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50 Years, One Lagrangian

[“50 Years of QCD”, UCLA Bhaumik Institute for Theoretical Physics, 2023; book: 2212.11107]

[W. Panofksy, ICHEP 1968, Vienna]

Bjorken Scaling, SLAC 1968

J/ψ, SLAC/BNL 1974

Gluon Jets, DESY 1979

(not to scale)

Asymptotic Freedom, 1973

Nuclei

Neutron Stars
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1.  Prove Yang-Mills mass gap

2.  First-principles description of hadronization?

3.  When does factorization break, exactly?

4.  Systematically improvable description of nuclei?

5.  Why is the QGP a nearly perfect fluid?

6.  Does QCD have a critical point?

7.  Lattice QCD sign problem (finite μB or t)

8.  Dynamics of matter in a neutron star?

9.  Ultimate method for perturbative QCD calculations?

10.  Best way to precisely measure αs?

10 Open Problems in QCD

[Iain Stewart, Colloquium Talk at REF 2023 Workshop in Madrid] 1
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[Figure: S. Hoeche, 50 Years of QCD]
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space of observables
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10 Open Problems in QCD

[Iain Stewart, Colloquium Talk at REF 2023 Workshop in Madrid]
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10 Open Problems in QCD

[Iain Stewart, Colloquium Talk at REF 2023 Workshop in Madrid]

1.  Prove Yang-Mills mass gap

2.  First-principles description of hadronization?

3.  When does factorization break, exactly?

4.  Systematically improvable description of nuclei?

5.  Why is the QGP a nearly perfect fluid?

6.  Does QCD have a critical point?

7.  Lattice QCD sign problem (finite μB or t)

8.  Dynamics of matter in a neutron star?

9.  Ultimate method for perturbative QCD?

10.  Best way to precisely measure αs?

Key Nuisance Parameters
in Precision LHC Analyses
= Indirect BSM Searches

Exciting Pheno Prospects 
at Present & Future Machines

Belle II EIC

FCC-ee

LEP
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Overview of today’s talk

1 NNLL Resummation of Sudakov Shoulder Logarithms 
in the Heavy Jet Mass Distribution

2 Transverse Momentum-Dependent Fragmentation
Functions of Heavy Quarks & Hadrons
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Overview of today’s talk

1 NNLL Resummation of Sudakov Shoulder Logarithms 
in the Heavy Jet Mass Distribution

2 Transverse Momentum-Dependent Fragmentation
Functions of Heavy Quarks & Hadrons

JHEP 09 (2023) 205, 2305.15461, with Arindam Bhattacharya (Harvard), 
Xiaoyuan Zhang (Harvard), Matt Schwartz (Harvard) and Iain Stewart (MIT)

https://arxiv.org/abs/2305.15461
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Overview of today’s talk

1 NNLL Resummation of Sudakov Shoulder Logarithms 
in the Heavy Jet Mass Distribution

2 Transverse Momentum-Dependent Fragmentation
Functions of Heavy Quarks & Hadrons

JHEP 09 (2023) 205, 2305.15461, with Arindam Bhattacharya (Harvard), 
Xiaoyuan Zhang (Harvard), Matt Schwartz (Harvard) and Iain Stewart (MIT)

https://arxiv.org/abs/2305.15461
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Motivation: α
s
 from e+ e− event shapes 

“These findings are inconsistent 
with the very small experimental,
hadronization, and theoretical 
uncertainties of only 2, 5, and 9 
per-mille, respectively, as reported 
in Refs. [683, 685]. For these 
reasons, we exclude the results of 
Refs. [683–685] from the average.”

– PDG ‘23 QCD Review, p. 35

PDG 2019: α
s

(m
Z

) = 0.1179 ± 0.0010 PDG 2019: α
s

(m
Z

) = 0.1179 ± 0.0010 

PDG 2023:
0.1180 

± 0.0009 

● These are very precise data 
sets & advanced theory calc’s.

