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The quantum in quantum field theory

Entanglement

Bell inequality violation



Entanglement 
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Bell inequality violation
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where D(J)
i,j is the Wigner D-matrix for the spin J of the decaying state and k runs over all the possible

helicity of the same state. The overall factor in Eq. (2.1) is set by the normalization requirement that
Tr ⇢ = 1. The density matrix in Eq. (2.1) is written in the center of mass reference frame where the
momenta of final state particles are equal and opposite in direction and, therefore, the total helicity
of the two-particle system is �1��2. The dependence on the angle � drops out in the products of the
Wigner matrices because

D(J)⇤
k,�1��2

(0,⇥, 0)D(J)
k,�0

1��0
2
(0,⇥, 0) = D(J)⇤

k,�1��2
(�,⇥, 0)D(J)

k,�0
1��0

2
(�,⇥, 0) . (2.2)

Depending on the symmetries of the decay process, the number of independent helicity amplitudes
can be reduced: it is zero for decays of scalar states into fermions, 2 for the same decays into spin 1
states and for the decay of a vector state into two fermions, four for the case of the decay into two
spin 3/2 fermions.

In general, the number of independent amplitudes is reduced by imposing helicity conservation,
that is

|�1 � �2|  J (2.3)

for the decay A ! 1 + 2, with J the spin of the particle A.
A further reduction in the number of independent helicity amplitudes comes from parity conser-

vation, which implies
wJ
�1,�2

= ⌘A ⌘1 ⌘2(�1)J�s1�s2 wJ
��1,��2

, (2.4)

in which ⌘i are the intrinsic parities.
For final states including identical particles, helicity amplitudes transform as

wJ
�1,�2

= (�1)J�2swJ
�2,�1

, (2.5)

with s = s1 = s2 under the interchange of the particles. If instead the final state is made of a pair of
particle and anti-particle:

wJ
�1,�2

= ⌘C (�1)J wJ
�2,�1

, (2.6)

in which ⌘C is the C parity of the decaying particle A.

2.1 Tools to study entanglement and test the violation of Bell inequality

The determination of the density matrix is the final aim of quantum tomography. In the present case
we find the polarization density matrix from the analysis of the experimental data as presented by the
experimental collaborations.

The density matrix makes it possible to compute the entanglement and test Bell inequalities for
the final state of the decays. The choice of the most appropriate tools depends on whether the final
state is described by qubits (two-level systems) or qutrits (three-level systems) or more general qudits
(d-level systems).

2.1.1 Qubits

Consider a bipartite system composed by a spin-1/2 pair, one controlled by an observer, Alice, and
the other by a second observer, Bob. The corresponding quantum state can be described by a 4 ⇥ 4
density matrix of the form:

⇢ =
1

4

h
12 ⌦ 12 +

3X

i=1

B+
i (�i ⌦ 12) +

3X

i=1

B�
j (12 ⌦ �j) +

3X

i,j=1

Cij(�i ⌦ �j)
i
, (2.7)

5

where �i are the Pauli matrices, 12 is the unit 2⇥ 2 matrix and the indices i and j running over 1, 2,
3, represent any three orthogonal spatial directions.

The real coe�cients B+
i and B�

j represent the polarization of the two spin-1/2 fermions, while the
real matrix Cij gives their spin correlations. The density matrix in (2.7) is normalized, Tr[⇢] = 1, while
extra constraints on B+

i , B
�
i and Cij need to be enforced to guarantee its positivity, as all eigenvalues

of a density matrix are necessarily non-negative.
The entanglement content of any bipartite system described with the density matrix ⇢, that is,

a measure of the amount of quantum correlations among the two composing sub-systems, can be
quantified with the concurrence C [⇢], taking values between zero (for separable, unentangled states)
and 1 (maximally entangled states). In the case of two spin-1/2 system, a two qubit system, the
concurrence can be analytically computed through the auxiliary matrix

R = ⇢ (�y ⌦ �y) ⇢
⇤ (�y ⌦ �y) , (2.8)

where ⇢⇤ denotes a matrix with complex conjugated entries. Although non-Hermitian, the matrix R
possesses non-negative eigenvalues ri, i = 1, 2, 3, 4, their square roots and denoting r1 the largest, the
concurrence of the state ⇢ can be expressed as [32]

C [⇢] = max
�
0, r1 � r2 � r3 � r4

�
. (2.9)

In quantum mechanics a statistical language is adopted for the description of the the behavior
of physical phenomena. Interestingly, this compelling tool is amenable to experimental verification
against alternative, fully deterministic, local description of natural phenomena through Bell locality
tests.

In the case of a two spin-1/2 system, Alice and Bob are assumed to measure two spin-observable
each, (Â1, Â2), and (B̂1, B̂2), typically spin projections along four di↵erent unit vectors, ~n1, ~n3 for
Alice, and ~n2, ~n4 for Bob, so that Â1 = ~n1 · ~� and similarly for the remaining three observables. The
Bell test consists in determining the following combination of joint expectation values

I2 = hÂ1B̂1i+ hÂ1B̂2i+ hÂ2B̂1i � hÂ2B̂2i , (2.10)

that in any, local, deterministic model cannot exceed a value of 2. In quantum mechanics, I2 can be
conveniently expressed as an expectation of a Bell operator B2, I2 = Tr[⇢B2], where

B2 = ~n1 · ~� ⌦ (~n2 � ~n4) · ~� + ~n3 · ~� ⌦ (~n2 + ~n4) · ~� . (2.11)

If in an actual experiment one finds I2 > 2, one has to deduce that some sort of nonlocal resource had
been shared between the two parties, and this is precisely what is predicted by quantum mechanics.

In practice, given an experimentally collected correlation data, one thus needs to maximize I2
in (2.10) by choosing suitable four independent spatial directions. Fortunately, this optimization
process can be performed in full generality for a generic spin correlation matrix [33]. Indeed, consider
the matrix C and its transpose CT and form the symmetric, positive, 3⇥3 matrix M = CCT ; its three
eigenvalues m1, m2, m3 can be ordered in increasing order: m1 � m2 � m3. Then the two-spin state
⇢ in (2.7) violates the Bell inequality I2  2 if and only if the sum of the two greatest eigenvalues of
M is strictly larger than 1, that is (Horodecki condition)

m12 ⌘ m1 +m2 > 1 . (2.12)
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where �i are the Pauli matrices, 12 is the unit 2⇥ 2 matrix and the indices i and j running over 1, 2,
3, represent any three orthogonal spatial directions.

The real coe�cients B+
i and B�

j represent the polarization of the two spin-1/2 fermions, while the
real matrix Cij gives their spin correlations. The density matrix in (2.7) is normalized, Tr[⇢] = 1, while
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each, (Â1, Â2), and (B̂1, B̂2), typically spin projections along four di↵erent unit vectors, ~n1, ~n3 for
Alice, and ~n2, ~n4 for Bob, so that Â1 = ~n1 · ~� and similarly for the remaining three observables. The
Bell test consists in determining the following combination of joint expectation values
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2.1.2 Qutrits

The density operator representing the state of a bipartite system made of two qutrits is a 9⇥9 matrix
that can be written as

⇢ =
1

9
[13 ⌦ 13] +

8X

a=1

fa [T
a ⌦ 13] +

8X

a=1

ga [13 ⌦ T a] +
8X

a,b=1

hab
h
T a ⌦ T b

i
, (2.13)

where T a are the standard Gell-Mann matrices, while 13 is the unit 3⇥ 3 matrix.
Although an analytic expression for the concurrence of a generic two-qutrit state is lacking, a lower

bound on its value can be given in terms of the single spin polarizations coe�cients, fa and ga, and
the correlation matrix hab appearing in the decomposition (2.13):

C2 = 2max
h
� 2

9
� 12

X

a

f2
a + 6

X

a

g2a + 4
X

ab

h2ab ;

� 2

9
� 12

X

a

g2a + 6
X

a

f2
a + 4

X

ab

h2ab, 0
i
. (2.14)

As in the case of qubits, a Bell test for a system of two qutrits results in the determination of a
combination I3 of joint expectations values involving four spin observables, (Â1, Â2) for Alice, and
(B̂1, B̂2) for Bob. In quantum mechanics, it can be again expressed as an expectation value on the
state (2.14) of a suitable Bell operator B3:

I3 = Tr
⇥
⇢B3

⇤
. (2.15)

The explicit form of B3 depends on the choice of the four measured operators Â1, Â2, B̂1, B̂2. For the
case of the maximally correlated qutrit state, the problem of finding an optimal choice of measurements
has been solved [34], and the Bell operator takes a particular simple form [35]:

B3 =

0

BBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0

0 0 0 � 2p
3

0 0 0 0 0

0 0 0 0 � 2p
3

0 2 0 0

0 � 2p
3

0 0 0 0 0 0 0

0 0 � 2p
3

0 0 0 � 2p
3

0 0

0 0 0 0 0 0 0 � 2p
3

0

0 0 2 0 � 2p
3

0 0 0 0

0 0 0 0 0 � 2p
3

0 0 0

0 0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCCCCCCCCCCCCCA

. (2.16)

Within the choice of measurements leading to the Bell operator (2.16), there is still the freedom
of modifying the measured observables through local unitary transformations, which e↵ectively cor-
responds to local changes of basis, separately at Alice’s and Bob’s sites. Correspondingly, the Bell
operator undergoes the change:

B3 ! (U ⌦ V )† · B3 · (U ⌦ V ) , (2.17)

where U and V are independent 3⇥ 3 unitary matrices. One can use this additional freedom in order
to maximize the value of I3 for any given qutrit state ⇢.
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2.1.3 Additional observables

Given a density matrix ⇢ describing the state of a generic bipartite system, SA + SB, the reduced
density matrix describing the state of SA alone is given by ⇢A = TrB[⇢], where the trace is performed
on all SB degrees of freedom; similarly, ⇢B = TrA[⇢] is the reduced density matrix describing the state
of SB.

For pure states, ⇢ = | ih |, or equivalently ⇢2 = ⇢, the quantity

E [⇢] ⌘ �Tr[⇢A ln ⇢A] = �Tr[⇢B ln ⇢B] , (2.18)

giving the von Neumann entropy of the reduced density matrices and often called in the literature
entropy of entanglement, is a good entanglement quantifier. Indeed, a pure state ⇢ is entangled if
and only if its reduced density matrices have non-zero entropy. Assuming for the two systems SA and
SB have the same dimension d, one finds 0  E [⇢]  ln d; the first equality holds if and only if the
bipartite pure state is separable, while the upper bound is reached by a maximally entangled state

Given a generic density matrix ⇢ of the bipartite state SA + SB, deciding whether the state is
entangled or not, or quantifying its entanglement content is in general a hard problem [36, 37], and,
thus, it is often better to rely on quantities that give only su�cient conditions for the presence of
entanglement.

One such quantity involves the operation of partial transposition. Given a basis of orthonormal
vectors {|iji = |ii ⌦ |ji} for the system SA +SB, any density matrix can be represented by its matrix
elements hi1j1|⇢|i2j2i; then, the partially transpose matrix ⇢TB with respect to SB is represented by
matrix elements hi1j2|⇢|i2j1i; a similar expression holds for ⇢TA . Interestingly, if ⇢TB , or equivalently
⇢TA possesses negative eigenvalues, than the original density matrix ⇢ is entangled. In addition, the
absolute sum of the negative eigenvalues of ⇢TB , called negativity,

N (⇢) =
X

k

|�k|� �k
2

, (2.19)

�k being the eigenvalues of ⇢TB , can be used to quantify its entanglement content [38].

3 Charmonium spin 0 states

T he decays of the spin 0 states of the charmonium are the simplest to analyze because the
helicity density matrix only depends on one or, at most, two helicity amplitudes. Moreover, the

density matrix is independent of the scattering angle.

3.1 ⌘c ! ⇤+ ⇤̄ and �0
c ! ⇤+ ⇤̄

The scalar and pseuodoscalar states of the charmonium can decay into a pair of strange ⇤ baryon and
anti-baryon

⌘c ! ⇤+ ⇤̄ and �0
c ! ⇤+ ⇤̄ , (3.1)

with branching fraction (1.10± 0.28)⇥ 10�3 and (1.27± 0.09)⇥ 10�4, respectively.
The final states are constrained—by the conservation of the helicity—to be described by the state

| 0i / w 1
2 � 1

2
|12 ,

1
2i ⌦ |12 ,�

1
2i+ w� 1

2
1
2
|12 ,�

1
2i ⌦ |12 ,

1
2i (3.2)

in which wij are the helicity amplitudes and |J, mi the spin states. Parity fixes the relative sign
between the two amplitudes: it is �1 for the pseudo-scalar ⌘c and 1 for the scalar �0

c . Accordingly,
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Within the choice of measurements leading to the Bell operator (2.16), there is still the freedom
of modifying the measured observables through local unitary transformations, which e↵ectively cor-
responds to local changes of basis, separately at Alice’s and Bob’s sites. Correspondingly, the Bell
operator undergoes the change:

B3 ! (U ⌦ V )† · B3 · (U ⌦ V ) , (2.17)

where U and V are independent 3⇥ 3 unitary matrices. One can use this additional freedom in order
to maximize the value of I3 for any given qutrit state ⇢.

7

Qubits Qutrits

Entropy

Negativity

Bell operator

the toolbox

[1] J. S. Bell, Spekable and Unspeakable in Quantum Mechan-
ics. Collected Papers on Quantum Philosophy (Cambridge
University Press, Cambridge, England, 1987).

[2] A. Aspect, J. Dalibard, and G. Roger, Experimental test of
Bell’s inequalities using time varying analyzers, Phys. Rev.
Lett. 49, 1804 (1982).

[3] G. Weihs, T. Jennewein, C. Simon, H. Weinfurter, and A.
Zeilinger, Violation of Bell’s inequality under strict Einstein
locality conditions, Phys. Rev. Lett. 81, 5039 (1998).

[4] R. Horodecki, P. Horodecki, M. Horodecki, and K.
Horodecki, Quantum entanglement, Rev. Mod. Phys. 81,
865 (2009).

[5] M. Fabbrichesi, R. Floreanini, E. Gabrielli, and L. Marzola,
Bell inequality is violated in B0 → J=ψK!ð892Þ0 decays,
Phys. Rev. D 109, L031104 (2024).

[6] G. Aad et al. (ATLAS Collaboration), Observation of
quantum entanglement in top-quark pairs using the ATLAS
detector, arXiv:2311.07288.

[7] CMS Collaboration, Observation of quantum entanglement
in top quark pair production in proton-proton collisions atffiffiffi
s

p
¼ 13 TeV, arXiv:2406.03976.

[8] A. J. Barr, M. Fabbrichesi, R. Floreanini, E. Gabrielli, and L.
Marzola, Quantum entanglement and Bell inequality vio-
lation at colliders, Prog. Part. Nucl. Phys. 139, 104134
(2024).

