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The flavour structure of the theory can be analyzed in either phase, and so in what follows we
generally work with the Yukawa matrices in (8).

2.1 Extension to Fermionic Mixing

Our goal is to extend the definition of all-orders parameters in the geoSMEFT to the fermion
mass and mixing sector, i.e. those quantities defined in the fermion mass-eigenstate basis, where
the di↵erent generations of a given fermion family (e.g. u, c, t) can be physically distinguished
by their distinct masses. As in the SM, this requires the diagonalization of (8), which can be
achieved through a bi-unitary transformation on both the SU(2)L doublet and singlet fermion
fields:
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 ]rp [U R]pj ⌘ [D ]ij = diag (y 1, y 2, y 3) . (10)

One can rotate away the dependence on the singlet transformations by constructing the Hermi-
tian combinations YY

† and diagonalizing these objects through unitary field transformations,
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Dropping the L subscript from the mixing matrices, one then writes the physical CKM matrix
as the overlap between up and down-quark fermion mixing:
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As mentioned in the introduction, VCKM can be generically parameterized in terms of three real
mixing angles ✓ij and a Dirac CP-violating phase �, and we do so with the standard Particle
Data Group (PDG) [19] representation,
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where cos ✓ij ⌘ cij, etc. Note that while the structural form of this matrix is identical to its
SM counterpart, the mixing angles encode the fact that there is an infinite tower of higher-order
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13 free and unexplained parameters exist in SM Yukawa sector
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1 Introduction

The flavour sector of the Standard Model (SM) sources the bulk of its free parameters while
simultaneously providing some of its richest phenomenology. These free parameters originate in
the renormalizable Yukawa interactions between left- and right-chiral fermionic fields and the
SU(2)L Higgs boson doublet (H),

L
Y

SM
� Y

u

pr
Q

L,p
H̃ uR,r + Y

d

pr
Q

L,p
H dR,r + Y

e

pr
LL,p H eR,r + h.c. , (1)

whose couplings have non-trivial structure in the flavour indices {p, r}; here H̃j = ✏jkH
†k. In the

SM Y are generically 3⇥ 3 complex matrices in flavour space. Field re-definitions allow one to
reduce the number of parameters in this structure to only 13 free parameters in the (physical)
fermion mass-eigenstate basis: six quark masses, three quark mixing angles, one CP-violating
Dirac phase, and finally three charged lepton masses. The quark mixing angles and CP phase
appear in the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix, which encodes all of the
flavour-violation present in the SM’s charged-current interactions. The Yukawa operators of (1)
are the only terms which explicitly break the global GF ⇠ U(3)5 flavour symmetry otherwise
present in the SM [1,2].

Extracting values for the SM’s mass and mixing parameters is critical to understanding its
precision phenomenology, and Beyond-the-SM (BSM) physics that may depend on (or even
explain) this distinct flavour structure. In practice this extraction is typically achieved via nu-
merical methods for computing matrix eigenvalues (giving Dirac masses) via diagonalizing these
matrices with (bi-)unitary transformations. A natural question to ask is: can one obtain ana-
lytic expressions for mass and mixing parameters given arbitrary forms for the complex Yukawa

1

U(3)5
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1. Introduction: Reasons for physics beyond the Standard Model

Although the Standard Model (SM) of particle physics provides an excellent description of
electroweak and strong interactions, there are many reasons that we expect to observe new forces
giving rise to new particles at larger masses than the known fermions or bosons. One oft noted
source of this belief is the observation of dark matter in the cosmos as evidenced by galactic angular
velocity distributions [1], gravitational lensing [2], and galactic collisions [3]. The existence of dark
energy, believed to cause the accelerating expansion of the Universe, is another source of mystery
[4]. The fine tuning of quantum corrections needed to keep, for example, the Higgs boson mass at
the electroweak scale rather than near the Planck scale is another reason habitually mentioned for
new physics (NP) and is usually called “the hierarchy problem” [5].

It is interesting to note that the above cited reasons are all tied in one way or another to
gravity. Dark matter may or may not have purely gravitational interactions, dark energy may be
explained by a cosmological constant or at least be a purely general relativistic phenomena, and the
Planck scale is defined by gravity; other scales may exist at much lower energies, so the quantum
corrections could be much smaller. There are, however, many observations that are not explained
by the SM, and have nothing to do with gravity, as far as we know. Consider the size of the quark
mixing matrix (CKM) elements [6] and also the neutrino mixing matrix (PMNS) elements [7].
These are shown pictorially in Fig. 1. We do not understand the relative sizes of these values or nor
the relationship between quarks and neutrinos.

d            s            b            
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c

t

ν          ν          ν            

ν

ν

ν

1                   2                   3

e

μ

τ

CKM                             PMNS

Figure 1: (left) Sizes of the the CKM matrix elements for quark mixing, and (right) the PMNS matrix
elements for neutrino mixing. The area of the squares represents the square of the matrix elements.

We also do not understand the masses of the fundamental matter constituents, the quarks and
leptons. Not only are they not predicted, but also the relationships among them are not understood.
These masses, shown in Fig. 2, span 12 orders of magnitude [7]. There may be a connections
between the mass values and the values of the mixing matrix elements, but thus far no connection
besides simple numerology exists.

What we are seeking is a new theoretical explanation of the above mentioned facts. Of course,
any new model must explain all the data, so that any one measurement could confound a model.
It is not a good plan, however, to try and find only one discrepancy; experiment must determine a

2

New physics from flavour Sheldon Stone

1 eV

1 MeV

1 GeV

1 TeV

Three light ν’s
summed masses
0.04-0.3 eV

Leptons Quarks

ν’s μ      τe u     d      s      c      b       t

Figure 2: Lepton and quark masses.

consistent pattern of deviations to restrict possible theoretical explanations, and to be sure the new
phenomena is real.

2. Use of flavour physics as a new physics discovery tool

While measurements of CKM parameters and masses are important, as they are fundamental
constants of nature, the main purpose of flavour physics is to find and/or define the properties of
physics beyond the SM. Flavour physics probes large mass scales via virtual quantum loops. Ex-
amples of the importance of such loops are changes in the W boson mass (MW ) from the existence
of the t quark of mass mt , dMW � m2

t , and changes due to the existence of the Higgs boson of mass
MH , dMW � ln(MH).

Strong constraints on NP are provided by individual processes. Each process provides a dif-
ferent constraint. Consider for example the inclusive decay b � s� . The SM diagrams are shown
in Fig. 3(a). The SM calculation considers either a B� or B0 meson and then sums over all decays
where a hard photon emerges. The Feynman diagrams corresponding to a NP process with a virtual
charged Higgs boson are shown in Fig. 3(b).

a) Standard model
b
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Figure 3: (a) SM diagrams for the quark level process b � s� and (b) NP diagrams mediated by a charged
Higgs boson.
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Only neutrino mass-
squared differences 
known

Figure 4.1: Schematic showing the relative hierarchies amongst the charged SM fermions [222].
Note of course that determining these masses is scheme dependent in quantum field theory, and
hence the exact placement of the points above should not be treated too seriously.

and –i are CP-violating Majorana phases). Yet, the actual numbers associated to these

matrices are given by:
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(4.2)

The numbers for the CKM (quark) mixings, taken from the PDG [224], are exceptionally

well measured and represent 1‡ bounds, and the numbers for the PMNS (lepton) mixings

are presented in [225] but taken from a global fit of neutrino data reflecting 99.7% CL

bounds [226]. Some care should be taken with these global fits, however, as they are

somewhat sensitive to the (unknown) mass hierarchy [226, 227], not to mention the fact

that the octant of ◊l
23 and value of ”l are still uncertain. Regardless, it is clear that

mixing in the quark sector is small and hierarchical, whereas neutrinos exhibit large and

non-hierarchical mixings. Quantizing the observed values and thereby understanding

the striking discrepancies between UCKM and UP MNS constitutes another aspect of the

flavour problem.

Of course, one way of addressing the questions surrounding fermionic masses and mix-

88

[1212.6374]
[1405.5495]

From these Lagrangian terms one can use field redefinitions to show that only 9 masses, 3 mixing 
angles, and one CP-violating phase are needed for physical description.
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Chapter 1: Introduction and Outline

1.1 Organizing Principles for Particle Phenomenology

As the study of observable aspects of fundamental particle interactions, particle phe-

nomenology is tasked with confronting elegant theoretical constructions with precision

experimental tests. To this end, the phenomenologist might consider two organizing

principles dictating the structure of a given physical process: the energy available to the

system and the symmetry it respects. Understood thermally, more symmetry is gener-

ally present at higher energies, meaning more relationships between physical parameters

can be predicted in concrete models, rather than merely allowed. However, as the sys-

tem cools, phase transitions reduce the symmetry present — more parameters have to

be ‘tuned’ in order to produce a consistent theory and an acceptable phenomenology.1

Put more succinctly, the laws of a physical system depend on the energy at which it is

probed, and therefore also the symmetries governing the interactions of its constituents.

This naturally introduces the concept of an e�ective field theory (EFT),2 i.e. a theory

that approximates fundamental laws by describing only the degrees of freedom most rel-

evant in a given regime (or scale) of energy and symmetry. Coupling EFTs with group

theory, the appropriate language for symmetries, our current understanding of theoret-

ical particle physics might be summarized by the following schematic, which represents

cooling from the highest conceivable energies (left) to lower energies probable on tabletop

laboratory experiments (right):

Theories Beyond ≠æ¸˚˙˝
??

QCD

˙ ˝¸ ˚
SU(3)c ◊

Electroweak˙ ˝¸ ˚
SU(2)L ◊ U(1)Y¸ ˚˙ ˝

Standard Model

≠æ¸˚˙˝
Higgs

SU(3)c ◊ U(1)EM (1.1)

Arrows reflect phase transitions between di�erent e�ective theories, and the gauged Lie

groups (coloured) describe the physical symmetries relevant.

As is obvious in (1.1), the current paradigm for particle phenomenology is the Stan-

dard Model (SM) [7–9] which represents the unification of the strong and electroweak

interactions into the non-abelian product group SU(3)c ◊ SU(2)L ◊ U(1)Y , where c is

for ‘colour’ charge, L abbreviates ‘left’, and Y denotes ‘hypercharge.’ SU(3)c is the sym-
1For a canonical discussion of these concepts, and a few examples where it’s not true, see [1].
2See [2] for a review.
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1. Introduction: Reasons for physics beyond the Standard Model

Although the Standard Model (SM) of particle physics provides an excellent description of
electroweak and strong interactions, there are many reasons that we expect to observe new forces
giving rise to new particles at larger masses than the known fermions or bosons. One oft noted
source of this belief is the observation of dark matter in the cosmos as evidenced by galactic angular
velocity distributions [1], gravitational lensing [2], and galactic collisions [3]. The existence of dark
energy, believed to cause the accelerating expansion of the Universe, is another source of mystery
[4]. The fine tuning of quantum corrections needed to keep, for example, the Higgs boson mass at
the electroweak scale rather than near the Planck scale is another reason habitually mentioned for
new physics (NP) and is usually called “the hierarchy problem” [5].

It is interesting to note that the above cited reasons are all tied in one way or another to
gravity. Dark matter may or may not have purely gravitational interactions, dark energy may be
explained by a cosmological constant or at least be a purely general relativistic phenomena, and the
Planck scale is defined by gravity; other scales may exist at much lower energies, so the quantum
corrections could be much smaller. There are, however, many observations that are not explained
by the SM, and have nothing to do with gravity, as far as we know. Consider the size of the quark
mixing matrix (CKM) elements [6] and also the neutrino mixing matrix (PMNS) elements [7].
These are shown pictorially in Fig. 1. We do not understand the relative sizes of these values or nor
the relationship between quarks and neutrinos.
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Figure 1: (left) Sizes of the the CKM matrix elements for quark mixing, and (right) the PMNS matrix
elements for neutrino mixing. The area of the squares represents the square of the matrix elements.

We also do not understand the masses of the fundamental matter constituents, the quarks and
leptons. Not only are they not predicted, but also the relationships among them are not understood.
These masses, shown in Fig. 2, span 12 orders of magnitude [7]. There may be a connections
between the mass values and the values of the mixing matrix elements, but thus far no connection
besides simple numerology exists.

What we are seeking is a new theoretical explanation of the above mentioned facts. Of course,
any new model must explain all the data, so that any one measurement could confound a model.
It is not a good plan, however, to try and find only one discrepancy; experiment must determine a
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neutrino mass states ν1, ν2, and ν3 with (real and positive) masses m1, m2, and m3 [3],




νe
νµ
ντ



 =




Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3








ν1
ν2
ν3



 . (1.1)

According to quantum mechanics it is not necessary that the Standard Model states νe, νµ,

ντ be identified in a one-one way with the mass eigenstates ν1, ν2, and ν3, and the matrix

elements of U give the quantum amplitude that a particular Standard Model state contains

an admixture of a particular mass eigenstate. The probability that a particular neutrino

mass state contains a particular SM state may be represented by colours as in Fig. 1. Note

that neutrino oscillations are only sensitive to the differences between the squares of the

neutrino masses ∆m2
ij ≡ m2

i −m2
j , and gives no information about the absolute value of

the neutrino mass squared eigenvalues m2
i . There are basically two patterns of neutrino

mass squared orderings consistent with the atmospheric and solar data as shown in Fig. 1.

m2

0

solar~7×10−5eV2

atmospheric
~2×10−3eV2

atmospheric
~2×10−3eV2

m12
m22

m32

m2

0

m22

m12

m32

νe
νµ
ντ

? ?

solar~7×10−5eV2

Figure 1: The probability that a particular neutrino mass state contains a particular SM state
may be represented by colours as shown in the key. Note that neutrino oscillation experiments
only determine the difference between the squared values of the masses. Also, while m2

2 > m2
1, it is

presently unknown whether m2
3 is heavier or lighter than the other two, corresponding to the left

and right panels of the figure, referred to as normal or inverted mass squared ordering, respectively.
Finally the value of the lightest neutrino mass (sometimes referred to as the neutrino mass scale)
is presently unknown and is represented by a question mark in each case.
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• Neutrino mass/mixing is an experimental fact, and it represents a departure from the SM

• Additional 7-9 free and unexplained parameters.  However, origin(s) of mass scale unknown.  Type-I 
Seesaw model (Minkowski ’77, et al.) most popular natural explanation:

No-go limitations on UV completions of the Neutrino Option

Ilaria Brivio,1 Jim Talbert,2 and Michael Trott2, 3

1
Institut für Theoretische Physik, Universität Heidelberg,

Philosophenweg 16, DE-69120 Heidelberg, Germany
2
Niels Bohr Institute, University of Copenhagen,

Blegdamsvej 17, DK-2100 Copenhagen, Denmark
3
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We discuss the possible origin of the Majorana mass scale(s) required for the “Neutrino Option”
where the electroweak scale is generated simultaneously with light neutrino masses in a type-I seesaw
model, by common dimension four interactions. We establish no-go constraints on the perturbative
generation of the Majorana masses required due to global symmetries of the seesaw Lagrangian.

I. INTRODUCTION AND MOTIVATION

Amongst the outstanding theoretical issues of the
Standard Model (SM), the origin(s) of neutrino masses
and the electroweak (EW) scale rank amongst the most
pressing. Experiment has established that at least two
neutrinos are massive, and that the Higgs mass mh ƒ

125 GeV ∫ ”m‹ = m‹1 ≠m‹2 . These experimental facts,
combined with the sensitivity of the Higgs mass to high
mass scale threshold corrections, are challenges to any
ultraviolet (UV) completion of the SM that seeks to ex-
plain the observed mass scales. Although they are most
often addressed independently, attempts at unified ex-
planations of these observed masses are of great interest.

An interesting and minimal possibility is that both the
mass scales, mh and m‹1 ≥ m‹2 , are generated simulta-
neously in a minimal extension of the SM from an under-
lying Majorana scale. Ref. [1] showed that this scenario,
dubbed the “Neutrino Option”, can be realized within
the simplest type-I seesaw model [2–6]. This approach
has been shown to be compatible with the observed neu-
trino mass and mixing patterns [7] and resonant leptoge-
nesis [8, 9]. It admits UV completions where approximate
scale invariance plays an important role [8, 10, 11] and
also non-perturbative ones, e.g. with strongly-interacting
hidden sectors that add viable Dark Matter candidates
to the spectrum [12], and in certain string compactifi-
cations [13]. In this setup, the traditional Higgs mass
hierarchy problem translates into a quest for a UV origin
of the underlying Majorana mass scale, with the required
pattern of threshold corrections.

In this paper, we study possible UV completions of
the Neutrino Option. We use the minimal scenario that
the Majorana scale required by the Neutrino Option is
generated perturbatively from a deep-UV scale associ-
ated with a very heavy Majorana state. We show how
symmetries of the seesaw Lagrangian, and the specific
parameter space required in the Neutrino Option, makes
minimal model scenarios relying on one-loop corrections
run up against seesaw model symmetry constraints. We
discuss minimal extensions that might evade our conclu-
sions. The primary results we present are some no-go
constraints for UV-completing the Neutrino Option in
the minimal setups we consider.

II. THE NEUTRINO OPTION

Consider the Type-I seesaw model, where the SM is ex-
tended with three right-handed (RH) spinors NR,p, with
p = {1, 2, 3}. The field Np defined by [14, 15]
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with ◊p an arbitrary phase, satisfies the Majorana con-
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where l is the left-handed (LH) SM lepton doublet and
— = {1, 2, 3} its associated flavor index. The resulting
mass matrix is orthogonal: (e≠i◊

M) = (MT
e

≠i◊) .
The phenomenology of LSM + LN at p

2
π M

2
p has

the Np fields integrated out in sequence and matched
to the SMEFT. The tree-level matching is known up to
dimension seven [15, 17–22] and at dimension five one
finds
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One-loop matching introduces sub-leading corrections to
c

(5) and necessarily induces threshold matching contri-

butions to the SM Higgs mass from the same interac-

tions [1, 7, 8]:

V (H) = ≠
m

2
h0 + �m

2
h

2 H
†
H + (⁄0 + �⁄) (H†

H)2
. (5)

1 Chiral projection and charge conjugation do not commute. In
this paper Âc

L/R
denotes a field chirally projected and subse-

quently charge conjugated.
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2.2 Seesaw model

We use the notation and conventions of Refs. [28, 29] for the Seesaw model. In the Seesaw
model, the SM Lagrangian field content is extended with right handed singlet fields NR,p with
vanishing SU(3) ⇥ SU(2)L ⇥ U(1)Y charges. As these are singlet fermion fields they have
Majorana mass terms [30] of the form

N
c
R,pMpr NR,r +NR,pM

?
pr N

c
R,r, (2.5)

where the charge conjugate of NR is N
c
R. We define a field satisfying the Majorana condition

as Np = N
c
p in its mass eigenstate basis as [28, 31]

Np = e
i✓p/2NR,p + e

�i✓p/2 (NR,p)
c
. (2.6)

With this choice, all Majorana phases ✓p shifted into the effective couplings and the relevant
terms in the UV Lagrangian are
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Here p = {1, 2} runs over the heavy Np Majorana states (Mp ⇠ M), while � = {1, 2, 3} runs
over the SM lepton flavors. This formulation of the Seesaw model is mathematically equivalent
to the formulation where
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In this case, the Lagrangian is reduced using the charge conjugation identities and the Ma-
jorana condition for the field Np. Comparing calculations in these two formulations beyond
tree level uncovers an interesting subtlety in using the Wick expansion, which is discussed in
the Appendix.

2.2.1 L
(5)

matching

!
p
� is a C2⇥3 matrix, related to the physical light neutrino masses and mixings via matching

onto the Weinberg operator
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Expanding the Higgs field around its classical background field gives
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and ⌫
0k
L are the mass eigenstates of the light neutrinos ⌫↵L = U↵k(⌫, L)⌫ 0kL . The matrix U(⌫, L)

rotates the neutrinos from their weak eigenstates to their mass eigenstates. Similarly, the

– 5 –

2.2 Seesaw model

We use the notation and conventions of Refs. [28, 29] for the Seesaw model. In the Seesaw
model, the SM Lagrangian field content is extended with right handed singlet fields NR,p with
vanishing SU(3) ⇥ SU(2)L ⇥ U(1)Y charges. As these are singlet fermion fields they have
Majorana mass terms [30] of the form

N
c
R,pMpr NR,r +NR,pM

?
pr N

c
R,r, (2.5)

where the charge conjugate of NR is N
c
R. We define a field satisfying the Majorana condition

as Np = N
c
p in its mass eigenstate basis as [28, 31]

Np = e
i✓p/2NR,p + e

�i✓p/2 (NR,p)
c
. (2.6)

With this choice, all Majorana phases ✓p shifted into the effective couplings and the relevant
terms in the UV Lagrangian are

LN =
1

2
N̄p(i/@�Mp)Np�

1

2

"
`
�
LH̃!

p,†
� Np+`

c�
L H̃

⇤
!
p,T
� Np+Np!

p,⇤
� H̃

T
`
c�
L +Np!

p
�H̃

†
`
�
L

#
. (2.7)

Here p = {1, 2} runs over the heavy Np Majorana states (Mp ⇠ M), while � = {1, 2, 3} runs
over the SM lepton flavors. This formulation of the Seesaw model is mathematically equivalent
to the formulation where

L
0
N =

1

2
N̄p(i/@ � Mp)Np �

"
`
�
LH̃!

p,†
� Np +Np!

p
�H̃

†
`
�
L

#
. (2.8)

In this case, the Lagrangian is reduced using the charge conjugation identities and the Ma-
jorana condition for the field Np. Comparing calculations in these two formulations beyond
tree level uncovers an interesting subtlety in using the Wick expansion, which is discussed in
the Appendix.

