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Perturbative expansion:

gap:

 2Eout < Q0

unrestricted Ein ~ Q

state-of-the-art: 2-loop order

L = ln(Q/Q0) � 1
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Incomplete cancellation of soft and collinear IR divergences:


RESUMMATION OF SUPER-LEADING LOGARITHMS

LARGE LOGARITHMS IN JET PROCESSES
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Non-global logarithms at lepton colliders


▸ high-energetic radiation restricted to certain regions (inside jets)


▸ soft radiation from secondary emissions inside                                          
jets leads to intricate pattern of large logarithms                                       
that do not exponentiate


▸ “non-global” logarithms not contained in parton showers


▸ single-logarithmic effects  at lepton colliders


▸ resummation in large-  limit using BMS integral equation


At hadron colliders, non-global logarithms take on more intricate form, 
and no generalization of BMS equation exists!

∼ (αs L)n

Nc

RESUMMATION OF SUPER-LEADING LOGARITHMS

LARGE LOGARITHMS IN JET PROCESSES

4

J. Banfi, G. Marchesini, G. Smye: JHEP 08 (2002) 006
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RESUMMATION OF SUPER-LEADING LOGARITHMS
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Scale separation using SCET


Rigorous operator definitions:

RESUMMATION OF SUPER-LEADING LOGARITHMS

FACTORIZATION THEOREM FOR JETS AT LEPTON COLLIDERS

low scale
T. Becher, M. Neubert, L. Rothen, D. Y. Shao (2015, 2016)

high scale

6

Figure 1. Pictorial representations of factorization formulas (1.1) and (1.4) for interjet energy flow
(left) and jet mass (right). The black lines represent hard radiation with typical scale Q which is
constrained to be inside the cones, and the red lines depict soft radiation with a low energy scale
Q0 which is allowed to populate the full phase space. In the right figure, the blue lines in the left
hemisphere represent collinear radiation which is described by the inclusive jet function in (1.4).

Our main goal in the present work is to develop the Monte Carlo methods to include

these corrections as a step towards full higher-logarithmic resummation, but it is also

interesting to study their numerical size, since they have never been computed for non-

global observables and often dominate numerically in the global case. It is customary to

add a prime to the logarithmic accuracy to indicate the presence of higher-order matching

corrections. In this notation our next-to-leading-logarithmic results for the jet mass have

NLL0 accuracy.

In Refs. [2, 10] we have derived a factorization formula for interjet energy flow and light-

jet mass. The key element is the presence of multi-Wilson-line operators which generate

the intricate pattern of Non-Global Logarithms (NGLs). Explicitly, the result for interjet

energy flow at a lepton collider has the form

�(Q,Q0) =
1X

m=2

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
, (1.1)

where Q is the center-of-mass energy, and Q0 = �Q is the veto energy outside the jet cone

area. For simplicity, we choose the jet axis along the thrust axis. The above factorization

formula neglects power corrections from O(�) terms. The hard functions Hm describe

hard radiation inside the jet cone, and their characteristic scale is Q since radiation inside

the cones is unrestricted. The index m represents the number of hard partons inside the

jet, which propagate along the directions {n} = {n1, n2, . . . , nm}. Each of these sources

soft radiation, which we describe by a Wilson line along the direction of the hard parton.

The matrix elements of these Wilson lines define the soft functions Sm({n}, Q0, µ). To

obtain the cross section, one integrates over the directions {n} which is indicated by the

symbol ⌦. The hard and soft functions are matrices in the color space of the m partons

and one takes the color trace h. . . i after multiplying them. The operator definition for

these functions and further explanations can be found in [2].

– 2 –
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from these Wilson lines

Sm({n}, Q0, µ) =

Z
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(2.3)

where the states Xs contain an arbitrary number of soft partons. The soft functions depend

on the energy Q0 of the radiation and implicitly also on the shape of the region ⌦out in

which the energy is measured. TheWilson-line matrix elements have ultraviolet divergences

which can be renormalized away and this induces a dependence on the renormalization scale

µ.

The hard functions are given by the square of the hard-scattering amplitudes, together

with the phase-space constraints ⇥in

��
p
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which restrict the m hard partons to the inside

of the jets,

Hm({n}, Q, µ) =
1

2Q2

X
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For cone jets the phase-space constraint ⇥in

��
p
 �

is defined by cones around the hard

partons. For recombination algorithms, on the other hand, the jet clustering constraints

can be quite complicated in general and can spoil factorization. However, they simplify in

our setup which considers the limit of hard partons together with (infinitely) soft radiation.

This situation was considered in [31] where it was shown that for anti-kT jets, the jet

boundary becomes cone-like so that the theorem (2.1) also applies to this case.

Since the cross section must be independent of the scale µ, the scale dependence among

the hard and soft functions must cancel. The one for the hard function is driven by the
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The condition m � l arises because the anomalous dimension matrix is zero below the

diagonal, see below. The hat in ⌦̂ indicates that one has to integrate over the angles of
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boundary becomes cone-like so that the theorem (2.1) also applies to this case.
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Scale separation using SCET


▸ solving RG equations for hard functions allows one to resum all large 
logarithms (including the NGLs) to all orders of perturbation theory


▸ not limited to leading logarithms or large-Nc limit!

RESUMMATION OF SUPER-LEADING LOGARITHMS

FACTORIZATION THEOREM FOR JETS AT LEPTON COLLIDERS

low scale
T. Becher, M. Neubert, L. Rothen, D. Y. Shao (2015, 2016)

high scale

7

Figure 1. Pictorial representations of factorization formulas (1.1) and (1.4) for interjet energy flow
(left) and jet mass (right). The black lines represent hard radiation with typical scale Q which is
constrained to be inside the cones, and the red lines depict soft radiation with a low energy scale
Q0 which is allowed to populate the full phase space. In the right figure, the blue lines in the left
hemisphere represent collinear radiation which is described by the inclusive jet function in (1.4).

Our main goal in the present work is to develop the Monte Carlo methods to include

these corrections as a step towards full higher-logarithmic resummation, but it is also

interesting to study their numerical size, since they have never been computed for non-

global observables and often dominate numerically in the global case. It is customary to

add a prime to the logarithmic accuracy to indicate the presence of higher-order matching

corrections. In this notation our next-to-leading-logarithmic results for the jet mass have

NLL0 accuracy.

In Refs. [2, 10] we have derived a factorization formula for interjet energy flow and light-

jet mass. The key element is the presence of multi-Wilson-line operators which generate

the intricate pattern of Non-Global Logarithms (NGLs). Explicitly, the result for interjet

energy flow at a lepton collider has the form

�(Q,Q0) =
1X

m=2

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
, (1.1)

where Q is the center-of-mass energy, and Q0 = �Q is the veto energy outside the jet cone

area. For simplicity, we choose the jet axis along the thrust axis. The above factorization

formula neglects power corrections from O(�) terms. The hard functions Hm describe

hard radiation inside the jet cone, and their characteristic scale is Q since radiation inside

the cones is unrestricted. The index m represents the number of hard partons inside the

jet, which propagate along the directions {n} = {n1, n2, . . . , nm}. Each of these sources

soft radiation, which we describe by a Wilson line along the direction of the hard parton.

The matrix elements of these Wilson lines define the soft functions Sm({n}, Q0, µ). To

obtain the cross section, one integrates over the directions {n} which is indicated by the

symbol ⌦. The hard and soft functions are matrices in the color space of the m partons

and one takes the color trace h. . . i after multiplying them. The operator definition for

these functions and further explanations can be found in [2].

– 2 –

integration over parton directions



Matthias Neubert  — JGU Mainz

RESUMMATION OF SUPER-LEADING LOGARITHMS

LARGE LOGARITHMS IN JET PROCESSES AT HADRON COLLIDERS

Perturbative expansion includes “super-leading” logarithms:

! ! ! Born "
!

1 + " sL + " 2
sL 2 + " 3

sL 3 + " 4
s L 5 + " 5

s L 7 + . . .
"
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formally larger than O(1)
J. R. Forshaw, A. Kyrieleis, M. H. Seymour: JHEP 08 (2006) 031

gap:

 2Eout < Q0

unrestricted Ein ~ Q

L = ln(Q/Q0) � 1
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RESUMMATION OF SUPER-LEADING LOGARITHMS

LARGE LOGARITHMS IN JET PROCESSES AT HADRON COLLIDERS

Really, double logarithmic series starting at 3-loop order:
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RESUMMATION OF SUPER-LEADING LOGARITHMS

LARGE LOGARITHMS IN JET PROCESSES AT HADRON COLLIDERS

Really, double logarithmic series starting at 3-loop order:

gap:
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L = ln(Q/Q0) � 1
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RESUMMATION OF SUPER-LEADING LOGARITHMS

COULOMB PHASES BREAK COLOR COHERENCE
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Super-leading logarithms


▸ breakdown of color coherence due to a                                                 
subtle quantum effect: soft gluon                                                    
exchange between initial-state partons


▸ soft anomalous dimension:


where  if particles  and  are both in initial or final state


▸ imaginary part (only at hadron colliders):

sij > 0 i j

Neubert Part B2 EFT 2

candidates for dark matter. Because of its feeble interactions with SM particles, Þnding an ALP is
very challenging, especially because the expected signals depend very sensitively on how the ALP
decays and how long it travels before it decays. This introduces a strong model dependence in the
analysis, which in practice requires one to make drastic assumptions, such as the existence of a single
non-zero coupling, in order to derive useful bounds. But in this way important e! ects can be missed.
WouldnÕt it be nice to be able to probe all ALP couplings to the SM simultaneously and in a way that
is insensitive to the ALP lifetime and branching fractions?

In project B, I propose a complementary new search strategy for ALPs, which is based on a
systematic, global analysis of virtual ALP e! ects on precision measurements. Contrary to the
resonant production of ALPs, indirect searches for their contributions in quantum ßuctuations
are insensitive to the lifetime of the ALP and the way in which it decays. They can thus provide
largely model-independent bounds on the ALP couplings and mass.

Achieving the two grand goals of the EFT2 proposal will signiÞcantly boost the LHC discovery
potential for new phenomena and thus have a transformative impact on the Þeld. This requires
expertise in both SM physics and physics beyond the SM, which has been a hallmark of my research
since over two decades. In EFT2, I plan to approach both challenges using the powerful tools of modern
e! ective Þeld theories (EFTs). Doing this in the context of a single proposal has the advantage that
important interconnections can be exploited. For example, the global analysis of ALP couplings in
project B will rely on precision measurements of diboson production, top-quark production, and Higgs
production at the LHC. In order not to fake a signal of NP, it is essential that the SM predictions for
these quantities can be calculated reliably and with the highest possible precision. This is exactly the
main goal of project A.