[9] N. A. Tornqvist, Suggestion for Einstein-Podolsky-Rosen
experiments using reactions like eþe− → ΛΛ̄ → π−pπþp̄,
Found. Phys. 11, 171 (1981).

[10] N. A. Tornqvist, The decay J=ψ → ΛΛ̄ → π−pπþp̄ as an
Einstein-Podolsky-Rosen experiment, Phys. Lett. A117, 1
(1986).

[11] S. P. Baranov, Bell’s inequality in charmonium decays
ηc → ΛΛ̄, χc → ΛΛ̄ and J=ψ → ΛΛ̄, J. Phys. G 35,
075002 (2008).

[12] S. P. Baranov, Bell’s inequality in charmonium decays, Int.
J. Mod. Phys. A 24, 480 (2009).

[13] S. Chen, Y. Nakaguchi, and S. Komamiya, Testing Bell’s
inequality using charmonium decays, Prog. Theor. Exp.
Phys. 2013, 063A01 (2013).

[14] BESIII Collaboration, Polarization and entanglement in
baryon-antibaryon pair production in electron-positron an-
nihilation, Nat. Phys. 15, 631 (2019).

[15] M. Ablikim et al. (BESIII Collaboration), Precise measure-
ments of decay parameters and CP asymmetry with en-
tangled Λ-Λ̄ pairs, Phys. Rev. Lett. 129, 131801 (2022).

[16] M. Ablikim et al. (BESIII Collaboration), Σþ and Σ̄−

polarization in the J=ψ and ψð3686Þ decays, Phys. Rev.
Lett. 125, 052004 (2020).

[17] M. Ablikim et al. (BESIII Collaboration), Strong and weak
CP tests in sequential decays of polarized Σ0 hyperons,
arXiv:2406.06118.

[18] M. Ablikim et al. (BESIII Collaboration), Probing CP
symmetry and weak phases with entangled double-strange
baryons, Nature (London) 606, 64 (2022).

[19] M. Ablikim et al. (BESIII Collaboration), Tests of CP
symmetry in entangled Ξ0 and Ξ̄0 pairs, Phys. Rev. D 108,
L031106 (2023).

[20] M. Ablikim et al. (BESIII Collaboration), Observation of
Ξ-hyperon transverse polarization in ψð3686Þ → ΞþΞ−,
Phys. Rev. D 106, L091101 (2022).

[21] M. Ablikim et al. (BESIII Collaboration), First simulta-
neous measurement of Ξ0 and Ξ̄0 asymmetry parameters in
ψð3686Þ decay, Phys. Rev. D 108, L011101 (2023).

[22] M. Ablikim et al. (BESIII Collaboration), Model-independent
determination of the spin of the Ω− and its polarization
alignment in ψð3686Þ → Ω−Ω̄þ, Phys. Rev. Lett. 126,
092002 (2021).

[23] M. Ablikim et al. (BESIII Collaboration), Helicity ampli-
tude analysis of χJc → ϕϕ, J. High Energy Phys. 05 (2023)
069.

[24] G. Aad et al. (ATLAS Collaboration), Measurement of the
parity-violating asymmetry parameter αb and the helicity
amplitudes for the decay Λ0

b → J=ψ þ Λ0 with the ATLAS
detector, Phys. Rev. D 89, 092009 (2014).

[25] A. M. Sirunyan et al. (CMS Collaboration), Measurement of
the Λb polarization and angular parameters in Λb → J=ψΛ
decays from pp collisions at

ffiffiffi
s

p
¼ 7 and 8 TeV, Phys. Rev.

D 97, 072010 (2018).
[26] R. Aaij et al. (LHCb Collaboration), Measurements

of the Λ0
b → J=ψΛ decay amplitudes and the Λ0

b polar-
isation in pp collisions at

ffiffiffi
s

p
¼ 7 TeV, Phys. Lett. B 724,

27 (2013).
[27] N. F. Mott, The wave mechanics of α-ray tracks, Proc. R.

Soc. A 126, 79 (1929).
[28] R. L. Workman et al. (Particle Data Group), Review of

particle physics, Prog. Theor. Exp. Phys. 2022, 083C01
(2022).

[29] M. Ablikim et al. (BESIII Collaboration), Design and
construction of the BESIII detector, Nucl. Instrum. Methods
Phys. Res., Sect. A 614, 345 (2010).

[30] M. Jacob and G. C. Wick, On the general theory of
collisions for particles with spin, Ann. Phys. (N.Y.) 7,
404 (1959).

[31] V. B. Berestetskii, E. M. Lifshitz, and L. P. Pitaevskii,
Quantum Electrodynamics, Vol. 4 of Course of Theoretical
Physics (Pergamon Press, Oxford, 1982).

[32] E. Leader, Spin in Particle Physics, Vol. 15 of Cambridge
Monographs on Particle Physics, Nuclear Physics and
Cosmology (Cambridge University Press, Cambridge,
England, 2023).

[33] W. K. Wootters, Entanglement of formation of an arbitrary
state of two qubits, Phys. Rev. Lett. 80, 2245 (1998).

[34] R. Horodecki, P. Horodecki, and M. Horodecki, Violating
Bell inequality by mixed spin-1=2 States: necessary and
sufficient condition, Phys. Lett. A 200, 340 (1995).

[35] D. Collins, N. Gisin, N. Linden, S. Massar, and S. Popescu,
Bell inequalities for arbitrarily high-dimensional systems,
Phys. Rev. Lett. 88, 040404 (2002).

[36] A. Acín, T. Durt, N. Gisin, and J. I. Latorre, Quantum
nonlocality in two three-level systems, Phys. Rev. A 65,
052325 (2002).

[37] L. Gurvits, Classical deterministic complexity of Edmonds’
problem and quantum entanglement, in Proceedings of the
Thirty-Fifth Annual ACM Symposium on Theory of Com-
puting (Association for Computing Machinery, New York,
2003).

[38] S. Gharibian, Strong NP-hardness of the quantum sepa-
rability problem, Quantum Inf. Comput. 10, 0343 (2010).

[39] G. Vidal and R. F. Werner, Computable measure of entan-
glement, Phys. Rev. A 65, 032314 (2002).

M. FABBRICHESI et al. PHYS. REV. D 110, 053008 (2024)

053008-20



<latexit sha1_base64="BVEldccQHhR+z1+GjiAdW6xn/hU="></latexit>

C[⇢] = 2|⇣1⇣4 � ⇣2⇣3| =
sin2 ⇥

1 + cos2 ⇥

Concurrence

Brief Article
The Author

September 3, 2024

�

e�L

e+R

⌧+L or ⌧+R

⌧�R or ⌧�L

1

<latexit sha1_base64="N0Xb9uiy53uBxfaIRvMK5b6igaI="></latexit>⇣
1 + cos⇥

⌘
|⌧�R i |⌧+L i+

⇣
1� cos⇥

⌘
|⌧�L i |⌧+R i



<latexit sha1_base64="3XoFWCpnJlzgv7iZ40dPV6qtDtA=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJLiayVFNy4r2Ac0IUymk3boTBJnJoUS8gNu/BU3LhRx696df+OkzUJbD8xwOOde7r3HjxmVyrK+jYXFpeWV1dJaeX1jc2vb3NltySgRmDRxxCLR8ZEkjIakqahipBMLgrjPSNsf3uR+e0SEpFF4r8YxcTnqhzSgGCkteeahw5EaBAINU555qV3LHPKQ0BHkng1P9F+DV7ZnVqyqNQGcJ3ZBKqBAwzO/nF6EE05ChRmSsmtbsXJTJBTFjGRlJ5EkRniI+qSraYg4kW46uSaDR1rpwSAS+oUKTtTfHSniUo65ryvz3eWsl4v/ed1EBZduSsM4USTE00FBwqCKYB4N7FFBsGJjTRAWVO8K8QAJhJUOsKxDsGdPnietWtU+r57dnVbq10UcJbAPDsAxsMEFqINb0ABNgMEjeAav4M14Ml6Md+NjWrpgFD174A+Mzx95VpqB</latexit>

m12 ⌘ m1 +m2 > 1Horodecki condition
<latexit sha1_base64="UZDeWgtg0neq0t+ZhIxVfmpxzTQ="></latexit>

m12 = 1 +
sin4 ⇥

(1 + cos2 ⇥)2

Brief Article
The Author

September 3, 2024

�

e�L

e+R

⌧+L or ⌧+R

⌧�R or ⌧�L

1

<latexit sha1_base64="N0Xb9uiy53uBxfaIRvMK5b6igaI="></latexit>⇣
1 + cos⇥

⌘
|⌧�R i |⌧+L i+

⇣
1� cos⇥

⌘
|⌧�L i |⌧+R i



Low-energy tests with photons and solid-state devices
A. Aspect, J. Dalibard and G. Rogers, Phys. Rev. Lett. 49 (1982) 5039

G. Weihs, T. Jennewein, C. Simon, H. Weinfurther and A. Zeilinger, Phys. Rev. Lett. 81 (1998) 5039

J.F. Clauser, M.A. Horne, A. Shimony, R.A. Holt, Phys. Rev. Lett. 23 (1969) 880

W. Tittel, J. Brendel, H. Zbinden, N. Gisin, Phys. Rev. Lett. 81 (1998) 3563 

J.F. Clauser, M.A. Horne, Phys. Rev. D 10 (1974) 526 

M. Ansmann et al, Nature 461 (2009) 504



Local, deterministic models satisfy Bell inequality
quantum mechanics does not

Entanglement is just a measurement,  
Bell inequality violation is a true discovery

• high-energy regime 
• in the presence of  weak  
    and strong interactions 
• qubits and qutrits

both can be studied at colliders



Where have we already seen  
entanglement or Bell inequality violation  

at high energies?

New York Times headline
May 4th, 1935



Flavor space1
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Phys. Rev. Lett. 117 (2016) 050402
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FIG. 2. (Left) The number of K3 values that violate the LGI bound. The red curve indicates the expected classical distribution,
while the indigo curve indicates the quantum expectation. The arrow indicates the observed number of violations. (Right)
The distribution of K4 versus the sum of the phases

P
a  a as reconstructed from Pµµ at various energies. The data (black

points) show a clear clustering above the LGI bound. Also shown are the expected distributions for the classical (red dots) and
quantum (blue dots) theoretical predictions. Note that K4 can attain multiple values for a given relative phase, because there
are many triplets of phase points that add up to a given relative phase. The shown points have high statistical correlations.
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FIG. 2: DUNE: Maximum of K3 plotted against CP violat-
ing phase � in the presence of matter e↵ects (⇢ = 2.8g/cm3).
Dotted and crossed curves correspond to the positive and neg-
ative signs of �31, respectively. Length L is equal to 1300 km
and the neutrino energy E is varied between 2 GeV to 10 GeV.
The corresponding range of Ẽ is 1 to 5 GeV. The top and the
bottom panels refer to neutrinos (positive mass density +A
and positive CP violating phase �) and anti-neutrinos (�A,
��), respectively.

T2K and NO⌫A

The current accelerator neutrino experiments, T2K
and NO⌫A, both have rather narrow energy bands. For
T2K, the baseline is 295 km and the energy range is
0.5� 2 GeV. For NO⌫A, the corresponding numbers are
810 km and 1� 4 GeV. These experiments were planned
before the mixing angle ✓13 was measured to be moder-
ately large. Their neutrino beams were designed to be
narrow band beams to suppress the backgrounds. Fig. 3
depicts the maximum of K3 for T2K and NO⌫A exper-
iments for the parameters (energy, baseline and matter
density) of the latest neutrino runs. The corresponding
plots for anti-neutrino run can be obtained from Fig. 3
by the maps NH $ IH and � $ 2⇡ � �, as in the case of
DUNE.

We see that the plots for positive and negative values
of �31 are well separated in the case of NO⌫A whereas
the separation is much less for the case of T2K. This is
a consequence of the matter e↵ect for T2K being much
less than that of NO⌫A. It is clear from the above dis-
cussions, that owing to the wide energy band, DUNE
experiment is suitable for studying K3 and its sensitivity
to the neutrino mass-hierarchy and CP symmetry vio-
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FIG. 3: T2K and NO⌫A: Maximum of the parameter K3

plotted vs CP violating phase � for T2K (top panel) and
NO⌫A (bottom panel). Dotted and crossed curves correspond
to the positive and negative signs of �31, respectively. Length
L is 295 km and 810 km for T2K and for NOvA, respectively.
The energy E is varied between 1 GeV to 2 GeV for T2K
with Ẽ between 0.1 GeV to 1 GeV, while for NO⌫A E is
taken between 1.5 GeV to 5 GeV with Ẽ between 0.1 GeV to
3 GeV.

lations. Further, the violation of the LGtI is significant
in ⌫µ ! ⌫e (⌫̄µ ! ⌫̄e) transitions for normal (inverted)
mass-hierarchy.

CONCLUSION

In this work we have evaluated K3, a quantity related
to assumptions about the macroscopic realism of a physi-
cal system, in the context of three-flavor neutrino oscilla-
tions. We found a closed expression for the K3 function
in terms of neutrino oscillation probabilities and, conse-
quently, a direct relation to the experiments.
From the quantum information theoretic perspective

we have found that for initial muon-neutrino states and
a broad energy band available the quantity K3 is vio-
lated in nearly all cases and independent of the CP vi-
olating parameter. However, there are strong di↵erences
if electron-neutrinos or electron-anti-neutrinos are con-
sidered in the final state and if we have the scenario of
normal or inverted hierarchy, Figs. 2 and 3. The violation
is more prominent for ⌫µ ! ⌫e (⌫̄µ ! ⌫̄e) transitions for
normal (inverted) mass-hierarchy. The huge di↵erence in
the behaviour of the function K3 is due to the matter ef-

Minos Dune

J Naikoo et al, Phys. Rev. D 99 (2019) 095001

neutrino  
oscillations

F Benatti and R Floreanini, Phys. Rev. D57 (1998) R1332, Eur. Phys. J. C13 (2000) 267 
A Go, Belle Collaboration, Phys. Phys. Lett. 99 (2007) 131802
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B-meson decays
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entanglement Bell inequality 

2
4

E I3

• B0 ! J/ K⇤(892)0 [5] 0.756± 0.009 2.548± 0.015

• B0 ! �K⇤(892)0 [22] 0.707± 0.133⇤ 2.417± 0.368⇤

• B0 ! ⇢K⇤(892)0 [23] 0.450± 0.077⇤ 2.208± 0.151⇤

• Bs ! �� [24] 0.734± 0.037 2.525± 0.064

• Bs ! J/ � [25] 0.731± 0.032 2.462± 0.080

TABLE I. Entanglement and Bell operator I3 for some B-meson decays. An asterisk indicates that the correlations in the
uncertainties of the helicity amplitudes are not given in the corresponding reference and therefore only an upper bound on the
propagated uncertainty can be computed.

changes of basis in the measurement of the polariza-
tions. Correspondingly, the Bell operator undergoes
the change:

B ! (U ⌦ V )† · B · (U ⌦ V ) , (12)

where U and V are independent 3⇥ 3 unitary matri-
ces. In the following we make use of this freedom to
maximize the value of I3.