2.2.1 L
(5)

matching

!
p
� is a C2⇥3 matrix, related to the physical light neutrino masses and mixings via matching

onto the Weinberg operator

L
(5) =

c
(5)
↵�

2
Q

(5)
↵� + h.c., c

(5)
↵� =

(!T )p↵ !
p
�

Mp
. (2.9)

Expanding the Higgs field around its classical background field gives

L
(5)

� �
m⌫,k

2
⌫
0c,k
L ⌫

0k
L + h.c., where m⌫,k = �

v
2

2
(UT )k↵ c5,↵� U�k,

and ⌫
0k
L are the mass eigenstates of the light neutrinos ⌫↵L = U↵k(⌫, L)⌫ 0kL . The matrix U(⌫, L)

rotates the neutrinos from their weak eigenstates to their mass eigenstates. Similarly, the

– 5 –

Match to dim-5 
SMEFT

EWSB -> light 
neutrinos!



4

Symmetric solutions to the Flavor Puzzle

ously unknown two-loop anomalous dimensions and matching corrections, before finally

presenting the resummed distributions and comparing them to LEP data from the L3

Collaboration. The novel research in Chapter 4 is described in the following publications:

• Automated Calculation of Dijet Soft Functions in Soft-Collinear E�ective Theory,

G. Bell, R.Rahn, and JT, submitted to PoS (Radcor-Loopfest 2015), arXiv:1512.06100

— [21]

• Angularity Distributions at NNLLÕ Accuracy, G. Bell, A. Hornig, C. Lee, and JT,

paper in preparation — [22]

1.1.2 Attempts at BSM Symmetry Enhancements

On the other hand, we might want to speculatively venture back along the unknown

dynamics of the first arrow in (1.1), thereby exploring explicit new physics possibilities

and treating the SM as an e�ective theory itself. There are an infinite number of ways to

do so, governed only by theoretical consistency and the data relevant to the given problem.

From the symmetry perspective, we generically insist that more SM parameters be related

to one another. Indeed, while (1.4) represents a success of electroweak unification, the

hypercharge assignments Y are still arbitrary! However, Georgi and Glashow famously

showed that if the SM is embedded in an even larger gauge group like SU(5), these too

become consequences of the overarching theory [23]. Using their foundational analysis

as inspiration, one can enhance the SM with additional symmetry structure in order to

explain some of its failings:

BSM theory ≥ GBSM ◊ SM (1.6)

where the direct product symbol ‘◊’ can represent additional structure in either the

external or internal symmetry sectors. As an example of the former, supersymmetry

(SUSY) enlarges the well-known Poincaré algebra of spacetime, intimately relating the

physics of bosons and fermions. Its simplest field theoretic implementation, the minimal-

supersymmetric-SM, is the canonical approach to solving the hierarchy problem [24,25].

Additional internal symmetries are also readily employed in (1.6); for example, BSM U(1)

structures can be used to address aspects of the strong CP problem a lá Peccei-Quinn [26],

5

? ? ?
• New dynamical scalar sector to realize its breaking patterns?

• Can we address this Flavor Puzzle by appending the SM with a new symmetry?

• Such a symmetry would presumedly relate fermions in a given family— i.e. a `horizontal’ 
or `family’ or `flavor’ symmetry

• Also, what are the mathematical properties of the required symmetry?
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• 9 charged fermion masses + 3 
active neutrino masses 

• 6 mixing angles and 2 - 4 CP 
violating phases

20-22 free and unexplained parameters exist in the SM(ν)
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Neutrino Masses and Mixings

neutrino mass states ν1, ν2, and ν3 with (real and positive) masses m1, m2, and m3 [3],




νe
νµ
ντ



 =




Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3








ν1
ν2
ν3



 . (1.1)

According to quantum mechanics it is not necessary that the Standard Model states νe, νµ,

ντ be identified in a one-one way with the mass eigenstates ν1, ν2, and ν3, and the matrix

elements of U give the quantum amplitude that a particular Standard Model state contains

an admixture of a particular mass eigenstate. The probability that a particular neutrino

mass state contains a particular SM state may be represented by colours as in Fig. 1. Note

that neutrino oscillations are only sensitive to the differences between the squares of the

neutrino masses ∆m2
ij ≡ m2

i −m2
j , and gives no information about the absolute value of

the neutrino mass squared eigenvalues m2
i . There are basically two patterns of neutrino

mass squared orderings consistent with the atmospheric and solar data as shown in Fig. 1.

m2

0

solar~7×10−5eV2

atmospheric
~2×10−3eV2

atmospheric
~2×10−3eV2

m12
m22

m32

m2

0

m22

m12

m32

νe
νµ
ντ

? ?

solar~7×10−5eV2

Figure 1: The probability that a particular neutrino mass state contains a particular SM state
may be represented by colours as shown in the key. Note that neutrino oscillation experiments
only determine the difference between the squared values of the masses. Also, while m2

2 > m2
1, it is

presently unknown whether m2
3 is heavier or lighter than the other two, corresponding to the left

and right panels of the figure, referred to as normal or inverted mass squared ordering, respectively.
Finally the value of the lightest neutrino mass (sometimes referred to as the neutrino mass scale)
is presently unknown and is represented by a question mark in each case.
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New physics from flavour Sheldon Stone

1. Introduction: Reasons for physics beyond the Standard Model

Although the Standard Model (SM) of particle physics provides an excellent description of
electroweak and strong interactions, there are many reasons that we expect to observe new forces
giving rise to new particles at larger masses than the known fermions or bosons. One oft noted
source of this belief is the observation of dark matter in the cosmos as evidenced by galactic angular
velocity distributions [1], gravitational lensing [2], and galactic collisions [3]. The existence of dark
energy, believed to cause the accelerating expansion of the Universe, is another source of mystery
[4]. The fine tuning of quantum corrections needed to keep, for example, the Higgs boson mass at
the electroweak scale rather than near the Planck scale is another reason habitually mentioned for
new physics (NP) and is usually called “the hierarchy problem” [5].

It is interesting to note that the above cited reasons are all tied in one way or another to
gravity. Dark matter may or may not have purely gravitational interactions, dark energy may be
explained by a cosmological constant or at least be a purely general relativistic phenomena, and the
Planck scale is defined by gravity; other scales may exist at much lower energies, so the quantum
corrections could be much smaller. There are, however, many observations that are not explained
by the SM, and have nothing to do with gravity, as far as we know. Consider the size of the quark
mixing matrix (CKM) elements [6] and also the neutrino mixing matrix (PMNS) elements [7].
These are shown pictorially in Fig. 1. We do not understand the relative sizes of these values or nor
the relationship between quarks and neutrinos.
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Figure 1: (left) Sizes of the the CKM matrix elements for quark mixing, and (right) the PMNS matrix
elements for neutrino mixing. The area of the squares represents the square of the matrix elements.

We also do not understand the masses of the fundamental matter constituents, the quarks and
leptons. Not only are they not predicted, but also the relationships among them are not understood.
These masses, shown in Fig. 2, span 12 orders of magnitude [7]. There may be a connections
between the mass values and the values of the mixing matrix elements, but thus far no connection
besides simple numerology exists.

What we are seeking is a new theoretical explanation of the above mentioned facts. Of course,
any new model must explain all the data, so that any one measurement could confound a model.
It is not a good plan, however, to try and find only one discrepancy; experiment must determine a

2

VPMNS can be generically parameterized in terms of three real mixing angles ✓ij , a Dirac CP-violating
phase �, and two additional CP-violating Majorana phases ↵1,2. We do so with the standard Particle
Data Group (PDG) [4] representation,

VPMNS =

0

@
c12c13 s12c13 s13 e

�i�

�s12c23 � c12s23s13 e
i�

c12c23 � s12s23s13 e
i�

s23c13

s12s23 � c12c23s13 e
i�

�c12s23 � s12c23s13 e
i�

c23c13

1

A ·

0

@
1 0 0
0 e

i↵1 0
0 0 e

i↵2

1

A (3)

where cos ✓ij ⌘ cij , etc. This is equivalent to the PDG representation for the quark mixing matrix VCKM ,
up to the addition of the two additional Majorana CP-violating phases ↵i.

2.1 On Ultraviolet Completions

In specific ultraviolet (UV) theories, one can match to this operator to find specific forms for the Wilson
coeffcient. The most famous such example is the Type-I seesaw model, where a (heavy) SM-gauge singlet
N is integrate out of the spectrum. In this case c

(5)
ij !

�
!
T
M

�1
N !

�
ij

where ! is a Yukawa coupling
in the UV theory between N , H, and `. The heavy mass scale MN of the sterile neutrino, along with
the potentially small Yukawa couplings, can naturally give light active neutrinos in accord with global
neutrino data. But in this paper we want to remain model-independent and describe neutrino masses and
mixings at the level of (1)-(2).

3 Majorana Neutrino Masses in the Geometric SMEFT

4 Mass and Mixing to All-Orders in the EFT

(rephasing and weak-basis) invariant theory: [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18].
Most recent leptonic flavor invariants paper: [19, 20] Recent Grojean paper on CP-violation and

invariants in the SMEFT: [21]
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Neutrino mass and mixing is an experimental fact, and represents a clear departure from the naive 
SM.  Massive experimental effort underway to pin down neutrino properties…

Known: there is a gigantic hierarchy between neutrino mass scales and (e.g.) the top mass, and the 
mixing in the neutrino sector is large and non-hierarchical.

neutrinos key to understanding critical BSM physics

Hierarchy Problem  
Neutrino Masses   

CP Violation  
Dark Matter 

Flavor Problem 
…



A simple example:  U(1) Froggatt-Nielsen

5

Froggatt, Nielsen : NPB 147 (1979)

• The Froggatt-Nielsen Mechanism is the most famous example of a family symmetry.  It 
implements an Abelian U(1) symmetry with charge Q.

• For the quarks this mechanism works quite well, but introduces a large number of free 
parameters….

• Standard Yukawa couplings are forbidden if the Higgs is charged under U(1)FN.  New `flavon’ 
fields necessary:

See also C. Luhn talk at FLASY  2014

Mass scale of new physics — must be dynamically 
realized by integrating out new fields

Integer chosen to cancel charges

Underdetermined O(1) coefficients

Equations for UTZ

JT

July 11, 2017

sin ✓c =

r
md

ms
� e

i�

r
mu

mc
(1)

LY ⇠ yij  ̄i� j �! cij  ̄i� j

✓
✓

⇤

◆xij

(2)

cij q̄i� dr �
xij ) yd =

0

@
�
4

�
3

�
3

�
3

�
3

�
2

� 1 1

1

A (3)

mb ⇡ 3m⌧ (4)

ms ⇡ 3⇥ 1

3
mµ (5)

md ⇡ 3⇥ 3me (6)

GF = �(27)⇥ ZN (7)

SO(10) �! SU(4)⇥ SU(2)L ⇥ SU(2)R �! SU(3)c ⇥ SU(2)L ⇥ U(1)Y (8)

✏u ' 0.05, ✏d,l ' 0.15 (9)

LY = �ye l̄L� eR � yd q̄L� dR � yu q̄L�
c
uR (10)

1

• Let’s consider the down quark sector:

SSB for the flavon
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Guided by data

7

• Let’s focus on the leptonic sector for the moment, and notice an approximate 
symmetry in the associated PMNS mixing matrix:

• This  symmetry implies specific patterns of mass and mixing:μ − τ

where m‹ is the diagonal matrix of neutrino mass eigenvalues, m‹ = diag{m1, m2, m3},

and UP MNS connects the standard rotation matrices from flavour to mass bases for both

the charged leptons (not shown) and neutrinos:

UP MNS = �†
e�‹ (4.5)

From this point forward we choose to work in a basis where the charged lepton mass term

is already diagonal, such that �†
e = I.1

The six independent (complex) matrix elements of M‹U can also be written as:

M–— © ÈmÍ–— =
3ÿ

i=1
miU–iU—i (4.6)

with –, — running over {e, µ, ·} such that, using the standard parameterization of UP MNS,

we have for example:

ÈmÍee = m1c
2
12c

2
13 + m2s

2
12c

2
13 + m3s̃

ı2
13 (4.7)

where m1 = m1e2i–1 , m2 = m2e2i–2 , s̃13 = s13ei”, and all angles correspond to leptons,

c, sij = cl, sl
ij. Here it is evident that we are implicitly absorbing the Majorana phases –i

into the mass eigenvalues, rather than the mixing matrix itself.2 The other five elements

have similar relationships to mi and cl, sl
ij.

To motivate a relevant flavour model, we now focus on the fit values of UP MNS as

presented in (4.2). Labelling rows as ≥ {e, µ, ·} and columns as ≥ {1, 2, 3}, observe that

|Uµ1| ƒ |U·1|, |Uµ2| ƒ |U·2|, |Uµ3| ƒ |U·3| (4.8)

which implies specific values for the parameters of the mixing matrix (4.1)

|Uµi| ƒ |U· i| Ωæ

Y
________]

________[

◊l
23 = fi

4 , ◊l
13 = 0

or

◊l
23 = fi

4 , ”l = ±
fi
2

(4.9)

1Deviations from this assumption can signal soft symmetry breaking in the context of discrete models,
and are known as ‘charged-lepton corrections.’ They have been explicitly studied in many contexts —
see e.g. [235–237].

2There is no dependence on these additional Majorana phases in neutrino oscillation studies, and we
make no attempt to explicitly predict them in this chapter. However, there is much interest in models
employing generalized CP invariance (see e.g. [238,239]) which can predict these additional phases along
with the other mixing parameters.
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where the l superscripts indicate the relevant lepton mixing angle. This apparent phe-

nomenological symmetry of the mixing matrix is referred to as a µ≠· symmetry (see [227]

for a recent review which we follow to some extent in this section). Imposing the up-

per realization of (4.9), which is known as µ ≠ · permutation symmetry,3 on the generic

fermionic mixing parameterization (4.1) leads to the most general matrix respecting µ≠·

permutation symmetry:

Uµ·
P MNS = 1

Ô
2

Q

cccccca

Ô
2cl

12
Ô

2sl
12 0

≠sl
12 cl

12 û1

ûsl
12 ±cl

12 1

R

ddddddb
(4.11)

We will spend some time trying to realize a mixing matrix of this form in concrete

models in Section 4.3. Although it is clearly no longer experimentally viable, we explore

its properties for pedagogical purposes and to motivate further analysis in the coming

sections. For example, we will study a perturbation of (4.11) in Section 4.4 that is

phenomenologically relevant.

At the level of the triplet fields, imposing (4.9) translates to, for the upper case in

(4.9), the following transformation:

‹ ©

Q

cccccca

‹e

‹µ

‹·

R

ddddddb
æ

Q

cccccca

‹e

±‹·

±‹µ

R

ddddddb
= Sµ· ‹ (4.12)

with the µ ≠ · operator given by:

Sµ· =

Q

cccccca

1 0 0

0 0 ±1

0 ±1 0

R

ddddddb
(4.13)

Note that, as Sµ· acts twice on the mass matrix, it too can vary up to an overall sign.

At the level of the mass matrix (4.4), imposing Sµ· invariance yields a further constraint
3The second case of (4.9) corresponds to

‹e æ ‹c
e , ‹µ æ ±‹c

· , ‹· æ ±‹c
µ (4.10)

which is labelled as a µ ≠ · reflection symmetry. The superscript c denotes charge conjugation of the
field. We will not discuss the phenomenological implications of this apparent symmetry in detail.
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Clearly now just a 
toy model!

on the complex matrix elements:

M‹U æ Mµ·
‹U =

Q

cccccca

Mee Meµ ±Meµ

Meµ Mµµ Mµ·

±Meµ Mµ· Mµµ

R

ddddddb
©

Q

cccccca

x y ±y

y z w

±y w z

R

ddddddb
(4.14)

where in the last equivalence we have simplified our notation. Mµ·
‹U then represents the

most general mass matrix symmetric under the µ ≠ · permutation symmetry:

Mµ·
‹U = Sµ· M‹USµ· (4.15)

If we restrict ourselves to real entries in (4.14), there are four degrees of freedom

present corresponding to the three mass eigenvalues and to the ‘solar’ mixing angle ◊l
12.

These parameters can be explicitly predicted in terms of the mass matrix. Choosing the

upper (+) sign convention in (4.14), we find that

sin2 2◊l
12 = 8y2

(x ≠ w ≠ z)2 + 8y2 (4.16)

for the solar mixing angle and

m1 = 1
2

5
x + z + w ≠

Ò
(x ≠ z ≠ w)2 + 8y2

6

m2 = 1
2

5
x + z + w +

Ò
(x ≠ z ≠ w)2 + 8y2

6

m3 = z ≠ w

for the mass eigenvalues.

To recap, we have observed an apparent (though outdated) phenomenological sym-

metry in the data available for UP MNS, the µ ≠ · permutation symmetry. By promoting

it to a physical symmetry we have also derived constraints on the most generic mixing

matrix Uµ·
P MNS that respects it, as well as the most generic µ ≠ · invariant mass matrix

Mµ·
‹U . We have used these to make predictions for the solar mixing angle and the neutrino

mass eigenvalues. Most critically, though, we have seen that all of these observations also

follow from the imposition of a µ ≠ · operator on the neutrino fields at the level of the

Lagrangian. As it turns out, Sµ· is the first hint that understanding flavour mixing in

the neutrino sector may be related to the imposition of a global discrete symmetry, as

the operator itself can be seen as the generator of an O(2) cyclic symmetry Z2. In the
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• What does this mean at the level of the Lagrangian?

 Nice review at hep-ph/
1512.04207

3 Experimental Constraints

The core experimental constraints on the UTZ model presented in Section 2 are of course
the fermionic mass eigenvalues and CKM/PMNS mixings extracted from a host of low- and
high-energy flavour experiments. Regarding the charged fermion sector, this information is
regularly collated in the PDG review [4], which reports bounds on fermion masses and mixing
angles. We have reported these IR bounds for the mass sector in Table 3, translating the
uncertainties on individual masses into uncertainties on mass ratios, given that the UTZ only
predicts the charged fermion mass spectrum up to a common scale. On the other hand,
uncertainties on mixing angles and the Dirac CP phase can be extracted from global fits to
the CKM matrix and Jarlskog invariant given by [4]

|VCKM | ⌘ |U †
uUd| 2

0

BBBBB@

⇣
0.97419
0.97451

⌘ ⇣
0.22433
0.22567

⌘ ⇣
0.00358
0.00388

⌘

⇣
0.22419
0.22553

⌘ ⇣
0.97333
0.97365

⌘ ⇣
0.04108
0.04267

⌘

⇣
0.00839
0.00877

⌘ ⇣
0.04038
0.04193

⌘ ⇣
0.999082
0.999149

⌘

1

CCCCCA
, J

CKM
2

⇣
3.23
2.95

⌘
· 10�5 , (21)

where the left equality defines the CKM as the overlap of the matrices Uu,d diagonalizing the
up / down Yukawa couplings. The translation of these bounds to the ✓qij and �q basis is given
in Table 2.

Leptonic mass and mixing constraints are of course deeply sensitive to ongoing neutrino
oscillation, cosmology, and �-decay experiments. The authors of [5] have compiled a global fit
to the available oscillation data, finding (e.g.)

|VPMNS| ⌘ |U †
l U⌫ | 2

0

BBBBB@

⇣
0.801
0.845

⌘ ⇣
0.513
0.579

⌘ ⇣
0.144
0.156

⌘

⇣
0.244
0.499

⌘ ⇣
0.505
0.693

⌘ ⇣
0.631
0.768

⌘

⇣
0.272
0.518

⌘ ⇣
0.471
0.669

⌘ ⇣
0.623
0.761

⌘

1

CCCCCA
, (22)

where the LHS again gives the standard definition of the PMNS matrix as it appears in
the charged-current interactions in terms of constituent charged-lepton and neutrino mixing
matrices Ul,⌫ , and the 3� confidence bounds on the RHS further assume a unitary VPMNS and
include Super-Kamiokande atmospheric data — see [5] for details. As seen in [5] and also
in Table 2, current 3� oscillation constraints do not yet fully determine the quadrant of the
atmospheric mixing angle ✓l23 and, at least in the normal ordering scenario, have only excluded
⇠ 43% of the available domain of the leptonic CP-violating phase �l, i.e. �l is only constrained
within a ⇠ 200

�
arc. This is reduced to an exclusion of only ⇠ 20% of the phase domain when

not including SK data.
The authors of [5] have also obtained global constraints on the di↵erences of squared

neutrino mass eigenvalues, finding at the 3� confidence level

�m2
sol ⌘ m2

2 �m2
1 2 {6.82, 8.04}3� · 10�5 eV2 ,

�m2
atm ⌘ m2

3 �m2
2 2 {2.430, 2.593}3� · 10�3 eV2 , (23)
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Hidden symmetries
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• Let’s assume neutrino masses generated by Type-I See-saw:

3

The Flavour Problem:  masses hep-ph/1405.5495

The next puzzle of the SM is the mass spectrum of quarks and leptons. Since the
masses of all fundamental particles in the SM arise from the vacuum expectation value of
a single Higgs field

mquark = yquark · v,

mlepton = ylepton · v,

mW = g/
�

2 · v, (5)

mZ =
�

g2 + g�2/
�

2 · v,

mH =
�

� · v,

m� = 0,

mgluon = 0,

the spectrum of masses is the spectrum of the Yukawa couplings and it is absolutely
arbitrary and unclear.Indeed, if one looks at numerical values (see Fig.9, left) [27], one
sees a significant disproportion. The di�erence in the masses of the first and the third
generation achieves three orders of magnitude. The understanding of the mass spectrum
remains one of the vital problems of the SM.