Project A Ð Theory of non-global observables at hadron colliders

While Þxed-order perturbative calculations still deÞne an important frontier in collider physics, in
many cases they do not provide su" ciently accurate predictions. If the radiation in a high-energy
scattering process is restricted by experimental cuts, higher-order terms in the perturbative series can
be enhanced by large logarithms associated with the emission of soft and collinear particles. The
simple structure of these emissions sometimes makes it possible to resum the logarithmic terms to all
orders. An important example are event shapes ine+ e! collisions near the two-jet limit [18Ð22], for
which the cross section can be factorized into a product (in the convolution sense) of a soft functionS
accounting for soft gluon emissions, two jet functionsJ and øJ describing the collinear radiation inside
the jets, and a hard function H encoding the virtual corrections to the underlying hard-scattering
processe+ e! ! qøq:

! = H J " øJ " S . (1)

Soft-Collinear E! ective Theory (SCET) o! ers a convenient framework for performing such resumma-
tions [23Ð26]. In general, the hard function for a process involvingn colored particles with momenta
{ p} # { p1, . . . , pn} is related to the square of a hard-scattering partonic amplitude |M n({ p} , µ)$,
which can be represented as a vector in color space [27]. This object obeys a renormalization-group
(RG) evolution equation with the anomalous dimension [28Ð32]

! ({ p} , µ) =
!

(ij )

Ti áTj

2
" cusp(#s) ln

µ2

%sij
+

!

i

" i (#s) + O(#3
s) , (2)

wheresij # 2! ij pi ápj + i0, and the sign factor! ij = +1 if the momenta pi and pj are both incoming or
outgoing, and ! ij = %1 otherwise. The notation (i 1 . . . i k ) refers to unordered tuples of distinct parton
indices. The cusp anomalous dimension" cusp and the collinear anomalous dimensions" i are functions
of the QCD coupling. Up to two-loop order the result features only pairwise correlations among the
color charges and momenta of the di! erent partons. Along with RG evolution equations for the jet
and soft functions, this provides the basis for the systematic resummation of all large logarithmic
corrections to the cross section.

2
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In more complicated cases, a standard phenomenological approach is to combine Þxed-order per-
turbative calculations with parton showers, which simulate the cascades of soft and collinear QCD
radiation produced in high-energy particle collisions. The accuracy of these showers is limited since
they reply on the large-Nc approximation, in which one includes only the leading terms in an expansion
in powers of 1/N c, where Nc = 3 is the number of colors in QCD. While there is currently a strong
e! ort under way to extend parton showers beyond the strictNc ! " limit and match them consis-
tently with Þxed-order calculations [33Ð37], obtaining a complete understanding of even the leading
logarithmic e! ects is a di" cult problem. Dasgupta and Salam showed that observables insensitive to
radiation in certain regions of phase space contain single-logarithmic terms not captured by resumma-
tion techniques based on (1) [38]. These so-callednon-global logarithms (NGLs) have a complicated
structure, because they are generated by secondary emissions o! the original hard partons. BanÞ,
Marchesini and Smye (BMS) derived a non-linear integral equation, which can be used to perform
the resummation of the leading NGLs in the large-Nc limit [39]. Since Òstrong energy orderingÓ is
a crucial ingredient for the BMS equation, its logarithmic accuracy cannot easily be improved, even
though important progress in this direction has recently been made in [40]. Since the vast majority
of collider observables include regions of phase space in which radiation is not restricted, the presence
of NGLs severely limits the applicability of higher-order resummation techniques. In [41, 42], we
have generalized the SCET approach to derive a novel factorization theorem for dijet cross sections
in e+ e! collisions, based on whichall logarithmically enhanced corrections, including the NGLs, can
be controlled by an RG evolution equation. These papers mark a milestone, because they o! er a
radically new perspective to think about NGLs. Our approach is completely general and works for
any number of colors. In the large-Nc limit, the leading logarithms agree with those derived from the
BMS equation. Related proposals for dealing with NGLs have been put forward in [43, 44].

For hadron-collider processes, in which colored particles appear in both the initial and Þnal states,
the resummation of all logarithmically enhanced terms poses an even more formidable conceptual
problem, which so far has been solved only partially and for a very limited class of observables. The
prototypical non-global observable is the inter-jet energy ßow, where a veto associated with a low-
energy scaleQ0 is imposed on radiation in a region away from the hard jets with energies of the order
of the collision energy,Q =

#
ös $ Q0. Being sensitive only to large-angle soft radiation, one naively

expects the leading logarithms to this observable to scale as! n
s L n (with n % 1), whereL = ln( Q/Q 0).

This is indeed the case for jet production at lepton colliders, but Forshaw, Kyrieleis and Seymour
argued that at hadron colliders double logarithms arise starting at four-loop order [17], so that the
leading logarithms are, in fact, of the form ! 3+ n

s L 3+2 n . The SLLs are a subtle e! ect, whose origin can
be traced back to the Þrst term in (2). For e+ e! collisions all colored particles appear in the Þnal state,
and hence" ij = 1 for all pairs ( ij ). Color-conservation then ensures that the imaginary part of the
anomalous-dimension matrix is proportional to the unit matrix in color space, and its e! ect cancels
out when one considers the square of the hard-scattering amplitude. At hadron colliders, however,
the initial-state particles carry color and a non-trivial imaginary part remains,

Im ! ({ p} , µ) = &2# T1 áT2 $cusp(! s) + . . . , (3)

where the dots represent terms proportional to the unit matrix. This e! ect gives rise to Coulomb
phases with a highly non-trivial color structure. Their presence spoils the real-virtual cancellations for
collinear emissions o! the initial states and thus violates the notion of strict (i.e., process-independent)
factorization [45Ð47]. Even 15 years after this e! ect was discovered, remarkably little is known about
it. While the Þrst SLL ( ' ! 4

sL 5) has been calculated for arbitrary 2 ! 2 hard processes [48], the
second SLL (' ! 5

sL 7) is known for some selected partonic channels only [49]. The higher-order
structure of SLLs, their contribution to other hard processes, and their large-order behavior are
completely unknown. Moreover, while the SLLs are responsible for the parametrically leading higher-
order contributions to the cross sections, their e! ects are not captured in any existing parton shower,
because they appear at subleading order in 1/N c counting.

In July 2021, my collaborators and I took the Þrst steps toward extending our SCET approach
for non-global observables at lepton colliders to the more complicated case of hadron colliders [50].
As a concrete example, we have considered thepp ! 2 jet cross section with a veto on hard radiation
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Novel factorization theorem from SCET


Differences with NGLs at e+e- colliders:


▸ low-energy matrix elements now contain soft Wilson lines plus 
collinear fields for incoming partons


▸ low-energy EFT contains Glauber gluons mediating non-trivial 
interactions between soft and collinear partons                                        

 breakdown of “naive” factorization                                               ⇒
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Jet cross sections at high-energy colliders exhibit intricate patterns of logarithmically enhanced
higher-order corrections. In particular, so-called non-global logarithms emerge from soft radiation
emitted o! energetic partons inside jets. While this is a single-logarithmic e ! ect at lepton colliders,
at hadron colliders phase factors in the amplitudes lead to double-logarithmic corrections starting
at four-loop order. This e ! ect was discovered a long time ago, but not much is known about the
higher-order behavior of these terms and their process dependence. We derive, for the Þrst time,
the all-order structure of these Òsuper-leading logarithmsÓ for generic 2! l scattering processes at
hadron colliders and resum them in closed form.

If the radiation in a high-energy scattering process is
restricted by experimental cuts, higher-order terms in the
perturbative series are enhanced by large logarithms as-
sociated with soft and collinear emissions. The simple
structure of these emissions often makes it possible to
resum the logarithmic terms to all orders, either analyt-
ically or using parton-shower methods. For non-global
observables, such as exclusive jet cross sections in which
a veto on radiation is imposed only in certain angular
regions, even the leading logarithms have a complicated
structure due to the fact that they are generated by sec-
ondary emissions o! the original hard partons [1].

The prototypical non-global observable is the interjet
energy ßow, where a veto associated with a low scaleQ0

is imposed on radiation in a region away from the hard
jets with energy of the order of the collision energyQ.
Being sensitive only to large-angle soft radiation, one ex-
pects the leading logarithms to this observable to scale as
! n

s L n , where L = ln( Q/Q 0). This is indeed the case for
e+ e" colliders, but Forshaw, Kyrieleis and Seymour [2]
argued that at hadron colliders double logarithms arise
at four-loop order, so that the leading logarithm at this
order is ! 4

sL 5. These so-called super-leading logarithms
(SLLs) are a subtle e! ect generated by complex phases in
the amplitudes, which spoil the real-virtual cancellation
for collinear emissions o! the initial states [3Ð5]. The
e! ect is absent in the large-Nc limit and not captured
by any of the existing parton showers, which therefore
do not account for the leading-logarithmic corrections to
non-global observables at hadron colliders.

Even 15 years after this e! ect was discovered, remark-
ably little is known about it. While the Þrst SLL is known
for arbitrary 2 ! 2 hard processes [6], the second SLL
(" ! 5

s L 7) is known for some selected partonic channels
only [7]. The all-order structure of SLLs, their contribu-
tion to other hard processes and their large-order behav-
ior are completely unknown. One reason for this lack of
understanding lies in the fact that one needs to perform
calculations in the full color space, whose dimension is

rapidly growing with the number of emitted partons.
In [8, 9] we have derived factorization theorems for

non-global observables in Soft-Collinear E! ective The-
ory (SCET) [10Ð12] and found that non-global logarithms
are governed by a renormalization-group (RG) equation.
Here we apply this method to non-global logarithms at
hadron colliders and derive the all-order structure of the
SLLs ! 3

sL 3 # ! n
s L 2n for arbitrary 2 ! l processes. We

further show that the e! ect already arises forl = 0, rel-
evant e.g. to Higgs production with a central jet veto.

As a concrete example, we consider thepp ! 2 jet
cross section with a veto on hard radiation in a rapidity
region " Y in between the two leading jets. This can be
imposed by requiring that any additional jet in the veto
region has a transverse momentum smaller thanQ0. At
leading logarithmic accuracy, there is no sensitivity to
how the radiation is vetoed but only to the scale hier-
archy betweenQ0 and the transverse momentum of the
hard jets, which is of order the partonic center-of-mass
energy, Q =

$
ös =

$
x1x2s. For this Ògap between jetsÓ

observable, the following factorization formula holds [13]:

" (Q0) =
!

a1 ,a 2 = q,øq,g

"
dx1dx2

#
#!

m =4

#
H m ({ n} , Q, µ) %W m ({ n} , Q0, x1, x2, µ)

$
.

(1)

The hard functions H m describe all possiblem-parton
processesa1 + a2 ! a3 + á á á+ am and are obtained after
imposing appropriate kinematic constraints, such as cuts
on the transverse momenta and rapidities of the leading
jets. One then integrates over the phase space but for
Þxed directions { n} = { n1, . . . , nm } of the m partons,
i.e.
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Novel factorization theorem from SCET


Renormalization-group equation:


All-order summation of large logarithmic corrections, including               
the super-leading logarithms!
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ably little is known about it. While the Þrst SLL is known
for arbitrary 2 ! 2 hard processes [6], the second SLL
(" ! 5

s L 7) is known for some selected partonic channels
only [7]. The all-order structure of SLLs, their contribu-
tion to other hard processes and their large-order behav-
ior are completely unknown. One reason for this lack of
understanding lies in the fact that one needs to perform
calculations in the full color space, whose dimension is

rapidly growing with the number of emitted partons.
In [8, 9] we have derived factorization theorems for

non-global observables in Soft-Collinear E! ective The-
ory (SCET) [10Ð12] and found that non-global logarithms
are governed by a renormalization-group (RG) equation.
Here we apply this method to non-global logarithms at
hadron colliders and derive the all-order structure of the
SLLs ! 3

sL 3 # ! n
s L 2n for arbitrary 2 ! l processes. We

further show that the e! ect already arises forl = 0, rel-
evant e.g. to Higgs production with a central jet veto.