R
esults.— Our results can now be given in a
very concise form. The polarization amplitudes

in Eq. (1) determine the polarization density matrix
in Eq. (5) for the decay B

0
! J/ K

⇤(892)0. The
density matrix makes it possible to estimate the ob-
servables in which we are interested.

We determine the rotation matrices U and V in the
optimization procedure of Eq. (12) by means of the
central values in Eq. (1).

We propagate the uncertainties in the polarization
amplitudes in Eq. (1), taking into account also their
correlations. We find that the entropy of entangle-
ment among the polarizations of the final mesons for
the decay B

0
! J/ K

⇤(892)0 is given by

E = 0.756± 0.009 . (13)

The result in Eq. (13) represents a detection of the
presence of quantum entanglement with a significance
well above 5� (nominally 84�).

Propagating the uncertainties through the expecta-
tion value of the Bell operator, while keeping the two
matrices U and V fixed, we determine that I3 for the
decay B

0
! J/ K

⇤(892)0 has expectation value

I3 = 2.548± 0.015 , (14)

and therefore the CGLMP inequality I3 < 2 is vi-
olated with a significance well above 5� (nominally
36�).

Other decays of B mesons provide polarization am-
plitudes that can be used in similar fashion to test the
Bell inequality. We list in Table I the values for the
entanglement E and the Bell operator I3 for some of
the decays we have considered. Specifically, I3 < 2
is violated with a significance of more than 5� in the
decays Bs ! �� and Bs ! J/ �.

O
utlook.— We have shown that quantum en-
tanglement is present and the Bell inequality is

violated by the data on the polarization amplitudes
in the decay B

0
! J/ K

⇤(892)0, and other similar
decays. The presence of entanglement and the Bell
inequality violation have very large significances and
establish these property of quantum mechanics at high
energies in a collider setting and in a system in which

all Standard Model interactions are involved. It is the
first time that the violation of the inequality is shown
to take place in a system of two qutrits and between
two different particles.

We are aware that potential loopholes are present in
any test of the Bell inequality. These loopholes have
been closed in low-energy tests with photons [26, 27]
and in atomic physics [28].
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results provide the measurements of the two complex polarization amplitudes A0 and A?,
including the relative phases. The polarization amplitudes are complex mostly because
of the final-state interactions [66], and the remaining amplitude, |Ak|, can be derived by
the condition |A0|2 + |A?|2 + |Ak|2 = 1. In our work, we have set d0 = 0 because there
are only two physical phases entering in the polarizations amplitudes, namely, (d? � d0)
and (dk � d0). The correlations among the amplitude and phase uncertainties, given in the
supplementary material of Ref. [65], are reported in Table 2.

Table 1. Values of the complex polarization amplitudes and relative phases utilized in this work. The
central values and the corresponding statistical and systematic errors are taken from Ref. [65].

Parameter Result

|A0|2 0.384 ± 0.007 ± 0.003
|A?|2 0.310 ± 0.006 ± 0.003

dk [rad] 2.463 ± 0.029 ± 0.009
d? [rad] 2.769 ± 0.105± 0.011

Table 2. Correlation matrix for the measurements utilized in this work, originally presented in the
supplementary material of Ref. [65].

|A0|2 |A?|2 dk d?

|A0|2 1 �0.342 �0.007 0.064
|A?|2 1 0.140 0.088
dk 1 0.179
d? 1

The helicity amplitudes are mapped into the polarization amplitudes typically used in
experimental analysis [63,65,67–69] through the relations

w00
|M| = A0 ,

w++

|M| =
Ak + A?p

2
,

w��
|M| =

Ak � A?p
2

, (21)

which we utilize to reconstruct the density matrix in Equation (12). We then can employ
Equation (15) to quantify the amount of entanglement present in the spin correlations of
the f mesons produced in B0

s ! ff decays, finding [62]

E = 0.734 ± 0.037 . (22)

This result demonstrates that the presence of quantum entanglement in B0
s ! ff is estab-

lished with a significance exceeding the 5s threshold (nominally 19.8s). The computation
of the quoted error was performed by propagating the experimental uncertainties while
taking into account the correlations in Table 2.

It is interesting to see what happens to the entanglement when the strong phases,
sourced by final-state interactions, are neglected. In this case, the corresponding result of
Equation (22) for the entropy of entanglement at vanishing phases, (E0), is

E0 = 0.666 ± 0.0028 , (23)

and shows a decrease in entanglement. We therefore conclude that the effect of the strong
rescattering of the final state particles increases the entanglement of the dimeson system.
The result is interesting as it allows for the isolation of the effect of these strong processes
on quantum entanglement.
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To close the locality loophole—which exploits events
not separated by a space-like interval, as it is the case
of the J/ K

⇤ decays—one must consider decays in
which the produced particles are identical, as in the
Bs ! �� decay, and therefore their life-times are also
the same. The actual decays take place with an expo-
nential spread, with, in the �� case, more than 90%
of the events being separated by a space-like interval.

The presence and relevance of other possible loop-
holes is still an open question in the high-energy set-
ting and beyond the scope of the present Letter.
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Cross-section distributions are calculated for the reaction e+e− → J/ψ → !̄(→ p̄π+)!(→ pπ−), and 
related annihilation reactions mediated by vector mesons. The hyperon-decay distributions depend on a 
number of structure functions that are bilinear in the, possibly complex, psionic form factors Gψ

M and 
Gψ

E of the Lambda hyperon. The relative size and relative phase of these form factors can be uniquely 
determined from the unpolarized joint-decay distributions of the Lambda and anti-Lambda hyperons. 
Also the decay-asymmetry parameters of Lambda and anti-Lambda hyperons can be determined.

© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Two hadronic form factors, commonly called G M (s) and G E (s), 
are needed for the description of the annihilation process e−e+ →
!!̄, Fig. 1a, and by varying the c.m. energy 

√
s, their numerical 

values can in principle be determined for all s values above !!̄
threshold. For the general case of annihilation via an intermediate 
photon, the joint !(→ pπ−)!̄(→ p̄π+) decay distributions were 
calculated and analyzed in Ref. [1], using methods developed in 
[2,3]. Recently, a first attempt to calculate the hyperon form factors 
G M(s) and G E (s) in the time-like region was reported in Ref. [4].

Previously, the interesting special case of annihilation through 
an intermediate J/ψ or ψ(2S), Fig. 1b, has been investigated in 
several theoretical [5,6] and experimental papers [7–9]. This pro-
cess has also been used for determination of the anti-Lambda 
decay-asymmetry parameter and for CP symmetry tests in the 
hyperon system. A precise knowledge of the Lambda decay-
asymmetry parameter is needed for studies of spin polarization 
in $− , %− , and !+

c decays.
Presently, a collected data sample of 1.31 × 109 J/ψ events 

[10] by the BESIII detector [11] permits high-precision studies of 
spin correlations.

In the experimental work referred to above, the joint-hyperon-
decay distributions considered are not the most general ones pos-
sible, but seem to be curtailed. Incomplete distribution functions 
do not permit a reliable determination of the form factors and we 

* Corresponding author.
E-mail addresses: goran.faldt@physics.uu.se (G. Fäldt), 
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Fig. 1. Graph describing the reaction e+e− → !̄!; a) general case, and b) mediated 
by the J/ψ resonance.

therefore suggest to fit the experimental data to the general distri-
bution described in [1], and further elaborated below.

Since the photon and the J/ψ are both vector particles, their 
corresponding annihilation processes will be similar. In fact, by a 
simple substitution, the cross-section distributions in Ref. [1], valid 
in the photon case, are transformed into distributions valid in the 
J/ψ case, but expressed in the corresponding psionic form factors 
Gψ

M and Gψ
E .

http://dx.doi.org/10.1016/j.physletb.2017.06.011
0370-2693/© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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Figure 1.1: The charmonium system. Figure from [27] [CC BY 4.0]

cm�2s�1. Electron and positron are collided at these energies, charmonium states are produced in
isolation or in combination with a photon, and their decay products recorded in the detector. The
BESIII detector [28] consists of a multilayered drift chamber (MDC), a plastic scintillator time-of-
flight system (TOF) and an electromagnetic calorimeter (EMC). The entire detector is enclosed in a
superconducting solenoid magnet providing a 1 T magnetic field.

Many charmonium states have been copiously produced in the last few years at BEPCII, thus
making it possible not only to measure their branching fractions into di↵erent final states, but also the
helicity amplitudes of each single decay. These are reconstructed by means of the angular distribution
of the decay products: protons, pions and kaons. The full quantum tomography of the bipartite final
states yield by the charmonium decays is then available for encoding into the polarization density
matrix.

2 Methods

S ince our goal is to utilize the experimental values of helicity amplitudes to directly find
entanglement and test the violation of the Bell inequality, we do not need to compute the polar-

ization density matrix from a Lagrangian of a specific model. The representations of the elements of the
SO(3) group are su�cient to parameterize the density matrix in terms of the helicity amplitudesw�1�2

provided by the experiments, yielding [29–31]

⇢�1�2,�0
1�

0
2
/ w�1�2w

⇤
�0
1�

0
2

X

k

D(J)⇤
k,�1��2

(0,⇥, 0)D(J)
k,�0

1��0
2
(0,⇥, 0) (2.1)
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Angular averages in Eq. (4.32) are calculated according to the 
prescription
〈
(n · l)n

〉
n = l. (4.38)

The folding of the production distributions, Eqs. (3.25)–(3.28), 
with the decay distributions, Eqs. (4.36, 4.37), yields

|Mred|2 = sD(s)R2
!

[
G00 + G05 + G50 + G55

]
, (4.39)

with the Gab functions defined as

G00 = R, (4.40)

G05 = α1S
[

1
sin θ

(p̂ × k̂) · l̂1

]
, (4.41)

G50 = α2S
[

1
sin θ

(p̂ × k̂) · l̂2

]
, (4.42)

G55 = α1α2

{
T1 l̂1 · p̂l̂2 · p̂ + T2 l̂1⊥ · l̂2⊥

+ T3 l̂1⊥ · k̂l̂2⊥ · k̂

+ T4

(
l̂1 · p̂l̂2⊥ · k̂ + l̂2 · p̂l̂1⊥ · k̂

)}
. (4.43)

Thus, we conclude the connection between joint-hadron produc-
tion and joint-hadron decay distributions simply to be,

Gab(l̂1; l̂2) = Hab(n1 → α1 l̂1;n2 → α2 l̂2). (4.44)

We repeat the notation; p and k are momenta of Lambda and 
electron in the global c.m. system; l1 and l2 are momenta of pro-
ton and anti-proton in Lambda and anti-Lambda rest systems; or-
thogonal means orthogonal to p; and structure functions R, S , and 
T are functions of θ , α, and $%. The angular functions multiply-
ing the structure functions form a set of seven mutually orthogonal 
functions, when integrated over the proton and anti-proton decay 
angles.

5. Cross section for e+e− → !(→ pπ−)!̄(→ p̄π+)

Our last task is to find the properly normalized cross-section 
distribution. We start from the general expression,

dσ = 1
2s

K |Mred|2 dLips(k1 + k2;q1, l1,q2, l2), (5.45)

with dLips the phase-space density for four final-state particles. 
The prefactor K contains on the mass shell delta functions for the 
two hyperons. This effectively separates the phase space into pro-
duction and decay parts. Repeating the manipulations of Ref. [2]
we get

dσ = 1
64π2

p
k

αgαψ

(s − m2
ψ )2 + m2

ψ)2(ψ)

)!)!̄

)2(M)
·

·

⎛

⎝D(s)
∑

a,b

Gab

⎞

⎠ d*!d*1d*2, (5.46)

with k and p the initial- and final-state momenta; *! the hyperon 
scattering angle in the global c.m. system; *1 and *2 decay angles 
measured in the rest systems of ! and !̄; )! and )!̄ channel 
widths; and )(M) and )(ψ) total widths.

Integration over the angles *1 makes the contributions from 
the functions G05 and G55 disappear [2], and correspondingly for 
the angles *2. Integration over both angular variables results in 
the cross-section distribution for the reaction e+e− → J/ψ → !!̄.

Suppose we integrate over the angles *2. Then, the predicted 
hyperon-decay distribution becomes proportional to the sum

G00 + G05 = R
(

1 + α1P! · l̂1

)
, (5.47)

P! = S
R

, (5.48)

with the polarization P! as in Eq. (3.29), and the polarization vec-
tor P! directed along the normal to the scattering plane

6. Differential distributions

We first define our coordinate system. The scattering plane with 
the vectors p and k make up the xz-plane, with the y-axis along 
the normal to the scattering plane. We choose a right-handed co-
ordinate system with basis vectors

ez = p̂, (6.49)

ey = 1
sin θ

(p̂ × k̂), (6.50)

ex = 1
sin θ

(p̂ × k̂) × p̂. (6.51)

Expressed in terms of them the initial-state momentum

k̂ = sin θ ex + cos θ ez. (6.52)

This coordinate system is used for fixing the directional angles 
of the decay proton in the Lambda rest system, and the decay anti-
proton in the anti-Lambda rest system. The spherical angles for the 
proton are θ1 and φ1, and the components of the unit vector in di-
rection of the decay-proton momentum are,

l̂1 = (cosφ1 sin θ1, sin φ1 sin θ1, cos θ1), (6.53)

so that

l̂1⊥ = (cosφ1 sin θ1, sin φ1 sin θ1,0). (6.54)

The momentum of the decay proton is by definition l1 = l! l̂1. This 
same coordinate system is used for defining the directional an-
gles of the decay anti-proton in the anti-Lambda rest system, with 
spherical angles θ2 and φ2.

Now, we have all ingredients needed for the calculation of the 
G functions of Eqs. (4.40)–(4.43), the functions that in the end de-
termine the cross-section distributions.

An event of the reaction e+e− → !(→ pπ−)!̄(→ p̄π+) is 
specified by the five dimensional vector ξ = (θ, *1, *2), and the 
differential-cross-section distribution as summarized by Eq. (4.39)
reads,

dσ ∝ W(ξ) dcos θ d*1d*2.