CKM vs. PMNS 

ICHEP, Melbourne, July 9, 2012 � 4 

Why these values? Are the two related? Are they related to masses? 
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Figure 9: The mass spectrum of quarks and leptons (left) and the CKM and the PMNS
mixing matrices (right). The area of the circles and squares is proportional to the numer-
ical values of parameters

The mixing matrices of quarks ( the Cabibbo-Kobayashi-Maskawa matrix) and leptons
(the Pontecorvo-Maki-Nakagawa-Sakato matrix) are equally unclear. If the CKM matrix
is almost diagonal, the PMNS matrix is almost uniform (see Fig.9, right) [28]. What
explains their big di�erence? The phases in both matrices which play the key role in the
CP-violation are also unknown. Here possibly lies the answer to the question of the source
of the CP-violation: Quark or lepton sector? The point is that the nonzero phase is usually

10

neutrino mass states �1, �2, and �3 with (real and positive) masses m1, m2, and m3 [3],

�

��
�e

�µ

��

�

�� =

�

��
Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

U�1 U�2 U�3

�

��

�

��
�1

�2

�3

�

�� . (1.1)

According to quantum mechanics it is not necessary that the Standard Model states �e, �µ,

�� be identified in a one-one way with the mass eigenstates �1, �2, and �3, and the matrix

elements of U give the quantum amplitude that a particular Standard Model state contains

an admixture of a particular mass eigenstate. The probability that a particular neutrino

mass state contains a particular SM state may be represented by colours as in Fig. 1. Note

that neutrino oscillations are only sensitive to the di�erences between the squares of the

neutrino masses �m2
ij � m2

i � m2
j , and gives no information about the absolute value of

the neutrino mass squared eigenvalues m2
i . There are basically two patterns of neutrino

mass squared orderings consistent with the atmospheric and solar data as shown in Fig. 1.

m2

0

solar~7×10−5eV2

atmospheric
~2×10−3eV2

atmospheric
~2×10−3eV2

m12
m22

m32

m2

0

m22

m12

m32

νe
νµ
ντ

? ?

solar~7×10−5eV2

Figure 1: The probability that a particular neutrino mass state contains a particular SM state
may be represented by colours as shown in the key. Note that neutrino oscillation experiments
only determine the di�erence between the squared values of the masses. Also, while m2

2 > m2
1, it is

presently unknown whether m2
3 is heavier or lighter than the other two, corresponding to the left

and right panels of the figure, referred to as normal or inverted mass squared ordering, respectively.
Finally the value of the lightest neutrino mass (sometimes referred to as the neutrino mass scale)
is presently unknown and is represented by a question mark in each case.

– 4 –

• Quark masses generically hierarchical
• Charged lepton masses generically hierarchical
• Absolute neutrino mass not yet known, only mass-squared differences up to a sign

hep-ph/1301.1340

Figure 4.2: Schematic showing the relative hierarchies (mass-squared di�erences) amongst (LH)
neutrinos [223]. Whether or not the neutrino mass spectrum is ‘normal’ or ‘inverted’ is an open
question in neutrino physics.

ing is to suggest that they have no answer, i.e. that the observed patterns are randomly

chosen [228, 229]. This anarchical view of flavour has been explored in many contexts

but is particularly popular in the neutrino sector, and has only become more-so since

the measurement of a non-zero third lepton mixing angle ◊l
13 [230–233]. However, we

do not address these hypotheses in this chapter, and instead choose to focus on more

theoretically driven ways of explaining the suspiciously patterned data.

4.2 First Hints at Discrete Models of Flavour

Let us first discuss the leptons by imagining that neutrino masses and mixings are de-

scribed by an e�ective Majorana mass term in the SM Lagrangian, as realized in a

standard see-saw mechanism [234]:

L‹,mass ≥
1
2‹c

LM‹U‹L + h.c. (4.3)

where ‹L are left-handed triplets of neutrinos and M‹U is the (symmetric) Majorana mass

matrix written in the flavour basis:

M‹U = Uı
P MNSm‹U †

P MNS = MT
‹U (4.4)
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The next puzzle of the SM is the mass spectrum of quarks and leptons. Since the
masses of all fundamental particles in the SM arise from the vacuum expectation value of
a single Higgs field

mquark = yquark · v,

mlepton = ylepton · v,

mW = g/
�

2 · v, (5)

mZ =
�

g2 + g�2/
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2 · v,

mH =
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� · v,

m� = 0,

mgluon = 0,

the spectrum of masses is the spectrum of the Yukawa couplings and it is absolutely
arbitrary and unclear.Indeed, if one looks at numerical values (see Fig.9, left) [27], one
sees a significant disproportion. The di�erence in the masses of the first and the third
generation achieves three orders of magnitude. The understanding of the mass spectrum
remains one of the vital problems of the SM.
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Figure 9: The mass spectrum of quarks and leptons (left) and the CKM and the PMNS
mixing matrices (right). The area of the circles and squares is proportional to the numer-
ical values of parameters

The mixing matrices of quarks ( the Cabibbo-Kobayashi-Maskawa matrix) and leptons
(the Pontecorvo-Maki-Nakagawa-Sakato matrix) are equally unclear. If the CKM matrix
is almost diagonal, the PMNS matrix is almost uniform (see Fig.9, right) [28]. What
explains their big di�erence? The phases in both matrices which play the key role in the
CP-violation are also unknown. Here possibly lies the answer to the question of the source
of the CP-violation: Quark or lepton sector? The point is that the nonzero phase is usually
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neutrino mass states �1, �2, and �3 with (real and positive) masses m1, m2, and m3 [3],
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According to quantum mechanics it is not necessary that the Standard Model states �e, �µ,

�� be identified in a one-one way with the mass eigenstates �1, �2, and �3, and the matrix

elements of U give the quantum amplitude that a particular Standard Model state contains

an admixture of a particular mass eigenstate. The probability that a particular neutrino

mass state contains a particular SM state may be represented by colours as in Fig. 1. Note

that neutrino oscillations are only sensitive to the di�erences between the squares of the

neutrino masses �m2
ij � m2

i � m2
j , and gives no information about the absolute value of

the neutrino mass squared eigenvalues m2
i . There are basically two patterns of neutrino

mass squared orderings consistent with the atmospheric and solar data as shown in Fig. 1.
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Figure 1: The probability that a particular neutrino mass state contains a particular SM state
may be represented by colours as shown in the key. Note that neutrino oscillation experiments
only determine the di�erence between the squared values of the masses. Also, while m2

2 > m2
1, it is

presently unknown whether m2
3 is heavier or lighter than the other two, corresponding to the left

and right panels of the figure, referred to as normal or inverted mass squared ordering, respectively.
Finally the value of the lightest neutrino mass (sometimes referred to as the neutrino mass scale)
is presently unknown and is represented by a question mark in each case.

– 4 –

• Quark masses generically hierarchical
• Charged lepton masses generically hierarchical
• Absolute neutrino mass not yet known, only mass-squared differences up to a sign

hep-ph/1301.1340

Figure 4.2: Schematic showing the relative hierarchies (mass-squared di�erences) amongst (LH)
neutrinos [223]. Whether or not the neutrino mass spectrum is ‘normal’ or ‘inverted’ is an open
question in neutrino physics.

ing is to suggest that they have no answer, i.e. that the observed patterns are randomly

chosen [228, 229]. This anarchical view of flavour has been explored in many contexts

but is particularly popular in the neutrino sector, and has only become more-so since

the measurement of a non-zero third lepton mixing angle ◊l
13 [230–233]. However, we

do not address these hypotheses in this chapter, and instead choose to focus on more

theoretically driven ways of explaining the suspiciously patterned data.

4.2 First Hints at Discrete Models of Flavour

Let us first discuss the leptons by imagining that neutrino masses and mixings are de-

scribed by an e�ective Majorana mass term in the SM Lagrangian, as realized in a

standard see-saw mechanism [234]:

L‹,mass ≥
1
2‹c

LM‹U‹L + h.c. (4.3)

where ‹L are left-handed triplets of neutrinos and M‹U is the (symmetric) Majorana mass

matrix written in the flavour basis:

M‹U = Uı
P MNSm‹U †

P MNS = MT
‹U (4.4)
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• We can promote the phenomenological observation to a physical symmetry:

where the l superscripts indicate the relevant lepton mixing angle. This apparent phe-

nomenological symmetry of the mixing matrix is referred to as a µ≠· symmetry (see [227]

for a recent review which we follow to some extent in this section). Imposing the up-

per realization of (4.9), which is known as µ ≠ · permutation symmetry,3 on the generic

fermionic mixing parameterization (4.1) leads to the most general matrix respecting µ≠·

permutation symmetry:

Uµ·
P MNS = 1

Ô
2

Q

cccccca

Ô
2cl

12
Ô

2sl
12 0

≠sl
12 cl

12 û1

ûsl
12 ±cl

12 1

R

ddddddb
(4.11)

We will spend some time trying to realize a mixing matrix of this form in concrete

models in Section 4.3. Although it is clearly no longer experimentally viable, we explore

its properties for pedagogical purposes and to motivate further analysis in the coming

sections. For example, we will study a perturbation of (4.11) in Section 4.4 that is

phenomenologically relevant.

At the level of the triplet fields, imposing (4.9) translates to, for the upper case in

(4.9), the following transformation:

‹ ©

Q

cccccca

‹e

‹µ

‹·

R

ddddddb
æ

Q

cccccca

‹e

±‹·

±‹µ

R

ddddddb
= Sµ· ‹ (4.12)

with the µ ≠ · operator given by:

Sµ· =

Q

cccccca

1 0 0

0 0 ±1

0 ±1 0

R

ddddddb
(4.13)

Note that, as Sµ· acts twice on the mass matrix, it too can vary up to an overall sign.

At the level of the mass matrix (4.4), imposing Sµ· invariance yields a further constraint
3The second case of (4.9) corresponds to

‹e æ ‹c
e , ‹µ æ ±‹c

· , ‹· æ ±‹c
µ (4.10)

which is labelled as a µ ≠ · reflection symmetry. The superscript c denotes charge conjugation of the
field. We will not discuss the phenomenological implications of this apparent symmetry in detail.
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on the complex matrix elements:

M‹U æ Mµ·
‹U =

Q

cccccca

Mee Meµ ±Meµ

Meµ Mµµ Mµ·

±Meµ Mµ· Mµµ

R

ddddddb
©

Q

cccccca

x y ±y

y z w

±y w z

R

ddddddb
(4.14)

where in the last equivalence we have simplified our notation. Mµ·
‹U then represents the

most general mass matrix symmetric under the µ ≠ · permutation symmetry:

Mµ·
‹U = Sµ· M‹USµ· (4.15)

If we restrict ourselves to real entries in (4.14), there are four degrees of freedom

present corresponding to the three mass eigenvalues and to the ‘solar’ mixing angle ◊l
12.

These parameters can be explicitly predicted in terms of the mass matrix. Choosing the

upper (+) sign convention in (4.14), we find that

sin2 2◊l
12 = 8y2

(x ≠ w ≠ z)2 + 8y2 (4.16)

for the solar mixing angle and

m1 = 1
2

5
x + z + w ≠

Ò
(x ≠ z ≠ w)2 + 8y2

6

m2 = 1
2

5
x + z + w +

Ò
(x ≠ z ≠ w)2 + 8y2

6

m3 = z ≠ w

for the mass eigenvalues.

To recap, we have observed an apparent (though outdated) phenomenological sym-

metry in the data available for UP MNS, the µ ≠ · permutation symmetry. By promoting

it to a physical symmetry we have also derived constraints on the most generic mixing

matrix Uµ·
P MNS that respects it, as well as the most generic µ ≠ · invariant mass matrix

Mµ·
‹U . We have used these to make predictions for the solar mixing angle and the neutrino

mass eigenvalues. Most critically, though, we have seen that all of these observations also

follow from the imposition of a µ ≠ · operator on the neutrino fields at the level of the

Lagrangian. As it turns out, Sµ· is the first hint that understanding flavour mixing in

the neutrino sector may be related to the imposition of a global discrete symmetry, as

the operator itself can be seen as the generator of an O(2) cyclic symmetry Z2. In the
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• The group generated by the  operator mediates the simplest type of flavor 
symmetry:  an Abelian discrete symmetry:

μ − τ

• This action is actually a specific instance of the rather generic statement that the 
maximal ‘residual’ symmetry of a Majorana mass term is the Klein four group, 

, cf. Lam 2007.ℤ2 × ℤ2
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Tri-bimaximal neutrino mixing

9

• Before 2012, the leptonic mixing data was also consistent with other famous relationships:

next section we pursue this within a concrete model, the canonical A4 model of Altarelli

and Feruglio.

4.3 Sketching an A4 Model of Tri-Bimaximal Mixing

Up until the the measurement of ◊l
13 at various nuclear reactors in 2012 [230–233] the

observed data for UP MNS was not only consistent with the µ ≠ · permutation symmetry

described in Section 4.2, but with a further constraint on Mµ·
‹U and hence ◊l

12:

x + y = w + z Ωæ sin2 2◊l
12 = 8

9 (4.18)

In this instance, the mixing matrix Uµ·
P MNS is fully constrained to the canonical Tri-

Bimaximal (TBM) form [240]:

Uµ·
T BM = 1

Ô
6

Q

cccccca

2
Ô

2 0

≠1
Ô

2 ≠
Ô

3

≠1
Ô

2
Ô

3

R

ddddddb
(4.19)

and the mass matrix can be simply expanded as:

Mµ·
T BM = m1�1�T

1 + m2�2�T
2 + m3�3�T

3 (4.20)

where �i represents the i’th column of Uµ·
T BM .

An undue amount of literature has been produced in relation to the TBM matrix —

see e.g. [223] and references therein. It is the aim of this section to elucidate its structure

in the context of a NADS described by the (finite) permutation group A4. Indeed, the

A4 models of Ma and Rajasekeran [241], Babu, Ma, and Valle [242], and Altarelli and

Feruglio [243, 244] provide some of the earliest attempts to understand TBM mixing

within concrete scenarios. That other NADS might also be relevant was realized quickly

thereafter [245]. In the forthcoming discussion we largely follow the 2010 review [246]

and original 2005 paper written by Altarelli and Feruglio [244], though we omit many of

the ‘model-dependent’ elements of the construction. Instead, we focus on those aspects

that can be generalized to other types of discrete models, and in particular on identifying

NADS via the closure of abelian symmetries present in SM Lagrangian.

Let us now examine the TBM form as we did with the generic µ ≠ · form in (4.11).
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• This is consistent with another symmetry operation:

Imposing (4.18) on Mµ·
‹U tells us that it is also the most general matrix invariant under

the action of an additional operator ST BM (
Ë
ST BM , Sµ·

È
= 0):

Mµ·
T BM = ST BMMµ·

T BMST BM (4.21)

where

ST BM = 1
3

Q

cccccca

≠1 2 2

2 ≠1 2

2 2 ≠1

R

ddddddb
(4.22)

As mentioned at the end of the last section, we can interpret this as the generator of yet

another cyclic symmetry Z2. Hence we have identified two potential ‘residual’ symmetries

of the Majorana mass term, both of which commute with one another and hence form

(when both are present) a single abelian Klein group: G‹ ≥ Z2 ◊ Z2.

Are there any other residual symmetries we can identify? Let us look to the charged

lepton mass term which, up until now, we have neglected because it had no impact on

the observable mixing (since we took it to be in a diagonal basis):

Ll,mass ≥ ERmllL + h.c. (4.23)

where ER and lL are triplets of right and left-handed charged leptons respectively, and

ml is the diagonal mass matrix of charged leptons. If we work with the combination

m2
l = m†

l ml, which transforms with a single unitary rotation matrix as m2Õ = U †
e m2Ue,

then this matrix will also be invariant under the action of an additional diagonal phase

matrix (with three phases) T :

m†
l ml = T †m†

l mlT

In principle T represents the action of a continuous symmetry, as (4.23) is invariant under

U(1)3 (see Section 4.4 below for more details). However, if we insist that T generate a

cyclic symmetry Zm such that T m = I, then, in the simplest case for three generations,

m = 3 and T is given by:

T T BM =

Q

cccccca

1 0 0

0 Ê 0

0 0 Ê2

R

ddddddb
(4.24)
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• Hence  as expected.  The charged leptons respect  rotations… STBM × Sμτ ∼ ℤ2 × ℤ2 U(1)3

• The group closed by  is S4 (cubic group), by  is A4 (tetrahedral group)…{Sμτ, STBM, T} {STBM, T}

Harrison, Perkins, Scott 
(PLB 530 2002)
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We did just this when analyzing the symmetry structure of TBM mixing in Section 4.3,

albeit in an ad-hoc way. From the neutrino mass term one actually notes that a generic

Z2 ◊ Z2 Klein transformation of the neutrino triplets leaves the mass matrix invariant:

‹ æ SiU‹ , (i = 1, 2, 3) and SiU = UP MNSSiU
†
P MNS (4.29)

We work in the following diagonalized Klein basis:

S1 = diag (1, ≠1, ≠1) , S2 = diag (≠1, 1, ≠1) , S3 = diag (≠1, ≠1, 1)

Thus we can identify G‹ with the Klein group formed by SiU and SjU , or a single Z2

formed by SiU , regardless of the mixing pattern realized. It can actually be shown that

the Klein symmetry is the maximal possible symmetry for a Majorana mass term, given

three massive neutrinos [223].

From the charged lepton mass term, we see that there is a U(1) invariance for each

active generation. Given that neutrinos and charged leptons belong to the same SU(2)L

doublet, the natural residual symmetry of this mass term is U(1)3. We assume that

Ge = Zl, so that it is finite. An explicit matrix representation of the Ge is given by:

T = diag
1
ei„e , ei„µ , ei„·

2
where „i = 2fi

ki

l
and i = e, µ, · (4.30)

It is clear that the order of the generator T is given by l. If we assume further that Ge is

a subgroup of SU(3) then we can reduce the number of free charges in T by 1 according

to „e + „µ + „· = 0, such that:

„· = ≠2fi
ke + kµ

l
(4.31)

Remember that, as we have put the charged leptons in a diagonal basis, T is also already

diagonal. This basis is preferable because it is particularly amenable to theorists wishing

to, e.g., introduce charged lepton corrections [235–237] that may arise at a higher order,

as may be motivated in analogy to the quark sector (and thus approaches related to

Grand Unified Theories [265–270]).

Having identified the residual symmetries and written down explicit forms for their

generators, one is now in a position to ‘reconstruct’ the parent symmetry GL, as it is

merely the group of all product matrices of SiU and T .

100

• The most famous models to my knowledge implementing A4 are Babu, Ma, Valle:  hep-ph/
0206292 and Altarelli, Feruglio: hep-ph/0512103, 0504165.



The discrete approach

10

PSL2(7) SO(3)∆(96)

∆(27)

SU(3)

A4

S4 A5T7

Figure 7: Examples of subgroups of SU(3) with triplet representations discussed in this review.
A line connecting two groups indicates that the smaller is a subgroup of the bigger one.

from these groups in a direct or semi-direct way, see Subsection 6.3. Yet, from the model

building point of view it can still be useful to change to a basis in which the order three

generator becomes diagonal [96], analogously to the case of S4. In Appendix C we list the

generators and Clebsch-Gordan coefficients of the groups S4, A4 and T7 in the T diago-

nal basis. Their relation to SU(3) and some of its subgroups is schematically illustrated

in Fig. 7.

6. Discrete family symmetries and model building approaches

6.1 Family symmetries and flavons

The masses and mixings of the three families of quarks and leptons result from the form

of the respective Yukawa matrices formulated in the flavour basis. Is there an organising

principle which dictates the family structure of these Yukawa couplings? While this review

takes the view that the observed mass and mixing patterns can be traced back to a family

symmetry, we remark that some authors answer this question negatively, referring to a

landscape of parameter choices out of which Nature has picked one that is compatible with

the experimental measurements. In particular, the observation of a large reactor angle

has been interpreted as a sign for an anarchical neutrino mass matrix [97]. Following

the symmetry approach, it is clear that the family symmetry must be broken in order

to generate the observed non-trivial structures. This is achieved by means of Higgs-type

fields. These so-called flavon fields φ are neutral under the SM gauge group and break

the family symmetry spontaneously by acquiring a VEV. This VEV in turn introduces an

expansion parameter

ε =
〈φ〉
Λ

, (6.1)

– 39 –

Reviews: King, Luhn:  hep-ph/1301.1340, 
Grimus, Ludl:  hep-ph/1110.6376, Altarelli, 

Feruglio: hep-ph/1002.0211

• Huge literature:  Pakvasa, Sugawara (1977) use S3 for Cabibbo angle.  Deshpande uses S4 for full 
CKM and Pakvasa applies S4 to neutrino mass and mixing (1984).  Early 90s discussion (Kaplan, 
Schmaltz; Frampton, Kephart), TBM and GUT models established early-mid 00s (Ma, Rajasekaran; 
Altarelli, Feruglio, de M. Varzielas, King, Ross +), new flood in 2012/13 after reactor angle…

• Discrete symmetries avoid Goldstone modes that could spoil phenomenology, easily embedded 
in SUSY GUTs, extra dimensional theories.

Encyclopedia: Ishimori et al.:  hep-ph/1003.3552

All of these 
symmetries 
have been 
explored in 
models…

• Easier facilitation of vacuum alignment than with continuous symmetries

Today we focus here!

