)(p, k) to order (` � 1). It is straightforward
to compute the first few orders which gives us an opportunity to revisit the findings of
ref. [23]. We will be able to explain why a new colour structure emerges for the first time
at four loops and explore the general structure of the relevant iterated integrals.

A useful fact is that the evolution admits one well-known solution in the case where
the exchanged state is colour-adjoint and ⌦(p, k) is constant (i.e. independent of k) [1, 2].
The adjoint exchange gives a signature-even state with the same leading-order trajectory
as the reggeised gluon. This enables one to rewrite the Hamiltonian (2.14) as a part which
vanishes when ⌦(p, k) is constant, plus a part proportional to (CA �T2

t ):
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Ĥm (p, k) = J(p, k) (p, k) (2.19)

and the function J(p, k) is defined by

J(p, k) =
1

2✏
+

Z
[Dk0]f(p, k, k0) (2.20)

=
1

2✏


2�

✓
p2

k2

◆✏

�

✓
p2

(p� k)2

◆✏�
(2.21)

– 10 –

Summing over the two soft limits, we get (at any given order):

All IR divergences can be resumed into a closed form expression: 
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The soft anomalous dimension at NLL is thus solved to all order: 
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Signature-even 2 → 2 amplitude: Iterating the BFKL Hamiltonian in two dimensions

⌦(`�1)
2d (z, z̄) = Ĥ2d⌦

(`�2)
2d (z, z̄)
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The 2d wavefunction computed in terms of pure Single-Valued Harmonic Polylogarithms (SVHPLs)

An algorithm is set up to iteratively determine the wavefunction to any loop order. Computed 
explicitly to 12 loops. 
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The action of the Hamiltonian on SVHPL amounts to the following DEs: 
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The full signature-even amplitude at NLL

The soft wavefunction alone generates all IR singularities in the amplitude.  
We can therefore split the wavefunction into soft and hard:  
and use dim. reg. only for the soft:

⌦(p, k) = ⌦hard(p, k) + ⌦soft(p, k)

⌦(2d)
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✏!0
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soft (z, z̄)
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The full amplitude is recovered by summing two integrals:
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We explicitly computed it to 13 loops. 
The first few orders are: The soft amplitude can be resummed to all orders in             :                 
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Constraint on the  
4-loop soft anom. dim.

 
Caron-Huot, EG, Reichel, Vernazza  
  JHEP 1803 (2018) 098  
  JHEP 08 (2020) 116
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A resummed result for the finite, hard part  
(with SV MZVs) is yet unknown.
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