At the moment, we are not interested in the absolute normal-
ization of the differential distribution. The differential-distribution 
function W(ξ ) is obtained from Eqs. (4.40)–(4.43) and can be ex-
pressed as,

W(ξ) = F0(ξ) + αF5(ξ)

+ α1α2

(
F1(ξ) +

√
1 − α2 cos($%)F2(ξ) + αF6(ξ)

)

+
√

1 − α2 sin($%) (α1F3(ξ) + α2F4(ξ)) , (6.55)

using a set of seven angular functions Fk(ξ ) defined as:
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F0(ξ) = 1

F1(ξ) = sin2θ sin θ1 sin θ2 cosφ1 cosφ2 + cos2θ cos θ1 cos θ2

F2(ξ) = sin θ cos θ (sin θ1 cos θ2 cosφ1 + cos θ1 sin θ2 cosφ2)

F3(ξ) = sin θ cos θ sin θ1 sinφ1

F4(ξ) = sin θ cos θ sin θ2 sinφ2

F5(ξ) = cos2θ

F6(ξ) = cos θ1 cos θ2 − sin2θ sin θ1 sin θ2 sinφ1 sinφ2. (6.56)

The differential distribution of Eq. (6.55) involves two parame-
ters related to the e+e− → ##̄ process that can be determined by 
data: the ratio of form factors α, and the relative phase of form 
factors %&. In addition, the distribution function W(ξ) can be 
used to extract separately # and #̄ decay-asymmetry parameters: 
α1 and α2, and hence allowing a direct test of CP conservation in 
the hyperon decays.

The term proportional to sin(%&) in Eq. (6.55) originates with 
Eqs. (4.41) and (4.42), and can be rewritten as,

S(θ) (α1 sin θ1 sinφ1 + α2 sin θ2 sinφ2) ,

with the structure function S defined by Eq. (3.20). The relation 
between the structure functions and the polarization P#(θ) was 
discussed in Sect. 3, where it was shown that the polarization, 
P#(θ) of Eq. (3.29), and the polarization vector, ey , are the same 
for Lambda and anti-Lambda hyperons. This information tells us 
that # is polarized along the normal to the production plane, 
and that the polarization vanishes at θ = 0◦ , 90◦ and 180◦ . The 
maximum value of the polarization is for cos θ = ±1/(2 + α), and 
|P#(θ)| < 2

3 sin(%&).
It should be stressed that the simplified distributions used in 

previous analyses, such as Ref. [9], assume the hyperons to be un-
polarized and therefore terms containing P#(θ) are missing. In 
fact, such decay distributions, only permit the determination of 
two parameters: the ratio of form factors α, and the product of 
hyperon-asymmetry parameters α1α2.

In our opinion, the formulas presented in this letter should be 
employed for the exclusive analysis of the new BESIII data [10]. 
Due to huge and clean data samples: (440675 ± 670) J/ψ → ##̄
and (31119 ±187) ψ(3686) → ##̄, precision values for the decay-
hadronic-form factors could be extracted as well as precision val-
ues for # and #̄ decay-asymmetry parameters. The formulas pre-

sented could easily be generalized to neutron decays of the # and 
to production of other J = 1/2 hyperons with analogous decay 
modes.
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Appendix A

The coupling of the initial-state leptons to the J/ψ vector 
meson is determined by the decay J/ψ → e+e− . Assuming the 
decay to go via an intermediate photon, Fig. 1b, we can safely 
ignore any tensor coupling. The vector coupling of the J/ψ to 
leptons is therefore the same as for the photon, if replacing the 
electric charge eem by a coupling strength eψ . From the decay 
J/ψ → e+e− one derives

αψ = e2
ψ/4π = 3)( J/ψ → e+e−)/mψ . (A.57)

In a similar fashion we relate the strength eg of J/ψ cou-
pling to the hyperons to the decay J/ψ → ##̄. In analogy with 
Eq. (A.57) we get

αg = e2
g/4π = 3

(
(1 + 2M2/m2

ψ )
√

1 − 4M2/m2
ψ

)−1

× )( J/ψ → ##̄)/mψ . (A.58)

When the # mass M is replaced by the lepton mass ml = 0 we 
recover Eq. (A.57).
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Angular averages in Eq. (4.32) are calculated according to the 
prescription
〈
(n · l)n

〉
n = l. (4.38)

The folding of the production distributions, Eqs. (3.25)–(3.28), 
with the decay distributions, Eqs. (4.36, 4.37), yields

|Mred|2 = sD(s)R2
!

[
G00 + G05 + G50 + G55

]
, (4.39)

with the Gab functions defined as

G00 = R, (4.40)

G05 = α1S
[

1
sin θ

(p̂ × k̂) · l̂1

]
, (4.41)

G50 = α2S
[

1
sin θ

(p̂ × k̂) · l̂2

]
, (4.42)

G55 = α1α2

{
T1 l̂1 · p̂l̂2 · p̂ + T2 l̂1⊥ · l̂2⊥

+ T3 l̂1⊥ · k̂l̂2⊥ · k̂

+ T4

(
l̂1 · p̂l̂2⊥ · k̂ + l̂2 · p̂l̂1⊥ · k̂

)}
. (4.43)

Thus, we conclude the connection between joint-hadron produc-
tion and joint-hadron decay distributions simply to be,

Gab(l̂1; l̂2) = Hab(n1 → α1 l̂1;n2 → α2 l̂2). (4.44)

We repeat the notation; p and k are momenta of Lambda and 
electron in the global c.m. system; l1 and l2 are momenta of pro-
ton and anti-proton in Lambda and anti-Lambda rest systems; or-
thogonal means orthogonal to p; and structure functions R, S , and 
T are functions of θ , α, and $%. The angular functions multiply-
ing the structure functions form a set of seven mutually orthogonal 
functions, when integrated over the proton and anti-proton decay 
angles.

5. Cross section for e+e− → !(→ pπ−)!̄(→ p̄π+)

Our last task is to find the properly normalized cross-section 
distribution. We start from the general expression,

dσ = 1
2s

K |Mred|2 dLips(k1 + k2;q1, l1,q2, l2), (5.45)

with dLips the phase-space density for four final-state particles. 
The prefactor K contains on the mass shell delta functions for the 
two hyperons. This effectively separates the phase space into pro-
duction and decay parts. Repeating the manipulations of Ref. [2]
we get

dσ = 1
64π2

p
k

αgαψ

(s − m2
ψ )2 + m2

ψ)2(ψ)

)!)!̄

)2(M)
·

·

⎛

⎝D(s)
∑

a,b

Gab

⎞

⎠ d*!d*1d*2, (5.46)

with k and p the initial- and final-state momenta; *! the hyperon 
scattering angle in the global c.m. system; *1 and *2 decay angles 
measured in the rest systems of ! and !̄; )! and )!̄ channel 
widths; and )(M) and )(ψ) total widths.

Integration over the angles *1 makes the contributions from 
the functions G05 and G55 disappear [2], and correspondingly for 
the angles *2. Integration over both angular variables results in 
the cross-section distribution for the reaction e+e− → J/ψ → !!̄.

Suppose we integrate over the angles *2. Then, the predicted 
hyperon-decay distribution becomes proportional to the sum

G00 + G05 = R
(

1 + α1P! · l̂1

)
, (5.47)

P! = S
R

, (5.48)

with the polarization P! as in Eq. (3.29), and the polarization vec-
tor P! directed along the normal to the scattering plane

6. Differential distributions

We first define our coordinate system. The scattering plane with 
the vectors p and k make up the xz-plane, with the y-axis along 
the normal to the scattering plane. We choose a right-handed co-
ordinate system with basis vectors

ez = p̂, (6.49)

ey = 1
sin θ

(p̂ × k̂), (6.50)

ex = 1
sin θ

(p̂ × k̂) × p̂. (6.51)

Expressed in terms of them the initial-state momentum

k̂ = sin θ ex + cos θ ez. (6.52)

This coordinate system is used for fixing the directional angles 
of the decay proton in the Lambda rest system, and the decay anti-
proton in the anti-Lambda rest system. The spherical angles for the 
proton are θ1 and φ1, and the components of the unit vector in di-
rection of the decay-proton momentum are,

l̂1 = (cosφ1 sin θ1, sin φ1 sin θ1, cos θ1), (6.53)

so that

l̂1⊥ = (cosφ1 sin θ1, sin φ1 sin θ1,0). (6.54)

The momentum of the decay proton is by definition l1 = l! l̂1. This 
same coordinate system is used for defining the directional an-
gles of the decay anti-proton in the anti-Lambda rest system, with 
spherical angles θ2 and φ2.

Now, we have all ingredients needed for the calculation of the 
G functions of Eqs. (4.40)–(4.43), the functions that in the end de-
termine the cross-section distributions.

An event of the reaction e+e− → !(→ pπ−)!̄(→ p̄π+) is 
specified by the five dimensional vector ξ = (θ, *1, *2), and the 
differential-cross-section distribution as summarized by Eq. (4.39)
reads,

dσ ∝ W(ξ) dcos θ d*1d*2.

At the moment, we are not interested in the absolute normal-
ization of the differential distribution. The differential-distribution 
function W(ξ ) is obtained from Eqs. (4.40)–(4.43) and can be ex-
pressed as,

W(ξ) = F0(ξ) + αF5(ξ)

+ α1α2

(
F1(ξ) +

√
1 − α2 cos($%)F2(ξ) + αF6(ξ)

)

+
√

1 − α2 sin($%) (α1F3(ξ) + α2F4(ξ)) , (6.55)

using a set of seven angular functions Fk(ξ ) defined as:

G. Faldt and A. Kupsc, Phys. Lett B 772 (2017) 16

maximum likelihood fit

Physics Letters B 772 (2017) 16–20

Contents lists available at ScienceDirect

Physics Letters B

www.elsevier.com/locate/physletb

Hadronic structure functions in the e+e− → !̄! reaction

Göran Fäldt ∗, Andrzej Kupsc
Division of Nuclear Physics, Department of Physics and Astronomy, Uppsala University, Box 516, 75120 Uppsala, Sweden

a r t i c l e i n f o a b s t r a c t

Article history:
Received 28 February 2017
Received in revised form 16 April 2017
Accepted 4 June 2017
Available online 8 June 2017
Editor: J.-P. Blaizot

Keywords:
Hadron production in e−e+ interactions
Hadronic decays

Cross-section distributions are calculated for the reaction e+e− → J/ψ → !̄(→ p̄π+)!(→ pπ−), and 
related annihilation reactions mediated by vector mesons. The hyperon-decay distributions depend on a 
number of structure functions that are bilinear in the, possibly complex, psionic form factors Gψ

M and 
Gψ

E of the Lambda hyperon. The relative size and relative phase of these form factors can be uniquely 
determined from the unpolarized joint-decay distributions of the Lambda and anti-Lambda hyperons. 
Also the decay-asymmetry parameters of Lambda and anti-Lambda hyperons can be determined.

© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Two hadronic form factors, commonly called G M (s) and G E (s), 
are needed for the description of the annihilation process e−e+ →
!!̄, Fig. 1a, and by varying the c.m. energy 

√
s, their numerical 

values can in principle be determined for all s values above !!̄
threshold. For the general case of annihilation via an intermediate 
photon, the joint !(→ pπ−)!̄(→ p̄π+) decay distributions were 
calculated and analyzed in Ref. [1], using methods developed in 
[2,3]. Recently, a first attempt to calculate the hyperon form factors 
G M(s) and G E (s) in the time-like region was reported in Ref. [4].

Previously, the interesting special case of annihilation through 
an intermediate J/ψ or ψ(2S), Fig. 1b, has been investigated in 
several theoretical [5,6] and experimental papers [7–9]. This pro-
cess has also been used for determination of the anti-Lambda 
decay-asymmetry parameter and for CP symmetry tests in the 
hyperon system. A precise knowledge of the Lambda decay-
asymmetry parameter is needed for studies of spin polarization 
in $− , %− , and !+

c decays.
Presently, a collected data sample of 1.31 × 109 J/ψ events 

[10] by the BESIII detector [11] permits high-precision studies of 
spin correlations.

In the experimental work referred to above, the joint-hyperon-
decay distributions considered are not the most general ones pos-
sible, but seem to be curtailed. Incomplete distribution functions 
do not permit a reliable determination of the form factors and we 

* Corresponding author.
E-mail addresses: goran.faldt@physics.uu.se (G. Fäldt), 

andrzej.kupsc@physics.uu.se (A. Kupsc).

Fig. 1. Graph describing the reaction e+e− → !̄!; a) general case, and b) mediated 
by the J/ψ resonance.

therefore suggest to fit the experimental data to the general distri-
bution described in [1], and further elaborated below.

Since the photon and the J/ψ are both vector particles, their 
corresponding annihilation processes will be similar. In fact, by a 
simple substitution, the cross-section distributions in Ref. [1], valid 
in the photon case, are transformed into distributions valid in the 
J/ψ case, but expressed in the corresponding psionic form factors 
Gψ

M and Gψ
E .

http://dx.doi.org/10.1016/j.physletb.2017.06.011
0370-2693/© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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Charmonium spin-0 states

2.1.3 Additional observables

Given a density matrix ⇢ describing the state of a generic bipartite system, SA + SB, the reduced
density matrix describing the state of SA alone is given by ⇢A = TrB[⇢], where the trace is performed
on all SB degrees of freedom; similarly, ⇢B = TrA[⇢] is the reduced density matrix describing the state
of SB.

For pure states, ⇢ = | ih |, or equivalently ⇢2 = ⇢, the quantity

E [⇢] ⌘ �Tr[⇢A ln ⇢A] = �Tr[⇢B ln ⇢B] , (2.18)

giving the von Neumann entropy of the reduced density matrices and often called in the literature
entropy of entanglement, is a good entanglement quantifier. Indeed, a pure state ⇢ is entangled if
and only if its reduced density matrices have non-zero entropy. Assuming for the two systems SA and
SB have the same dimension d, one finds 0  E [⇢]  ln d; the first equality holds if and only if the
bipartite pure state is separable, while the upper bound is reached by a maximally entangled state

Given a generic density matrix ⇢ of the bipartite state SA + SB, deciding whether the state is
entangled or not, or quantifying its entanglement content is in general a hard problem [36, 37], and,
thus, it is often better to rely on quantities that give only su�cient conditions for the presence of
entanglement.

One such quantity involves the operation of partial transposition. Given a basis of orthonormal
vectors {|iji = |ii ⌦ |ji} for the system SA +SB, any density matrix can be represented by its matrix
elements hi1j1|⇢|i2j2i; then, the partially transpose matrix ⇢TB with respect to SB is represented by
matrix elements hi1j2|⇢|i2j1i; a similar expression holds for ⇢TA . Interestingly, if ⇢TB , or equivalently
⇢TA possesses negative eigenvalues, than the original density matrix ⇢ is entangled. In addition, the
absolute sum of the negative eigenvalues of ⇢TB , called negativity,

N (⇢) =
X

k

|�k|� �k
2

, (2.19)

�k being the eigenvalues of ⇢TB , can be used to quantify its entanglement content [38].

3 Charmonium spin 0 states

T he decays of the spin 0 states of the charmonium are the simplest to analyze because the
helicity density matrix only depends on one or, at most, two helicity amplitudes. Moreover, the

density matrix is independent of the scattering angle.