While the predictions of flavour models — derived from either top-down or bottom-up
considerations — are rich, they are also becoming increasingly di�cult to falsify, given that
experiment is rapidly resolving all SM flavour parameters to a high degree of precision, such
that the models’ predictions should actually be considered postdictions. Indeed, virtually all
quark masses and CKMmixings are measured with exceptional accuracy, while only the PMNS
angle ✓l23,

1 the Dirac CP-violating phase �l, absolute neutrino mass eigenvalues, and Majorana
CP-violating phases (if relevant) are poorly constrained in the leptonic sector. While physical
observables that depend on non-trivial combinations of these parameters, e.g. neutrinoless-
double-� decay rates (0⌫��), single �-decay rates, and the sum of neutrino mass eigenvalues
(as constrained by cosmology), o↵er additional independent probes of flavour models, it is
conceivable that a believable BSM theory will also make falsifiable predictions for a subset of
the aforementioned, unresolved constituent flavour parameters. Complicating matters further,
many (most) BSM flavour models introduce a number of UV theory parameters that are
di�cult to numerically sample in a fully generic manner, and so extracting concrete predictions
from said models is challenging in its own right.

In light of this experimental situation, and in response to the need for more robust analysis
routines for exploring viable model parameter spaces, we will re-examine the Universal Texture
Zero (UTZ) Model originally presented in [1]. The UTZ is an e↵ective theory (EFT) valid
at mass scales above those characteristic of the SM, but below those of hypothetical (and
potentially unfalsifiable), renormalizable UV completions, e.g. those incorporating ultra-heavy
fermionic messenger fields V : ⇤V > ⇤UTZ > ⇤SM. Its Yukawa sector is therefore generated
only at the non-renormalizable level, with EFT expansion parameters in inverse powers of the
messenger masses Mi. The UTZ Lagrangian is symmetric under a �(27) ' (Z3 ⇥ Z3) o Z3

[6–10] non-Abelian discrete family symmetry and a further ZN discrete shaping symmetry,
and is consistent with an underlying stage of SO(10) grand unification as all fermions and
their conjugates — including right-handed (RH) gauge-singlet neutrinos — are assigned as
triplets 3 under �(27). Critically, the additional scalars introduced are charged such that
a �(27)-invariant scalar potential exists that drives family-symmetry breaking as mentioned
above, yielding symmetric mass matrices with a characteristic texture zero in the (1,1) position
for all family sectors. As shown in [1], this UTZ structure is capable of explaining quark and
lepton flavour data with as few as nine infrared (IR) theory parameters, and therefore amounts
to an appealing and predictive theory for the origin of SM flavour patterns. The UTZ stands
as a continuation of similar solutions employing texture zeroes, explored already in e.g. [11,12].

However, the numerical exploration of the UTZ parameter space presented in [1] only
achieved a ‘proof-in-principle’ fit demonstrating the model’s phenomenological viability. It
did not exhaustively explore the predictions of the UTZ Lagrangian at leading order (LO) in
its EFT expansion parameters, nor did it consider the complete set of corrections generated
by operators present at next-to-leading order (NLO) in 1/Mi. Most importantly, the analysis
in [1] did not present robust predictions for the aforementioned unresolved leptonic flavour
parameters nor any other observables (e.g. �-decay rates) that depend on them, and hence
it did not provide a reliable means of falsifying the UTZ model space as data continues to

1In what follows we use the label l for leptons, q for quarks, and u, d, e, ⌫ for individual families of either.
We also include neutrino mass and mixing when we reference ‘SM’ flavour parameters in the text, despite
these being fundamentally BSM objects.

2

Symmetry 
breaking can 

also be studied 
in a ‘model-

independent’ 
way…cf. work 
from Grimus et 

al. here in 
Vienna, e.g.!
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• In the IR, we can build effective mass matrices with higher dimensional operators:

• In the UV, each vertex is part of the full Lagrangian (messengers A integrated out):

• Hence by assigning the messengers to trivial singlets, one can form family symmetry 
invariants:
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LY = �ye ĒL� eR � yd Q̄L� dR � yu Q̄L�
c
uR

(2)

LY = �ye
vp
2
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LY = �ye ĒL� eR � yd Q̄L� dR � yu Q̄L�
c
uR

(2)

LY = �ye
vp
2
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LY = �ye ĒL� eR � yd Q̄L� dR � yu Q̄L�
c
uR

(2)

LY = �ye
vp
2
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LY = �ye ĒL� eR � yd Q̄L� dR � yu Q̄L�
c
uR

(2)

LY = �ye
vp
2
ēLeR

✓
1 +

h

v

◆
(3)

� ! 1p
2

✓
0

v + h(x)

◆
(4)

R (GBSM) ⇠ 3, 3̄, 2, 1, ... (5)

�3   
c
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• Flavons acquire vacuum expectation values along specific directions in flavour 
space:

Note:  
alignment is 

generally non-
trivial to 

achieve, but 
facilitated with 

the NADS 

• Mass matrices then follow from the form of the effective 
operator:
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Family symmetries shape the Yukawa sector, align VEVs, and thereby 
control fermionic mass and mixing matrices

• Let’s use phenomenologically successful mass patterns to guide the construction of 
our model…
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• If so, can we realize this phenomenology in a concrete model?

Neutrino sum rule

August 27, 2016

1 Charged fermion mass structure

Quark and charged lepton masses and mixings are consistent with a symmetric mass matrix structure

of the form

MD
a ⇡ m3

0

BB@

0 "3a "3a

"3a ra"2a ra"2a

"3a ra"3a 1

1

CCA , ru,d = 1, rl = �3 (1.1)

This describes the observed masses and mixings provided the parameters ✏a, a = u, d, l are di↵erent

in the up quark, down quark and charged lepton sector, ✏u ⇡ 0.15, ✏d, l ⇡ 0.15. This symmetric

structure has a (1,1) texture zero and implements the GST relation for the Cabibbo angle. The

factor ri implements the Georgi Jarlskog mechanism giving mb = m⌧ , mµ = 3ms, me = 1
3md at the

unification scale, a reasonable (though not perfect) starting point.

1.1 Familon description

This structure can be obtained by coupling the fermions to familons, ✓i, with a quantised vev structure

that can be obtained if there is an underlying discrete family symmetry. The di↵erence between the

down quark and charged lepton matrices can be derived from an underlying GUT structure. As an

example of this consider the e↵ective Lagrangian of the form

Leff
a,mass =  i

 
1

M2
3,a

✓i3✓
j
3 +

1

M3
23,a

✓i23✓
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23⌃+

1

M3
123,a

(✓i123✓
j
23 + ✓i23✓

j
123)S

!
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jH5 (1.2)

where a = u, d, l and

✓3 = (0, 0, 1) < ✓3 >, ✓23 = (0, 1, 1) < ✓23 >, ✓123 = (1, 1,�1) < ✓123 > (1.3)

The field ⌃ is associated with the breaking of the underlying GUT with vev / B � L + TR
3 . It

implements the Georgi Jarlskog relation with rl
rd

= �3 for  = 0. For the case  = 2, plus domination

by the RH messengers, it gives rl
rd

= 3. Since the sign is irrelevant both cases are viable. Here I will

1

IDEA:  Can this successful texture be extended to the neutrino sector?

• A (1,1) texture zero can accurately reproduce the phenomenology of the charged 
fermions.
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• It implements the well known Georgi-Jarlskog (PLB 86 1979) mass relation and 
also the successful Gatto-Sartori-Tonin (PLB 28 1968) relation:

See  e.g Roberts, Romanino, Ross,  Velasco-Sevilla:  hep-ph/0104088
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ēLeR

✓
1 +

h

v

◆
(5)

� ! 1p
2

✓
0

v + h(x)

◆
(6)

hh(x)i = 0 (7)

LY = � ye
vp
2| {z }

me
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Red indicates 
RGE to IR

See talk from Steve King from Corfu 2022 for history of this matrix…
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• A Type-I See-saw generates active light neutrinos:

4

However, Graham instead writes the Dirac mass matrix in the i = (⌫123, ⌫23) , j = (⌫1, ⌫2) basis, with ⌫123,23 =
⌫i✓i123,23, such that:

MD,eff
⌫ /

✓
0

p
3/2

1 1

◆
, (15)

One can easily check that the parameterizations yield equivalent mass mixing terms. Applying the Type-I see-saw
gives the light neutrino mass matrix:

MD
⌫ ·MM,�1

⌫ ·MD,T
⌫ =) M⌫ / �

1

�2
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p
3/2�

�
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which has (basis-independent) mass eigenvalues m1,2:

m1,2 =
1

2

⇣
↵±

p
↵2 + 6�2

⌘
(17)

with m1 the heaviest active neutrino. Expanding in �/↵ (assuming ↵ � �), one finds m1 ⇡ ↵ and the ratio of mass
eigenvalues:

|
m2

m1
|⇡

3

2

�2

↵2
)

r
m2

m1
=

r
3

2

�

↵
X (18)

Now, the prediction from Sequential Dominance is that m3 = 0, such that one can use the measured mass squared-
di↵erences to obtain a prediction for the mass ratio in (18). Using �m2

23 ' 7.5⇥ 10�5 and �m2
12 ' 2.5⇥ 10�3 (note

that I have relabeled m1 $ m3 from the standard notation), I find:
p

m2/m1 ⇡ .413 X (19)

B. Mixing Matrices

The see-saw contracts the (⌫1, ⌫2) indices of MM
⌫ , leaving the mass matrix (16) in the (⌫123, ⌫23) (⌫123, ⌫23) basis.

We can therefore diagonalize (16) to find the relationship between ⌫123,23 and ⌫1,2 eigenstates, just as UPMNS provides
the relationship between mass and flavour eigenstates. Dividing out ↵, (16) takes the form:
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where � is the phase between � and ↵, � ⌘ �� � �↵ and where ↵,� on the RHS of (20), and thus M 0
⌫ , are now real.

In fact, M 0
⌫ is a real and symmetric matrix, which means it is diagonalizable with the simple 2⇥ 2 rotation matrix:

V =

✓
c� �s�
s� c�

◆
, c2� =

�1p
1 + 4 · 3/2 · �2/↵2

= 2 cos2 �� 1 (21)

Again expanding in �/↵, one finds that cos� ⇡
p

3/2 · �/↵ =
p

m2/m1 and sin� ⇡ 1, such that the two eigenstates
are related up to O (m2/m1) by:

✓
⌫1
⌫2

◆
=

0

@
ei�

q
m2
m1

�1

ei�
q

m2
m1

1

A
✓
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◆
(22)

though I believe there are ± ambiguities in (22) from the choice of rotation direction in (21) and in taking square
roots. We now see that

⌫1 = ei�
r

m2

m1
⌫123 � ⌫23 / ⌫23 � ei�

r
m2

m1
⌫123 X? (23)

⌫2 = ei�⌫123 +

r
m2

m1
⌫23 (24)

4

Fields  q,e,⌫  
c
q,e,⌫ H5 ⌃ S ✓3 ✓23 ✓123 ✓ ✓X

�(27) 3 3 100 100 100 3̄ 3̄ 3̄ 3̄ 3

ZN 0 0 0 2 -1 0 -1 2 0 x

TABLE I: Fields and their family symmetry assignments. The field ✓X only plays a role in the vacuum alignment. Hence the
only requirement of its ZN charge is that it be assigned so that the field does not contribute significantly to the fermionic mass
matrices – we have therefore left it generic.

and charged lepton matrices can be derived from an underlying GUT structure. As an example of this consider the
e↵ective Lagrangian of the form

L
eff
a,mass =  i

 
1

M2
3,a

✓i3✓
j
3 +

1

M3
23,a

✓i23✓
j
23⌃+

1

M3
123,a

(✓i123✓
j
23 + ✓i23✓

j
123)S

!
 c
jH5 (II.3)

where a = u, d, e and

h✓3i = v3(0, 0, 1), h✓23i = v23(0, 1, 1)/
p
2, h✓123i = v123(1, 1,�1)/

p
3 (II.4)

The restricted form of eq(II.3) is determined by a simple ZN shaping symmetry under which the fields with non-zero
ZN are shown in Table I, along with the full symmetry assignments of our model. The field S is ZN charged and
indirectly a↵ects the Majorana terms such that the UTZ is preserved (see Section III). The field ⌃ is associated with
the breaking of the underlying GUT with a vev / B�L+ TR

3 . It implements the Georgi-Jarlskog relation [26] with
re/rd = �3 for  = 0. For the case  = 2, plus domination by the RH messengers, it gives re/rd = 3. Since the sign is
irrelevant both cases are viable. Here we concentrate on the case  = 0 which gives r⌫ = �1 and ru/rd = 1. Finally,
the Mi,a are the heavy mediator masses that have been integrated out when forming the e↵ective Lagrangian. There
is a subtlety in that at least the top Yukawa coupling should not be suppressed and to do this one must take ✓3/M3

large, a known issue in this type of model [28]. This is the case if ✓3 is the dominant contribution to the messenger
mass, and we assume here that this applies to the u, d and e sectors. An alternative that solves this issue is through
the use of Higgs mediators as described in [29], although this is beyond the scope of the present paper as it requires
an entirely di↵erent set of superfields.

B. Mass matrix parameters and messenger masses

The parameters of eq(II.1) in the (2,3) block are given by

✏2a =
h✓23i2h⌃i

M3
23,a

.
M2

3,a

h✓3i2
(II.5)

Referring to the ZN charges of the fields as Q, if the Q = 0/Q = �1 mediator mass ratio M3,a
M23,a

is smaller in the

up sector than in the down sector, one will have ✏u < ✏d. Of course equality of the down quark and charged lepton
matrix elements in the (1,2), (2,1), and (3,3) positions requires that the expansion parameters be the same in the two
sectors. This is consistent with an underlying spontaneously broken SU(2)R symmetry because the down quarks and
leptons are both TR,3 = �1/2 states and, in SUSY, both acquire their mass from the same Higgs doublet, Hd.

Here we consider the case that the messengers carry quark and lepton quantum numbers. For the messengers
carrying left-handed quantum number, SU(2)L requires the up and down messenger masses should be equal. Thus
the only way the expansion parameters can be di↵erent in the up and down sectors is if the right-handed messengers
dominate. In this case, if the underlying symmetry breaking pattern is

SO(10) ! SU(4)⇥ SU(2)L ⇥ SU(2)R ! SU(3)⇥ SU(2)L ⇥ U(1) (II.6)

the down quarks and charged leptons will have the same expansion parameter after SU(2)R breaking.
Up to signs and O(1) coe�cients allowed by the ZN symmetry, the (1,j), (j,1) entries of eq(II.1) are given by

✏3a =
h✓23ih✓123ihSi

M3
123,a

.
M2

3,a

h✓3i2
, (II.7)

to be consistent with the form of eq(II.1). Since they involve both the Q = 1 and Q = �1 mediator masses there is
su�cient freedom for this to be the case.
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See  de Medeiros Varzielas, Ross,  JT:   
UTZ:  [1710.01741]

2.1 The Leading-Order E↵ective Yukawa Lagrangian

Upon demonstrating that a successful vacuum alignment is plausible upon family-symmetry
breaking, a meaningful BSM Yukawa sector can be subsequently formed from the field and
symmetry content of Table 1. This leads to the following LO UTZ e↵ective Lagrangian in the
Dirac sector of the theory:

L
LO
D,f =  i
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✓i3✓
j
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✓i23✓
j
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(✓i123✓
j
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j
123)S

!
 c
jH , (4)

where f 2 {u, d, e, ⌫}. Here c(n)i are free Wilson coe�cients whose superscript denotes the
mass dimension n of the operator, while Mi,f represent the mass scales associated to heavy
messenger fields that have been integrated out of the spectrum in forming the EFT, a lá
the Froggatt-Nielsen mechanism [25]. These messenger fields are associated to distinct UV
completions and are typically taken to be vector-like fermions, although we do not wish to
commit ourselves to any particular scenario. In what follows we will simply point out the
implications and constraints on said UV messengers coming from the (falsifiable) IR spectrum
associated to (4).

To that end, one quickly notices that a natural hierarchy for the third-family fermions is
realized, thanks to the power suppression (assuming only mild hierarchies amongst messenger
masses) of the second and third terms with respect to the first, which only contributes to
the (3,3) entry of the Dirac mass matrices. While this helps realize an approximate SU(2)F
symmetry of the quark mass matrices and associated CKM mixing matrix, it also implies that
the ratio ✓3/M3,f is large [26], at least in the up sector. This is acceptable if ✓3 is the dominant
contributor to the messenger mass, which we assume for all charged fermion sectors. For an
alternative solution to this issue involving Higgs mediators, see [27].

Besides (4), the field and symmetry content of Table 1 also permits a Majorana mass
Lagrangian, which at leading order in the OPE is of the following form:

L
⌫
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M
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j
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!
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j . (5)

Here one notices that there are two insertions of the LNV scalar ✓ in each operator, as is
consistent with our underlying SO(10) ! SU(4)⇥SU(2)L⇥SU(2)R GUT embedding, and also
that the leading contributions in this e↵ective Lagrangian are at dimension five and eight
in the 1/M expansion of the EFT, as opposed to six and seven in the case of the Dirac
Lagrangian given in (4). This results in an extremely dominant third-family hierarchy that has
important phenomenological implications in the neutrino sector upon applying the seesaw, as
mentioned below. Further discussion regarding the relative power suppression between Dirac
and Majorana sectors will be given in Section 2.2.

Qualitative Charged Fermion Masses and Sum Rules

While the SM’s quark and charged lepton flavour sector is exceptionally well-measured and
therefore o↵ers little opportunity for novel predictions, we do note that the UTZ Lagrangian

5

Messenger masses distinguish 
fermion species

VEV implements Georgi-
Jarlskog

Needed for shaping symmetry

2.1 The Leading-Order E↵ective Yukawa Lagrangian

Upon demonstrating that a successful vacuum alignment is plausible upon family-symmetry
breaking, a meaningful BSM Yukawa sector can be subsequently formed from the field and
symmetry content of Table 1. This leads to the following LO UTZ e↵ective Lagrangian in the
Dirac sector of the theory:

L
LO
D,f =  i

 
c(6)3

M2
3,f

✓i3✓
j
3 +

c(7)23

M3
23,f

✓i23✓
j
23⌃+

c(7)123

M3
123,f

(✓i123✓
j
23 + ✓i23✓

j
123)S

!
 c
jH , (4)

where f 2 {u, d, e, ⌫}. Here c(n)i are free Wilson coe�cients whose superscript denotes the
mass dimension n of the operator, while Mi,f represent the mass scales associated to heavy
messenger fields that have been integrated out of the spectrum in forming the EFT, a lá
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the (3,3) entry of the Dirac mass matrices. While this helps realize an approximate SU(2)F
symmetry of the quark mass matrices and associated CKM mixing matrix, it also implies that
the ratio ✓3/M3,f is large [26], at least in the up sector. This is acceptable if ✓3 is the dominant
contributor to the messenger mass, which we assume for all charged fermion sectors. For an
alternative solution to this issue involving Higgs mediators, see [27].
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Here one notices that there are two insertions of the LNV scalar ✓ in each operator, as is
consistent with our underlying SO(10) ! SU(4)⇥SU(2)L⇥SU(2)R GUT embedding, and also
that the leading contributions in this e↵ective Lagrangian are at dimension five and eight
in the 1/M expansion of the EFT, as opposed to six and seven in the case of the Dirac
Lagrangian given in (4). This results in an extremely dominant third-family hierarchy that has
important phenomenological implications in the neutrino sector upon applying the seesaw, as
mentioned below. Further discussion regarding the relative power suppression between Dirac
and Majorana sectors will be given in Section 2.2.

Qualitative Charged Fermion Masses and Sum Rules

While the SM’s quark and charged lepton flavour sector is exceptionally well-measured and
therefore o↵ers little opportunity for novel predictions, we do note that the UTZ Lagrangian

5

f ∈ {u, d, e, ν}

• The UTZ can appear from the same Lagrangian for all Dirac sectors!



Vacuum alignment (proof in principle)

15

which couplings dominate. Given that we are assuming a supersymmetric UV completion the leading

quartic couplings come from F-terms associated with trilinear couplings to heavy mediators in the

superpotential and, due to F-term decoupling, the couplings are small and depend sensitively on the

mediator spectrum. As discussed above, we allow only triplet mediators and consider the most general

set of e↵ective coupling that can arise from the exchange of such mediators.

Consider the case that the dominant coupling for the ✓3,123 fields is the self-coupling term

V2(✓i) = hi(✓i)
2
⇣
✓†i

⌘2
. (C.2)

Minimising the potential3 one sees that these terms aligns the field vev, the direction depending on

the sign of h:

h✓i =
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0

0

1

1

CCA v✓, h < 0, h✓i = 1p
3

0

BB@

1

1

�1

1

CCA v✓, h > 0

where v2✓ ⇡ m2
✓/2�✓. These are in the directions required for ✓3 and ✓123!

To complete the model it is necessary to arrange the alignment of the ✓23 field vev. A field ✓X can

readily be made orthogonal to ✓123 if its dominant e↵ective coupling is

V3 = k1✓X,i✓
†i
123✓123,i✓

†i
X , k1 > 0. (C.3)

However this term of eq(4.2) does not distinguish between (0, 1,�1)/
p
2 and (2,�1,�1)/

p
6. The

only quzrtic term that does make a distinction is the term

V4 = k2✓3,i✓
†i
X✓X,i✓

†i
3 , k2 > 0 (C.4)

and this forces the alignment along (2,�1,�1)/
p
6. However now it is straightforward to get the

desired alignment for ✓23 through the terms

V5 = k3✓23,i✓
†i
123✓123,i✓23

†i + k4✓X,i✓
†i
23✓23,i✓

†i
X , k1,2 > 0. (C.5)

To summarise, the potential

V =
X

i=3,123

(V1(✓i) + V2(✓i)) + V3 + V4 + V5 (C.6)

aligns the fields in the direction
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(C.7)

3For clarity we assume real vevs here. The general case is presented below.
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Completes alignment of , depending on 
sign of h (h<0 -> )!