As a concrete example, we consider thepp ! 2 jet
cross section with a veto on hard radiation in a rapidity
region " Y in between the two leading jets. This can be
imposed by requiring that any additional jet in the veto
region has a transverse momentum smaller thanQ0. At
leading logarithmic accuracy, there is no sensitivity to
how the radiation is vetoed but only to the scale hier-
archy betweenQ0 and the transverse momentum of the
hard jets, which is of order the partonic center-of-mass
energy, Q =

$
ös =

$
x1x2s. For this Ògap between jetsÓ

observable, the following factorization formula holds [13]:

" (Q0) =
!

a1 ,a 2 = q,øq,g

"
dx1dx2

#
#!

m =4

#
H m ({ n} , Q, µ) %W m ({ n} , Q0, x1, x2, µ)

$
.

(1)

The hard functions H m describe all possiblem-parton
processesa1 + a2 ! a3 + á á á+ am and are obtained after
imposing appropriate kinematic constraints, such as cuts
on the transverse momenta and rapidities of the leading
jets. One then integrates over the phase space but for
Þxed directions { n} = { n1, . . . , nm } of the m partons,
i.e.

H m =
1
2ös

m%

i =3

"
dEi E d" 3

i

(2#)d" 2 |M m ({ p} )&'M m ({ p} )|

# (2#)d $(
$

ös ( Etot ) $(d" 1) (%ptot ) # hard
&'

p
()

,

(2)
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! 2! M (Q, Q0) =
!

a,b= q,øq,g

"
dx1dx2

"!

m =2+ M
<latexit sha1_base64="+eAdX5vWj0UX6mJEZJJeGJto+38="></latexit>

ab
<latexit sha1_base64="FA9+UtzrijnQRMXcvf1pbYac034=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oUy2m3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5aCYJ8yMcSh5yisZKDxj0yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5pdOyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU147WdcJqlhki4WhakgJiazt8mAK0aNmFiCVHF7K6EjVEiNDadkQ/CWX14lrVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aEATKITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AX6HjVU=</latexit>

ab
<latexit sha1_base64="FA9+UtzrijnQRMXcvf1pbYac034=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oUy2m3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5aCYJ8yMcSh5yisZKDxj0yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5pdOyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU147WdcJqlhki4WhakgJiazt8mAK0aNmFiCVHF7K6EjVEiNDadkQ/CWX14lrVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aEATKITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AX6HjVU=</latexit>

low scale
T. Becher, M. Neubert, D. Y. Shao: Phys. Rev. Lett. 127 (2021) 212002 

operator in color space and in the 
infinite space of parton multiplicities

1 Introduction

µ
d

dµ
H ab

l ({ n} , Q, µ) = !
!

m! l

H ab
m ({ n} , Q, µ) ! H

ml ({ n} , Q, µ) (1)

H ab
m ({ n} , Q, µ = Q) "

"!

l= m

Uml ({ n} , Q, Q0) " W ab
l ({ n} , Q0, x1, x2, µ = Q0) (2)

H ab
m ({ n} , Q) "

"!

l= m

Uml ({ n} , Q, Q0) " W ab
l ({ n} , Q0, x1, x2) (3)

U ({ n} , Q, Q0) = P exp
" # Q

Q0

dµ
µ

! H ({ n} , Q, µ)
$

(4)

Thomas has shown that the fundamental color structures we need to analyze are

K 2# M
m,n =

%
H 2# M ö" ! C . . . ö" ! C

& '( )
(n$ m) times

! I ö" ! C . . . ö" ! C
& '( )

m times

! I ö" !
*

, (5)

where M # 0 is the number of Þnal-state partons at Born level. We consider a generic
2 $ M hard-scattering process described by the hard functionH 2# M . The insertions of color
operators should be read from left to right. The relevant anomalous dimensions are given by

! C =
!

i =1 ,2

+
4Ci 1 ! 4Ti,L %Ti,R ! (nk ! ni )

,
,

! I = ! 8i " (T1,L áT2,L ! T1,R áT2,R) ,

! = 2
!

(ij )

(Ti,L áTj,L + Ti,R áTj,R )
#

d! (nk)
4"

W
k
ij ! 4

!

(ij )

Ti,L áTj,R W
k0

ij #in (nk0 ) .

(6)

The labels i = 1, 2 refer to the initial-state partons, while the labelk0 refers to the parton
emitted in the last step of the iteration. The additional p & n collinear gluons, which can
be emitted from then insertions of! C , are labeled by indicesk1, . . . , kp. The symbol (ij ) on
the sums in the expression for! runs over all (unordered) pairs of parton indices withi '= j .
This sum includes both the initial-state and all Þnal-state partons. We use the color-space
formalism, whereTi denotes a color generator acting on particlei . The superscriptsL and R
are deÞned such that

%
H Ti,L áTj,R W

*
(

%
T a

i H T a
j W

*
=

%
H T a

j W T a
i

*
. (7)

The Þrst n symbols ö" in (35) imply integrations over the directionsnki of these collinear
partons, which simply has the e" ect of replacing! (nk ! ni ) $ 1 in the expression for! C .
The last ö" means an integration over the directionnM +1 , which has the e" ect of adding an
integral

- d! (nM +1 )
4! in front of the second term in! . The trivial consequences of these angular

integrations is a result of the important fact that the relevant soft function in this process,

1

high scale
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Evaluate factorization theorem at low scale 


▸ low-energy matrix element:


▸ hard-scattering functions:


▸ expanding the solution in a power series generates arbitrarily high 
parton multiplicities starting from the  Born process

μs ∼ Q0

2 → M

ab
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R m = 4
!

( ij )

Ti,L áTj,R

" #
! (nk ! ni ) ln

µ
2Ei

+ ! (nk ! nj ) ln
µ

2Ej

$
! W

m +1
ij ! in (nm +1 )

%

Vm = 2
!

( ij )

(Ti,L áTj,L + Ti,R áTj,R )
"

! ln
µ2

2Ei 2Ej
+

&
d" (nk )

4"
W

k
ij

%

! 8 i "
!

( ij )

(T1,L áT2,L ! T1,R áT2,R ) # ij (11)

(12)

!

( ij )

Ti,L áTj,L ln
µ

2Ei
= !

!

i

Ti,L áTi,L ln
µ

2Ei
= !

!

i

Ci ln
µ

2Ei
(13)

!
!

( ij )

Ti,L " Tj,R ! (nk ! ni ) ln
µ

2Ei
= +

!

i

Ti,L " Ti,R ! (nk ! ni ) ln
µ

2Ei
(14)

! = ! + ! G +
!

i

! c
i ln

µ2

ös

#(Q0) =
!

a1 ,a 2 = q,øq,g

&
dx1dx2

!!

m =4

'
H m ({ n} , Q, µ) # W m ({ n} , Q0, x1, x2, µ)

(
. (15)

W m ({ n} , Q0, x1, x2, µs) = f a1 (x1) f a2 (x2) 1 . (16)f a/p (x1) f b/p (x2) 1 + O(! s)
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Jet cross sections at high-energy colliders exhibit intricate patterns of logarithmically enhanced
higher-order corrections. In particular, so-called non-global logarithms emerge from soft radiation
emitted o! energetic partons inside jets. While this is a single-logarithmic e ! ect at lepton colliders,
at hadron colliders phase factors in the amplitudes lead to double-logarithmic corrections starting
at four-loop order. This e ! ect was discovered a long time ago, but not much is known about the
higher-order behavior of these terms and their process dependence. We derive, for the Þrst time,
the all-order structure of these Òsuper-leading logarithmsÓ for generic 2! l scattering processes at
hadron colliders and resum them in closed form.

We thus evaluate

H ab
m ({ n} , Q, µs) =

!

l " m

H ab
l ({ n} , Q, Q) P exp

" # Q

µ s

dµ
µ

! H ({ n} , Q, µ)

$

lm

(1)
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Evaluate factorization theorem at low scale 


▸ anomalous-dimension matrix:


▸ action on hard functions:

μs ∼ Q0

2

where Etot and !ptot are the total energy and momentum
of the Þnal-state particles in the partonic center-of-mass
frame. Note that the amplitude is squared in the sense of
a density matrix. We use the color-space formalism [14],
and the color indices of the amplitude |M m ({ p} )! and
its conjugate are not contracted. The color sum, indi-
cated by ". . . ! in (1), is performed after the hard function
is combined with the function W m , which encodes the
soft and collinear low-energy dynamics. Both quantities
depend on the directions{ n} of the hard partons, and
after combining them the integrals over these directions
are performed, as indicated by the symbol# .

The function ! hard enforces the constraints on the hard
jets and ensures that no hard radiation enters the veto
region. For the validity of formula (1) it is important
that these constraints are compatible with factorization.
The low-energy matrix elementsW m consist of squared
matrix elements of m soft Wilson lines for the incoming
and outgoing partons together with two collinear Þelds
for the incoming particles. They need to be evaluated in
SCET with Glauber gluons [16], which can mediate non-
trivial interactions between soft and collinear partons.
The functions W m contain rapidity logarithms, which in-
duce a logarithmic dependence on the scale ratio

$
ös/Q 0

[17, 18]. It would be interesting to analyze the structure
of these matrix elements in more detail in future work.
Here we just note that the additional dependence on the
hard scale is single logarithmic, while we focus on the
leading double-logarithmic corrections in this Letter.

To obtain the leading double logarithms, we solve the
RG equation for the hard function iteratively and evolve
it from the hard scale µh %

$
ös to the low scaleµs % Q0.

As the starting point of the evolution we use the lowest-
order (Born level) hard function, which for a two-jet cross
section involves four partons. We thus evaluate

H 4(µh ) U (µh , µs) = H 4(µh ) P exp
! " µ h

µ s

dµ
µ

! H (µ)
#

= H 4(µh ) +
" µ h

µ s

dµ
µ

H 4(µh ) ! H (µ) (3)

+
" µ h

µ s

dµ
µ

" µ h

µ

dµ!

µ! H 4(µh ) ! H (µ!) ! H (µ) + . . . .

Below, we will identify the SLLs that arise in the prod-
ucts of anomalous dimensions and solve a recursion re-
lation for them. As a Þnal step, we compute the cross
section in (1) using the lowest-order expression forW m

at the low scaleµs % Q0. At this order the soft Wilson
lines are trivial and the collinear matrix elements reduce
to the usual parton distribution functions, i.e.

W m ({ n} , Q0, x1, x2, µs) = f a1 (x1) f a2 (x2) 1 . (4)

The one-loop anomalous dimension matrix in (3) can
be split into two parts: ! H = " C 1 + ! S . The Þrst
part concerns the purely collinear singularities and is

present also for inclusive cross sections. It is given by
the usual DGLAP kernels and involves a convolution over
the momentum fractions of the incoming partons. The
second part, ! S , contains soft as well as soft + collinear
terms. This part is absent for inclusive cross sections,
but present in our case because of the restrictions on
hard radiation in the veto region. The soft + collinear
piece generates the SLLs. The soft part of the anoma-
lous dimension takes the form [8, 9]

! S =
" s

4#

$

%
%
%
%
%
&

V4 R 4 0 0 á á á
0 V5 R 5 0 á á á
0 0 V6 R 6 á á á
0 0 0 V7 á á á
...