3.1 ⌘c ! ⇤+ ⇤̄ and �0
c ! ⇤+ ⇤̄

The scalar and pseuodoscalar states of the charmonium can decay into a pair of strange ⇤ baryon and
anti-baryon

⌘c ! ⇤+ ⇤̄ and �0
c ! ⇤+ ⇤̄ , (3.1)

with branching fraction (1.10± 0.28)⇥ 10�3 and (1.27± 0.09)⇥ 10�4, respectively.
The final states are constrained—by the conservation of the helicity—to be described by the state

| 0i / w 1
2 � 1

2
|12 ,

1
2i ⌦ |12 ,�

1
2i+ w� 1

2
1
2
|12 ,�

1
2i ⌦ |12 ,

1
2i (3.2)

in which wij are the helicity amplitudes and |J, mi the spin states. Parity fixes the relative sign
between the two amplitudes: it is �1 for the pseudo-scalar ⌘c and 1 for the scalar �0

c . Accordingly,
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the ⌘c falls into the singlet representation of the product 1
2 ⌦ 1

2 = 0 � 1 while the �0
c into the m = 0

component of the triplet. Charge parity conservation implies the same condition as parity and does
not add new relations among the helicity amplitudes.

The states in Eq. (3.2) enter into the helicity density matrix

⇢⇤⇤ = | 0ih 0| =
1

2

0

BB@

0 0 0 0
0 1 ±1 0
0 ±1 1 0
0 0 0 0

1

CCA , (3.3)

in which the only, still undefined, overall size of the amplitudes has canceled out in the normalization,
which is Tr ⇢ = 1.

The system is completely constrained, thus becoming identified with the idealized two-qubit system
in textbooks. This property was already observed for the decay of the Higgs boson H ! ⌧�⌧+ in [39].
Neither the ⇤ baryon nor the anti-baryon are polarized.

The concurrence can be computed and it is maximal:

C = 1 . (3.4)

From the density matrix in Eq. (3.3), using the Pauli matrices, we can write the correlation matrix

Cij = Tr ⇢⇤⇤ �i ⌦ �j =

0

@
1 0 0
0 1 0
0 0 �1

1

A , (3.5)

which is the same for both decay processes. Accordingly, the Horodecki condition is found to be

m12 = 2 , (3.6)

namely, maximal violation of the Bell inequality.
For these decays, we do not even need the experimental values of the helicity amplitudes to claim

maximum entanglement and Bell inequality violation. Uncertainties from the data analysis are however
necessary to assess the significance of the result. We understand that they are forthcoming.

This process provides a direct test for the conservation of quantum correlations. If the experiments
find a di↵erence between the helicity amplitudes w 1

2 � 1
2
and w� 1

2
1
2
, or that they vanish, it will mean

that some of the original coherence has been lost during the flight of the ⇤ baryons—some of which
travel inside the beam pipe wall and the first layers of the detector before decaying. This is an
important test, as explained in the Introduction.

3.2 �0
c ! �+ �

The scalar state of the charmonium can decay into a pair of � mesons

�0
c ! �+ � , (3.7)

with branching fraction of (8.48± 0.26± 0.27)⇥ 10�4 [23].
The �0 are produced in

e+e� !  (3686) ! ��0 . (3.8)
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in textbooks. This property was already observed for the decay of the Higgs boson H ! ⌧�⌧+ in [39].
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The concurrence can be computed and it is maximal:

C = 1 . (3.4)

From the density matrix in Eq. (3.3), using the Pauli matrices, we can write the correlation matrix

Cij = Tr ⇢⇤⇤ �i ⌦ �j =

0

@
1 0 0
0 1 0
0 0 �1

1

A , (3.5)

which is the same for both decay processes. Accordingly, the Horodecki condition is found to be

m12 = 2 , (3.6)

namely, maximal violation of the Bell inequality.
For these decays, we do not even need the experimental values of the helicity amplitudes to claim

maximum entanglement and Bell inequality violation. Uncertainties from the data analysis are however
necessary to assess the significance of the result. We understand that they are forthcoming.

This process provides a direct test for the conservation of quantum correlations. If the experiments
find a di↵erence between the helicity amplitudes w 1

2 � 1
2
and w� 1

2
1
2
, or that they vanish, it will mean

that some of the original coherence has been lost during the flight of the ⇤ baryons—some of which
travel inside the beam pipe wall and the first layers of the detector before decaying. This is an
important test, as explained in the Introduction.

3.2 �0
c ! �+ �

The scalar state of the charmonium can decay into a pair of � mesons

�0
c ! �+ � , (3.7)

with branching fraction of (8.48± 0.26± 0.27)⇥ 10�4 [23].
The �0 are produced in

e+e� !  (3686) ! ��0 . (3.8)
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The final state of the two � mesons can be written as

| i = w�1�1 |� 1, �1i+ w0 0 |0 0i+ w1 1 |1, 1i , (3.9)

with
|w�1�1 |2 + |w0 0 |2 + |w1 1 |2 = 1 , (3.10)

and w1 1 = �w�1�1 because of the conservation of parity. The same condition is found by the identity
of the final particles. There is therefore only one independent amplitude and the density matrix
depends on one complex number.

The final states are spin 1 and their polarizations are described by quatrits. The resulting 9 ⇥ 9
helicity density matrix ⇢�� = | ih | is written as

⇢�� /

0

BBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 |w�1�1 |2 0 w�1�1w

⇤
0 0

0 w�1�1w
⇤
1 1

0 0
0 0 0 0 0 0 0 0 0
0 0 w0 0w

⇤
�1,�1

0 |w0 0 |2 0 w0 0w
⇤
1 1

0 0
0 0 0 0 0 0 0 0 0
0 0 w1 1w

⇤
�1�1

0 w1 1w
⇤
0 0

0 |w1 1 |2 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCA

, (3.11)

The analysis of the data in [23] only gives the absolute value of the ratio of the moduli of the helicity
amplitudes: ����

w1,1

w0 0

���� = 0.299± 0.003 , (3.12)

and no value for the phase. Accordingly, we can only carry out the analysis in the case of zero phase.
This phase comes from the final state strong interactions if we assume that the form factors have no
significant absorptive part. The helicity amplitudes are determined from the value in Eq. (3.12) to be

|w0 0 | = 0.9210± 0.0014 and |w1,1 | = |w�1�1 | = 0.2754± 0.0023 , (3.13)

and these values can be inserted in the density matrix in Eq. (3.11).
The entanglement can be found from the entropy of entanglement because the final state in Eq. (3.9)

is pure. We find
E [⇢] = 0.531± 0.0021 (3.14)

This number is di↵erent from zero with a significance of 255�.
We find that, after optimization, the expectation value of the Bell operator is

Tr ⇢�� B = 2.2961± 0.0165 (3.15)

This decay provides a clean test of the violation of Bell inequality in a system of two qutrits. Its
significance is 17.9�.

4 Charmonium spin 1 states

T he decay of spin 1 particles brings in a dependence of the helicity density matrix on the
scattering angle. The amount of entanglement and possible violations of the Bell inequality

therefore depend on the value of this angle.
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The final states are spin 1 and their polarizations are described by qutrits. The resulting 9 ⇥ 9
density matrix ⇢�� = | ih | is written as

⇢�� /

0

BBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 |w�1�1 |2 0 w�1�1w

⇤
0 0

0 w�1�1w
⇤
1 1

0 0
0 0 0 0 0 0 0 0 0
0 0 w0 0w

⇤
�1,�1

0 |w0 0 |2 0 w0 0w
⇤
1 1

0 0
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0 0 w1 1w

⇤
�1�1

0 w1 1w
⇤
0 0

0 |w1 1 |2 0 0
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0 0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCA

, (3.13)

The analysis of the data in [23] selects 2701 ± 84 out of the �K+K�K+K� final states events. The
maximum likelihood fit yields the absolute value of the ratio of the moduli of the helicity amplitudes:

����
w1,1

w0 0

���� = 0.299± 0.003|stat ± 0.019|syst . (3.14)

No value for the relative phase is provided. Accordingly, we can only carry out the analysis in the
case of zero phase. As pointed out in the Introduction, this phase comes from the final state strong
interactions if we assume that the form factors have no significant absorptive part.

The entanglement can be determined from the entropy of entanglement given in Eq. (2.18) because
the final state in Eq. (3.11) is pure. We find, after propagating the errors,

E [⇢] = 0.531± 0.040 . (3.15)

This number di↵ers from zero with a significance of 13.3�.
After optimization, the expectation value of the Bell operator is

Tr ⇢�� B = 2.296± 0.034 . (3.16)

This decay provides a clean test of the violation of Bell inequality in a system of two qutrits. Its
significance is 8.8�.

4 Charmonium spin 1 states

T he decay of spin 1 particles brings in a dependence of the polarization density matrix on
the scattering angle. The amount of entanglement and possible violations of the Bell inequality

therefore depend on the value of this angle.
Data on many di↵erent processes are available and we review all of them. Such a comprehensive

presentation is necessarily repetitive. We apologize. The final results are summarized in Table 4.1.

4.1 J/ ! ⇤+ ⇤̄ and  (3686) ! ⇤+ ⇤̄

The helicity states of the final system in

J/ ! ⇤+ ⇤̄ (4.1)
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the angular momentum to be described by the three states
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|12 � 1

2i ⌦ |12
1
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in which the state in the first line of Eq. (4.4) corresponds to the J/ being transversally polarized
with positive helicity (Jz = +1), the second line to the opposite helicity (Jz = �1) and the third line
to the 0 helicity (Jz = 0), that is, the J/ being longitudinally polarized. The states in Eq. (??) are
written along the z-axis and must be rotated to the direction of the final state momentum.

In the process
e+e� ! � ! cc̄ ! J/ ! ⇤⇤̄ , (4.5)

the J/ is produced polarized. The correlation matrix of the two baryons depends on the scattering
angle ⇥ because the polarization of the J/ does.

The elements of the spin density matrix can be written as

⇢�1�2,�0
1�

0
2
= w�1�2w

⇤
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0
2

X

k=±1

D(1)⇤
k,�1��2

(0,⇥, 0)D(1)
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1��0
2
(0,⇥, 0) (4.6)

where D(1)
i,j is the Wigner matrix for the spin 1 representation of SO(3) and the sum is only over the

polarization ±1 because the spin 1 state is produced from unpolarized electrons and positrons with
the electron and positron taken to be massless and, therefore, with only the helicities ±1.

Of the four helicity amplitudes, only two are independent. The density matrix is given by
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in which f⇥ ⌘ (3� cos 2⇥)/4, s⇥ ⌘ sin⇥ and c⇥ ⌘ cos⇥.
The helicity amplitudes can be parametrized as

w 1
2

1
2
= w� 1

2 � 1
2
=

p
1� ↵p
2

and w 1
2 � 1

2
= w� 1

2
1
2
=

p
1 + ↵ exp[�i��] (4.8)

The polarization of the ⇤ baryons is given by

B�
i = �B+

i = Tr ⇢⇤⇤1 ⌦ �i = (0,

p
1� ↵2 sin 2⇥ sin��

C0
, 0) , (4.9)

in which C0 = 2 + ↵+ ↵ cos 2⇥. The polarization in Eq. (4.9) agrees with [15,40].
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The decay J/ ! ⇤⇤̄ has branching fraction 1.8⇥ 10�3 [27]. From [15] we can obtain the values
of the two parameters

↵ = 0.4748± 0.0022|stat ± 0.0031|syst and �� = 0.7521± 0.0042|stat ± 0.0066|syst . (4.10)

No correlation in the uncertainties are given.
The correlation matrix can be computed from the density matrix and it is given by
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@
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p
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Again, it agrees with [40].

Figure 4.1: Concurrence (left) and Horodecki condition m12 (right) for J/ ! ⇤⇤. Both quantities are the largest for

⇥ = ⇡/2.

As shown in Fig. 4.1, the concurrence and m12 depend on the scattering angle. The largest values
are found at ⇥ = ⇡/2, for which

C = 0.475± 0.0039 and m12 = 1.225± 0.004 (4.12)

The entanglement is not maximal even for ⇥ = ⇡/2 because the final state is not a pure state and
instead contains a mixture of the states discussed in Eq. (4.4).

The significance of the violation of the Bell inequality is nominally 56.2�. This is a lower bound
that could be improved once the correlation in the uncertainties are included.

The same analysis can be done for the case of the  (3686). The decay  (3686) ! ⇤⇤̄ has branching
fraction 3.81⇥ 10�4 [27]. From [41] we find

↵ = 0.690± 0.07|stat ± 0.02|syst and �� = 0.401+0.154
�0.140|stat ± 0.028|syst , (4.13)

and no correlations between the uncertainties are given.
As shown in Fig. 4.2, the concurrence and m12 are, as before, the largest at ⇥ = ⇡/2, for which

C = 0.690± 0.072 and m12 = 1.476± 0.098 (4.14)
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fall in the triplet representation of the product 1
2 ⌦

1
2 = 1� 0. It is constrained by the conservation of

the angular momentum to be described by the three states
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in which the state in the first line of Eq. (4.2) corresponds to the J/ being transversally polarized
with positive helicity (Jz = +1), the second line to the opposite helicity (Jz = �1) and the third line
to the 0 helicity (Jz = 0), that is, the J/ being longitudinally polarized. The states in Eq. (4.2) are
written along the z-axis and must be rotated to the direction of the final state momenta.

In the process
e+e� ! � ! cc̄ ! J/ ! ⇤⇤̄ , (4.3)

the J/ is produced polarized. The correlation matrix of the two baryons depends on the scattering
angle ⇥ because the polarization of the J/ does.

The elements of the density matrix can be written as
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where D(1)
i,j is the Wigner matrix for the spin 1 representation of SO(3) and the sum is only over the

±1 polarizations because the spin 1 state is produced from unpolarized electrons and positrons with
the electron and positron taken to be massless and, therefore, with only the ±1 helicities.

Of the four helicity amplitudes, only two are independent. The density matrix is given by
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in which f⇥ ⌘ (3� cos 2⇥)/4, s⇥ ⌘ sin⇥ and c⇥ ⌘ cos⇥.
The helicity amplitudes can be parametrized as
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2

1
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p
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2

and w 1
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The polarization of the ⇤ baryons is given by

B�
i = �B+

i = Tr ⇢⇤⇤1 ⌦ �i = (0,

p
1� ↵2 sin 2⇥ sin��

C0
, 0) , (4.7)

in which C0 = 2 + ↵+ ↵ cos 2⇥. The expression for the polarization in Eq. (4.7) agrees with [15,41].
Ten billion J/ events have been collected at the BESIII detector. The decay J/ ! ⇤⇤̄ has

branching fraction (1.89 ± 0.08) ⇥ 10�3 [28]. The decay into ⇤⇤̄ pairs is reconstructed from their
dominant hadron decays: ⇤ ! p⇡� and ⇤̄ ! p̄⇡�. The maximum likelihood fit yields the values of
the two parameters defining the helicity amplitudes [15]:

↵ = 0.4748± 0.0022|stat ± 0.0031|syst and �� = 0.7521± 0.0042|stat ± 0.0066|syst . (4.8)
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the study of entanglement leads to that  
of Bell inequalities violation
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Results

violation: 98% CL  w/ Run II data (139 fb-1) 
99.99% CL with Run III

null hypothesis: 
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putting quantum observables to work
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Figure 1: Unit vectors and momenta in the CM system for the weak gauge bosons production p p ! V1V2 as
utilized in the text. Notice the definition of the scattering angle and the direction of the unit vector p̂.