● Goal: Make sure we leave no 
stone unturned & use as much 
e+ e− data as we have.
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Overview: Event Shapes

[Figure: M. Schwartz]



12/62

A quick word on   power corrections  

[Huston, Rabbertz, Zanderighi, PDG QCD Review, 2312.14015]

1.  Nonperturbative corrections in three-jet 
region likely different from dijet.
[Caola et al., 2204.02247; Nason, Zanderighi, 2301.03607]

2.  But 2024 thrust update on dijet fit window 
only still finds low value of αs !
[Benitez-Rathgeb, Hoang, Mateu, Stewart, Vita, 2024]

1

2
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Idea: Use data for Heavy Jet Mass event shape in addition

● Might also shed additional light 
on 3-jet NP corrections!
[Caola et al., 2204.02247; 
Nason, Zanderighi, 2301.03607]

1 2
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Sudakov Shoulders: What makes HJM special
[Slide credit: Xiaoyuan Zhang, Loopfest ‘23]
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Sudakov Shoulders: What makes HJM special
[Slide credit: Xiaoyuan Zhang, Loopfest ‘23]
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Sudakov Shoulders: What makes HJM special
[Slide credit: Xiaoyuan Zhang, Loopfest ‘23]

Could resummation of the Sudakov shoulder 
improve the HJM theory prediction in the fit region?
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Factorization
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Factorization

FO
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Sudakov Landau Poles
[Slide credit: Matt Schwartz]
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Aside: TMD Resummation in Position Space

[Frixione, Nason, Ridolfi, hep-ph/9809367; review: Ebert & Tackmann, 1611.08610]

⇒ Choosing canonical scales as μ ≃ √ζ ≃ 1/b
T

  removes the Sudakov Landau pole.
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Position vs. momentum space
[Slide credit: Matt Schwartz]
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Matching to the dijet region
[Slide credit: Matt Schwartz]
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Matching to the dijet region
[Slide credit: Matt Schwartz]

“Hybrid profiles” [Lustermans, Michel, Tackmann, Waalewijn ‘19]
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Results
[Slide credit: Xiaoyuan Zhang]
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Summary: Heavy Jet Mass Sudakov Shoulder at NNLL

Questions so far?

● LEP event shapes are still a very good place to fit the strong coupling.

● Sudakov shoulders are large logs associated with phase-space 
boundaries.

● For Heavy Jet Mass, they contribute inside the typical fit region.

● Adapted tools from TMD resummation to solve outstanding issue 
in momentum-space shoulder resummation and go to NNLL. 

▸ Effects may be significant within fit region.
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Overview of today’s talk

1 NNLL Resummation of Sudakov Shoulder Logarithms 
in the Heavy Jet Mass Distribution

2 Transverse Momentum-Dependent Fragmentation
Functions of Heavy Quarks & Hadrons
● JHEP 09 (2023) 205, 2305.15461, with Rebecca von Kuk (DESY) and Zhiquan Sun (MIT)

● 2404.08622 with R. von Kuk and Z. Sun
● Work in preparation with R. von Kuk, Z. Sun, and Kyle Lee (MIT)

https://arxiv.org/abs/2305.15461
http://arxiv.org/abs/2404.08622
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Motivation: Why Heavy Quarks?

27/62
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TMD vs. collinear heavy-quark FFs

30/62
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Typical Processes and TMD Observables

31/62

“unpolarized TMD FF”

“Collins FF”
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Lightning review: HQET, spectroscopy & collinear FFs

32/62



33/62
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● JHEP 09 (2023) 205, 2305.15461, with Rebecca von Kuk (DESY) and Zhiquan Sun (MIT)
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Heavy-quark TMD FFs: Two parametric regimes

34/6234/62
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Heavy-quark TMD FFs: Two parametric regimes

35/6235/62
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Regime 1 ,  : Setup

36/6236/62
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Regime 1 ,  : Decoupling the heavy quarks

37/6237/62
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Regime 1 ,  : Results for unpolarized TMD FF

38/6238/62
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Regime 1 ,  : NLO results and renormalization
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gluon rapidity y in heavy-quark rest frame
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Regime 1 ,  : NLO results and renormalization
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Regime 1 ,  : Results for Collins FF

41/6241/62
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Heavy-quark TMD FFs: Two parametric regimes

42/6242/6242/62
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Regime 2,  : Unpolarized TMD FF

43/6243/62
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Regime 2,  : Collins FF

44/62
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Regime 2,  :  Setup at NLO 

(a) (b)(a)

⇒ Task: Regulate the quasi-collinear splitting probability.
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Regime 2,  :  Setup at NLO 

(a) (b)(a)
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Regime 2,  :  Expand in 2D plus distributions

Generalize to 2D
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Regime 2,  :  

[Secondary quark mass effects in the CS kernel show up at NNLO.]