...
...

...
. . .

'

(
(
(
(
(
)

+ . . . . (5)

The virtual contributions Vm leave the number of par-
tons unchanged, while the real-emission operatorsR m

add one extra parton to a given hard function.
Due to the correspondence between UV and IR sin-

gularities [19], the anomalous dimension! S can be ex-
tracted by considering soft limits of hard-scattering am-
plitudes [9, 13]. For the present discussion, it is useful to
write it in the form [20]

Vm = Vm + V G +
*

i =1 ,2

V c
i ln

µ2

ös
,

R m = R m +
*

i =1 ,2

R c
i ln

µ2

ös
,

(6)

with

Vm = 2
*

( ij )

+
Ti,L áTj,L + Ti,R áTj,R

, "
d# (nk )

4#
W

k
ij ,

V c
i = 4 Ci 1 ,

V G = &8i#
+
T1,L áT2,L & T1,R áT2,R

,
, (7)

R m = &4
*

( ij )

Ti,L ' Tj,R W
m +1
ij ! hard (nm +1 ) ,

R c
i = &4Ti,L ' Ti,R $(nk & ni ) .

Before discussing the di$erent parts in detail, let us ex-
plain how they act on a generic hard functionH m . The
color generators Ti,L act on the amplitude and hence
multiply H m from the left, while the generatorsTj,R act
on the conjugate amplitude and stand on the right of
H m . The color matrices in the virtual part act on the
color indices of them partons, Ti áTj =

-
a T a

i T a
j , and

Ti áTi = Ci 1 is the quadratic Casimir operator of parton
i . This is the usual color-space notation. The color ma-
trices in the real-emission termsR m are di$erent. They
take an amplitude with m partons and associated color
indices and map it to an amplitude with ( m +1) partons,
see Figure 1. Explicitly, we have

H m Ti,L ' Tj,R = T a
i H m T ÷a

j , (8)

H
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!
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ii
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Figure 1: Action of the operator the real part R m and the virtual piece Vm

of the anomalous dimension on the hard functionH m . The sums run over
all pairs of unordered indicesi, j = 1 . . . m. Due to the emitted gluon (blue),
the product H mR m deÞnes a hard function withm + 1 external legs, while
the virtual correction (red) H m Vm has m legs.

H m R C
1 = ...

...

11

22

M M  

H m V I = M M   + M M  

Figure 2: Action of the imaginary part VI (red dotted line) and the collinear
real-emission pieceR C on the hard function. After the simpliÞcations dis-
cussed in the text, these parts only involve legs 1 and 2. The real correc-
tions H mR C involve one additional hard gluon (dashed blue line) which is
collinear to one of the incoming legs.

1

FIG. 1. Action of the real-emission operator R m and the
virtual piece V m on a hard function H m . Due to the emitted
gluon (blue), the product H m R m deÞnes a hard function
with ( m + 1) external legs.

where the color indicesa and ÷a refer to the emitted gluon.
We use the symbol! to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with! ÷aa .
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with ( " if b÷aa ).

The operators Vm and R m encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di! erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg. The notation (ij ) on the
sums in (6) indicates a pair of unordered indicesi, j =
1, . . . , m. We use a bar to indicate that the collinear
limits of the emissions are subtracted (see e.g. [21]), i.e.

W
k
ij =

ni ánj

ni ánk nj ánk
"

! (nk " ni )
ni ánk

"
! (nk " nj )

nj ánk
. (9)

The angular ! -distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded inR c
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all Þnal-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1 , 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases inV G , also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two Þnal-state legs or two initial-
state legs. Using color conservation,

! m
i =1 H m T a

i = 0,
the phase terms can be rewritten in the form of V G ,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di! erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o! two collinear partons has the same e! ect as a
single soft emission o! the parent parton, implies that

H m ! c ! = H m ! ! c , (10)

where we have deÞned! c =
! 2

i =1 (R c
i + V c

i ) and H m ! #
H m (R m + Vm ). Next, the cyclicity of the trace ensures
that

$H m ! c %1&= 0 ,
"
H m V G %1

#
= 0 .

(11)

The Þrst of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

$H m (R c
i + V c

i ) %1& ' $ T a
i H m T a

i " Ci H m &= 0 .
(12)

The three properties hold for an arbitrary hard function
H m , which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of ! c, ! and V G , only the Þrst of which
gives rise to double logarithms. In the absence ofV G ,
we could use relation (10) to move all occurrences of! c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence ofV G this can still be
done for all Þnal-state partons, and for this reason we did
not include terms with i (= 1 , 2 in the deÞnition of ! c.)
To get the SLLs, we thus need two insertions ofV G . A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of ! in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
"
H 4 (! c)r V G (! c)n ! r V G ! %1

#
, (13)

where 0 ) r ) n. This explains why the SLLs Þrst
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically signiÞcant, even though it only involves the
imaginary part " = | ln(" 1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color tracesCrn with
the associated ordered integrals in (3). Each factor of! c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling #s, setting µ2

h = ös and evaluating
the integrals, we Þnd with L = ln(

*
ös/µ s)

ö$SLL
n =

$ #s

4"

%n +3
L 2n +3 (" 4)n n!

(2n + 3)!

n&

r =0

(2r )!
4r (r !)2 Crn ,

(14)
which makes it explicit that starting from four-loop order
two logarithms per loop arise.
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Figure 1: Action of the operator the real part R m and the virtual piece Vm

of the anomalous dimension on the hard functionH m . The sums run over
all pairs of unordered indicesi, j = 1 . . . m. Due to the emitted gluon (blue),
the product H mR m deÞnes a hard function withm + 1 external legs, while
the virtual correction (red) H m Vm has m legs.
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Figure 2: Action of the imaginary part VI (red dotted line) and the collinear
real-emission pieceR C on the hard function. After the simpliÞcations dis-
cussed in the text, these parts only involve legs 1 and 2. The real correc-
tions H mR C involve one additional hard gluon (dashed blue line) which is
collinear to one of the incoming legs.

1

FIG. 1. Action of the real-emission operator R m and the
virtual piece V m on a hard function H m . Due to the emitted
gluon (blue), the product H m R m deÞnes a hard function
with ( m + 1) external legs.

where the color indicesa and ÷a refer to the emitted gluon.
We use the symbol! to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with! ÷aa .
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with ( " if b÷aa ).

The operators Vm and R m encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di! erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg. The notation (ij ) on the
sums in (6) indicates a pair of unordered indicesi, j =
1, . . . , m. We use a bar to indicate that the collinear
limits of the emissions are subtracted (see e.g. [21]), i.e.

W
k
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ni ánj

ni ánk nj ánk
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! (nk " ni )
ni ánk
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! (nk " nj )

nj ánk
. (9)

The angular ! -distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded inR c
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all Þnal-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1 , 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases inV G , also referred to as
Coulomb phases [2]. These arise whenever soft partons
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the phase terms can be rewritten in the form of V G ,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di! erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o! two collinear partons has the same e! ect as a
single soft emission o! the parent parton, implies that

H m ! c ! = H m ! ! c , (10)

where we have deÞned! c =
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H m (R m + Vm ). Next, the cyclicity of the trace ensures
that
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The Þrst of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because
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i ) %1& ' $ T a
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i " Ci H m &= 0 .
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The three properties hold for an arbitrary hard function
H m , which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of ! c, ! and V G , only the Þrst of which
gives rise to double logarithms. In the absence ofV G ,
we could use relation (10) to move all occurrences of! c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence ofV G this can still be
done for all Þnal-state partons, and for this reason we did
not include terms with i (= 1 , 2 in the deÞnition of ! c.)
To get the SLLs, we thus need two insertions ofV G . A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of ! in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
"
H 4 (! c)r V G (! c)n ! r V G ! %1

#
, (13)

where 0 ) r ) n. This explains why the SLLs Þrst
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically signiÞcant, even though it only involves the
imaginary part " = | ln(" 1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color tracesCrn with
the associated ordered integrals in (3). Each factor of! c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling #s, setting µ2

h = ös and evaluating
the integrals, we Þnd with L = ln(
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which makes it explicit that starting from four-loop order
two logarithms per loop arise.
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Detailed structure of the anomalous-dimension coefficients


▸ virtual and real contributions contain collinear singularities, which 
must be regularized and subtracted:


▸ with:
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1 Preliminaries

We use the notations introduced in our letter [1], where we have shown that the Ògap between
jetsÓ cross section for a 2! M hard process satisÞes the factorization formula [2]

! 2! M (Q, Q0) =
!

a1,a2= q,øq,g

"
dx1dx2

"!

m=2+ M

#
H m({ n} , Q, µ) " W m({ n} , Q0, x1, x2, µ)

$
. (1)

The hard functionsH m describe all possiblem-parton processesa1 + a2 ! a3 + á á á+ am and
are obtained after imposing appropriate kinematic constraints, such as cuts on the transverse
momenta and rapidities of the leading jets. One then integrates over the phase space but for
Þxed directions{ n} = { n1, . . . , nm} of the m partons. The color sum, indicated by#. . . $ in
(1), is performed after the hard functions are combined with the functionsW m, which encode
the soft and collinear low-energy dynamics. Both quantities depend on the directions{ n} of
the hard partons, and after combining them the integrals over these directions are performed,
as indicated by the symbol" .

In [1] we have deÞned the basis color traces as

Crn =
#
H 2+ M (! c)r V G (! c)n# r V G ! " 1

$
, (2)

where 0% r % n, and the hard functions are normalized such that#H 2+ M $= 1. The insertions
of color operators should be read from left to right. They account for the evolution of the
hard functions from the hard scaleµh & Q to the soft scaleµs & Q0 The relevant anomalous
dimensions are given by

! c =
!

i =1 ,2

%
4Ci 1 ' 4Ti,L ( Ti,R " (nk ' ni )

&
,

V G = ' 8i# (T1,L áT2,L ' T1,R áT2,R) ,

! = 2
!

(ij )

(Ti,L áTj,L + Ti,R áTj,R )
"

d! (nk)
4#

W
k
ij ' 4

!

(ij )

Ti,L ( Tj,R W
k0

ij " in (nk0 ) .