+� for V2, where � =
p
1� 4M2/s and s is the squared of the CM energy. We report below the form

taken in this frame by the initial and final states momenta

pµ1 = E (1, p̂) , pµ2 = E (1, �p̂) , kµ1 = E (1, �k̂) , kµ2 = E (1, ��k̂) . (2.26)

Given the polarization vectors "µ(k1,�1) and "⌫(k2,�2), associated respectively with V1 and V2, the
corresponding polarization bases nµ

i
(1) and nµ

i
(2) (i 2 {1, 2, 3}, cf. Eqs. (2.15)–(2.14)) are given by

nµ

1 (1) = nµ

1 (2) = (0, n̂) , nµ

2 (1) = nµ

2 (2) = (0, r̂) ,

nµ

3 (1) = � (�, k̂) , nµ

3 (2) = � (��, k̂) , (2.27)

where � = 1/
p
1� �2 is the Lorentz factor. The above vectors satisfy the normalization conditions

nµ

i
(1)nj(1)µ = nµ

i
(2)nj(2)µ = ��ij ,

nµ

3 (1)n3µ(2) = ��2(�2 + 1) ,

nµ

1 (1)n2(2)µ = nµ

2 (1)n1(2)µ = 0 . (2.28)

In case of production of two di↵erent gauge bosons, as well as for the decay of the Higgs boson
into a pair of weak interaction gauge bosons (one necessarily o↵-shell2), the above relations generalize
as follows.

Let k be the common magnitude of the momenta of the produced particles in the CM frame,p
s = E1 + E2 the total energy in the same frame, M the heaviest mass of the two spin-1 particles

and fM the lightest one, with 0 < f < 1. The four-vectors k1 and k2 are then given by

kµ1 = (E1, k k̂) , kµ2 = (E2, �k k̂) , (2.29)

2We model the o↵-shell particle as an on-shell gauge boson with a reduced mass for the purpose of computing the
amplitude of the process.
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We then compute through Eq. (2.36) the polarization density matrix ⇢H for the two vector bosons
emitted in the decay of the Higgs boson

⇢H = 2

0

BBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 h44 0 h16 0 h44 0 0
0 0 0 0 0 0 0 0 0
0 0 h16 0 2h33 0 h16 0 0
0 0 0 0 0 0 0 0 0
0 0 h44 0 h16 0 h44 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCA

, (3.8)

with the condition Tr [⇢H ] = 1 following from the relation 4(h33 + h44) = 1.
We remark that although some fa and ga are non vanishing, the dependence of ⇢H on these

quantities cancels in the final expression. Furthermore, due to the following identity among the
correlation coe�cients

h44 = 2
�
h216 + 2h244

�
, (3.9)

the above polarization density matrix is idempotent

⇢2H = ⇢H , (3.10)

signaling that the final V V ⇤ state is a pure state. The density matrix in Eq. (3.8) can then be
written [11]

⇢H = | Hih H | , (3.11)

where (in the basis |��0i = |�i ⌦ |�0i with �,�0 2 {+, 0,�})

| Hi = 1p
2 + �2

[|+�i � � |0 0i+ |�+i] (3.12)

with

� = 1 +
m2

H
� (1 + f)2M2

V

2fM2
V

(3.13)

and � = 1 corresponding to the production of two gauge bosons at rest.
In Figs. 3 and 4 we show the results for the main observables targeting quantum entanglement, I3

(left panel) and C2 (right panel), in the H ! WW ⇤ and H ! ZZ⇤ decays. The plots are for di↵erent
values of the virtual gauge boson masses M⇤

W
and M⇤

Z
, respectively.

The maximization of the I3 observable, which depends in this case only on the M⇤
V

mass, is
obtained through the rotation

B ! (UV ⌦ VV )
† · B · (UV ⌦ VV ) , (3.14)

by unitary matrices UV , VV (with index V 2 {W,Z}), as defined in Section 2.1. The maximization
must be performed point by point as the density matrix varies with M⇤

V
.

We provide in Eqs. (3.15)–(3.16) the expressions for the unitary matrices U and V that maximizes
the I3 observable in the last bins (in which MW = 40 GeV and MZ = 32 GeV) for the H ! WW ⇤
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contains both right- and left-handed components, whose strengths are controlled by the coe�cients
gL = �1/2 + sin2 ✓W and gR = sin2 ✓W . In this case, one must introduce a generalized form of the
functions in Eq. (B.1) which is defined as the following linear combinations

q̃n =
1

g2
R
+ g2

L

h
g2R qn+ + g2L qn�

i
, (2.49)

and define from these the corresponding orthogonal functions p̃n to be used in Eq. (2.37). They are
the same for both the ± coordinate sets and given by

p̃n =
X

m

anmpm+ , (2.50)

where the matrix anm is given in Eq. (B.3) in Appendix B. The Eqs. (2.46)–(2.47) can be used after
replacing the functions pm± with p̃n and including a symmetry factor of 1/2 for the fa and ga coe�cients
and 1/4 for the hab in the case of identical final states, namely for the ZZ case.

The correlation coe�cients given in Section 3 for the Higgs decays and Appendix C for the quark
fusion processes are recovered by boosting the expressions computed with Eqs. (2.46)–(2.47), respec-
tively, to the rest frame of the Higgs boson and CM frame of the gauge bosons.

The Eqs. (2.46)–(2.47) provide the means to reconstruct the correlation functions of the density
matrix from the distribution of the lepton momenta and thus allow to infer the expectation values
of the observables I3 and C2 from the data. The analysis outlined in this Section is experimentally
rather challenging because both the CM frame of the collision and the rest frame of the gauge bosons
must be determined as precisely as possible to compute the correlation coe�cients hab, fa and ga with
reasonable uncertainties.

3 Di-boson production in Higgs boson decays

Consider the decay
H ! V (k1,�1)V

⇤(k2,�2) , (3.1)

with V 2 {W,Z}, and V ⇤ regarded as an o↵-shell vector boson. In the following, we treat the latter
as an on-shell particle characterized by a mass

M⇤
V = fMV (3.2)

reduced by a factor 0 < f < 1 with respect to the original mass MV . The amplitude of the Higgs
boson decay (3.1) is given by

MH(�1,�2) = gMV ⇠V gµ⌫"
µ?(k1,�1)"

⌫?(k2,�2) , (3.3)

where g is the weak coupling, ⇠W = 1, and ⇠Z = 1/(2cW ), with cW = cos ✓W and ✓W the Weinberg
angle. From the amplitude in Eq. (3.3) we obtain

MH(�1,�2)MH(�0
1,�

0
2)

† = g2M2
V ⇠2V gµ⌫gµ0⌫0P

µµ
0

�1�
0
1
(k1)P

⌫⌫
0

�2�
0
2
(k2) . (3.4)

where Pµ⌫

��0(k) is given in Eq. (2.16) with M = MV or M = M⇤
V

for the on-shell and o↵-shell boson,
respectively.

Following the procedure explained in Section 2.3 for a CM energy
p
s = mH , we obtain the

coe�cients fa, ga, and hab (a, b 2 {1, . . . , 8}) reported below. There is no dependence on the scattering
angle ⇥ because we are considering the decay of the Higgs boson at rest.
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Higgs to gauge bosons

We then compute through Eq. (2.36) the polarization density matrix ⇢H for the two vector bosons
emitted in the decay of the Higgs boson

⇢H = 2

0

BBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 h44 0 h16 0 h44 0 0
0 0 0 0 0 0 0 0 0
0 0 h16 0 2h33 0 h16 0 0
0 0 0 0 0 0 0 0 0
0 0 h44 0 h16 0 h44 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCA

, (3.8)

with the condition Tr [⇢H ] = 1 following from the relation 4(h33 + h44) = 1.
We remark that although some fa and ga are non vanishing, the dependence of ⇢H on these

quantities cancels in the final expression. Furthermore, due to the following identity among the
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signaling that the final V V ⇤ state is a pure state. The density matrix in Eq. (3.8) can then be
written [11]

⇢H = | Hih H | , (3.11)
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[|+�i � � |0 0i+ |�+i] (3.12)

with

� = 1 +
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H
� (1 + f)2M2

V

2fM2
V

(3.13)

and � = 1 corresponding to the production of two gauge bosons at rest.
In Figs. 3 and 4 we show the results for the main observables targeting quantum entanglement, I3

(left panel) and C2 (right panel), in the H ! WW ⇤ and H ! ZZ⇤ decays. The plots are for di↵erent
values of the virtual gauge boson masses M⇤

W
and M⇤

Z
, respectively.

The maximization of the I3 observable, which depends in this case only on the M⇤
V

mass, is
obtained through the rotation

B ! (UV ⌦ VV )
† · B · (UV ⌦ VV ) , (3.14)

by unitary matrices UV , VV (with index V 2 {W,Z}), as defined in Section 2.1. The maximization
must be performed point by point as the density matrix varies with M⇤

V
.

We provide in Eqs. (3.15)–(3.16) the expressions for the unitary matrices U and V that maximizes
the I3 observable in the last bins (in which MW = 40 GeV and MZ = 32 GeV) for the H ! WW ⇤

16

B

[39] M. Fabbrichesi, R. Floreanini, and G. Panizzo, Testing Bell Inequalities at the LHC with426

Top-Quark Pairs, Phys. Rev. Lett. 127 (2021), no. 16 161801, [arXiv:2102.11883].427

[40] C. Severi, C. D. E. Boschi, F. Maltoni, and M. Sioli, Quantum tops at the LHC: from428

entanglement to Bell inequalities, Eur. Phys. J. C 82 (2022), no. 4 285, [arXiv:2110.10112].429

[41] J. A. Aguilar-Saavedra and J. A. Casas, Improved tests of entanglement and Bell inequalities430

with LHC tops, Eur. Phys. J. C 82 (2022), no. 8 666, [arXiv:2205.00542].431

[42] A. J. Larkoski, General analysis for observing quantum interference at colliders, Phys. Rev. D432

105 (2022), no. 9 096012, [arXiv:2201.03159].433

[43] Y. Afik and J. R. M. n. de Nova, Quantum information with top quarks in QCD, Quantum 6434

(2022) 820, [arXiv:2203.05582].435

[44] T. Han, M. Low, and T. A. Wu, Quantum Entanglement and Bell Inequality Violation in436

Semi-Leptonic Top Decays, arXiv:2310.17696.437

[45] W. Gong, G. Parida, Z. Tu, and R. Venugopalan, Measurement of Bell-type inequalities and438

quantum entanglement from ⇤-hyperon spin correlations at high energy colliders, Phys. Rev. D439

106 (2022), no. 3 L031501, [arXiv:2107.13007].440

[46] M. Fabbrichesi, R. Floreanini, E. Gabrielli, and L. Marzola, Bell inequality is violated in441

charmonium decays, arXiv:2406.17772.442
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1 Introduction

T he decay of the Higgs boson provides an ideal laboratory for a systematic study of weak
gauge bosons polarizations. The massive gauge bosons—whose polarizations represent quantum

states with three possible levels, that is, qutrits—act as their own polarimeters and the full polarization
density matrix can be reconstructed, within the inherent uncertainties of the procedure, from the
angular distribution of the final leptons in what has been dubbed quantum tomography.

This opportunity has been explored in a series of papers [1–4] in which the polarization density
matrix of the bipartite system formed by the two gauge bosons has been computed, and observables
quantifying the entanglement [5] and the violation of the Bell inequalities [6] were analyzed.

In this work we utilize the polarization density matrix of the processes H → WW → and H → ZZ→

(where W → and Z→ denote o!-shell states) to study the e!ect of possible anomalous couplings between
the Higgs boson and the weak gauge bosons. The study of anomalous couplings is an important area
of research in particle physics because their existence would imply the presence of new particles or
interactions. Their precise measurement can then provide insights into the nature of new physics
beyond the Standard Model (SM). We are particularly interested in the CP nature of these couplings
and the related question of the parity of the Higgs boson, that is, whether it has or not a pseudo-scalar
component.

The most general Lagrangian for the processes we are interested in can be written as

LHV V = gMWW+
µ W↑µH +

g

2 cos ωW
MZZµZ

µH

↑ g

MW

[
aW
2

W+
µωW

↑µω +
ãW
2

W+
µωW̃

↑µω +
aZ
4
ZµωZ

µω +
ãZ
4
ZµωZ̃

µω

]
H , (1.1)

The first line in Eq. (1.1) gives the SM Lagrangian, the second introduces two possible anomalous
couplings for each of the gauge bosons V = W or Z: aV and ãV . In Eq. (1.1), g is the SU(2) coupling,
V µω are the field strength tensors and Ṽ µω = 1

2ε
µωεϑVεϑ. All couplings in Eq. (1.1) are taken to be

real. The coupling aV stands for a departure of the fundamental interaction from that of the SM. A
non-vanishing coupling ãV signals the presence of a pseudo-scalar component in the Higgs boson and
the possibility of CP violation in the interference with the SM vertex.

Numerous works have studied the anomalous couplings in Eq. (1.1) by means of dedicated observ-
ables [7–17] and in the framework of e!ective field theories [18–20]—even though most of the references
only consider observables that are combinations of the the final lepton momenta and energies. The
structure of the helicity amplitudes for the considered processes has been investigated in [21–27] and
applied to the anomalous couplings in [28].

In this work, we introduce a new strategy that exploits the full polarization density matrix. Knowl-
edge of the density matrix gives a bird’s-eye view of the possible observables available for a given
process. Some of them, like those linked to entanglement, are untested yet. Others are already known
and utilized, like products of momenta and polarizations or the cross section—the simplest of them
all.

For the present case of the Higgs boson decays, we define three observables in terms of the entries
of the polarization density matrix to provide a new mean to constrain the anomalous couplings in
Eq. (1.1): two observables are linked to entanglement in the spin correlations, the third is related
to products of one momentum and two polarizations and it is specific to the CP-odd vertex. This
combination of observables seems as sensitive or even more to any changes in the Lagrangian as
analyses based on data from multiple cross sections and, therefore, it represents a useful tool to further
build on this more traditional approach.

2

Figure 2: Allowed values for the anomalous couplings aV and ãV obtained by using the observables Codd and Eent. The

hatched area use the LHC run2 data (L = 140 fb
→1

), the purple ones show the HiLumi projection (L = 3 ab
→1

). The

limits, all given at a 95% confidence level, only hold prior to the inclusion of backgrounds.