θ3,123
θ3

• We want to achieve the 3, 123, and 23 alignments. 

Orthogonal to 123, but does not distinguish between (0,1,1) and (2,-1,1)

Respectively select (2,-1,1), (0,1,1)!
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To complete the model it is necessary to arrange the alignment of the ✓23 field vev. The field ✓X can readily be
made orthogonal to ✓123 if its dominant e↵ective coupling is

V3 = k1✓X,i✓
†i
123✓123,j✓

†j
X , k1 > 0. (A.3)

However this term does not distinguish between (0, 1,�1)/
p
2 and (2,�1,�1)/

p
6 (up to permutations of the ele-

ments). The latter vev is chosen if the dominant term sensitive to the di↵erence is

V4 = k2m0✓
1
X✓2X✓3X (A.4)

Although a cubic term in the superpotential involving the ✓X superfield is forbidden by R-symmetry, it is generated
with coe�cient m0 after SUSY breaking. Then, in supergravity, the cubic term in the potential appears with k2 =
O(m0/M) where m0 is the gravitino mass. With this the final alignment of ✓23 is driven by the term

V5 = k3✓23,i✓
i
X✓†j23✓

†j
X + k4✓23,i✓

†i
3 ✓3,i✓

†i
23, with k3 > 0 and k4 < 0 (A.5)

To summarise, the potential

V =
X

i=3,123

(V1(✓i) + V2(✓i)) + V3 + V4 + V5 (A.6)
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where we have now included the relative phases explicitly. The vevs vi may also be complex. Note that further quartic
terms allowed by the symmetries may be present but they should be subdominant to preserve this alignment. It is
straightforwrd to assign a ZN charge to ✓X so that it does not contribute significantly to the fermion mass matrix.10

Finally, it is necessary to align the ✓ familon that carries lepton number -1. This is readily the case through the
potential

V✓ = V1(✓) + V2(✓) + k5✓3,i✓
†i✓i✓

†i
3 , k5 < 0 (A.8)

10 A significant contribution of ✓X to fermion masses can also be avoided with an R-symmetry but, as this depends on the details of the
underlying SUSY theory, we do not discuss this here. Similarly, the cubic terms in the potential may determine some of the phases in
eq(A.7) but this too depends on the details of the symmetry properties of the underlying SUSY breaking sector.

Sets scale of familon fields and breaks family 
symmetry upon negative m2

12

A feature of the model is the appearance of a texture zero in the (1,1) position not only in the Dirac masses of
all sectors, but also in the Majorana mass matrix of the light neutrinos. Combined with a symmetric mass matrix
structure this leads to the successful Gatto-Sartori-Tonin relation for the Cabibbo angle. Assuming the Georgi-
Jarlskog GUT structure for the down-quark and charged lepton mass matrices, the texture zero gives an excellent
prediction for the electron mass. Finally in the neutrino sector the texture zero requires a departure from pure
tribimaximal mixing, leading to a non-zero value for ✓l13 consistent with the observed value.

By performing a detailed numerical analysis, we show that the present measurements of fermion masses and mixings,
up to the uncertainties in the radiative evolution of these parameters to the UV, can be realized. Overall, with just 9
free parameters, excellent agreement is found with the 18 observables in the charged fermion and neutrino sectors. As
such it provides some evidence in favour of a dynamical rather than anarchical origin for fermion masses and mixings.

Acknowledgements

IdMV acknowledges funding from Fundação para a Ciência e a Tecnologia (FCT) through the contract
IF/00816/2015. This work was partially supported by Fundação para a Ciência e a Tecnologia (FCT, Portugal)
through the project CFTP-FCT Unit 777 (UID/FIS/00777/2013) which is partially funded through POCTI (FEDER),
COMPETE, QREN and EU. J.T. acknowledges research and travel support from DESY. GGR thanks CERN for vis-
iting support during which part of this work was conducted.

Appendix A: Vacuum alignment

In what follows we consider the minimum number of triplet familon fields that can lead to the desired vacuum
alignment. These are the four anti-triplet fields ✓3,23,123 and ✓ introduced above together with a fifth triplet field ✓X .
Assuming the underlying theory is supersymmetric we should include in the potential only those terms consistent
with (spontaneously broken) supersymmetry (SUSY). For the case the associated familon superfields are R singlets
there are no cubic terms in the superpotential involving only familon fields and hence, in the supersymmetric limit,
no quartic terms. After supersymmetry breaking the scalar components of the superfields acquire SUSY breaking
masses, giving the potential

V1(✓i) = m2
i |✓i|

2 (A.1)

Radiative corrections can drive m2
i negative, triggering spontaneous breaking [45] of the family symmetry at a scale

close to the scale at which m2
i is zero, and this may happen for all the familon fields.

These are the dominant terms that set the scale for the familon vevs. However, being SU(3)f invariant, these
terms do not align the vevs in the manner required. To do that we need to consider terms allowed by the discrete
symmetry that are not SU(3)f symmetric. In studying this it is necessary to determine which couplings dominate.
In the context of a supersymmetric UV completion the leading quartic couplings come from F-terms associated
with trilinear couplings to heavy mediators in the superpotential and, due to F-term decoupling, the couplings are
small, suppressed by the square of the supersymmetry breaking scale over the mediator scale (m0/M)2, and depend
sensitively on the mediator spectrum. As discussed above, we allow only triplet mediators and consider the most
general set of e↵ective couplings that can arise from the exchange of such mediators.

Consider the case that the dominant coupling for the ✓3,123 fields is the self-coupling term

V2(✓i) = hi(✓i)
2�✓†i

�2
. (A.2)

Minimising the potential9 one sees that these terms align the field vevs, the direction depending on the sign of h:

h✓ii =

0

BB@

0

0

1

1

CCA v✓, hi < 0, h✓ii =
1
p
3

0

BB@

1

1

1

1

CCA v✓, hi > 0

These are in the directions required for ✓3 and ✓123!

9 For clarity we assume real vevs here. The general case is presented below.
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However this term does not distinguish between (0, 1,�1)/
p
2 and (2,�1,�1)/

p
6 (up to permutations of the ele-

ments). The latter vev is chosen if the dominant term sensitive to the di↵erence is

V4 = k2m0✓
1
X✓2X✓3X (A.4)

Although a cubic term in the superpotential involving the ✓X superfield is forbidden by R-symmetry, it is generated
with coe�cient m0 after SUSY breaking. Then, in supergravity, the cubic term in the potential appears with k2 =
O(m0/M) where m0 is the gravitino mass. With this the final alignment of ✓23 is driven by the term

V5 = k3✓23,i✓
i
X✓†j23✓

†j
X + k4✓23,i✓

†i
3 ✓3,i✓

†i
23, with k3 > 0 and k4 < 0 (A.5)

To summarise, the potential

V =
X

i=3,123

(V1(✓i) + V2(✓i)) + V3 + V4 + V5 (A.6)

aligns the fields in the directions

h✓3i =

0

BB@

0

0

1

1

CCA v3, h✓123i =
1
p
3

0

BB@

ei�

ei↵

�1

1

CCA v123, h✓23i =
1
p
2

0

BB@

0

ei↵

1

1

CCA v23,
D
✓†X

E
=

1
p
6

0

BB@

2ei�

�ei↵

1

1

CCA vX (A.7)

where we have now included the relative phases explicitly. The vevs vi may also be complex. Note that further quartic
terms allowed by the symmetries may be present but they should be subdominant to preserve this alignment. It is
straightforwrd to assign a ZN charge to ✓X so that it does not contribute significantly to the fermion mass matrix.10

Finally, it is necessary to align the ✓ familon that carries lepton number -1. This is readily the case through the
potential

V✓ = V1(✓) + V2(✓) + k5✓3,i✓
†i✓i✓

†i
3 , k5 < 0 (A.8)

10 A significant contribution of ✓X to fermion masses can also be avoided with an R-symmetry but, as this depends on the details of the
underlying SUSY theory, we do not discuss this here. Similarly, the cubic terms in the potential may determine some of the phases in
eq(A.7) but this too depends on the details of the symmetry properties of the underlying SUSY breaking sector.
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• Alignment of LNV family discussed in paper…
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• Some argue that discrete symmetries should/must be gauged in the UV.  This means anomaly 
cancellation must be enforced.

Ibanez, Ross : PLB 260 (1991)
Krauss, Wilczek : PRL 62 (1989)

Banks, Dine : PRD 45 (1992)
Araki et al. : NPB 805 (2008)

Anomaly Freedom in the Universal Texture Zero (UTZ)
Framework

JT

May 19, 2017

I attempt to calculate the relevant anomalies associated to the two flavour symmetries
we employ, �(27) (or T7) and the shaping symmetry ZN . In the following, G denotes an
arbitrary non-Abelian gauge group, g denotes gravity, D a non-Abelian discrete symmetry
group, and Z an Abelian discrete symmetry group.

1 Background

In the IR, discrete symmetries (Z or D) of gauge or global origin cannot be distinguished—
they masquerade as the latter. While there can be anomaly contributions in both cases,
the anomalies of global symmetries are not insidious. However, a long-standing argument
of Krauss and Wilzcek [1] suggests that global discrete symmetries must be local/gauged
in order to avoid complications with quantum gravity (wormhole) e↵ects. Assuming this
argument holds, one can then claim that an apparent global symmetry (e.g. R-Parity
in standard SUSY models or our discrete flavour symmetries) must be gauged at some
point in the UV. In this instance, the anomaly constraints from the (low-energy) global
symmetry translate directly to the more severe (high-energy) gauge anomaly, a situation
first explored by Ross and Ibanez [2, 3] for the case of Abelian discrete symmetries.

Since then, a number of studies have formalized the analogous computation for non-
Abelian discrete symmetries (NADS). I follow the path-integral [5, 6] approaches of [7, 8, 9],
where it is concluded that calculating the anomalies of NADS amounts to independent
calculations of the Abelian anomalies associated to the (finite number of) generators of the
group (or conjugacy classes). Furthermore, the path-integral reveals that the only relevant
anomalies in the IR assuming a fully massless spectrum are mixed (non-Abelian) gauge
and mixed gravitational anomalies:

D �G�G, D � g � g, Z �G�G, Z � g � g (1)

For example, there are no IR anomaly constraints of the form [Z]2 U(1)Y and [U(1)Y ]
2 Z

because the corresponding discrete charge ↵ of any group element transformation is always

1

coe�cient for Z �G�G or D �G�G:

Z/D �G�G :
X

r(f),d(f)

tr
h
⌧(d(f))

i
· l(r(f)) !

= 0 mod
N

2
(4)

The notation is such that the summation is only over chiral fermions living in representa-
tions that are non-trivial with respect to both G and D. l(r(f)) is the Dynkin index for
a fermion living in a representation r(f) of the gauge group. It is normalized such that
l(M) = 1/2, 1 for SU(M) and SO(M), respectively. Of course, Abelian discrete symmetries
only have singlet irreducible representations, and therefore the summation over d(f) can
be neglected in this case. Here it is clear that tr

⇥
⌧(d(f))

⇤
is a charge (called �(f) in [8]),

and from (3) one notes that it can be written in terms of a (multi-valued) logarithm:

tr
h
⌧(d(f))

i
= N

ln detU(d(f))

2⇡i
(5)

For the Abelian case, tr
⇥
⌧(d(f))

⇤
! q(f), with q(f) the standard charge of the fermion.

From (4) and (5) we conclude that anomalous transformations correspond to those with
det

⇥
U(d(f))

⇤
6= 1.

The mixed gravitational anomaly constraints are similarly straightforward and are given
by:

D � g � g :
X

d(f)

tr
h
⌧(d(f))

i
!
= 0 mod

N

2
(6)

and

Z � g � g :
X

f

q(f) =
X

m

q(m) · dimR(m) !
= 0 mod

N

2
(7)

where R(m) denotes the representations of all internal symmetries and the sum is such that
each representation R(m) only appears once.

3 Discrete Anomalies for the UTZ Setup

The particle and symmetry content of our model (as I understand it after some chats with
Ivo) is given in Table 1, which should be checked. I have listed the assignments for the
entire GUT breaking chain we assume (ignoring hypercharge for the reasons stated above):

SO(10) �! SU(4)PS ⇥ SU(2)L ⇥ SU(2)R �! SU(3)c ⇥ SU(2)L ⇥ U(1)Y (8)

For some of the assignments, I was not sure of the correct representation, in particular for
the ⌃ field in the Pati-Salam era, and therefore its subsequent breaking to the Standard
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�(3N2) 1k,l 3[k][l]

det(b) !k 1

det(a) !l 1

det(a0) !l 1

TN 10 11 12 3m 3̄m

det(a) 1 1 1 1 1

det(b) 1 ! !2 1 1

Table 2: LEFT: Determinants over the generators of �(3N2) where N/3 2 Z, for all
irreducible representations of the group. It’s clear that only fields in non-trivial singlet
irreps can contribute an anomaly coe�cient. RIGHT: Determinants over the generators of
TN , for all irreducible representations of the group. It’s clear that only the b generator can
contribute an anomaly coe�cient, and only for fields in the 11 and 12 representations.

group.2

Let’s now look at Table 1 for our UTZ model. We only ever assign fields to the (anti-
)triplet or trivial singlet representations. Yet from Table 2, we see that determinants
over these representations are unit in both �(27) and T7. As the summation in (4) and
(6) is only over fields that are non-trivial with respect to both D and G (or just D for
the gravitational anomalies), and since the coe�cients are always / det(h), we can make a
strong claim: we are free of all NAD anomalies from the triangles D�G�G and D�g�g,
regardless of the form of the gauge group G and regardless of whether or not we take �(27)
or T7 as the NADS.

This means that in the following we are only concerned with Z �G�G and Z � g� g
anomalies.

3.1 SO(10)⇥�(27)⇥ ZN

3.1.1 Z-G-G

The only field with non-zero ZN charge and non-trivial SO(10) representation is ⌃. Using
(4) with tr

⇥
⌧(d(f))

⇤
! q(f), I find that:

X

r(f)

q(f) · l(r(f)) = 2 · l(120,45) !
= 0 mod

N

2
X (9)

where l(120,45) = 28, 8 is the Dynkin index for the SO(10) 120,45. This equation can
be satisfied for N = 2M ;M 2 Z � 2

2This is why perfect groups like A5 are trivially anomaly safe. The analog to Table 2 for A5 has unit
entries universally.

5

4

Fields  q,e,⌫  
c
q,e,⌫ H5 ⌃ S ✓3 ✓23 ✓123 ✓ ✓X

�(27) 3 3 100 100 100 3̄ 3̄ 3̄ 3̄ 3

ZN 0 0 0 2 -1 0 -1 2 0 x

TABLE I: Fields and their family symmetry assignments. The field ✓X only plays a role in the vacuum alignment. Hence the
only requirement of its ZN charge is that it be assigned so that the field does not contribute significantly to the fermionic mass
matrices – we have therefore left it generic.

and charged lepton matrices can be derived from an underlying GUT structure. As an example of this consider the
e↵ective Lagrangian of the form

L
eff
a,mass =  i

 
1

M2
3,a

✓i3✓
j
3 +

1

M3
23,a

✓i23✓
j
23⌃+

1

M3
123,a

(✓i123✓
j
23 + ✓i23✓

j
123)S

!
 c
jH5 (II.3)

where a = u, d, e and

h✓3i = v3(0, 0, 1), h✓23i = v23(0, 1, 1)/
p
2, h✓123i = v123(1, 1,�1)/

p
3 (II.4)

The restricted form of eq(II.3) is determined by a simple ZN shaping symmetry under which the fields with non-zero
ZN are shown in Table I, along with the full symmetry assignments of our model. The field S is ZN charged and
indirectly a↵ects the Majorana terms such that the UTZ is preserved (see Section III). The field ⌃ is associated with
the breaking of the underlying GUT with a vev / B�L+ TR

3 . It implements the Georgi-Jarlskog relation [26] with
re/rd = �3 for  = 0. For the case  = 2, plus domination by the RH messengers, it gives re/rd = 3. Since the sign is
irrelevant both cases are viable. Here we concentrate on the case  = 0 which gives r⌫ = �1 and ru/rd = 1. Finally,
the Mi,a are the heavy mediator masses that have been integrated out when forming the e↵ective Lagrangian. There
is a subtlety in that at least the top Yukawa coupling should not be suppressed and to do this one must take ✓3/M3

large, a known issue in this type of model [28]. This is the case if ✓3 is the dominant contribution to the messenger
mass, and we assume here that this applies to the u, d and e sectors. An alternative that solves this issue is through
the use of Higgs mediators as described in [29], although this is beyond the scope of the present paper as it requires
an entirely di↵erent set of superfields.

B. Mass matrix parameters and messenger masses

The parameters of eq(II.1) in the (2,3) block are given by

✏2a =
h✓23i2h⌃i

M3
23,a

.
M2

3,a

h✓3i2
(II.5)

Referring to the ZN charges of the fields as Q, if the Q = 0/Q = �1 mediator mass ratio M3,a
M23,a

is smaller in the

up sector than in the down sector, one will have ✏u < ✏d. Of course equality of the down quark and charged lepton
matrix elements in the (1,2), (2,1), and (3,3) positions requires that the expansion parameters be the same in the two
sectors. This is consistent with an underlying spontaneously broken SU(2)R symmetry because the down quarks and
leptons are both TR,3 = �1/2 states and, in SUSY, both acquire their mass from the same Higgs doublet, Hd.

Here we consider the case that the messengers carry quark and lepton quantum numbers. For the messengers
carrying left-handed quantum number, SU(2)L requires the up and down messenger masses should be equal. Thus
the only way the expansion parameters can be di↵erent in the up and down sectors is if the right-handed messengers
dominate. In this case, if the underlying symmetry breaking pattern is

SO(10) ! SU(4)⇥ SU(2)L ⇥ SU(2)R ! SU(3)⇥ SU(2)L ⇥ U(1) (II.6)

the down quarks and charged leptons will have the same expansion parameter after SU(2)R breaking.
Up to signs and O(1) coe�cients allowed by the ZN symmetry, the (1,j), (j,1) entries of eq(II.1) are given by

✏3a =
h✓23ih✓123ihSi

M3
123,a

.
M2

3,a

h✓3i2
, (II.7)

to be consistent with the form of eq(II.1). Since they involve both the Q = 1 and Q = �1 mediator masses there is
su�cient freedom for this to be the case.

Talbert : PLB 786 (2018)

Anomalies trivially satisfied at relevant scale of EFT
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Neutrino mixing, qualitatively

6

neutrino masses are generated with a type-I see-saw mechanism and radiatively corrected with an MSSM spectrum
is well studied [42–46]. The authors of [46] conclude that, while a degenerate (or nearly degenerate) mass spectrum,
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be valid in the UV as well.
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evolution. In fact, in certain scenarios a normal spectrum in the UV can look like an inverted spectrum in the IR
[46]! Our solutions in the charged fermion sector tend to favor larger values of tan�, and in this scenario the heaviest
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A. Familon description

We again find that this generic structure can be understood by coupling neutrino family triplets to familons ✓i
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the charged fermions. In the context of an underlying SO(10) the neutrinos must have the same form of the Dirac
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Due to the di↵erent mediators (and couplings) we have allowed for di↵erent coe�cients c1, c2 of the two components
of the second term. In this form, we note the absence of terms with two ✓123 familons, which would destroy the UTZ
(the field S which appears in the Dirac terms only is indirectly responsible for this). The higher order operators allowed
by the symmetries have at least three additional insertions of fields, and their contributions are again negligible. The
lowest order operator with two ✓123 familons in particular, appears with one additional ✓23 familon and S3.
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where the ⌫ label indicates that only the contribution from the neutrino mixing matrix has been included. Apart
from the solar angle ✓⌫12, it is clear that the mixing deviates from the tribimaximal form, but now with too large a
value for the reactor angle after inputing explicit experimental values for m1,2 in eq(III.7). We will show in Section V
that an excellent value for ✓l13 is obtained after including the contributions predicted from the charged lepton sector,
which also a↵ect the solar and atmospheric mixing angles. While we focus on an exact numerical approach in this
paper, a detailed analytic discussion of these e↵ects, including the relationship between ⌘ and the standard Dirac CP
violating phase �CP , may be found in [47].

IV. DISCRETE GAUGE ANOMALIES

A long-standing argument of Krauss and Wilzcek [48] holds that apparent global discrete symmetries (Abelian
Z or non-Abelian D), e.g. R-Parity in standard SUSY models or our family symmetries, must be local/gauged in
order to avoid complications with quantum gravity (wormhole) e↵ects. Such discrete gauge symmetries should be
anomaly free and the resultant constraints for the case of Abelian discrete symmetries were determined in [49–51].
The analogous computation for non-Abelian discrete symmetries has since been formalized [24, 52, 53] with a path-
integral approach,5 concluding that the only relevant anomalies in the IR assuming a fully massless spectrum are
mixed non-Abelian gauge (G) and mixed gravitational (g) anomalies:

D �G�G, D � g � g, Z �G�G, Z � g � g (IV.1)

There are no IR anomaly constraints of the form [Z]2 U(1)Y and [U(1)Y ]
2 Z because the corresponding discrete

charge ↵ of any group element transformation is always defined modulo N , the order of the group element of the
transformation, and as the hypercharges of the U(1) symmetry groups can always be rescaled, one can do so such
that this modulo constraint is satisfied.