(3)

The labels i = 1, 2 refer to the initial-state partons, while the labelk0 refers to the parton
emitted in the last step of the evolution. The additionalp % n collinear gluons, which can be
emitted from the n insertions of ! c, are labeled by indicesk1, . . . , kp (reading the insertions
of ! c from right to left). Physically, the operator ! c accounts for virtual corrections on or
collinear emissions o# one of the initial-state partons. These are the terms which give rise
to double-logarithmic corrections to the cross section. The operator! , on the other hand,
accounts for virtual corrections or collinear emissions connecting a pair of di#erent partons
with indices i )= j . Here, the symbol (ij ) on the sums runs over all (unordered) pairs of parton

1
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Comments on notation


▸ color generators TL,i act on the amplitude (multiply hard functions 
from the left)


▸ color generators TR,i act on the complex conjugate amplitude 
(multiply hard functions from the right)


▸ real-emission terms take an amplitude with m partons and turn it 
into an amplitude with (m+1) partons:


where  are color indices of the emitted gluon (symbol  indicates 
the additional color space of the new parton)

a, ã ∘
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TL,i
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where Etot and !ptot are the total energy and momentum
of the Þnal-state particles in the partonic center-of-mass
frame. Note that the amplitude is squared in the sense of
a density matrix. We use the color-space formalism [14],
and the color indices of the amplitude |M m ({ p} )! and
its conjugate are not contracted. The color sum, indi-
cated by ". . . ! in (1), is performed after the hard function
is combined with the function W m , which encodes the
soft and collinear low-energy dynamics. Both quantities
depend on the directions{ n} of the hard partons, and
after combining them the integrals over these directions
are performed, as indicated by the symbol# .

The function ! hard enforces the constraints on the hard
jets and ensures that no hard radiation enters the veto
region. For the validity of formula (1) it is important
that these constraints are compatible with factorization.
The low-energy matrix elementsW m consist of squared
matrix elements of m soft Wilson lines for the incoming
and outgoing partons together with two collinear Þelds
for the incoming particles. They need to be evaluated in
SCET with Glauber gluons [16], which can mediate non-
trivial interactions between soft and collinear partons.
The functions W m contain rapidity logarithms, which in-
duce a logarithmic dependence on the scale ratio

$
ös/Q 0

[17, 18]. It would be interesting to analyze the structure
of these matrix elements in more detail in future work.
Here we just note that the additional dependence on the
hard scale is single logarithmic, while we focus on the
leading double-logarithmic corrections in this Letter.

To obtain the leading double logarithms, we solve the
RG equation for the hard function iteratively and evolve
it from the hard scale µh %

$
ös to the low scaleµs % Q0.

As the starting point of the evolution we use the lowest-
order (Born level) hard function, which for a two-jet cross
section involves four partons. We thus evaluate

H 4(µh ) U (µh , µs) = H 4(µh ) P exp
! " µ h

µ s

dµ
µ

! H (µ)
#

= H 4(µh ) +
" µ h

µ s

dµ
µ

H 4(µh ) ! H (µ) (3)

+
" µ h

µ s

dµ
µ

" µ h

µ

dµ!

µ! H 4(µh ) ! H (µ!) ! H (µ) + . . . .

Below, we will identify the SLLs that arise in the prod-
ucts of anomalous dimensions and solve a recursion re-
lation for them. As a Þnal step, we compute the cross
section in (1) using the lowest-order expression forW m

at the low scaleµs % Q0. At this order the soft Wilson
lines are trivial and the collinear matrix elements reduce
to the usual parton distribution functions, i.e.

W m ({ n} , Q0, x1, x2, µs) = f a1 (x1) f a2 (x2) 1 . (4)

The one-loop anomalous dimension matrix in (3) can
be split into two parts: ! H = " C 1 + ! S . The Þrst
part concerns the purely collinear singularities and is

present also for inclusive cross sections. It is given by
the usual DGLAP kernels and involves a convolution over
the momentum fractions of the incoming partons. The
second part, ! S , contains soft as well as soft + collinear
terms. This part is absent for inclusive cross sections,
but present in our case because of the restrictions on
hard radiation in the veto region. The soft + collinear
piece generates the SLLs. The soft part of the anoma-
lous dimension takes the form [8, 9]

! S =
" s

4#

$

%
%
%
%
%
&

V4 R 4 0 0 á á á
0 V5 R 5 0 á á á
0 0 V6 R 6 á á á
0 0 0 V7 á á á
...

...
...

...
. . .

'

(
(
(
(
(
)

+ . . . . (5)

The virtual contributions Vm leave the number of par-
tons unchanged, while the real-emission operatorsR m

add one extra parton to a given hard function.
Due to the correspondence between UV and IR sin-

gularities [19], the anomalous dimension! S can be ex-
tracted by considering soft limits of hard-scattering am-
plitudes [9, 13]. For the present discussion, it is useful to
write it in the form [20]

Vm = Vm + V G +
*

i =1 ,2

V c
i ln

µ2

ös
,

R m = R m +
*

i =1 ,2

R c
i ln

µ2

ös
,

(6)

with

Vm = 2
*

( ij )

+
Ti,L áTj,L + Ti,R áTj,R

, "
d# (nk )

4#
W

k
ij ,

V c
i = 4 Ci 1 ,

V G = &8i#
+
T1,L áT2,L & T1,R áT2,R

,
, (7)

R m = &4
*

( ij )

Ti,L ' Tj,R W
m +1
ij ! hard (nm +1 ) ,

R c
i = &4Ti,L ' Ti,R $(nk & ni ) .

Before discussing the di$erent parts in detail, let us ex-
plain how they act on a generic hard functionH m . The
color generators Ti,L act on the amplitude and hence
multiply H m from the left, while the generatorsTj,R act
on the conjugate amplitude and stand on the right of
H m . The color matrices in the virtual part act on the
color indices of them partons, Ti áTj =

-
a T a

i T a
j , and

Ti áTi = Ci 1 is the quadratic Casimir operator of parton
i . This is the usual color-space notation. The color ma-
trices in the real-emission termsR m are di$erent. They
take an amplitude with m partons and associated color
indices and map it to an amplitude with ( m +1) partons,
see Figure 1. Explicitly, we have

H m Ti,L ' Tj,R = T a
i H m T ÷a

j , (8)
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Detailed structure of the anomalous-dimension coefficients


▸ virtual and real contributions contain collinear singularities, which 
must be regularized and subtracted:


▸ with:
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where Etot and !ptot are the total energy and momentum
of the Þnal-state particles in the partonic center-of-mass
frame. Note that the amplitude is squared in the sense of
a density matrix. We use the color-space formalism [14],
and the color indices of the amplitude |M m ({ p} )! and
its conjugate are not contracted. The color sum, indi-
cated by ". . . ! in (1), is performed after the hard function
is combined with the function W m , which encodes the
soft and collinear low-energy dynamics. Both quantities
depend on the directions{ n} of the hard partons, and
after combining them the integrals over these directions
are performed, as indicated by the symbol# .

The function ! hard enforces the constraints on the hard
jets and ensures that no hard radiation enters the veto
region. For the validity of formula (1) it is important
that these constraints are compatible with factorization.
The low-energy matrix elementsW m consist of squared
matrix elements of m soft Wilson lines for the incoming
and outgoing partons together with two collinear Þelds
for the incoming particles. They need to be evaluated in
SCET with Glauber gluons [16], which can mediate non-
trivial interactions between soft and collinear partons.
The functions W m contain rapidity logarithms, which in-
duce a logarithmic dependence on the scale ratio

$
ös/Q 0

[17, 18]. It would be interesting to analyze the structure
of these matrix elements in more detail in future work.
Here we just note that the additional dependence on the
hard scale is single logarithmic, while we focus on the
leading double-logarithmic corrections in this Letter.

To obtain the leading double logarithms, we solve the
RG equation for the hard function iteratively and evolve
it from the hard scale µh %

$
ös to the low scaleµs % Q0.

As the starting point of the evolution we use the lowest-
order (Born level) hard function, which for a two-jet cross
section involves four partons. We thus evaluate
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Below, we will identify the SLLs that arise in the prod-
ucts of anomalous dimensions and solve a recursion re-
lation for them. As a Þnal step, we compute the cross
section in (1) using the lowest-order expression forW m

at the low scaleµs % Q0. At this order the soft Wilson
lines are trivial and the collinear matrix elements reduce
to the usual parton distribution functions, i.e.

W m ({ n} , Q0, x1, x2, µs) = f a1 (x1) f a2 (x2) 1 . (4)

The one-loop anomalous dimension matrix in (3) can
be split into two parts: ! H = " C 1 + ! S . The Þrst
part concerns the purely collinear singularities and is

present also for inclusive cross sections. It is given by
the usual DGLAP kernels and involves a convolution over
the momentum fractions of the incoming partons. The
second part, ! S , contains soft as well as soft + collinear
terms. This part is absent for inclusive cross sections,
but present in our case because of the restrictions on
hard radiation in the veto region. The soft + collinear
piece generates the SLLs. The soft part of the anoma-
lous dimension takes the form [8, 9]
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The virtual contributions Vm leave the number of par-
tons unchanged, while the real-emission operatorsR m

add one extra parton to a given hard function.
Due to the correspondence between UV and IR sin-

gularities [19], the anomalous dimension! S can be ex-
tracted by considering soft limits of hard-scattering am-
plitudes [9, 13]. For the present discussion, it is useful to
write it in the form [20]
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Before discussing the di$erent parts in detail, let us ex-
plain how they act on a generic hard functionH m . The
color generators Ti,L act on the amplitude and hence
multiply H m from the left, while the generatorsTj,R act
on the conjugate amplitude and stand on the right of
H m . The color matrices in the virtual part act on the
color indices of them partons, Ti áTj =

-
a T a

i T a
j , and

Ti áTi = Ci 1 is the quadratic Casimir operator of par-
ton i . This is the usual color-space notation. The color
matrices in the real-emission termsR m act di$erently.
They take an amplitude with m partons and associated
color indices and map it to an amplitude with (m + 1)
partons, see Figure 1. Explicitly, we have

H m Ti,L ' Tj,R = T a
i H m T ÷a

j , (8)
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1 Preliminaries

We use the notations introduced in our letter [1], where we have shown that the Ògap between
jetsÓ cross section for a 2! M hard process satisÞes the factorization formula [2]

! 2! M (Q, Q0) =
!

a1,a2= q,øq,g

"
dx1dx2

"!

m=2+ M

#
H m({ n} , Q, µ) " W m({ n} , Q0, x1, x2, µ)

$
. (1)

The hard functionsH m describe all possiblem-parton processesa1 + a2 ! a3 + á á á+ am and
are obtained after imposing appropriate kinematic constraints, such as cuts on the transverse
momenta and rapidities of the leading jets. One then integrates over the phase space but for
Þxed directions{ n} = { n1, . . . , nm} of the m partons. The color sum, indicated by#. . . $ in
(1), is performed after the hard functions are combined with the functionsW m, which encode
the soft and collinear low-energy dynamics. Both quantities depend on the directions{ n} of
the hard partons, and after combining them the integrals over these directions are performed,
as indicated by the symbol" .

In [1] we have deÞned the basis color traces as

Crn =
#
H 2+ M (! c)r V G (! c)n# r V G ! " 1

$
, (2)

where 0% r % n, and the hard functions are normalized such that#H 2+ M $= 1. The insertions
of color operators should be read from left to right. They account for the evolution of the
hard functions from the hard scaleµh & Q to the soft scaleµs & Q0 The relevant anomalous
dimensions are given by

! c =
!

i =1 ,2

%
4Ci 1 ' 4Ti,L ( Ti,R " (nk ' ni )

&
,

V G = ' 8i# (T1,L áT2,L ' T1,R áT2,R) ,
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"

d! (nk)
4#

W
k
ij ' 4

!

(ij )

Ti,L ( Tj,R W
k0

ij " in (nk0 ) .