LHC run2 HiLumi

|aW | → 0.033 |aW | → 0.0070

|ãW | → 0.031 |ãW | → 0.0068

|aZ | → 0.0019 |aZ | → 0.00040

|ãZ | → 0.0039 |ãZ | → 0.00086

Table 1: 95% confidence intervals for the anomalous couplings obtained by marginalization of the two-parameter plots

in Fig. 2. when taken to be independent.

at 1ω, in the linear approximation, and for a luminosity of 1 ab→1, whereas, for HiLumi (3 ab→1), we
find (95% CL)

aZ = 4.0↑ 10→4 , ãZ = 8.0↑ 10→4 . (3.19)

Beside the di!erent statistical distribution and luminosities used, our result is stronger than the former
limits obtained for the associated HZ production process. The limits in Eq. (3.19) are so stringent
to be comparable with projected bounds from future lepton colliders [41–43] based on classical spin
correlations and cross sections.

Although the use of entanglement does seem to strengthen the constrains on the anomalous couplings,
we must include the e!ect of the backgrounds for a more realistic estimate of its power.

3.1 Including the background

The estimate of the dominant W plus jets background for the H ↓ WW ↑ case is currently a!ected by
a rather large uncertainty and its size is larger than the signal. Although we could in principle apply
our method, the computation of this background is much more involved and it will require a dedicated
simulation, which is outside the scope of the present analysis.
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LHC run2 HiLumi

|aZ | → 0.0028 |aZ | → 0.00062

|ãZ | → 0.0039 |ãZ | → 0.00086

Table 2: 95% confidence intervals for the anomalous couplings obtained by marginalization of the two-parameter plots

in Fig. 3. when taken to be independent.

In the following we focus on the ZZ→ decay that achieves higher sensitivity to the anomalous cou-
plings because of a better signal-to-background ratio than the WW → case.

The irreducible background for the H ↑ Zω+ω↑ signal is rather small and dominated by the elec-
troweak process pp ↑ ZZ/Zε ↑ 4ω. The sum of the signal and background, being induced by di!erent
production channels, is characterized by a mixture of di!erent states. We introduce this mixture by
writing the density matrices for the processes as

ϑZZ = ϖϑH → ZZ + (1↓ ϖ)ϑBCKG , (3.20)

with 0 → ϖ → 1 parametrizing the expected signal-to-background ratio S/(S+B). The density matrix
ϑBCKG in Eq. (3.20) is given by the electroweak pp ↑ ZZ process. We take ϖ = 0.8, corresponding to
a background which is about 4 times smaller than the signal, which is the case at the Higgs peak [44].

Figure 3: The same limits as in Fig. 2 (LHC run2 and HiLumi projections) as obtained for the ZZ↑
channel after the

inclusion of background. The observables C2 and Codd are used in this case.

Once the background is included, we can no longer use the entropy to measure the entanglement
as the produced bipartite state is not pure. We use the observable C2 instead, which still tracks the
entanglement, decreasesing as the latter weakens. The observable Codd does not receive any contribution
from the backgrounds, which are CP even.
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Polarizations are more di!cult to measure than momenta. The reconstruction of the polarization
density matrix from the data is challenging, in particular for the case of H → WW → because of the
presence of the undetectable neutrinos. The main aim of this work is to show that the extra work
needed to reconstruct the gauge boson polarizations is indeed worthwhile. In order to present an
analysis as realistic as possible, we give an estimate of the main uncertainties in the bounds that we
derive for the anomalous couplings. In particular, we include the e"ects of statistical and systematic
errors, as well as the impact of the dominant irreducible backgrounds in the computation of these
observables. It is understood that a complete treatment of uncertainties goes beyond the purpose of
the present work and should be the focus of a dedicated analysis that can only be performed by the
experimental collaborations.

To assess how our method fares, we compare the bounds we derive with the theoretical analy-
sis presented in [28]. Comparison with experimental limits requires the inclusion of the irreducible
background. We estimate this for the ZZ→ channel, which achieves a higher sensitivity, and confront
our findings with the limits due to a combination of cross sections recently updated the CMS [29]
collaboration.

2 Methods

Q uantum tomography aims to fully determine the density matrix ω of a quantum state. In the
case of the decay of the Higgs boson into two massive spin 1 gauge bosons, the density matrix

for the joint polarization states of the two particles is the 9 ↑ 9 matrix of a system composed by two
qutrits. It can be decomposed on the basis formed by the eight Gell-Mann matrices T a and the unit
matrix as follows

ω(ε1,ε
↑
1,ε2,ε

↑
2) =

(1
9
[1 ↓ 1] +

∑

a

fa [T
a ↓ 1] +

∑

a

ga [1 ↓ T a] +
∑

ab

hab
[
T a ↓ T b

] )

ω1ω
→
1,ω2ω

→
2

, (2.1)

where the T a satisfy the orthogonality condition Tr [T aT b] = 2 ϑab and the indices ε and ε↑ track the
polarizations of the two spin 1 massive particles. Eq. (2.1) defines the coe!cients fa, ga, and hab
(a, b ↔ {1, . . . , 8}) which we determine in what follows.

To best constrain the anomalous couplings in the Lagrangian Eq. (1.1), we need observables that
ideally depend linearly on these quantities. Quantum tomography gives the coe!cients fa, ga, and hab
of the density matrix and there is a number of observables that can be constructed with them. Some of
these observables are novel and based on the entanglement between the final states, others are linked
to correlations already studied or, directly, to the cross section of the process. We consider the three
that provide the most stringent limits to the anomalous couplings:

• When a scalar particle decays into a pair of massive gauge bosons, the qutrits describing the
polarizations of the latter form a bipartite pure state. In this case it is possible to quantify the
entanglement among the polarizations of the weak gauge bosons by computing the entropy of
entanglement, Eent, defined by

Eent = ↗Tr [ωA log ωA] = ↗Tr [ωB log ωB] , (2.2)

where ωA and ωB are the reduced density matrix obtained by tracing out the subsystem B or
A, respectively. In our case, the two subsystems are the polarizations of the two massive gauge
bosons and the reduced density matrices are obtained by tracing out the polarizations of either
gauge boson. For a two-qutrit system the entropy of entanglement satisfies 0 ↘ E [ω] ↘ ln 3.

3

The first equality is true if and only if the bipartite state is separable (signalling the absence of
entanglement), the second if the bipartite state is maximally entangled;

• The second observable C2 [30] is an entanglement witness defined in terms of the coe!cients in
Eq. (2.1) as

C2 = 2max
[
0, →2

9
→ 12

∑

a

f2
a + 6

∑

a

g2a + 4
∑

ab

h2
ab
,

→ 2

9
→ 12

∑

a

g2a + 6
∑

a

f2
a + 4

∑

ab

h2
ab

]
. (2.3)

It represents a lower bound on the concurrence [31] of the system, which quantifies the entangle-
ment of a generic bipartite system. Unfortunately, the definition of concurrence is based on an
optimization problem that makes its evaluation a very hard mathematical task—with a simple
analytic solution only when the two subsystems are two-level systems (qubits). For this reason, we
use C2 as proxy for the concurrence. Whereas the entropy of entanglement can be used to quantify
the entanglement content only of pure states, the observable C2 can be utilized for arbitrary states.
C2 is at most equal to 4/3.

• The third observable Codd singles out the asymmetric parts of the density matrix; it defined as

Codd =
1

2

∑

a,b

a<b

∣∣∣hab → hba
∣∣∣ , (2.4)

which contains only o"-diagonal terms that change sign under transposition. In the di"erence
symmetric terms drop out. The combinations in Eq. (2.4) provide correlations. They can be
written in terms of the kinematical variables as triple products of momenta and polarizations as,
for instance,

ωk ·
(
ωεn̂ ↑ ωεr̂

)
, (2.5)

with ωk the momentum of one of the particles, ωεn̂ and ωεr̂ the projections of the polarizations along
two directions orthogonal to the momentum.

The decay of the Higgs boson shows at colliders in the processes

p p ↓ V1 + V2 +X ↓ ϑ+ϑ→ (or ϑ+ jj or ϑ→ jj) + Emiss
T (or ϑ+ϑ→) + jets , (2.6)

with missing energy Emiss
T

due to the possible presence of neutrinos in the final state. These processes
include the production of the gauge bosons through the resonant Higgs boson channel, as well as
via quark fusion, and include the consequent decays into the final leptons or quarks—plus the jets
originating from the spectator quarks.

The production of the Higgs boson is dominated at the LHC by gluon fusion. This is the mode we
study. Sub-leading, but not negligible, electroweak processes like vector boson fusion (VBF) contribute
as well. In these processes the anomalous couplings enter o"-shell. Some of the new physics vertices
are enhanced by the energy and make some of these o"-shell contribution more sensitive. Moreover,
they may enter twice, first in production and then in the decays. For these reasons, comparison of
bounds obtained from di"erent processes as well as a direct comparison of our bounds to others is often
not straightforward.

4

putting quantum observables to work
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more statistical errors

statistical errors

for the tracks proper and

�b = 3µm� 15µm

sin2/3⇥

GeV

pT
(2.16)

for the impact parameters and for the reconstruction of the vector of closest approach. These values are
taken from the envisaged IDEA tracking detector [1]; a constant smearing originates in imperfections
in the detector or anomalies in signal collection, whereas the term scaling with the momentum is
a noise that comes from the imperfection of the readouts. In the simulation we retain the leading
contributions in the quoted uncertainties and account for the related detector e↵ects by performing
a Gaussian smearing of the Monte Carlo truth pion momenta and closest approach vector taking the
nominal resolutions above as standard deviations.

Notice that the uncertainties are small if typical pion momenta of the order of 10 GeV and ⌧ -
lepton times of flight of the order of 0.1 mm are considered. Furthermore, the decay of the ⌧ pairs
will generally occur inside the beam pipe (of order 1 cm), thereby ensuring the absence of further
interactions with the detector material that could quench the spin correlation under study.

Figure 2.4: Distribution of the ⌧ -lepton pair events in invariant mass after including the initial state radiation of the

electrons. The last four bins, from 89 to 91 GeV, contain 99% of the events. The count in each bin is normalized to the

total number of events.

We also include in our Monte Carlo simulation the e↵ect of Initial state radiation (ISR), which
shifts the beam—and the actual center of mass (CM)—energy as shown in Fig. 2.4. The plot is
obtained by using Pythia 8 [16] and following the indicated statistics we pollute our dataset with
events characterized by a lower CM energy up to

p
s = 89 GeV, corresponding to the last three bins

of Fig. 2.4 which comprise 99% of the events.
The angular distributions of the pion momenta in the rest frame of the ⌧ -lepton pairs give, as

the desired, the coe�cients of the polarization density matrix. In the following we compare the
results obtained from analytical computations to the values indicated by the Monte Carlo simulations
performed with and without the ISR and detector resolution e↵ects.

3 Results

Q uantum tomography gives us the means to study entanglement and Bell inequality violation

9

2.3.1 Neutrino momenta reconstruction

The eight unknown components of the neutrino momenta can be reconstructed by means of eight
equations: four from the sum of the ⌧ -lepton momenta, which is constrained to satisfy

p
µ
⌧+ + p

µ
⌧� = p

µ
e+e� , (2.9)

and four from the mass-shell conditions

(p⌧+ � p⇡+)2 = m
2
⌫ = 0 and (p⌧� � p⇡�)2 = m

2
⌫ = 0 (2.10)

p
2
⌧+ = m

2
⌧ and p

2
⌧� = m

2
⌧ . (2.11)

The system of equations is second order and a two-fold degeneracy arises (see the Appendix in [14]).
As opposed to other processes, like top quark and W -boson decays, the reconstruction of the

neutrino momenta and, therefore, of the ⌧ momenta is almost perfect. The reason is that the ⌧

lepton lives long enough to give a decay vertex that can be distinguished from the collision point.
Consequently, the vector of closest approach, identified from the continuation of the trajectories of the
pions emitted in the decay, can be measured and used as to resolve the two-fold degeneracy arising
from the momenta reconstruction. Following [15], we then define the directions of the two charged
pions as

n� =
p�
|p�|

and n+ =
p+

|p+|
, (2.12)

in which p± are their momenta. The distance between the two decay vertices v± of the ⌧
± leptons is

d = v+ � v� . (2.13)

The vector of closest approach connecting the backward continuations of the two charged pion tracks
is then given by

dmin = d+
[(d · n+)(n� · n+)� d · n�]n� + [(d · n�)(n� · n+)� d · n+]n+

1� (n� · n+)2
. (2.14)

The correct kinematic reconstruction of the ⌧ momenta is then selected by computing dmin for the
two solutions and comparing the results with the measured value.

2.3.2 Detector response and initial state radiation

The performance of what will be the actual detectors of FCC-ee can only be presumed from the
specifications detailed in the current experimental proposal.

The pairs of ⌧ leptons must be identified from the charged pions appearing in the final state. Even
though the e�ciency is high but not 100%, this is not really a problem given the very large number
of events available.

We model the detector resolution with the following uncertainties:

�pT

pT
= 3⇥ 10�5 � 0.6⇥ 10�3 pT

GeV
and �✓,� = 0.1⇥ 10�3 rad (2.15)

for the tracks proper and

�b = 3µm� 15µm

sin2/3⇥

GeV

pT
(2.16)
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2.1 Quantum tomography at work

The density matrix describing the polarization state of a quantum system composed by two fermions
can be written as

⇢ =
1

4

2

41 ⌦ 1 +
X

i

B+
i (�i ⌦ 1) +

X

j

B�
j (1 ⌦ �j) +

X

i,j

Cij (�i ⌦ �j)

3

5, (2.1)

with i, j = r, n, k and �i being the Pauli matrices. The decomposition refers to a right-handed
orthonormal basis, {n, r,k} and the quantization axis for the polarization is taken along k, so that
�k ⌘ �3. In the fermion-pair center of mass frame we have

n =
1

sin⇥
(p⇥ k), r =

1

sin⇥
(p� k cos⇥) , (2.2)

where k is the direction of the ⌧
+ momentum and ⇥ is the scattering angle. We take p · k = cos⇥,

with p being the direction of the incoming e
+.