Furthermore, cubic discrete anomalies and mixed discrete anomalies of the form Z �D �D or D � Z � Z can be
avoided by arguing charge fractionalization in the massive particle spectrum [49–51, 53, 54].6

The authors of [24, 52, 53] conclude that the only di↵erence between calculating the anomaly coe�cient for an
Abelian ZN or non-Abelian D discrete symmetry is that, in the latter case, one must calculate the Abelian coe�cients

5 We use the notation of [53] in the equations that follow.
6 Failure to satisfy the cubic constraints can give valuable information about the ultimate order required of the Z and/or D groups.
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neutrino masses are generated with a type-I see-saw mechanism and radiatively corrected with an MSSM spectrum
is well studied [42–46]. The authors of [46] conclude that, while a degenerate (or nearly degenerate) mass spectrum,
large tan�, and/or special configurations of Dirac and Majorana CP violating phases can conspire and contribute
to substantive running for the mixing parameters, the general expectation is that �✓⌫ij ⌘ ✓⌫ij(⇤GUT ) � ✓⌫ij(⇤MZ) ⇠
O(10�1

� 10�3), even for rather large values of tan�. Given that we predict a hierarchical mass spectrum with the
lightest neutrino mass many orders of magnitude smaller than the rest, we take the current 3� bounds from NuFit to
be valid in the UV as well.

Neutrino masses are more sensitive to radiative e↵ects and can change by tens of percent over many decades of
evolution. In fact, in certain scenarios a normal spectrum in the UV can look like an inverted spectrum in the IR
[46]! Our solutions in the charged fermion sector tend to favor larger values of tan�, and in this scenario the heaviest
mass eigenstate will split from the lighter ones during its RGE. This means that our principal mass prediction, the
ratio of the solar and atmospheric mass splitting, will diminish in the UV. Using the most recent values from NuFit
one finds (in the IR) that

�m2
sol

�m2
atm

2 {.0266, .0336} (III.2)

although we estimate that �m2
sol

�m2
atm

& .021 at the GUT scale, given the above discussion.

A. Familon description

We again find that this generic structure can be understood by coupling neutrino family triplets to familons ✓i
although, due to the see-saw mechanism, the neutrino mass matrix will obviously have a di↵erent structure than
the charged fermions. In the context of an underlying SO(10) the neutrinos must have the same form of the Dirac
Lagrangian, eq(II.1). Taking the case  = 0 gives r⌫ = �1.

On the other hand, the Majorana mass matrix requires lepton number violation. In the context of the familon
structure introduced above it is an obvious choice to assume that the lepton number violation occurs through the
vev of a further familon triplet field ✓ carrying lepton number �1. Then the Lagrangian terms responsible for the
Majorana mass, consistent with the underlying �(27) symmetry, are given by
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Due to the di↵erent mediators (and couplings) we have allowed for di↵erent coe�cients c1, c2 of the two components
of the second term. In this form, we note the absence of terms with two ✓123 familons, which would destroy the UTZ
(the field S which appears in the Dirac terms only is indirectly responsible for this). The higher order operators allowed
by the symmetries have at least three additional insertions of fields, and their contributions are again negligible. The
lowest order operator with two ✓123 familons in particular, appears with one additional ✓23 familon and S3.

B. Qualitative analysis of neutrino masses and mixing

The high inverse power of the mediator mass associated with the second term of eq(III.3) allows the hierarchical
structure in the Majorana mass matrix to readily be much greater than that in the Dirac matrix. In this case the
contribution to the LH neutrino masses via the see-saw with ⌫c3 exchange is negligible and thus the mass matrix
structure giving mass via the see-saw to the 2 heaviest neutrinos is e↵ectively two dimensional. The Majorana mass
matrix is defined in the (⌫1, ⌫2) basis and the Dirac mass matrix is in the (⌫b, ⌫a)(⌫1, ⌫2) basis where ⌫a,b are given
in eq(I.1). In this basis (and taking  = 0) the application of the type-I see-saw generates a simple matrix of two
complex parameters:
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where c01 ⌘ c1� 2 c2 s with c1 � c2 and s / h⌃ih✓23i/(hSih✓123i). From this one easily finds that the ratio of neutrino
masses is given by
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� 10�3), even for rather large values of tan�. Given that we predict a hierarchical mass spectrum with the
lightest neutrino mass many orders of magnitude smaller than the rest, we take the current 3� bounds from NuFit to
be valid in the UV as well.

Neutrino masses are more sensitive to radiative e↵ects and can change by tens of percent over many decades of
evolution. In fact, in certain scenarios a normal spectrum in the UV can look like an inverted spectrum in the IR
[46]! Our solutions in the charged fermion sector tend to favor larger values of tan�, and in this scenario the heaviest
mass eigenstate will split from the lighter ones during its RGE. This means that our principal mass prediction, the
ratio of the solar and atmospheric mass splitting, will diminish in the UV. Using the most recent values from NuFit
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A. Familon description

We again find that this generic structure can be understood by coupling neutrino family triplets to familons ✓i
although, due to the see-saw mechanism, the neutrino mass matrix will obviously have a di↵erent structure than
the charged fermions. In the context of an underlying SO(10) the neutrinos must have the same form of the Dirac
Lagrangian, eq(II.1). Taking the case  = 0 gives r⌫ = �1.

On the other hand, the Majorana mass matrix requires lepton number violation. In the context of the familon
structure introduced above it is an obvious choice to assume that the lepton number violation occurs through the
vev of a further familon triplet field ✓ carrying lepton number �1. Then the Lagrangian terms responsible for the
Majorana mass, consistent with the underlying �(27) symmetry, are given by
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Due to the di↵erent mediators (and couplings) we have allowed for di↵erent coe�cients c1, c2 of the two components
of the second term. In this form, we note the absence of terms with two ✓123 familons, which would destroy the UTZ
(the field S which appears in the Dirac terms only is indirectly responsible for this). The higher order operators allowed
by the symmetries have at least three additional insertions of fields, and their contributions are again negligible. The
lowest order operator with two ✓123 familons in particular, appears with one additional ✓23 familon and S3.

B. Qualitative analysis of neutrino masses and mixing

The high inverse power of the mediator mass associated with the second term of eq(III.3) allows the hierarchical
structure in the Majorana mass matrix to readily be much greater than that in the Dirac matrix. In this case the
contribution to the LH neutrino masses via the see-saw with ⌫c3 exchange is negligible and thus the mass matrix
structure giving mass via the see-saw to the 2 heaviest neutrinos is e↵ectively two dimensional. The Majorana mass
matrix is defined in the (⌫1, ⌫2) basis and the Dirac mass matrix is in the (⌫b, ⌫a)(⌫1, ⌫2) basis where ⌫a,b are given
in eq(I.1). In this basis (and taking  = 0) the application of the type-I see-saw generates a simple matrix of two
complex parameters:

MMajorana /

0

@ 0 c2

c2 c1 + 2 c2

1

A , MDirac /

0

@ 0
p

3/2

1 1 + s

1

A =)|{z}
see-saw

M⌫ /

0

@ 0 �
p

3/2 c2

�
p

3/2 c2 c01

1

A (III.4)

where c01 ⌘ c1� 2 c2 s with c1 � c2 and s / h⌃ih✓23i/(hSih✓123i). From this one easily finds that the ratio of neutrino
masses is given by
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• From which we can derive relationships for the mass ratios and neutrino mass eigenstates:

• Which then also generates simple equalities for neutrino mixing angles:

• Note the clear departure from TBM mixing.   Also, corrections from the charged lepton sector drive the 
reactor angle to acceptable values…

• Sequential Dominance limit (King: 1998-2002): the third generation RH Majorana neutrino mass is large:

• This means that the LH neutrino mass matrix via the see-saw is effectively 2D:
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Numerical Analysis of UTZ Mass and Mixing Predictions

JT

July 6, 2017

The core predictions of our model are complex symmetric mass matrices with a common
(universal) texture zero in the (1,1) position for all fermion species. We will show that the
predictions coming from these matrices, upon application of a Type-I seesaw for neutrinos,
gives acceptable GUT scale predictions for the entirety of the fermionic mass and mixing
spectrum.

1 Numerical Mass and Mixing Matrices

As our model cannot determine the overall mass scale of the fermions, we instead work
with matrices that have been rescaled by a factor from the (3,3) position that provides the
bulk of the contribution to the third (heavy) generation. For the Dirac masses, one obtains
matrices of the form

M
D
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@
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a ei(↵+�+�) (b e�i� + 2a e�i�) ei(2↵+�+�) b ei(↵+�)

a ei(�+�) b ei(↵+�) 1� 2a ei� + b ei�

1

A (1)

where i 2 {u, d, e, ⌫} 1. The phases ↵, � are the those allowed from our generic complex
vacuum alignment vectors while � and � are the implicit phases of our complex mass matrix:

a0 = |
a

c
| ei� , b0 = |

b

c
| ei� (2)

The overall form is the same for the heavy singlet Majorana neutrinos, but the scale is
di↵erent and, to keep track of parameters during the see-saw, we write it as:

M
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1Note that I treat the Dirac neutrinos equivalently to the other species, as Graham suggests in his notes

1

• The UTZ Lagrangian then generates LO Dirac matrices of the following form:

Can 9 low-energy parameters successfully describe 18+ ‘observables’?

• Also:  corrections come from HO operators in UTZ Lagrangian in principle exist…

In the Dirac sector, the NLO �(27) ⇥ ZN invariant terms composed of the same field
content as in Table 1 arise at mass-dimension eight, i.e. with four powers of mediator mass
suppression,

L
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While these terms contribute at the same order in the EFT’s power counting, we have already
identified in the discussion below (7) that the LO Dirac mass contribution / h⌃i is paramet-
rically larger than that / S. If one assumes roughly universal messenger masses, one finds
that
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from which once can readily conclude that the HO contributions / S2 in (13) are also para-
metrically smaller than those / ⌃S:

h✓3ih✓23ih⌃ihSi

M4
⇠

1

✏

h✓3ih✓123ihSi2

M4
. (15)

In [1] we used (15) to justify ignoring the S2 contribution to the Dirac mass matrix entirely.
However, we will now include both terms in (13) for completeness.

The UTZ’s operator product expansion is of course infinite-dimensional in the absence of
an explicit UV completion. Hence further, next-to-next-to-leading order contributions can
also be written down. However, these operators will have at least three additional insertions
of �(27) triplets, and are therefore highly suppressed. We neglect their contributions as a
result. We also note that the NLO contributions to the Dirac Lagrangian given in (13) enter
at the same mass-dimension as LO contributions to the Majorana Lagrangian given in (5),

O
HO
D ⇠ O

LO
M ⇠ O(1/M4) , (16)

and so we do not consider any corrections to (5) to be consistent in our power counting.

2.3 Complete E↵ective Mass Matrices in the Ultraviolet

The discussions in the Subsections above lead to the LO and NLO Lagrangians of (4), (5)
and (13). After family- and electroweak-symmetry breaking, these Lagrangians generate the
following Dirac and Majorana fermion UTZ mass matrices:
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Here the matrices have been renormalized such that MD
f ⌘ MD

f /sf , MM
⌘ MM/M✓, where

M✓ and s are the overall scale-setting parameters of (17)-(18) which, along with the relative-
scale-setting parameters {a, b, c, d, x, y}, are defined in terms of scalar vevs and other coe�-
cients:
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with ru,d,e,⌫ = (1, 1,�3,�3)/3 and h⇥23,123i ⌘ h✓k✓k✓k23,123i, i.e. the vev of the singlet contrac-
tions with k superscript in (5). The relationship between primed and unprimed parameters,
along with associated complex phases, is then given by
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⌘ y ei⇢ , (20)

and it is clear that c and d account for the HO Dirac corrections in (13).
Given (17)-(18), the values of the ‘physical’ fermionic mass, mixing, and CP-violating

parameters can be extracted numerically as described in [1] or analytically, using flavour-
invariant theory as described in (e.g.) [46–48]. Then, given (19)-(20), one can compare the
number of IR theory parameters vs. IR physical parameters as a measure of the predictivity
of the UTZ. At LO, there are a priori two coe�cients (a,b) and two phases (�, �) for each
charged fermion sector, plus the additional two family-universal phases (↵, �) from vacuum
alignment. However, following [24], we can set all but two of these phases to zero without
loss of generality. Assuming the GUT embedding discussed above to relate the down quarks
to charged leptons taking into account the Georgi-Jarlskog factors, one then has (2 + 2) · 3 +
2 � 4 � 4 = 6 UTZ model parameters (including two phases) to describe three CKM mixing
angles, one CKM Dirac phase, four quark mass ratios and two charged lepton mass ratios,
totalling 10 physical parameters. The neutrino sector’s predictivity is even more striking, in
the sequentially dominant limit of (12). There, only three parameters, including a phase and
an overall mass scale, are necessary to reproduce the neutrino mass di↵erences, which when
combined with the aforementioned charged lepton parameters also generate PMNS angles and
phases. In total, we see that only nine theory parameters are required to reproduce 18 physical
parameters at LO in the UTZ OPE.

9
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FIG. 1: Contours from our lowest order fit. TOP LEFT: Contours of the charged lepton mass fit. Black contours represent the
bounds for the ratio of mµ/m⌧ whereas blue contours represent those for me/m⌧ , both taken from [23]. The plot is at a fixed
m⌧/m⌧ = 1. Red dashed lines represent our solution. TOP RIGHT: The same, but for up quarks. BOTTOM LEFT: The
contours of the Jarlskog Invariant over the plane of the two free phases left in this fit. The blue plane represents the minimum
JCKM allowed in [23], and it is clear that portions of the parameter space (our solutions) can fit this. BOTTOM RIGHT:
Contours of acceptable values of |Vij |CKM and the CKM Jarlskog (interior of blue circle). The red line is the Cabibbo angle,
and regions exterior to the black circle reflect acceptable values for the (1,3) element. The relative magnitudes of the (1,3) and
(3,1) elements are not successfully resolved at lowest order in our fit. Higher order corrections as discussed in the text remedy
this.

In the quark and charged lepton sectors there are (2 + 2)⇥3+2 = 14 parameters. This reduces to 10 parameters if
we assume an underlying GUT relation in the Georgi-Jarlskog form relating the down quarks to the charged leptons.
Six of these are phases, not all of which are physical. In fact, only two phases are relevant at leading order [45], which
we take to be �d and �d, leaving only six free parameters (including two phases). Thus the 3 mixing angles and CP
violating phase in the CKM matrix as well as the four quark and two charged lepton mass ratios are determined by
just four real parameters and two phases.

The number of parameters needed in the neutrino sector is significantly reduced in the sequential limit where the ⌫c3
exchange contribution to the see-saw masses is negligible. There are just two parameters (including a phase) needed
in this case (cf. eq(III.4-III.6)), plus a parameter setting the scale of neutrino masses. Thus, taking into account
the contribution of the charged leptons, the leptonic mixing angles, atmospheric and solar mass di↵erences, and
CP violating phases are determined by two real parameters and a phase. In summary, we see that both the charged
fermion and neutrino sectors are over-constrained; 18 measurable quantities are determined by nine parameters, giving
nine predictions at leading order in the operator expansion.

Having parameterized the mass matrices, one must then reliably calculate the associated mixing matrices. The
procedure we follow is enumerated below:

1. Find the matrix with columns as eigenvectors of M2
⌘ M ·M

†.
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fermion and neutrino sectors are over-constrained; 18 measurable quantities are determined by nine parameters, giving
nine predictions at leading order in the operator expansion.

Having parameterized the mass matrices, one must then reliably calculate the associated mixing matrices. The
procedure we follow is enumerated below:

1. Find the matrix with columns as eigenvectors of M2
⌘ M ·M

†.

Antusch, Kersten, Lindner, Ratz : NPB 674 (2003)

Serna, Ross : PLB 664 (2008)
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FIG. 1: Contours from our lowest order fit. TOP LEFT: Contours of the charged lepton mass fit. Black contours represent the
bounds for the ratio of mµ/m⌧ whereas blue contours represent those for me/m⌧ , both taken from [34]. The plot is at a fixed
m⌧/m⌧ = 1. Red dashed lines represent our solution. TOP RIGHT: The same, but for up quarks. BOTTOM LEFT: The
contours of the Jarlskog Invariant over the plane of the two free phases left in this fit after fixing the mass ratios (a, b)e,u. The
blue plane represents the minimum JCKM allowed in [34], and it is clear that portions of the parameter space (our solutions)
can fit this. BOTTOM RIGHT: Contours of acceptable values of |Vij |CKM and the CKM Jarlskog (interior of blue circle), also
after fixing (a, b)e,u. The red line is the Cabibbo angle, and regions exterior to the black circle reflect acceptable values for the
(1,3) element. The relative magnitudes of the (1,3) and (3,1) elements are not successfully resolved at lowest order in our fit.
Higher order corrections as discussed in the text remedy this.

V. QUANTITATIVE FIT TO THE DATA

We now turn to a detailed numerical analysis of the associated phenomenology. The core predictions of our model
are complex symmetric mass matrices with a universal texture zero in the (1,1) position for all fermion families. As
our model cannot determine the overall mass scale of the fermions, we work with matrices that have been rescaled by
a factor from the (3,3) position that provides the bulk of the contribution to the third (heavy) generation. For the
Dirac masses, one obtains lowest order matrices of the form

M
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MD
i
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0 a ei(↵+�+�) a ei(�+�)

a ei(↵+�+�) (b e�i� + 2a e�i�) ei(2↵+�+�) b ei(↵+�)

a ei(�+�) b ei(↵+�) 1� 2a ei� + b ei�

1

CCA (V.1)

where i 2 {u, d, e, ⌫} and where a0i = v123v23hSip
6M3

123,a

, b0i = rav
2
23h⌃i

2M3
23,a

, ci = v2
3

M2
3,a

and ru,d,e,⌫ = (1, 1,�3,�3)/3. The

phases ↵, � are the those allowed from our generic complex vacuum alignment vectors while � and � are the implicit
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Leptonic CP violation
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FIG. 2: Predictions obtained for VPMNS observables upon constraining the phase dependence of these observables with the 3�
data from NuFit and assumptions described in Section VB. In this example we only utilize the L.O. UTZ Lagrangian.

become:

|VPMNS |
HO =

0

BB@

.830 .536 .153

.405 .534 .742

.384 .654 .652

1

CCA , J
HO
PMNS = �.0311 (V.8)

which is still in total agreement with eq(III.1). We conclude that our UTZ model realizes very successful predictions
across the spectrum of fermionic mass and mixing data.

B. Error Determination

We have seen that there are nine predictions involving the eighteen measurable quantities in the leading order fit
and it is, of course, of interest to determine the errors in these predictions. However, mainly due to the sizeable
uncertainties associated with the continuation of the quark and charged lepton observables to the GUT scale that
depend on unknown structure above the electroweak scale, we cannot determine the errors reliably in these sectors.
The continuation to high scales is more reliable in the neutrino sector and, despite the fact it is also sensitive to
the charged lepton sector, we have attempted to get a rough estimate of the errors on our predictions for PMNS
observables.

Of special interest is the constraint on the Dirac CP violating phase, given that it is not strongly constrained
by data at the present. This phase is particularly sensitive to the phases in the neutrino sector: �⌫ , �⌫ , ⇢ and �.
To preserve a reasonable value for the neutrino mass ratios there is a strong correlation needed, namely �⌫ = ��.
The remaining three phases which determine the Majorana and Dirac CP violating phases are also constrained by
the fit to the observables, and the resulting limitation on their values simultaneously limits the variation of the CP
phases. To illustrate this we show in Figure 2 the variation of the Dirac CP violating phase as �⌫ = �� is varied
over its 3� allowed range, keeping ⇢ and �⌫ fixed. This corresponds to a variation of the Dirac phase in the range
sin �lCP 2 (�1.0,�0.82).

Of course, a serious evaluation of the errors should involve the error correlation with the other phases and parameters,
but this is beyond the scope of this analysis. Also shown in Figure 2 are the variations of the mixing angles as �⌫
varies. In accordance with the form of eqs(III.7-III.9), only sin ✓l23 varies appreciably.

VI. SUMMARY AND CONCLUSION

Most attempts to determine the pattern of fermion masses and mixings have assumed that there are separate
symmetries describing the quark and the lepton sector in order to explain the disparate nature of quark and lepton

ME FROM 2017/18:  “…the intricate interdependence between model parameters 
and physical observables in our GUT construction makes obtaining concrete 

error bands very difficult (future work)”

• Experiment has not yet put fully robust bounds on the PMNS’ Dirac CP-violating phase , while 
Majorana phases  are fully unconstrained.

δCP
ϕi

• This represents an opportunity for flavor models to actually predict, rather than retrodict, fundamental 
flavor structure.