(3)

The labels i = 1, 2 refer to the initial-state partons, while the labelk0 refers to the parton
emitted in the last step of the evolution. The additionalp % n collinear gluons, which can be
emitted from the n insertions of ! c, are labeled by indicesk1, . . . , kp (reading the insertions
of ! c from right to left). Physically, the operator ! c accounts for virtual corrections on or
collinear emissions o# one of the initial-state partons. These are the terms which give rise
to double-logarithmic corrections to the cross section. The operator! , on the other hand,
accounts for virtual corrections or collinear emissions connecting a pair of di#erent partons
with indices i )= j . Here, the symbol (ij ) on the sums runs over all (unordered) pairs of parton
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Detailed structure of the anomalous-dimension coefficients


▸ virtual and real contributions contain collinear singularities, which 
must be regularized and subtracted:


▸ with:
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subtracted dipole:

These generate additional contributions to the anomalous dimension matrix
(3.2).]

Let us note that both R m and Vm su! er from collinear divergences. Fore+ e! observ-
ables analyzed in [2] these singularities cancel when the anomalous dimension matrix acts
on the soft functions and it was thus possible to work with the expressions (3.2) despite the
presence of these divergence in the individual expressions. Since the collinear divergences
cancel, the leading logarithms to processes such as the wide-angle cross section are! n

s L n .
The discovery made in [3, 4] was that in the presence of nontrivial phase factors, this
cancellation gets spoiled, which leads to additional collinear logarithms which they called
super-leading. The leading super-leading logarithmic correction was found to be suppressed
by ! 4

sL 5 compared to the tree-level processqq! qq studied in these papers.
To analyze this situation, we should extract the collinear divergences and work with a

form of the anomalous dimension which is well-deÞned even when partons become collinear.
To do so, consider the phase-space integral

÷µ2!
! Q

0
dEE ! 1! 2!

!
dd! 1" kW k

ij f (nk) . (4.1)

The dipole is
W k

ij =
ni ánj

ni ánk nj ánk
(4.2)

and we analyze the action of the integral on a test functionf (nk). The energy integral in
(4.1) has a soft divergence, which from which we extracted the anomalous dimension (3.2)
for the case when there are no collinear divergences. We now analyze the case where these
are present.

To extract the collinear singularities which arise for nk ! ni and nk ! nj , we rewrite
the dipole in the form

W k
ij f (nk) = W

k
ij f (nk) +

1
ni ánk

f (ni ) +
1

nj ánk
f (nj ) . (4.3)

The subtracted dipole distribution W
k
ij is free from collinear divergences. The subtraction

terms can easily be evaluated
!

dd! 1" k

4"
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= "

1
2#

(e" E " )! ! + O(#) (4.4)

and the collinear divergence is now manifest. To obtain the associated anomalous dimen-
sion, one combines the energy and angle integral and then reads o! the coe# cients of the
1/ # divergence. To be able to write the anomalous dimension without test functions, we
introduce, with a slight abuse of notation, an angular $-distribution as

!
dd! 1" k

4"
$(nk " ni )f (nk) = f (ni ) . (4.5)

This yields the following expression for the anomalous dimension which now involves
only Þnite angular integrals
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where Etot and !ptot are the total energy and momentum
of the Þnal-state particles in the partonic center-of-mass
frame. Note that the amplitude is squared in the sense of
a density matrix. We use the color-space formalism [14],
and the color indices of the amplitude |M m ({ p} )! and
its conjugate are not contracted. The color sum, indi-
cated by ". . . ! in (1), is performed after the hard function
is combined with the function W m , which encodes the
soft and collinear low-energy dynamics. Both quantities
depend on the directions{ n} of the hard partons, and
after combining them the integrals over these directions
are performed, as indicated by the symbol# .

The function ! hard enforces the constraints on the hard
jets and ensures that no hard radiation enters the veto
region. For the validity of formula (1) it is important
that these constraints are compatible with factorization.
The low-energy matrix elementsW m consist of squared
matrix elements of m soft Wilson lines for the incoming
and outgoing partons together with two collinear Þelds
for the incoming particles. They need to be evaluated in
SCET with Glauber gluons [16], which can mediate non-
trivial interactions between soft and collinear partons.
The functions W m contain rapidity logarithms, which in-
duce a logarithmic dependence on the scale ratio
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[17, 18]. It would be interesting to analyze the structure
of these matrix elements in more detail in future work.
Here we just note that the additional dependence on the
hard scale is single logarithmic, while we focus on the
leading double-logarithmic corrections in this Letter.

To obtain the leading double logarithms, we solve the
RG equation for the hard function iteratively and evolve
it from the hard scale µh %

$
ös to the low scaleµs % Q0.

As the starting point of the evolution we use the lowest-
order (Born level) hard function, which for a two-jet cross
section involves four partons. We thus evaluate
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Below, we will identify the SLLs that arise in the prod-
ucts of anomalous dimensions and solve a recursion re-
lation for them. As a Þnal step, we compute the cross
section in (1) using the lowest-order expression forW m

at the low scaleµs % Q0. At this order the soft Wilson
lines are trivial and the collinear matrix elements reduce
to the usual parton distribution functions, i.e.

W m ({ n} , Q0, x1, x2, µs) = f a1 (x1) f a2 (x2) 1 . (4)

The one-loop anomalous dimension matrix in (3) can
be split into two parts: ! H = " C 1 + ! S . The Þrst
part concerns the purely collinear singularities and is

present also for inclusive cross sections. It is given by
the usual DGLAP kernels and involves a convolution over
the momentum fractions of the incoming partons. The
second part, ! S , contains soft as well as soft + collinear
terms. This part is absent for inclusive cross sections,
but present in our case because of the restrictions on
hard radiation in the veto region. The soft + collinear
piece generates the SLLs. The soft part of the anoma-
lous dimension takes the form [8, 9]
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The virtual contributions Vm leave the number of par-
tons unchanged, while the real-emission operatorsR m

add one extra parton to a given hard function.
Due to the correspondence between UV and IR sin-

gularities [19], the anomalous dimension! S can be ex-
tracted by considering soft limits of hard-scattering am-
plitudes [9, 13]. For the present discussion, it is useful to
write it in the form [20]
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Before discussing the di$erent parts in detail, let us ex-
plain how they act on a generic hard functionH m . The
color generators Ti,L act on the amplitude and hence
multiply H m from the left, while the generatorsTj,R act
on the conjugate amplitude and stand on the right of
H m . The color matrices in the virtual part act on the
color indices of them partons, Ti áTj =

-
a T a

i T a
j , and

Ti áTi = Ci 1 is the quadratic Casimir operator of par-
ton i . This is the usual color-space notation. The color
matrices in the real-emission termsR m act di$erently.
They take an amplitude with m partons and associated
color indices and map it to an amplitude with (m + 1)
partons, see Figure 1. Explicitly, we have

H m Ti,L ' Tj,R = T a
i H m T ÷a

j , (8)
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where Etot and !ptot are the total energy and momentum
of the Þnal-state particles in the partonic center-of-mass
frame. Note that the amplitude is squared in the sense of
a density matrix. We use the color-space formalism [14],
and the color indices of the amplitude |M m ({ p} )! and
its conjugate are not contracted. The color sum, indi-
cated by ". . . ! in (1), is performed after the hard function
is combined with the function W m , which encodes the
soft and collinear low-energy dynamics. Both quantities
depend on the directions{ n} of the hard partons, and
after combining them the integrals over these directions
are performed, as indicated by the symbol# .

The function ! hard enforces the constraints on the hard
jets and ensures that no hard radiation enters the veto
region. For the validity of formula (1) it is important
that these constraints are compatible with factorization.
The low-energy matrix elementsW m consist of squared
matrix elements of m soft Wilson lines for the incoming
and outgoing partons together with two collinear Þelds
for the incoming particles. They need to be evaluated in
SCET with Glauber gluons [16], which can mediate non-
trivial interactions between soft and collinear partons.
The functions W m contain rapidity logarithms, which in-
duce a logarithmic dependence on the scale ratio

$
ös/Q 0

[17, 18]. It would be interesting to analyze the structure
of these matrix elements in more detail in future work.
Here we just note that the additional dependence on the
hard scale is single logarithmic, while we focus on the
leading double-logarithmic corrections in this Letter.

To obtain the leading double logarithms, we solve the
RG equation for the hard function iteratively and evolve
it from the hard scale µh %

$
ös to the low scaleµs % Q0.
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to the usual parton distribution functions, i.e.

W m ({ n} , Q0, x1, x2, µs) = f a1 (x1) f a2 (x2) 1 . (4)

The one-loop anomalous dimension matrix in (3) can
be split into two parts: ! H = " C 1 + ! S . The Þrst
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plain how they act on a generic hard functionH m . The
color generators Ti,L act on the amplitude and hence
multiply H m from the left, while the generatorsTj,R act
on the conjugate amplitude and stand on the right of
H m . The color matrices in the virtual part act on the
color indices of them partons, Ti áTj =

-
a T a

i T a
j , and

Ti áTi = Ci 1 is the quadratic Casimir operator of par-
ton i . This is the usual color-space notation. The color
matrices in the real-emission termsR m act di$erently.
They take an amplitude with m partons and associated
color indices and map it to an amplitude with (m + 1)
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1 Preliminaries

We use the notations introduced in our letter [1], where we have shown that the Ògap between
jetsÓ cross section for a 2! M hard process satisÞes the factorization formula [2]

! 2! M (Q, Q0) =
!

a1,a2= q,øq,g

"
dx1dx2

"!

m=2+ M

#
H m({ n} , Q, µ) " W m({ n} , Q0, x1, x2, µ)

$
. (1)

The hard functionsH m describe all possiblem-parton processesa1 + a2 ! a3 + á á á+ am and
are obtained after imposing appropriate kinematic constraints, such as cuts on the transverse
momenta and rapidities of the leading jets. One then integrates over the phase space but for
Þxed directions{ n} = { n1, . . . , nm} of the m partons. The color sum, indicated by#. . . $ in
(1), is performed after the hard functions are combined with the functionsW m, which encode
the soft and collinear low-energy dynamics. Both quantities depend on the directions{ n} of
the hard partons, and after combining them the integrals over these directions are performed,
as indicated by the symbol" .

In [1] we have deÞned the basis color traces as

Crn =
#
H 2+ M (! c)r V G (! c)n# r V G ! " 1

$
, (2)

where 0% r % n, and the hard functions are normalized such that#H 2+ M $= 1. The insertions
of color operators should be read from left to right. They account for the evolution of the
hard functions from the hard scaleµh & Q to the soft scaleµs & Q0 The relevant anomalous
dimensions are given by

! c =
!

i =1 ,2

%
4Ci 1 ' 4Ti,L ( Ti,R " (nk ' ni )

&
,

V G = ' 8i# (T1,L áT2,L ' T1,R áT2,R) ,

! = 2
!

(ij )

(Ti,L áTj,L + Ti,R áTj,R )
"

d! (nk)
4#

W
k
ij ' 4

!

(ij )

Ti,L ( Tj,R W
k0

ij " in (nk0 ) .