The coe�cients B±
i in Eq. (2.1) give the polarizations of the individual fermions, whereas the

coe�cients Cij encode the spin correlations. By using Tr (�i�j) = 2�ij and Tr (�i) = 0, we have:

B+
i = Tr [⇢(�i ⌦ 1)] , B�

i = Tr [⇢(1 ⌦ �i)] , Cij = Tr [⇢(�i ⌦ �j)] . (2.3)

More details on these definitions and quantum tomography in general can be found in [5].
The quantum tomography of the polarization density matrix is completed once the coe�cients

Bi and Cij have been found. Given a Lagrangian for a theory, these quantities can be computed
from the scattering amplitudes describing the underlying process. Experimentally, or in Monte Carlo
simulations, they can instead be reconstructed by tracking the angular distribution of suitable ⌧ -pair
decay products. In particular, for events where each ⌧ lepton decays to a single pion and a neutrino,
we have

1

�

d�

d cos ✓±i
=

1

2

�
1⌥ B±

i cos ✓±i
�
, (2.4)

1

�

d�

d cos ✓+i d cos ✓�j
=

1

4

⇣
1 + Cij cos ✓+i cos ✓�j

⌘
, (2.5)

in which cos ✓±i are the projections of the ⇡± momentum direction on the {n, r,k} basis, as computed
in the rest frame of the decaying ⌧

±. Figures 2.1 and 2.2 show the relative frequencies of the values
obtained for the Bi and Cij coe�cients from the actual Monte Carlo simulation we have used in
this work. All the histograms are normalized to the total number, 107, of simulated events. The
average values of these coe�cients encode the tomographic information and do not vanish provided
the corresponding histograms are not symmetric with respect to the zero value.

Whenever the average of the product of two cosine (in the Cij coe�cients) di↵er from the product
of the averages of the single cosines (in the Bi coe�cients) we have non vanishing correlation and,
possibly, quantum entanglement.

2.2 Entanglement and Bell inequality violation

Given a two-qubit, 4⇥ 4 density matrix ⇢ as in (2.1), its concurrence can be explicitly constructed by
using the auxiliary matrix

R = ⇢ (�y ⌦ �y) ⇢
⇤ (�y ⌦ �y) , (2.6)
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with i, j = r, n, k and �i being the Pauli matrices. The decomposition refers to a right-handed
orthonormal basis, {n, r,k} and the quantization axis for the polarization is taken along k, so that
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n =
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where k is the direction of the ⌧
+ momentum and ⇥ is the scattering angle. We take p · k = cos⇥,

with p being the direction of the incoming e
+.
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i in Eq. (2.1) give the polarizations of the individual fermions, whereas the
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i = Tr [⇢(1 ⌦ �i)] , Cij = Tr [⇢(�i ⌦ �j)] . (2.3)

More details on these definitions and quantum tomography in general can be found in [5].
The quantum tomography of the polarization density matrix is completed once the coe�cients

Bi and Cij have been found. Given a Lagrangian for a theory, these quantities can be computed
from the scattering amplitudes describing the underlying process. Experimentally, or in Monte Carlo
simulations, they can instead be reconstructed by tracking the angular distribution of suitable ⌧ -pair
decay products. In particular, for events where each ⌧ lepton decays to a single pion and a neutrino,
we have
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in which cos ✓±i are the projections of the ⇡± momentum direction on the {n, r,k} basis, as computed
in the rest frame of the decaying ⌧

±. Figures 2.1 and 2.2 show the normalized distributions obtained
for the values of the Bi and Cij from the actual Monte Carlo simulation we have used in this work. The
central values of the Gaussian fits—dashed lines—indicate the values of the coe�cients themselves.

Whenever the average of the product of two cosine (in the Cij coe�cients) di↵er from the product
of the averages of the single cosines (in the Bi coe�cients) we have non vanishing correlation and,
possibly, quantum entanglement.

2.2 Entanglement and Bell inequality violation

Given a two-qubit, 4⇥ 4 density matrix ⇢ as in (2.1), its concurrence can be explicitly constructed by
using the auxiliary matrix

R = ⇢ (�y ⌦ �y) ⇢
⇤ (�y ⌦ �y) , (2.6)
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size of the systematic errors a↵ecting the concurrence and the Horodecki condition by accounting for
ISR and the projected detector e↵ects. To this end, we first compare the absolute value of the di↵erence
between the central values of the concurrence obtained in the Monte Carlo simulation without, see
Eq. (3.7), and with detector e↵ects and ISR, see Eq. (3.11)

�C |syst = |0.4815� 0.4805| = 0.0010 , (3.13)

similarly, for the Horodecki condition signaling the violation of the Bell inequality (cf. Eqs. (3.8)–
(3.12)) we have

�m12|syst = |1.233� 1.239| = 0.006 . (3.14)

These di↵erences account for the systematic uncertainty in the beam energy and are subdominant
with respect to the statistical errors in Eq. (3.11) and Eq. (3.12).

An additional contribution to the systematic errors can be obtained by using the two sets of
uncertainties in the smearing procedure introduced in Section 2.3.2. These yield

�C |syst = |0.4807� 0.4805| = 0.0002 , (3.15)

and
�m12|syst = |1.232� 1.230| = 0.002 . (3.16)

These contributions are, again, subdominant with respect to the statistical errors in Eq. (3.11) and
Eq. (3.12). They become important as we rescale our statistical uncertainties toward the FCC target
luminosity and will eventually come to dominate.

Including now also the systematic errors estimated above we find that

C = 0.4805± 0.0063|stat ± 0.0012|syst , (3.17)

and the Horodecki’s condition gives

m12 = 1.239± 0.017|stat ± 0.008|syst , (3.18)

where the systematic errors where added linearly.
Equations Eqs. (3.17)–(3.18) are the main result of the present work. The overall significance of

the Bell inequality violation (obtained with a benchmark luminosity of 17.6 fb�1) is about 13 standard
deviations once the errors are added in quadrature. The expected significance with 150 ab�1 of data
can be estimated by retaining only the systematic error in Eq. (3.18) and it is about 30 standard
deviations.

These significances can be increased by means of kinematic cuts that select events with scattering
angles close to ⇥ = ⇡/2, for which the values of C and m12 are larger (see Fig. 3.2).

3.3 Polarizations

The coe�cients B±
i are directly related to the polarizations of the ⌧ leptons. Analytically, we find

that these coe�cients are equal, B+
i = B�

i for i = r, n, k.
From the Monte Carlo simulation with detector e↵ects and ISR included (corresponding to data

collected with a benchmark integrated luminosity of 17.6 fb�1), we take the polarization to be the
arithmetic average and obtain

hP i⌧ =
1

2
(B+

k +B�
k ) = 0.2203±0.0044|stat ± 0.0008|syst , (3.19)
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2.1 Quantum tomography at work

The density matrix describing the polarization state of a quantum system composed by two fermions
can be written as

⇢ =
1
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5, (2.1)

with i, j = r, n, k and �i being the Pauli matrices. The decomposition refers to a right-handed
orthonormal basis, {n, r,k} and the quantization axis for the polarization is taken along k, so that
�k ⌘ �3. In the fermion-pair center of mass frame we have

n =
1
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(p⇥ k), r =

1
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(p� k cos⇥) , (2.2)

where k is the direction of the ⌧
+ momentum and ⇥ is the scattering angle. We take p · k = cos⇥,

with p being the direction of the incoming e
+.

The coe�cients B±
i in Eq. (2.1) give the polarizations of the individual fermions, whereas the

coe�cients Cij encode the spin correlations. By using Tr (�i�j) = 2�ij and Tr (�i) = 0, we have:
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while B±
n and B±

r are consistent with their vanishing analytic value, and the overall sign depends on
the frame of reference. The systematic error is obtained as discussed in the previous section. The
polarization in Eq. (3.19) corresponds to the tree-level value, consistently with the input value used
for the Weinberg angle—see Sec. 3.3.2—whereas the current measured value is 0.1476± 0.0108 [4].

3.3.1 The interplay between polarizations and entanglement

The components Bi of the polarization and the coe�cients Cij of the spin correlations are closely
related, for they both enter the density matrix which must satisfy positivity and normalization con-
ditions. The entanglement is the largest for vanishing polarizations and vice versa. This relationship
explains the maximum entanglement shown by amplitudes in parity conserving theories, such as
QED [18], that have vanishing polarizations. This also happens in electroweak processes if the par-
ity violating structure of the lepton current is suppressed, as it is known to be for the special, and
unphysical, choice sin ✓W = 0.5 [18]. For this value, the vector coupling of leptons vanishes and the
current conserves parity. The cancellation is not possible for any common value of the Weinberg angle
once quark currents are involved because of the di↵erent charges. For this reason, the requirement of
maximum entanglement (or the vanishing of the polarizations, which amounts to the same), though
appealing, can hardly be promoted to a general principle from which to constrain a Standard Model
parameters like the Weinberg angle itself.

3.3.2 Weinberg angle

The Weinberg angle can be obtained from the polarization vector P⌧ using the relation [19]

P⌧ (cos⇥) =
A⌧

�
1 + cos2⇥

�
+ 2 cos⇥Ae

1 + cos2⇥+ 2 cos⇥A⌧Ae
, (3.20)

with,

A = Ae = A⌧ =
2 (1� 4 sin2 ✓W )

1 + (1� 4 sin2 ✓W )2
, (3.21)

assuming lepton flavor universality.
We compute the Weinberg angle by taking the weighted angular average of Eq. (3.20) and finding

A by solving the equation after inserting the value of hP i⌧ from Eq. (3.19). Inserting the value of A
so obtained into Eq. (3.21) yields the equation

0.2190 =
2 (1� 4 sin2 ✓W )

1 + (1� 4 sin2 ✓W )2
, (3.22)

which shows that the uncertainty in the coe�cient Bi is reduced by a factor of about 8 in the error
propagation. The central value for the Weinberg angle that solves Eq. (3.22) corresponds to the tree
level value:

sin2 ✓W = 0.2223±0.0006|stat ± 0.0001|syst , (3.23)

consistently with the inputs of our Monte Carlo simulation.
Rescaling the statistical uncertainty of our sample (obtained with a benchmark luminosity of 17.6

fb�1) to account for the expected FCC-ee yield, we obtain an uncertainty of 1 ⇥ 10�4, completely
dominated by the systematics. This uncertainty is of the same order of magnitude of the current
value [20]. The report [1] cites uncertainties in determination of the Weinberg angle between 10�5 and
10�6 as one of the goals for the FCC-ee machine—such a value can only be achieved if the systematic
error indicated by our estimate is reduced.
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which shows that the uncertainty in the coe�cient Bi is reduced by a factor of about 8 in the error
propagation. The central value for the Weinberg angle that solves Eq. (3.18) corresponds to the tree
level value:

sin2 ✓W = 0.2223± 0.0006 , (3.19)

consistently with the inputs of our Monte Carlo simulation.
Considering only the statistical error, we rescale the uncertainty of our sample to account for the

expected FCC-ee yield and obtain an uncertainty of 7.8⇥ 10�6 on the determination of the tree-level
Weinberg angle. This uncertainty is two order of magnitude better than the current value [19]. The
report [1] cites uncertainties in the Weinberg angle determination between 10�5 and 10�6 as one of
the goals for the FCC-ee machine.

3.4 Anomalous couplings

The ⌧ lepton—the heaviest among the leptons, as the top quark among the quarks—could be the
likeliest to show a behavior departing from that described by the Standard Model. The most general
electroweak Lorentz-invariant vertex �µ between the Z-boson and the ⌧ lepton up to dimension five
operators can be written as

i
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with F
V
1 (0) = gV = �1/2 + 2 sin2 ✓W and F

A
1 (0) = �gA = 1/2. F2(0) is the magnetic and F3(0) the

electric dipole moment. We parametrize the first two form factors in terms of a Taylor expansion as

F
V,A
1 (q2) = F

V,A
1 (0) +

q
2

m
2
Z

C
V,A
1 , (3.21)

and give limits on the coe�cients C
V,A
1 at q

2 = m
2
Z . These form factors act as anomalous couplings

of the ⌧ lepton to the Z boson.

3.4.1 Observables

Our strategy to constrain the form factors in Eq. (3.20) exploits the polarization density matrix, which
can be experimentally reconstructed through quantum tomography and gives a bird’s-eye view of the
possible observables available for a given process.

The method has been previously used to constrain physics beyond the SM a↵ecting the top-
quark [20, 21] and ⌧ pair [21] production at the LHC and at superKEKB [22], or yielding Higgs
anomalous couplings to ⌧ leptons [14] and gauge bosons [23–25].

For the present case, we use the entries of the polarization density matrix to define three observables
used to constrain the parameters in Eq. (3.20): one observable is the concurrence C defined in Eq. (2.7)
and it measures the entanglement in the spin states of the produced ⌧ pairs, another— specific to the
CP-violating contributes—is related to triple products involving one momentum and the spin vectors
of the ⌧ leptons:

Codd =
X

i<j

���Cij �Cji

��� , (3.22)
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and the third is the total cross section:

�T =
1

64⇡2 s

Z
d⌦

|M|2

4

r
1� 4m2

⌧

s
, (3.23)

in which we neglect the electron mass and take
p
s = 91.19 GeV.

3.4.2 Limits

Figure 3.4: �2
test for the form factor F2(m

2
Z) and FV

3 (m2
Z). The limits for F2(m

2
Z) are obtained by means of the

concurrence, those for the form factor FV
3 (m2

Z) by means of the operator Codd.

Figure 3.5: �2
test for the form factor FV

1 (m2
Z) (left) and FA

1 (m2
Z) (right). Both limits are obtained by means of the

cross section.

For a sample of 200.000 events, the expected value and uncertainty on the cross section is (22.83±
0.05) pb. For the same sample, from Section 3.2.1, we find an uncertainty on Cij , and therefore
on Codd, of at most 0.009, and on the concurrence C of 0.006. We use these uncertainties in the
determination of the limits on the form factors with the understanding that they can be improved by
rescaling the number of events to that actually expected at the FCC-ee.

The operators introduced in the previous section, generically denoted here as Oa[Fi(m2
Z)], depend

on the electroweak form factors Fi(m2
Z) and OSM are the values of the operators for the Standard

Model. To constrain the couplings, we introduce a �
2 test set for a (68.3) 95% C.L.
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Figure 2.2: Relative frequencies of the values of the coe�cients Cij obtained with the Monte Carlo simulation of the

⌧ -lepton pairs decaying into a charged pion plus a neutrino, the momentum of which is reconstructed. The histograms

are normalized to the total number of events.

where ⇢
⇤ denotes the matrix with complex conjugated entries. Although non-Hermitian, the matrix

R has non-negative eigenvalues; denoting with ri, i = 1, 2, 3, 4, their square roots and assuming r1 to
be the largest, the concurrence C can be expressed as [6]

C = max
�
0, r1 � r2 � r3 � r4

�
. (2.7)

The concurrence is a quantitative estimate of the amount of entanglement in the two-qubit system.
Entanglement is present if C > 0 and maximal for C = 1.

To assess the possible violation of Bell inequalities we resort instead to the matrix C in Eq. (2.5)
and build, with its transpose CT , the symmetric, positive, 3 ⇥ 3 matrix M = CCT ; its eigenvalues
m1, m2, m3 can be ordered in increasing order: m1 � m2 � m3. Then, the two-spin state ⇢ in (2.1)
violates the Bell inequality [7], in its original as well as in the equivalent Clauser-Horne-Shimony-Holt

6

putting quantum observables to work
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