• In 2017 we did not have the numerical tools necessary to do so reliably.
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Normal Ordering (best fit) Inverted Ordering (��2
= 2.7)

bfp ±1� 3� range bfp ±1� 3� range

sin
2 ✓12 0.304+0.013

�0.012 0.269 ! 0.343 0.304+0.013
�0.012 0.269 ! 0.343

✓12/
�

33.44+0.78
�0.75 31.27 ! 35.86 33.45+0.78

�0.75 31.27 ! 35.87

sin
2 ✓23 0.570+0.018

�0.024 0.407 ! 0.618 0.575+0.017
�0.021 0.411 ! 0.621

✓23/
�

49.0+1.1
�1.4 39.6 ! 51.8 49.3+1.0

�1.2 39.9 ! 52.0

sin
2 ✓13 0.02221+0.00068

�0.00062 0.02034 ! 0.02430 0.02240+0.00062
�0.00062 0.02053 ! 0.02436

✓13/
�

8.57+0.13
�0.12 8.20 ! 8.97 8.61+0.12

�0.12 8.24 ! 8.98

�CP/
�

195
+51
�25 107 ! 403 286

+27
�32 192 ! 360

�m2
21

10�5 eV
2 7.42+0.21

�0.20 6.82 ! 8.04 7.42+0.21
�0.20 6.82 ! 8.04

�m2
3`

10�3 eV
2 +2.514+0.028

�0.027 +2.431 ! +2.598 �2.497+0.028
�0.028 �2.583 ! �2.412
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Normal Ordering (best fit) Inverted Ordering (��2
= 7.1)

bfp ±1� 3� range bfp ±1� 3� range

sin
2 ✓12 0.304+0.012

�0.012 0.269 ! 0.343 0.304+0.013
�0.012 0.269 ! 0.343

✓12/
�

33.44+0.77
�0.74 31.27 ! 35.86 33.45+0.78

�0.75 31.27 ! 35.87

sin
2 ✓23 0.573+0.016

�0.020 0.415 ! 0.616 0.575+0.016
�0.019 0.419 ! 0.617

✓23/
�

49.2+0.9
�1.2 40.1 ! 51.7 49.3+0.9

�1.1 40.3 ! 51.8

sin
2 ✓13 0.02219+0.00062

�0.00063 0.02032 ! 0.02410 0.02238+0.00063
�0.00062 0.02052 ! 0.02428

✓13/
�

8.57+0.12
�0.12 8.20 ! 8.93 8.60+0.12

�0.12 8.24 ! 8.96

�CP/
�

197
+27
�24 120 ! 369 282

+26
�30 193 ! 352

�m2
21

10�5 eV
2 7.42+0.21

�0.20 6.82 ! 8.04 7.42+0.21
�0.20 6.82 ! 8.04

�m2
3`

10�3 eV
2 +2.517+0.026

�0.028 +2.435 ! +2.598 �2.498+0.028
�0.028 �2.581 ! �2.414

Table 3. Three-flavor oscillation parameters from our fit to global data. The numbers in the 1st
(2nd) column are obtained assuming NO (IO), i.e., relative to the respective local minimum. Note
that �m2

3` ⌘ �m2
31 > 0 for NO and �m2

3` ⌘ �m2
32 < 0 for IO. The results shown in the upper

(lower) table are without (with) adding the tabulated SK-atm ��2.
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A simple Markov Chain Monte Carlo
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Point n: ~✓n

Proposal n+ 1: ~✓n+1

Likelihood: Ln+1(~✓n+1, ~O, ~�)

Test: µ < Ln+1(~✓n+1, ~O,~�)

Ln(~✓n, ~O,~�)
Fail: restart at n Success: n ! n+ 1

Jump
G (✓ni , ✓

n
i )

µ 2 [0, 1]

~O(~✓n+1)

Figure 1. Illustration of the MCMC algorithm utilisation.

neutrinos, which typically live near the GUT scale are therefore consistently integrated out
at their mass scale. Furthermore, the Flavour kit [58] available within SARAH / SPheno
computes a wide range of flavour observables, simplifying our framework as both one-loop
masses, two-loop Higgs mass [59–62] and flavour observables are evaluated within a single
executable.

However, modifications of this model have been realised: In the usual SPheno instances,
SM fermion masses are enforced to match the experimental data by several runs up and
down between the GUT scale and the low scale, rendering our model predictions impossible
to estimate. To overcome this, we have removed the SM fermions from this iterative con-
vergence process while keeping the massive gauge bosons. To consistently implement such
restrictions, attention must be payed concerning several features. An extended discussion
regarding our modified SPheno version can be found in Appendix A.

We have also decided to include dark matter constraints in our analysis. Restricting
ourselves to neutralino dark matter, we imposed a step dark matter candidate likelihood
(1 if the LSP is the lightest neutralino, 0 otherwise). In order to derive relic density and
direct detection constraints, we have used micrOMEGAs v5.2, which accepts the spectrum
files generated by SPheno through the SUSY Les Houches Accord (SLHA) [63, 64] interface.

It should be noted that SARAH generated micrOMEGAs models are in general limited to
real Lagrangian parameters, that is all couplings need to be real. This caused problems
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UTZ MCMC specifics

we assume here that our experimental constraints are not correlated and that the global
likelihood is simply the products of the individual likelihoods, i.e

L
n

⌘ L(~✓n, ~O) =
Y

i

L
n
i (~✓

n, Oi) , (30)

where ~O is the set of experimental observables used as constraints. Furthermore, we assume
a Gaussian shape for all the constraint likelihoods where uncertainties are given in Table 2-3,
except for constraints that only correspond to upper or lower bounds. In these latter cases
we apply a step function whose likelihood is assigned to 1 if the bound is satisfied, and which
otherwise employs a Gaussian ‘corrective’ factor that diminishes the likelihood assigned to
the phase-space point as a function of the extent to which the bound is violated. Within this
numerical setup, the chain will converge to high-likelihood domains whose area represents the
viability of the models according to the applied uncertainties on the constraints.

Additionally, in order to speed up the convergence process, we modify our jump parameter
 to include a memory of proposal tries

(t) = (1� ✏)t0 , (31)

where t is the number of tries before accepting a new point in the chain. This becomes
extremely helpful as the chain converges since some parameters might have a very thin data-
compatible range. As soon as one point is accepted, t is set to 0 again, maintaining the chain’s
ability to jump to another parameter region.

Finally, we focus solely on points within a chain for which the convergence already occurred
(i.e. where maximums of likelihoods are reached). Therefore, we set up a ‘burning-length’
parameter which automatically removes the first Nburn points of each chains. This parameter
is once again chosen empirically during the pre-runs by studying multiple likelihood evolution
plots.

To summarize, we present the di↵erent MCMC hyper-parameters that we use in our setup
: Nburn, 0, ✏, the number of chains launched Nchains, and the length of the chains Lchain which
determine the target number of accepted points for every chain. All these parameters are
chosen empirically depending on the model and the final statistics desired for the distributions.
As a final comment, we note that it is usually better to allow for more chains, rather than
longer chains, as this ensures a more reliable parameter exploration.

4.2 UTZ Specifics

Following the algorithm above, we now specify the constraints that will guide our likelihood
evolution in the MCMC, and also the hyper- and model-parameter choices that control our
statistics. Regarding the former, we have identified / implemented the following set of MCMC
constraints and predictions :

Constraints : {Rfif3 (f 2 u, d, e), sin ✓q,lij , sin �q,l ,�m2
sol,atm, m�(�), m⌃, ⇠, n.h.}

Predictions : {R⌫i⌫3 , m��/m⌃, m�/m⌃, m��/m�, sin�1, sin�2}

Quasi-Predictions : {sin �q,l , ⇠} (32)

16

Parameter ranges obtained via 
1) trial and error, and  
2) with basic physics 

assumptions regarding the 
magnitudes of suppressed EFT 

coefficients

Note that the MCMC 
distributions obtained are of 

course sensitive to 
experimental constraints 

contributing to the overall 
Likelihood functions driving 

the Markov Chain…

LO UTZ Model Parameter MCMC Ranges & Global Best Fits

(a, b)d · 103 (a, b)u · 105 (a, b)⌫ · 101 (x, y) · 103

Range ([2, 6] , [10, 20]) (⌥30,⌥800) ⌥5 ⌥5

LO (3.579, 15.924) (6.720,�192.922) (�1.166, 1.818) (�0.146,�4.641)

HO (3.415, 15.416) (7.604,�200.279) (�1.819, 2.440) (3.728, 3.501)

(�, �)d (�, �)⌫ (⇢,�) M✓ · 10�11 [GeV]

Range [0, 2⇡] [0, 2⇡] [0, 2⇡] [0.1, 10]

LO (3.910, 5.782) (3.163, 4.553) (2.964, 4.784) 3.084

HO (4.228, 6.134) (0.464, 2.293) (3.636, 3.976) 9.918

HO UTZ Model Parameter MCMC Ranges & 1�-Preferred Fits

(c, d)d · 105 (c, d)u · 106 (c, d)⌫ · 103

Range (⌥5,⌥50) (⌥5,⌥50) (⌥5,⌥50)

HO (0.640, 10.811) (0.916,�37.298) (�0.896,�1.565)

Table 4: The scan ranges of UTZ model parameters, along with the value of the model
parameter in the global best-fit dataset, for both LO and HO fits. Recall that only two
charged-fermion phase parameters are non-redundant at LO [24], and so we have chosen
{�d, �d}, as in [1]. Graphical representations of the MCMC evolution of these parameters are
given in Figure 1. Also recall that there are no relevant HO Majorana corrections, that we
have kept the HO corrections real, and that the global best-fit values identified for the phases
are not terribly meaningful, as we do not observe very strong MCMC preferences for any phase
values in our scans (they are all relatively evenly distributed across [0, 2⇡]).

where Rfif3 corresponds to the ratio of the ith generation over third-generation mass (Ri3 ⌘

mfi/mf3) for the corresponding family f , and where ‘n.h.’ corresponds to the constraint
�m2

sol/m
2
⌫1 � 1, which enforces a strictly-hierarchical normal-ordered light neutrino spec-

trum. The associated numerical constraints correspond to the UV bounds from Tables 2-3.
Hence there are Ncons = 21 constraints to guide the MCMC likelihood evolution, and Nobs = 7
additional predictions that depend on correlated theory parameters, but which do not im-
pact MCMC likelihoods. Observe that sin �q,l and ⇠ are listed as quasi-predictions because,
as discussed above, the UV bounds associated to them are extremely large, either due to IR
experimental uncertainties (sin �l) or due to theory uncertainties associated to radiative cor-
rections (sin �q, ⇠). We will therefore use Tables 2-3 as (weak) MCMC constraints, but will
also present these results as novel predictions of the UTZ framework, along with those already
listed as such in (32).
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Given (32), we then set the values of the MCMC hyper-parameters we have employed to

Nchains = 2500, Lchains = 500, Nburn = 40, 0 = 0.01, ✏ = 0.00005 , (33)

while Table 4 gives the ranges scanned over for the actual UTZ model parameters outlined
in Section 2.11 The ranges listed for both were identified from successful preliminary MCMC
runs with broader model-parameter ranges, coarser hyper-parameter specifications and, most
importantly, general physics considerations from Section 2, which we now discuss.

Considering the Majorana sector, we heuristically observe that establishing the sequential
dominance condition in (11) with M3/M2 ⇠ 10n GeV requires max(x, y) ⇠ O(10�n), and
this is largely independent of the scale M✓. We have required n � 3, to truly establish the
third-family Majorana dominance implied by (5). Requiring M2 � M1 of course requires
further suppression between x and y, such that M2/M1 ⇠ 10n GeV (roughly) corresponds to
min(x, y) ⇠ max(x, y) · 10�n/2, and we recall that the qualitative physics leading to (12) does
indeed imply said additional hierarchy. However, we also notice from (5) that the two coe�-
cients are sourced from Lagrangian terms that enter at the same power counting (suppressed
by M4). While the combinations of vevs and coe�cients can lead to additional suppression,
in Table 4 we have kept the scan range for y on the same generic order of magnitude as x,
which of course allows for the additional suppression, but does not enforce it.

Scan ranges for the LO Dirac parameters {a, b}f are determined by observing that the
LO Dirac Lagrangian in (4) only exhibits one order of messenger mass suppression w.r.t. the
leading third-generation scale-setting terms. Allowing for a broad range of Wilson coe�cients
and flavon vevs, we consider �5 · 10�1 < {a, b}f < 5 · 10�1 as a reasonable first constraint
on preliminary MCMC scans, which we then iteratively refine given observed preferential
domains. Following this procedure, we have noticed that the up-family parameters prefer to
be (roughly) symmetrically distributed around zero, and extend to ±O(10�4) (O(10�3)) for
the au (bu) terms. The down-quark and charged-lepton parameters are also symmetric about
zero, but with centers around O(10�3) (O(10�2)) for ad (bd). In Table 4 and Figure 1 we
have only considered the positive branch of these parameters. Finally, the Dirac neutrino
parameters are also distributed in a roughly symmetric way about zero, with both a⌫ and b⌫
peaked around O(10�1).

Upon identifying the final LO scan ranges as above, we then consider the HO Dirac pa-
rameters {c, d}f , which we recall from (13) contribute at 1/M4

i,f in the UTZ OPE, i.e. at
one order higher than the leading terms. Consistent with our power-counting philosophy at
LO, we require these terms be at least one order of magnitude smaller than their LO coun-
terparts. We then consider the analytic hierarchy between the HO operators identified in
(15) suggesting the cf correction / S2 be yet further suppressed w.r.t. df . To this end, if
we have identified a scan range of |min{a, b}f | < O(10�n), we require |df | < O(10�n�1) and
|cf | < O(10�n�2). While this of course does not forbid the possibility that |df | ⇠ |cf | (as
is also in principle allowed given slightly non-universal messenger masses and/or hierarchical

11Note that we have performed a preliminary scan with the same statistics, but without applying the
constraints of (32) (all model parameter configurations generate a likelihood of 1), in order to confirm that
the UTZ does not exhibit built-in preferred regions. Taking the generic scan range �5 ·10�1

 {af , bf , x, y} 

5 · 10�1, we find that all parameter distributions are flat. In other words, the shapes of the distributions
presented in Fig. 1 are truly driven by (32).
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Figure 1: Histograms demonstrating the distribution of MCMC iterations for the Dirac
(Majorana) scale-setting UTZ parameters {a, b, c, d}d,u,⌫ ({x, y,M}), in the LO (blue) and
HO (red) scans. We have distributed our results across 100 horizontal bins, while the sum
of all vertical histogram values in a given plot is equal to N⇥. By and large, phases, like the
{c, d}f shown, do not exhibit strong preferential values.
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Our simple Metropolis-
Hastings MCMC exhibits 

exceptional convergence at LO 
and HO.

Also notice that there is virtually 
no preference for the purely HO 

parameter space (orange).

Notice that including HO 
corrections has negligible 

impact on preference for LO 
parameters.

We did multiple consistency 
tests with our MCMC scripts, 
including stability of MCMC 

parameter variations…
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MCMC results:  fermion mass ratios

Figure 2: MCMC density plots for UTZ quark and lepton flavoured mass ratio predictions.
Plots are generated with the hyper-parameter choices in (33) with model-parameter variations
as given in Table 4. The blue (red) regions correspond to the LO (HO) MCMC scan results,
with darker regions corresponding to places of higher density. Gray regions represent the UV
bounds for the mass ratios as presented in Table 3, and the black target markers correspond
to the global best-fit values shown numerically in Table 6.

Fermion Flavour Mass Ratios

We first examine the MCMC results for the UTZ’s predictions in the fermion mass sector.
Figure 2 illustrates these for mass ratios in the up quark, down quark, charged lepton, and
neutrino families. Both Figure 2 (and upcoming figures) and Table 6 give results for the LO
and, when indicated, HO MCMC scans, with the former given in blue and the latter in red.
Note that these figures represent density plots, in that darker regions correspond to parameter
domains where more Markov chains evolved. Also, the black ‘target’ marker in Figures 2-6
corresponds to the location of the overall (global) best-fit data-set ⇥i, which is also given
numerically in Table 6.

The gray bands correspond to the global data available from the PDG (NuFit) collab-
orations for the charged fermion (neutrino) masses, corrected to the UV according to the

12Although recall that in the sequentially-dominant IR limit only one neutrino phase, formed from a com-
bination of said UV phases, dominates the phenomenology.

22
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MCMC results:  fermion mixings

Figure 3: The same as Figure 2, but for the CKM and PMNS mixing angles and Dirac
CP-violating phases.

discussion in Section 3.1. Comparing these to the blue and red regions, we see that the UTZ
is capable of successfully resolving the entire charged fermion mass spectrum, for both quarks
and leptons, up to the RGE and threshold correction uncertainties. Furthermore, the UTZ
predictions for (currently unmeasured) neutrino mass ratios are shown in the bottom-right
panel; given the model parameter ranges explored in Table 4, the ratio Ri3 ⌘ m⌫i/m⌫3 is
densely populated within 2.5 · 10�2 < R23 < 2 · 10�1 for the heavier generations while the
smaller mass ratio is densely populated between 1.5 · 10�3 < R13 < 2 · 10�2. However, we
see that, albeit less frequent, much larger neutrino mass hierarchies are also resolved, with
R13 (R23) falling below 10�6 (5 · 10�3).

Finally, we notice from the up-family plot that the inclusion of the red HO corrections
sourced from (13) do not qualitatively change the physics conclusions of the blue LO regions.
We have in fact observed this quite generically across family and observable sectors, and hence
for visual clarity we only display the dominant LO results in what follows, unless otherwise
specified.
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MCMC results:  CP-violation
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Figure 4: The same as Figure 3, but now comparing the quark and lepton Dirac CP-violating
phases, and presenting the novel predictions for the Majorana CP-violating phases �1,2.

Fermion Mixings and CP-Violation

In Figure 3 we have presented the MCMC UTZ predictions for the CKM (top two plots) and
PMNS (bottom two plots) mixing angles ✓q,lij as well as the associated Dirac CP-violating phases
�q,l. Here we again compare to (radiatively corrected) data from the PDG and NuFit given in
gray, and notice that the blue (red) LO (HO) UTZ Lagrangian is again highly successful at
resolving these parameters. Indeed, while we observe that the overlap with PMNS uncertainty
bands is perhaps qualitatively more successful than that of the quarks, the regions overlap
with the UV bounds for all fermion families.

Note that this conclusion di↵ers from the naive analysis in [1], which found elements in the
third row and column of the CKM to be outside of the UV uncertainty bands considering only
the LO UTZ Lagrangian, a deviation sourced by the ✓q23 mixing angle. While we observe that
the bulk of the MCMC sample points for sin ✓q23 are indeed lower than the allowed uncertainty
region, a significant number of LO points do overlap successfully. Studying [12], one concludes
that lower values of ✓q23 tend to correspond to higher tan � RGE scenarios. Hence independent
evidence that a background spectrum imitating this UV MSSM structure13 is not physical
would in principle also disfavor the UTZ theory of flavor, up to the extent the bounds on
sin ✓q23 drive our current MCMC likelihoods.

13...assuming a certain threshold correction structure and SUSY breaking scale, of course...
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Precision probes of neutrino mass

Uncertainties on Fermionic Mixing Parameters

CKM Parameters sin ✓q12 sin ✓q23 sin ✓q13 sin �qCP

(µ = MIR)
⇣
0.226
0.224

⌘ ⇣
0.427
0.411

⌘
· 10�1

⇣
0.380
0.358

⌘
· 10�2

⇣
0.921
0.899

⌘

(µ = MUV )
⇣
0.226
0.224

⌘ ⇣
0.463
0.219

⌘
· 10�1

⇣
0.409
0.184

⌘
· 10�2

⇣
1.000
0.194

⌘

PMNS Parameters sin ✓l12 sin ✓l23 sin ✓l13 sin �lCP

(µ = MIR,UV )
⇣
0.586
0.519

⌘ ⇣
0.776
0.639

⌘ ⇣
0.156
0.144

⌘ ⇣
0.588
-1.000

⌘

Table 2: Uncertainty estimates for fermionic mixing parameters. In the CKM sector, the
(experimental) IR bounds are given in [4], while the UV bounds are estimated by considering
various input RGE/threshold correction parameter choices from [12], and accounting for the
propagated IR experimental uncertainties. In the PMNS sector we take 3� global bounds from
NuFit, in the normal ordering scenario and incorporating Super-Kamiokande atmospheric
data.

in the normal-mass-ordering scenario relevant to the UTZ construction, and again including
Super-Kamiokande atmospheric data.5 We have translated this to a bound on the ratio ⇠ ⌘

�m2
sol/�m2

atm in Table 3.
A second class of neutrino mass constraints comes directly from cosmological probes. For

example, assuming the ⇤CDMmodel and using data from the Cosmic Microwave Background’s
(CMB) angular spectra, the Planck experiment has put an upper bound on the sum of cos-
mologically stable neutrino masses m⌃ of [50]

m⌃ ⌘

X

i

m⌫i < 0.26 eV (24)

at the 95 % confidence level. When also including data from Baryon Acoustic Oscillations this
bound is reduced tom⌃ < 0.12 eV [50], which can be yet further reduced tom⌃ < 0.09 eV when
including Type Ia supernova luminosity distances and growth rate parameter determinations
[53] — see [54] for a recent review.

Finally, additional constraints in the neutrino mass and mixing sector originate in the
e↵ective mass terms controlling electron-neutrino 0⌫�� decay and single � decays,

hm��i ⌘
��
X

i

V 2
ei mi

�� < (61� 165) · 10�3 eV , (25)

m� ⌘

sX

i

|Vei|
2 m2

i < 0.8 eV , (26)

where Vei is the matrix element of the first row and i-th column of the PMNS matrix defined in
(22), andmi is the corresponding neutrino mass eigenvalue. Robust bounds for these quantities

5Note that, by definition, the mass eigenvalues are labeled according to their relative magnitudes, i.e.
m3 > m2 > m1 in the normal-ordering scenario.
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• Cosmological constraints on the overall sum of neutrino masses exist:

• As do non-trivial neutrino flavor constraints from -decay probes:β

• Active and future experiment 
represents major area of low-
energy research:

Figure from 
Snowmass 2022 

report,  borrowed  
from 2202.01787
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FIG. 1. Electron-neutrino e↵ective Majorana mass |m�� | as a function of the mass of the lightest neutrino
mlight (left panel), of the combination of neutrino masses and mixing probed in � decays, m� (middle panel),
and of sum of neutrino masses ⌃, probed in cosmology. The blue and orange bands denote the inverted and
normal orderings, respectively, and are obtained by marginalizing over the Majorana phases, while fixing
the other parameters in the PMNS matrix to their central values. The gray horizontal bands denote the
current 0⌫�� limits, for two choices of NMEs. The solid and dashed vertical lines in the middle panel are
the present and projected limits on m� from the KATRIN experiment [24], while the gray vertical band in
the right panel denotes the limit from Planck [25]. The figure was taken from Ref. [26].

iv) And, the uncertainties in the calculation of NMEs of 0⌫�� transition operators.