(3)

The labels i = 1, 2 refer to the initial-state partons, while the labelk0 refers to the parton
emitted in the last step of the evolution. The additionalp % n collinear gluons, which can be
emitted from the n insertions of ! c, are labeled by indicesk1, . . . , kp (reading the insertions
of ! c from right to left). Physically, the operator ! c accounts for virtual corrections on or
collinear emissions o# one of the initial-state partons. These are the terms which give rise
to double-logarithmic corrections to the cross section. The operator! , on the other hand,
accounts for virtual corrections or collinear emissions connecting a pair of di#erent partons
with indices i )= j . Here, the symbol (ij ) on the sums runs over all (unordered) pairs of parton

1
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SLLs arise from the terms in                                                        with the 

highest number of insertions of Γc


▸ three properties simplify the calculation:


▸ color coherence in absence of Glauber phases (sum of soft emissions 
off collinear partons has same effect as soft emission of parent parton):


▸ collinear safety (singularities from real and virtual emission cancel):


▸ cyclicity of the trace:
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Jet cross sections at high-energy colliders exhibit intricate patterns of logarithmically enhanced
higher-order corrections. In particular, so-called non-global logarithms emerge from soft radiation
emitted o! energetic partons inside jets. While this is a single-logarithmic e ! ect at lepton colliders,
at hadron colliders phase factors in the amplitudes lead to double-logarithmic corrections starting
at four-loop order. This e ! ect was discovered a long time ago, but not much is known about the
higher-order behavior of these terms and their process dependence. We derive, for the Þrst time,
the all-order structure of these Òsuper-leading logarithmsÓ for generic 2! l scattering processes at
hadron colliders and resum them in closed form.
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Figure 1: Action of the operator the real part R m and the virtual piece Vm

of the anomalous dimension on the hard functionH m . The sums run over
all pairs of unordered indicesi, j = 1 . . . m. Due to the emitted gluon (blue),
the product H mR m deÞnes a hard function withm + 1 external legs, while
the virtual correction (red) H m Vm has m legs.
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Figure 2: Action of the imaginary part VI (red dotted line) and the collinear
real-emission pieceR C on the hard function. After the simpliÞcations dis-
cussed in the text, these parts only involve legs 1 and 2. The real correc-
tions H mR C involve one additional hard gluon (dashed blue line) which is
collinear to one of the incoming legs.
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FIG. 1. Action of the real-emission operator R m and the
virtual piece V m on a hard function H m . Due to the emitted
gluon (blue), the product H m R m deÞnes a hard function
with ( m + 1) external legs.

where the color indicesa and ÷a refer to the emitted gluon.
We use the symbol! to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with! ÷aa .
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with ( " if b÷aa ).

The operators Vm and R m encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di! erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij ) on
the sums in (6) indicates a pair of unordered indices
i, j = 1 , . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.

W
k
ij =

ni ánj

ni ánk nj ánk
"

! (nk " ni )
ni ánk

"
! (nk " nj )

nj ánk
. (9)

The angular ! -distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded inR c
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all Þnal-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1 , 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases inV G , also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two Þnal-state legs or two initial-
state legs. Using color conservation,

! m
i =1 H m T a

i = 0,
the phase terms can be rewritten in the form of V G ,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di! erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o! two collinear partons has the same e! ect as a
single soft emission o! the parent parton, implies that

H m ! c ! = H m ! ! c , (10)

where we have deÞned! c =
! 2

i =1 (R c
i + V c

i ) and H m ! #
H m (R m + Vm ). Next, the cyclicity of the trace ensures
that

$H m ! c %1&= 0 ,
"
H m V G %1

#
= 0 .

(11)

The Þrst of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

$H m (R c
i + V c

i ) %1& ' $ T a
i H m T a

i " Ci H m &= 0 .
(12)

The three properties hold for an arbitrary hard function
H m , which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of ! c, ! and V G , only the Þrst of which
gives rise to double logarithms. In the absence ofV G ,
we could use relation (10) to move all occurrences of! c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence ofV G this can still be
done for all Þnal-state partons, and for this reason we did
not include terms with i (= 1 , 2 in the deÞnition of ! c.)
To get the SLLs, we thus need two insertions ofV G . A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of ! in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
"
H 4 (! c)r V G (! c)n ! r V G ! %1

#
, (13)

where 0 ) r ) n. This explains why the SLLs Þrst
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically signiÞcant, even though it only involves the
imaginary part " = | ln(" 1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color tracesCrn with
the associated ordered integrals in (3). Each factor of! c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling #s, setting µ2

h = ös and evaluating
the integrals, we Þnd with L = ln(

*
ös/µ s)

ö$SLL
n =

$ #s

4"

%n +3
L 2n +3 (" 4)n n!

(2n + 3)!

n&

r =0

(2r )!
4r (r !)2 Crn ,

(14)
which makes it explicit that starting from four-loop order
two logarithms per loop arise.
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where the color indicesa and ÷a refer to the emitted gluon.
We use the symbol! to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with! ÷aa .
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with ( " if b÷aa ).

The operators Vm and R m encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di! erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij ) on
the sums in (6) indicates a pair of unordered indices
i, j = 1 , . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.
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The angular ! -distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded inR c
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all Þnal-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1 , 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases inV G , also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two Þnal-state legs or two initial-
state legs. Using color conservation,

! m
i =1 H m T a

i = 0,
the phase terms can be rewritten in the form of V G ,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di! erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o! two collinear partons has the same e! ect as a
single soft emission o! the parent parton, implies that

H m ! c ! = H m ! ! c , (10)

where we have deÞned! c =
! 2

i =1 (R c
i + V c

i ) and H m ! #
H m (R m + Vm ). Next, the cyclicity of the trace ensures
that

$H m ! c %1&= 0 ,
"
H m V G %1

#
= 0 .

(11)

The Þrst of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

$H m (R c
i + V c

i ) %1& ' $ T a
i H m T a

i " Ci H m &= 0 .
(12)

The three properties hold for an arbitrary hard function
H m , which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of ! c, ! and V G , only the Þrst of which
gives rise to double logarithms. In the absence ofV G ,
we could use relation (10) to move all occurrences of! c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence ofV G this can still be
done for all Þnal-state partons, and for this reason we did
not include terms with i (= 1 , 2 in the deÞnition of ! c.)
To get the SLLs, we thus need two insertions ofV G . A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of ! in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
"
H 4 (! c)r V G (! c)n ! r V G ! %1

#
, (13)

where 0 ) r ) n. This explains why the SLLs Þrst
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically signiÞcant, even though it only involves the
imaginary part " = | ln(" 1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color tracesCrn with
the associated ordered integrals in (3). Each factor of! c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling #s, setting µ2

h = ös and evaluating
the integrals, we Þnd with L = ln(
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which makes it explicit that starting from four-loop order
two logarithms per loop arise.
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of the anomalous dimension on the hard functionH m . The sums run over
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Figure 2: Action of the imaginary part VI (red dotted line) and the collinear
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cussed in the text, these parts only involve legs 1 and 2. The real correc-
tions H mR C involve one additional hard gluon (dashed blue line) which is
collinear to one of the incoming legs.
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FIG. 1. Action of the real-emission operator R m and the
virtual piece V m on a hard function H m . Due to the emitted
gluon (blue), the product H m R m deÞnes a hard function
with ( m + 1) external legs.

where the color indicesa and ÷a refer to the emitted gluon.
We use the symbol! to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with! ÷aa .
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with ( " if b÷aa ).

The operators Vm and R m encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di! erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij ) on
the sums in (6) indicates a pair of unordered indices
i, j = 1 , . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.
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. (9)

The angular ! -distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded inR c
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all Þnal-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1 , 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases inV G , also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two Þnal-state legs or two initial-
state legs. Using color conservation,

! m
i =1 H m T a

i = 0,
the phase terms can be rewritten in the form of V G ,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di! erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o! two collinear partons has the same e! ect as a
single soft emission o! the parent parton, implies that

H m ! c ! = H m ! ! c , (10)

where we have deÞned! c =
! 2

i =1 (R c
i + V c

i ) and H m ! #
H m (R m + Vm ). Next, the cyclicity of the trace ensures
that

$H m ! c %1&= 0 ,
"
H m V G %1

#
= 0 .

(11)

The Þrst of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

$H m (R c
i + V c

i ) %1& ' $ T a
i H m T a

i " Ci H m &= 0 .
(12)

The three properties hold for an arbitrary hard function
H m , which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of ! c, ! and V G , only the Þrst of which
gives rise to double logarithms. In the absence ofV G ,
we could use relation (10) to move all occurrences of! c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence ofV G this can still be
done for all Þnal-state partons, and for this reason we did
not include terms with i (= 1 , 2 in the deÞnition of ! c.)
To get the SLLs, we thus need two insertions ofV G . A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of ! in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
"
H 4 (! c)r V G (! c)n ! r V G ! %1

#
, (13)

where 0 ) r ) n. This explains why the SLLs Þrst
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically signiÞcant, even though it only involves the
imaginary part " = | ln(" 1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color tracesCrn with
the associated ordered integrals in (3). Each factor of! c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling #s, setting µ2

h = ös and evaluating
the integrals, we Þnd with L = ln(
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which makes it explicit that starting from four-loop order
two logarithms per loop arise.
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SLLs arise from the terms in                                                        with the 

highest number of insertions of Γc


▸ under the color trace, insertions of Γc are non-zero only if they come 
in conjunction with (at least) two Glauber phases and one Γ


▸ relevant color traces:
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Jet cross sections at high-energy colliders exhibit intricate patterns of logarithmically enhanced
higher-order corrections. In particular, so-called non-global logarithms emerge from soft radiation
emitted o! energetic partons inside jets. While this is a single-logarithmic e ! ect at lepton colliders,
at hadron colliders phase factors in the amplitudes lead to double-logarithmic corrections starting
at four-loop order. This e ! ect was discovered a long time ago, but not much is known about the
higher-order behavior of these terms and their process dependence. We derive, for the Þrst time,
the all-order structure of these Òsuper-leading logarithmsÓ for generic 2! l scattering processes at
hadron colliders and resum them in closed form.
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Figure 1: Action of the operator the real part R m and the virtual piece Vm

of the anomalous dimension on the hard functionH m . The sums run over
all pairs of unordered indicesi, j = 1 . . . m. Due to the emitted gluon (blue),
the product H mR m deÞnes a hard function withm + 1 external legs, while
the virtual correction (red) H m Vm has m legs.
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Figure 2: Action of the imaginary part VI (red dotted line) and the collinear
real-emission pieceR C on the hard function. After the simpliÞcations dis-
cussed in the text, these parts only involve legs 1 and 2. The real correc-
tions H mR C involve one additional hard gluon (dashed blue line) which is
collinear to one of the incoming legs.
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FIG. 1. Action of the real-emission operator R m and the
virtual piece V m on a hard function H m . Due to the emitted
gluon (blue), the product H m R m deÞnes a hard function
with ( m + 1) external legs.

where the color indicesa and ÷a refer to the emitted gluon.
We use the symbol! to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with! ÷aa .
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with ( " if b÷aa ).

The operators Vm and R m encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di! erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij ) on
the sums in (6) indicates a pair of unordered indices
i, j = 1 , . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.