Results in            space
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Regime 2,  :  Results in            space

Plus distributions domains align with primary variables easy to take integral transforms!

only z 

Why so simple as z → 1? Why only logarithms of m b
T
 ?

Full agreement with Dai, Kim Leibovich, 2310.19207, who used a completely orthogonal organization of k
T
  singularities.
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Joint resummation for massive quark fragmentation

[Full two-loop RHS known: Becher, Neubert ‘06; Pietrulewicz, Samitz, Spiering, Tackmann ‘17]

[Joint resummation: Laenen, Sterman, Vogelsang ‘01; Lustermans, Waalewijn, Zeune ‘16; Kang, Samanta, Shao, Zeng ‘22]
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Not discussed today

● Explicit check of large-mass limit vs. bHQET at NLO

● Nonvalence channels & small-mass limit

▶ Full mass dependence in NNLL Energy-Energy-Correlator in the back-to-back limit:

[NLO massless matching coefficients: Echevarria, Idilbi, Scimemi, 1402.0869]

[Cf. Craft, Lee, Meçaj, Moult, 2210.09311 for NLO mass effects in the collinear limit of the EEC.]

[Cf. Lepenik, Mateu, 1912.08211 for analytic SCETI massive event shapes at one loop.]

Light-quark EEC
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Overview of today’s talk

1 NNLL Resummation of Sudakov Shoulder Logarithms 
in the Heavy Jet Mass Distribution

2 Transverse Momentum-Dependent Fragmentation
Functions of Heavy Quarks & Hadrons
● JHEP 09 (2023) 205, 2305.15461, with Rebecca von Kuk (DESY) and Zhiquan Sun (MIT)
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● Work in preparation with R. von Kuk, Z. Sun, and Kyle Lee (MIT)
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Polarized hadrons: Back to the light-spin density matrix

Useful unit vector choices:

⇒ Also predicts all remaining TMD FFs for polarized final-state hadrons!
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Building a basis 
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So how many structure functions are there?
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So how many structure functions are there?

 

Can get complete spin ½ density matrix from unpolarized hadrons!
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So how many structure functions are there?

 

Can get complete spin ½ density matrix from unpolarized hadrons!

 

Nice target e.g. for an LHCb polarized hadron-in-jet measurement!

Stay tuned for final results for TMD FFs!
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Summary: Heavy-Quark TMD FFs

● Initiated the study of heavy-quark TMD FFs.

▸ Goal: Understand hadronization around a static source.

▸ Rich phenomenology in our reach at B factories and EIC.

● Showed complete NLO results for unpolarized heavy-quark 
TMD FF, with nontrivial momentum-space singularities.

▸ Checked vs. large-mass, small-mass, and new joint
threshold/transverse momentum resummation regime

▸ bHQET fragmentation factors feature rapidity evolution
with respect to dimensionless boost parameter                                   .

● Derived powerful spin-symmetry relations for TMD FFs of polarized 
hadrons in terms of a small number of bHQET fragmentation factors.
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Summary: Heavy-Quark TMD FFs

Thank you for your attention!

● Initiated the study of heavy-quark TMD FFs.

▸ Goal: Understand hadronization around a static source.

▸ Rich phenomenology in our reach at B factories and EIC.

● Showed complete NLO results for unpolarized heavy-quark 
TMD FF, with nontrivial momentum-space singularities.

▸ Checked vs. large-mass, small-mass, and new joint
threshold/transverse momentum resummation regime

▸ bHQET fragmentation factors feature rapidity evolution
with respect to dimensionless boost parameter                                   .

● Derived powerful spin-symmetry relations for TMD FFs of polarized 
hadrons in terms of a small number of bHQET fragmentation factors.
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Polarized heavy-quark TMD PDFs

61/6261/62



62/62

Polarized heavy-quark TMD PDFs: Numerical results

62/6262/62