Understanding the implications of 0⌫�� experiments on high-energy particle physics thus requires
an ambitious theoretical program on several fronts involving: a) particle and nuclear EFTs, lattice
QCD, and nuclear few- and many-body ab initio methods to deliver 0⌫�� rates with minimal model
dependence and quantifiable theoretical uncertainties; and b) further development of particle-
physics models of LNV, including simplified models, that go beyond the Majorana neutrino mass
paradigm, and confront them against current and future measurements in 0⌫�� experiments, the
LHC, and results from astrophysics and cosmology, in order to make headway on the “inverse
problem”. In the context of the progress made to date in each of these theoretical frontiers, the
milestones to be achieved in the near future will be identified in this white paper.

II. BRIDGING PARTICLE AND NUCLEAR PHYSICS WITH EFTS

We start with an overview of the implications of 0⌫�� experiments on particle physics and cosmol-
ogy. Section II A discusses the constraints of 0⌫�� on neutrino mass models, including the type I,
II and III seesaw scenarios and flavor models built to explain the structure of the PMNS matrix.
In Section II B, we extend the discussion to scenarios with LNV at the TeV scale, and examine the
interplay between 0⌫�� decay and detector experiments at high-energy hadron colliders, including
ATLAS and CMS, and new e↵orts designed to look for long-lived particles. Section IIC discusses
the complementarity between cosmology and 0⌫�� decay and the impact of LNV at the TeV scale
on the generation of the matter-antimatter asymmetry via leptogenesis. Finally, in Section II D
we review recent progress on how to systematically connect LNV models with 0⌫�� experiments
using a tower of EFTs.
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MCMC results:  neutrino masses

Figure 5: The same as Figure 2, but now comparing the neutrino mass ratio observables
predicted by the UTZ.

In addition to ✓q23, the bottom-right panel of Figure 3 suggests that resolving values of
sin �l ⇠ 0 simultaneously with ✓l23 in the UTZ is disfavored compared to larger | sin �l| in
the UV. Hence the {✓l23, �

l
} sector of the PMNS represents an exceptional opportunity to

constrain significant portions of the UTZ parameter space, as information on �l from neutrino
oscillations continues to improve.

To fully present the CP-violating sector of the UTZ, we have also presented our MCMC
results for sin �q,l side-by-side in Figure 4, along with results for the Majorana CP-violating
phases �1,2 of the PMNS matrix. Reliable experimental constraints on �1,2 are presently non-
existent, and so they also represent opportunities to falsify / further constrain our model
space. However, one observes that a broad range of Majorana phases are predicted in the
UTZ. We have contextualized this observation by including the MCMC histograms for these
phases, analogous to the model parameters presented in Fig. 1, in the bottom two panels of
Fig. 4. These histograms reveal that, while it is true that virtually all values of sin�1,2 are
acceptable, a huge number of Markov chains evolved to | sin�1,2| ⇠ 1. Hence improving data
(and therefore more rigid constraints in (32)) could allow us to resolve more precise predictions
for these Majorana phases.

Finally, as with the masses presented in Figure 2, we have noticed that HO corrections (as
shown in red the top left panel of Fig. 3, and in the histograms of 4) do not qualitatively alter
the LO physical conclusions we present above. This is because we have been conservative in
Table 4 regarding the relative magnitude of said HO corrections w.r.t. LO parameters, which
is of course motivated by the relative suppression of these Lagrangian terms.14

�-Decay and Cosmological Probes

We now focus on the sector of observables sensitive to the absolute neutrino mass scale and
the Majorana (vs. Dirac) nature of the neutrino field, i.e. m⌃ and m�(�). As mentioned above,
we only consider ratios of these observables as highly meaningful predictions in the UTZ, and

14We did not enforce this suppression on dd in [1] and hence allowed it to be comparatively large.
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Figure 6: MCMC scatter results for �-decay and absolute neutrino mass scale observables.
Gray regions correspond to IR bounds from KamLAND-Zen (m��), KATRIN (m�), and Planck
(m⌃), corrected to the UV (if stated) with the conservative s evolution factor for the heaviest
generation. As noted in the text, these results are presented as consistency tests of our
approach.

we present their regions in Fig. 5, where it is clear that, at least for the parameter-space we
have explored, the UTZ largely prefers values for the ratios m�(�)/m⌃ and m��/m� given by

5.9·10�1 . m��

m⌃
. 7.3·10�1 , 7.0·10�1 . m�

m⌃
. 8.4·10�1 , 7.8·10�1 . m��

m�
. 9.2·10�1 .

(36)
In the event that a positive signal for m�(�) is ever observed, (36) will serve as an excellent
probe of the UTZ construction. One also notices in the right panel of Fig. 5 that the MCMC
has evolved such that relatively small values of the neutrino-mass-squared di↵erence ratio ⇠
are preferred, with respect to the possible UV upper bound in Table 3. However, the observed
region is still consistent with both the low-tan � / SM-like RGE and high-tan �-like RGE
scenarios discussed in Section 3.1.15

15For consistency with the quark sector we have trained our MCMC on the more uncertain UV scenario for
⇠, which allows for the possibility of high-tan�-like RGE. If we instead train on the low-tan� / SM-like RGE
scenario, the 1� regions in Fig. 6 shift upwards to center on the darker, smaller UV/IR uncertainty band.
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• Ratios unambiguous predictions of model, while individual observables extremely sensitive to model 
scale-setting parameter.
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Summary of our MCMC Analysis of the UTZ
Our goals at the outset of this ‘revision of the UTZ’: 

we can take the 3� bounds of (22) to hold in the UV, implying that the experimental uncer-
tainties are large in comparison to radiative e↵ects.

On the other hand, the light neutrino mass eigenvalues are far more sensitive to RGE than
are the PMNS parameters, even in a hierarchical system. Assuming small tan �, neutrino
mass eigenvalues generally evolve with a common scaling, m⌫,i(µ) ⇡ s(µ, µ0)m⌫,i(µ0) with
(e.g.) s ⇡ 1.1� 1.2 for tan � ⇡ 10 or s ⇡ 1.35� 1.4 for SM-like running. This obviously leads
to a UV enhancement of the neutrino mass di↵erences in (23) / s2, but this e↵ect cancels in the
ratio ⇠. On the other hand, large tan� can drive UV flavour splittings amongst the neutrino
mass eigenvalues, evolving both �m2

sol,atm and ⇠, an e↵ect which is especially enhanced in the
case of a (partially-)degenerate spectrum, and which is considerably uncertain when allowing
for generic phase configurations. We have used [49] to estimate the e↵ect on ⇠ in this regime
in Table 2, where one sees that an uncertainty greater than an order of magnitude in principle
exists, although this is quite conservative given the neutrino mass domain considered in [49],
and the fact that we can constrain our MCMC scan to prefer a hierarchical mass spectrum,
i.e. �m2

sol/m
2
⌫1 � 1.10 Finally, we note that RGE discussed above also impacts the UV values

of (24)-(26), which serve as constraints on the MCMC system. In Table 3 we have estimated
these in the (conservative) SM-like scenario, with s = 1.4 for all neutrino species..

In summary, we will apply the UV bounds in Tables 2-3 to account for a rather generic class
of RGE and threshold corrections to fermionic mass and mixing in the UTZ. They will allow
us to robustly explore the UTZ’s predictions without introducing unnecessary assumptions
about the background field content and/or non-flavour parameter spaces that are irrelevant
to the EFT construction at hand, which is designed to be as model-independent as possible.

4 An MCMC Scan of Parameter Space

A proof-in-principle numerical analysis of the UTZ predictions derived from (17)-(18) was
originally performed in [1], in order to show that the model was consistent with available mass
and mixing data at the time. This semi-analytic study, while successful, relied on a largely
heuristic contour analysis to identify a viable region of the UTZ parameter space. However,
the analysis was incomplete in many ways, in that it did not

1. exhaustively explore the available UTZ model space, robustly accounting for all theory
correlations amongst its Lagrangian parameters and therefore conclusively determine
whether the LO UTZ e↵ective Lagrangian adequately describes nature;

2. explore the complete set of corrections coming from NLO e↵ective operators as discussed
in Section 2.2. Only the largest corrections identified in the Dirac Lagrangian were briefly
considered in [1], and only in the down-quark sector (the corrections parameterized by
dd and  d).

10While sequential dominance (11) naturally generates a hierarchical spectrum, variations of the relative-
scale-setting neutrino coe�cients {a⌫ , b⌫ , x, y} can in principle edge the spectrum towards partial degeneracy.
We have applied a likelihood of 1 to any value of �m2

sol/m
2
⌫1

> 10 found in our MCMC scans, and have applied
a smoothing, Gaussian-like corrective factor to assign likelihoods for values close to this threshold.

14

3. identify su�ciently generic predictions for (e.g.) the CP-violating phases �l and �1,2 or
PMNS atmospheric angle ✓l23, when all other (well-measured) flavour parameters were
simultaneously resolved by the UTZ;

4. consider in any way the experimental constraints from, nor predictions for, neutrino-
sector observables like 0⌫��, single �-decay rates, or the sum of neutrino masses m⌃.

Furthermore, the experimental datasets available for theory comparison have been updated
since the original publication of [1]. All of these considerations motivate us to revisit our
phenomenological analysis of the UTZ in order to better determine its viability and identify
means of falsifying it. However, given the number of free parameters introduced by (4),
(5), and even (13), numerical techniques more sophisticated than those applied in [1] will be
necessary to achieve 1-4. To that end, in this work we consider a Markov Chain Monte Carlo
(MCMC) algorithm for exploring the UTZ.

4.1 The Generic MCMC Algorithm

Our numerical analysis will rely on a Metropolis-Hasting MCMC algorithm. The purpose
of this approach is to find the posterior distribution of the model after applying relevant
experimental constraints, thereby obtaining viable, high-likelihood UTZ parameter regions.
The MCMC technique has proven to be very powerful when applied to the exploration of
high-dimensional parameter spaces, with physics applications originating in cosmology [64]
and extending to (e.g.) phenomenological studies of SUSY extensions of the SM [65, 66]
and the determination of parton distribution functions [67]. More recently, two publications
have used this approach to study the viability of a flavoured SUSY SU(5) model [13] and a
scotogenic model for loop-induced neutrino masses [14], from which we will follow most of the
methodology.

The algorithm is based on an iterative process where every new proposed parameter point
is selected in an area near to the previous one, and its estimated viability drives its acceptance
in the chain. To be more explicit, every Markov chain starts on a randomly selected point
within the parameter interval ranges. Then, on every iteration, a new point with parameters
~✓n+1 is proposed in the vicinity of the previous point with parameters ~✓n. In our study, the
new proposed parameter value is computed according to

✓n+1
i = ⇧

�
✓ni , 

�
✓max
i � ✓min

i

� 
, (28)

where ⇧ {a, b} is a Gaussian distribution with mean value a and standard deviation b. The
parameter  parametrizes the allowed jump length between two iterations, and its value is
chosen empirically in order to maximize the e�ciency of the algorithm. If the calculated value
exceeds the limits of the defined intervals for the model parameters, the point is rejected.

We then compute the global likelihood associated with the proposal point Ln+1, which is
accepted with a probability

p = min
�
1, Ln+1/Ln

�
, (29)

which enforces the acceptance of points with higher likelihood and conditions the acceptance to
the viability of the proposal point with respect to the previously accepted one. For simplicity,
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methodology.

The algorithm is based on an iterative process where every new proposed parameter point
is selected in an area near to the previous one, and its estimated viability drives its acceptance
in the chain. To be more explicit, every Markov chain starts on a randomly selected point
within the parameter interval ranges. Then, on every iteration, a new point with parameters
~✓n+1 is proposed in the vicinity of the previous point with parameters ~✓n. In our study, the
new proposed parameter value is computed according to

✓n+1
i = ⇧

�
✓ni , 

�
✓max
i � ✓min

i

� 
, (28)

where ⇧ {a, b} is a Gaussian distribution with mean value a and standard deviation b. The
parameter  parametrizes the allowed jump length between two iterations, and its value is
chosen empirically in order to maximize the e�ciency of the algorithm. If the calculated value
exceeds the limits of the defined intervals for the model parameters, the point is rejected.

We then compute the global likelihood associated with the proposal point Ln+1, which is
accepted with a probability

p = min
�
1, Ln+1/Ln

�
, (29)

which enforces the acceptance of points with higher likelihood and conditions the acceptance to
the viability of the proposal point with respect to the previously accepted one. For simplicity,
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MCMC = way to study high-dimensional (read, flavored) parameter spaces

we can take the 3� bounds of (22) to hold in the UV, implying that the experimental uncer-
tainties are large in comparison to radiative e↵ects.

On the other hand, the light neutrino mass eigenvalues are far more sensitive to RGE than
are the PMNS parameters, even in a hierarchical system. Assuming small tan �, neutrino
mass eigenvalues generally evolve with a common scaling, m⌫,i(µ) ⇡ s(µ, µ0)m⌫,i(µ0) with
(e.g.) s ⇡ 1.1� 1.2 for tan � ⇡ 10 or s ⇡ 1.35� 1.4 for SM-like running. This obviously leads
to a UV enhancement of the neutrino mass di↵erences in (23) / s2, but this e↵ect cancels in the
ratio ⇠. On the other hand, large tan� can drive UV flavour splittings amongst the neutrino
mass eigenvalues, evolving both �m2

sol,atm and ⇠, an e↵ect which is especially enhanced in the
case of a (partially-)degenerate spectrum, and which is considerably uncertain when allowing
for generic phase configurations. We have used [49] to estimate the e↵ect on ⇠ in this regime
in Table 2, where one sees that an uncertainty greater than an order of magnitude in principle
exists, although this is quite conservative given the neutrino mass domain considered in [49],
and the fact that we can constrain our MCMC scan to prefer a hierarchical mass spectrum,
i.e. �m2

sol/m
2
⌫1 � 1.10 Finally, we note that RGE discussed above also impacts the UV values

of (24)-(26), which serve as constraints on the MCMC system. In Table 3 we have estimated
these in the (conservative) SM-like scenario, with s = 1.4 for all neutrino species..

In summary, we will apply the UV bounds in Tables 2-3 to account for a rather generic class
of RGE and threshold corrections to fermionic mass and mixing in the UTZ. They will allow
us to robustly explore the UTZ’s predictions without introducing unnecessary assumptions
about the background field content and/or non-flavour parameter spaces that are irrelevant
to the EFT construction at hand, which is designed to be as model-independent as possible.

4 An MCMC Scan of Parameter Space

A proof-in-principle numerical analysis of the UTZ predictions derived from (17)-(18) was
originally performed in [1], in order to show that the model was consistent with available mass
and mixing data at the time. This semi-analytic study, while successful, relied on a largely
heuristic contour analysis to identify a viable region of the UTZ parameter space. However,
the analysis was incomplete in many ways, in that it did not

1. exhaustively explore the available UTZ model space, robustly accounting for all theory
correlations amongst its Lagrangian parameters and therefore conclusively determine
whether the LO UTZ e↵ective Lagrangian adequately describes nature;

2. explore the complete set of corrections coming from NLO e↵ective operators as discussed
in Section 2.2. Only the largest corrections identified in the Dirac Lagrangian were briefly
considered in [1], and only in the down-quark sector (the corrections parameterized by
dd and  d).

10While sequential dominance (11) naturally generates a hierarchical spectrum, variations of the relative-
scale-setting neutrino coe�cients {a⌫ , b⌫ , x, y} can in principle edge the spectrum towards partial degeneracy.
We have applied a likelihood of 1 to any value of �m2

sol/m
2
⌫1

> 10 found in our MCMC scans, and have applied
a smoothing, Gaussian-like corrective factor to assign likelihoods for values close to this threshold.
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Towards a more model-independent approach

• Model building in an area where falsifiable predictions are scarce is of debatable value.

• Tools should be, are in the process of, and will continue to be developed to study the 
(e.g.) flavored SMEFT, which can presumedly encode the IR effects of UV flavor 
constructions in a model-independent way. 

(ν)

• For example, Mike Trott and I (2107.03941) recently derived the exact expressions for 
the Yukawa contributions to Dirac mass and mixing at all orders in the geoSMEFT,

Furthermore, the expressions for the down-quark mass-eigenvalues are analogous to (23)-(24),
replacing

{I1, Î3, Î6} �! {I2, Î4, Î8} (27)

which, when implemented, results also in the notation change  u �!  d in the final equations.
The beauty of (23)-(24) is that their RHS can be calculated in any arbitrary flavour basis, whilst
the LHS are always the mass eigenvalues (up to the Higgs vev).

CKM Parameters

Given the Yukawa/mass eigenvalues at all orders, one can then move to the four real CKM
parameters, which can be obtained by solving the system of equations implied by Î5,7,9,10,11. We
will solve (19) for |Vcd|

2, |Vcs|
2, |Vtd|

2, and |Vts|
2, and then use the unitarity constraints of the

CKM matrix to uniquely determine its remaining matrix elements in terms of the invariants
Î5,7,9,10,11. We then have all of the information required to determine the three mixing angles
sij, which upon using the final I�11 invariant will give us the phase �. Critically, we observe that
(19) does not permit multiple solutions for |Vij|

2.
Proceeding along these lines, it is straightforward to derive the following compact expressions

for the mixing angles sij:
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�Î10 � y

2
b

⇣
Î7 ��+
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⌘
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s23 =

2

4
��

tu

⇣
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Î7 + y2

u

⇣
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(30)

which are given in terms of the Yukawa eigenvalues y2
i
and the di↵erence/sum parameters �±

ij

defined by
�±

ij
⌘ y

2
i
± y

2
j
. (31)

Given the expressions in (23)-(24) for y2
i
, one then has the desired final expressions entirely in

terms of the flavour-invariants Ii. Note that, by definition, these angles lie in the first quadrant,
0  sij 

⇡

2 . Finally, one can use I
�
11, along with (28)-(30), to derive that

s� =
4

3
I
�
11

h
��

tc
��

tu
��

cu
��

bs
��

bd
��

sd
s12s13s23

�
1� s

2
23

�1/2 �
1� s

2
12

�1/2 �
1� s

2
13

�i�1

. (32)

As I�11 is not guaranteed to be � 0, one sees that (32) uniquely pins down the sign of �. These
expressions therefore complete the list of quark flavour parameters in the (geo)SM(EFT); (23)-
(32) and their renormalization group flow (cf. (43)-(47) in Section 4) represent the core results
of this work.
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Furthermore, the expressions for the down-quark mass-eigenvalues are analogous to (23)-(24),
replacing

{I1, Î3, Î6} �! {I2, Î4, Î8} (27)

which, when implemented, results also in the notation change  u �!  d in the final equations.
The beauty of (23)-(24) is that their RHS can be calculated in any arbitrary flavour basis, whilst
the LHS are always the mass eigenvalues (up to the Higgs vev).

CKM Parameters

Given the Yukawa/mass eigenvalues at all orders, one can then move to the four real CKM
parameters, which can be obtained by solving the system of equations implied by Î5,7,9,10,11. We
will solve (19) for |Vcd|

2, |Vcs|
2, |Vtd|

2, and |Vts|
2, and then use the unitarity constraints of the

CKM matrix to uniquely determine its remaining matrix elements in terms of the invariants
Î5,7,9,10,11. We then have all of the information required to determine the three mixing angles
sij, which upon using the final I�11 invariant will give us the phase �. Critically, we observe that
(19) does not permit multiple solutions for |Vij|

2.
Proceeding along these lines, it is straightforward to derive the following compact expressions

for the mixing angles sij:
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which are given in terms of the Yukawa eigenvalues y2
i
and the di↵erence/sum parameters �±

ij

defined by
�±

ij
⌘ y

2
i
± y

2
j
. (31)

Given the expressions in (23)-(24) for y2
i
, one then has the desired final expressions entirely in

terms of the flavour-invariants Ii. Note that, by definition, these angles lie in the first quadrant,
0  sij 

⇡

2 . Finally, one can use I
�
11, along with (28)-(30), to derive that
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As I�11 is not guaranteed to be � 0, one sees that (32) uniquely pins down the sign of �. These
expressions therefore complete the list of quark flavour parameters in the (geo)SM(EFT); (23)-
(32) and their renormalization group flow (cf. (43)-(47) in Section 4) represent the core results
of this work.
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Big Questions:
How do EFTs/models of flavor match to the SMEFT, LEFT?

How can we use available flavor data to constrain flavored operators? cf. 
Dawson et al., Falkowski et al., Westhoff et al., + ….

How does one control the extreme growth of flavored EFT operators with 
mass dimension? cf. recent progress in (geo)( )SMEFTν
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Status of discrete flavor models?

Bad
• Symmetry landscape underdetermined:  multiple symmetries can predict the same mixing 

mixing patterns, and the same symmetry can predict multiple patterns.
• Shaping symmetries still required to constrain the form of Lagrangians (Yukawa and alignment)

• Making concrete predictions from the UV is difficult without additional input — guideposts 
from RGE, SUSY, anomaly constraints, higher dimensions?  Also, what to predict?!

Good
• NADS are well-motivated by data and can be easily incorporated into UV theories.

• We have shown that the UTZ can economically model both quarks and leptons, no easy task.

• They are also naturally pumped out of dimensional compactifications -> More to come!

• They are more powerful than conventional local symmetries at aligning flavored vacua. 

Thanks!

• In the absence of a proper global covariance matrix, all model ‘fits’ should be scrutinized…

• Numerical tools (e.g. MCMC) to properly study the parameter space of these models are 
improving.  

• Proper bottom-up EFT technologies for studying the space of BSM flavor are developing and, 
in my opinion, represent the most promising route to insight in this exciting area of physics!