W
k
ij =

ni ánj

ni ánk nj ánk
"

! (nk " ni )
ni ánk

"
! (nk " nj )

nj ánk
. (9)

The angular ! -distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded inR c
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all Þnal-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1 , 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases inV G , also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two Þnal-state legs or two initial-
state legs. Using color conservation,

! m
i =1 H m T a

i = 0,
the phase terms can be rewritten in the form of V G ,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di! erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o! two collinear partons has the same e! ect as a
single soft emission o! the parent parton, implies that

H m ! c ! = H m ! ! c , (10)

where we have deÞned! c =
! 2

i =1 (R c
i + V c

i ) and H m ! #
H m (R m + Vm ). Next, the cyclicity of the trace ensures
that

$H m ! c %1&= 0 ,
"
H m V G %1

#
= 0 .

(11)

The Þrst of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

$H m (R c
i + V c

i ) %1& ' $ T a
i H m T a

i " Ci H m &= 0 .
(12)

The three properties hold for an arbitrary hard function
H m , which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of ! c, ! and V G , only the Þrst of which
gives rise to double logarithms. In the absence ofV G ,
we could use relation (10) to move all occurrences of! c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence ofV G this can still be
done for all Þnal-state partons, and for this reason we did
not include terms with i (= 1 , 2 in the deÞnition of ! c.)
To get the SLLs, we thus need two insertions ofV G . A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of ! in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
"
H 4 (! c)r V G (! c)n ! r V G ! %1

#
, (13)

where 0 ) r ) n. This explains why the SLLs Þrst
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically signiÞcant, even though it only involves the
imaginary part " = | ln(" 1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color tracesCrn with
the associated ordered integrals in (3). Each factor of! c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling #s, setting µ2

h = ös and evaluating
the integrals, we Þnd with L = ln(
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which makes it explicit that starting from four-loop order
two logarithms per loop arise.
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of the anomalous dimension on the hard functionH m . The sums run over
all pairs of unordered indicesi, j = 1 . . . m. Due to the emitted gluon (blue),
the product H mR m deÞnes a hard function withm + 1 external legs, while
the virtual correction (red) H m Vm has m legs.
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tions H mR C involve one additional hard gluon (dashed blue line) which is
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FIG. 1. Action of the real-emission operator R m and the
virtual piece V m on a hard function H m . Due to the emitted
gluon (blue), the product H m R m deÞnes a hard function
with ( m + 1) external legs.

where the color indicesa and ÷a refer to the emitted gluon.
We use the symbol! to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with! ÷aa .
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with ( " if b÷aa ).

The operators Vm and R m encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di! erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij ) on
the sums in (6) indicates a pair of unordered indices
i, j = 1 , . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.

W
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"
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. (9)

The angular ! -distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded inR c
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all Þnal-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1 , 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases inV G , also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two Þnal-state legs or two initial-
state legs. Using color conservation,

! m
i =1 H m T a

i = 0,
the phase terms can be rewritten in the form of V G ,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di! erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o! two collinear partons has the same e! ect as a
single soft emission o! the parent parton, implies that

H m ! c ! = H m ! ! c , (10)

where we have deÞned! c =
! 2

i =1 (R c
i + V c

i ) and H m ! #
H m (R m + Vm ). Next, the cyclicity of the trace ensures
that

$H m ! c %1&= 0 ,
"
H m V G %1

#
= 0 .

(11)

The Þrst of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

$H m (R c
i + V c

i ) %1& ' $ T a
i H m T a

i " Ci H m &= 0 .
(12)

The three properties hold for an arbitrary hard function
H m , which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of ! c, ! and V G , only the Þrst of which
gives rise to double logarithms. In the absence ofV G ,
we could use relation (10) to move all occurrences of! c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence ofV G this can still be
done for all Þnal-state partons, and for this reason we did
not include terms with i (= 1 , 2 in the deÞnition of ! c.)
To get the SLLs, we thus need two insertions ofV G . A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of ! in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
"
H 4 (! c)r V G (! c)n ! r V G ! %1

#
, (13)

where 0 ) r ) n. This explains why the SLLs Þrst
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically signiÞcant, even though it only involves the
imaginary part " = | ln(" 1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color tracesCrn with
the associated ordered integrals in (3). Each factor of! c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling #s, setting µ2

h = ös and evaluating
the integrals, we Þnd with L = ln(
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which makes it explicit that starting from four-loop order
two logarithms per loop arise.
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Simplifications for (anti-)quark-initiated processes


▸ in the fundamental representation, symmetrized products of color 
generators can be reduced (  for (anti-)quarks):


▸ simple results in terms of three non-trivial color structures:

σi = ± 1

Taking into account the expressions for the coe! cients c(s)
i obtained in (44), we Þnd that the

solutions to these relations are

d(r )
1 = 23r ! 1

!
(Nc + 1) r + ( Nc ! 1)r "

! 2r ! 1
!

(3Nc + 2) r + (3 Nc ! 2)r "
,

d(r )
2 = 23r ! 2Nc

#
(Nc + 1) r

Nc + 2
+

(Nc ! 1)r

Nc ! 2

$
! 2r ! 2Nc

#
(3Nc + 2) r

Nc + 2
+

(3Nc ! 2)r

Nc ! 2

$
,

d(r )
3 = 2 r ! 1Nc

%
(3Nc + 2) r

Nc + 2
+

(3Nc ! 2)r

Nc ! 2
!

(2Nc)
r +1

N 2
c ! 4

&

,

d(r )
4 = 23r ! 1

!
(Nc + 1) r ! (Nc ! 1)r "

! 2r ! 1
!

(3Nc + 2) r ! (3Nc ! 2)r "
,

d(r )
5 = 2 r (C1 + C2)

#
Nc + 2
Nc + 1

(3Nc + 2) r !
Nc ! 2
Nc ! 1

(3Nc ! 2)r !
2N r +1

c

N 2
c ! 1

$

!
2r ! 1Nc

3

!
(Nc + 4) (3Nc + 2) r + ( Nc ! 4) (3Nc ! 2)r ! (2Nc)

r +1 "
,

d(r )
6 = 23r +1 C1C2

!
(Nc + 1) r ! 1 + ( Nc ! 1)r ! 1 "

(1 ! ! r 0)

! 2r +1 C1C2

#
(3Nc + 2) r

Nc + 1
+

(3Nc ! 2)r

Nc ! 1
!

2N r +1
c

N 2
c ! 1

$
.

(53)

Relations (51), (44) and (53) represent our Þnal solution for the color structuresCrn .

2.4 Initial-state partons in the fundamental representation

The general result (51) simpliÞes drastically if particles 1 and 2 both transform in the (anti-
)fundamental representation ofSU(Nc), because we can then use the relation (fori = 1, 2)

{ T a
i , T b

i } =
1

Nc
! ab + " i dabc T c

i , (54)

where" i = 1 for an initial-state anti-quark and " i = ! 1 for an initial-state quark. [ShouldnÕt
this be the other way around?] In this case, the basis operators involving symmetric products
of two or three color generators can be simpliÞed. We obtain

O(j )
1 = ( T1 ! T2) áTj !

Nc

2
(" 1 ! " 2) dabc T a

1 T b
2 T c

j ,

O(j )
2 =

N 2
c ! 4
Nc

(" 1 ! " 2) dabc T a
1 T b

2 T c
j ,

O(j )
3 = !

1
Nc

(T1 ! T2) áTj + ( " 1 ! " 2) dabc T a
1 T b

2 T c
j ,

O(j )
4 = !

N 2
c ! 1
Nc

(T1 ! T2) áTj ,

(55)
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and [Using which identities?]

S1 = !
N 2

c ! 1
Nc

1 !
N 2

c ! 4
2

! 1! 2 T1 áT2 ,

S2 =
!

N 2
c ! 4
Nc

" 2

! 1 ! 2 T1 áT2 ,

S3 =
(N 2

c ! 4)(N 2
c ! 6)

3N 2
c

T1 áT2 ,

S4 =
N 2

c ! 1
N 2

c
1 +

N 2
c ! 4
Nc

! 1! 2 T1 áT2 .

(56)

In deriving these results we have used the trace relation (35) as well asdaab = 0. It follows
that we encounter only the following combinations of coe! cients:

c(r )
1 !

1
Nc

c(r )
3 !

N 2
c ! 1
Nc

c(r )
4 = (2 Nc)

r ,

!
Nc

2
c(r )

1 +
N 2

c ! 4
Nc

c(r )
2 + c(r )

3 = ! 2r ! 1Nc (2Nc)
r ,

! N 2
c ! 1Nc d(r )

1 + N 2
c ! 1N 2

c d(r )
4 + d(r )

6 = 2 CF (1 ! "r 0) (2Nc)
r ,

(N 2
c ! 4)(N 2

c ! 6)
3N 2

c
d(r )

3 + d(r )
5 = 2 (2r ! 1) (2Nc)

r ,

!
N 2

c ! 4
2

d(r )
1 +

!
N 2

c ! 4
Nc

" 2

d(r )
2 + N 2

c ! 4Nc d(r )
4 = 0 ,

(57)

where we have used thatC1 = C2 = CF = ( N 2
c ! 1)/ (2Nc). The master formula then takes

the very simple form [1]

Crn = ! 28! r #2 (4Nc)
n

# M +2$

j =3

Jj
%
H 2" M

&
(T1 ! T2) áTj ! 2r ! 1Nc (! 1 ! ! 2) dabc T a

1 T b
2 T c

j

'(

! 2 (1 ! "r 0) J12
%
H 2" M

&
CF 1 + (2 r ! 1) T1 áT2

'(
)

.

(58)
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Simplifications for (anti-)quark-initiated processes


▸ simple results in terms of three non-trivial color structures:


▸ kinematic information contained in  angular integrals:


▸ reproduces all that is known about SLLs (and much more…)

(M + 1)

T. Becher, M. Neubert, D. Y. Shao: Phys. Rev. Lett. 127 (2021) 212002 

and [Using which identities?]

S1 = !
N 2

c ! 1
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c ! 4
2

! 1! 2 T1 áT2 ,

S2 =
!
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Nc

" 2

! 1 ! 2 T1 áT2 ,
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(N 2

c ! 4)(N 2
c ! 6)

3N 2
c

T1 áT2 ,

S4 =
N 2

c ! 1
N 2
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1 +

N 2
c ! 4
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! 1! 2 T1 áT2 .

(56)

In deriving these results we have used the trace relation (35) as well asdaab = 0. It follows
that we encounter only the following combinations of coe! cients:
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1
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3 !

N 2
c ! 1
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r ,
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2
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r ,
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c ! 4
2
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1 +

!
N 2

c ! 4
Nc

" 2
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2 + N 2

c ! 4Nc d(r )
4 = 0 ,

(57)

where we have used thatC1 = C2 = CF = ( N 2
c ! 1)/ (2Nc). The master formula then takes

the very simple form [1]

Crn = ! 28! r #2 (4Nc)
n

# M +2$

j =3

Jj
%
H 2" M

&
(T1 ! T2) áTj ! 2r ! 1Nc (! 1 ! ! 2) dabc T a

1 T b
2 T c

j

'(

! 2 (1 ! "r 0) J12
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&
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deÞne! = Vm + R m . The collinear singularities in the soft anomalous dimension are encoded in the
quantity

! c =
!

i =1 ,2

4
"
Ci 1 ! Ti,L " Ti,R ! (nm+1 ! ni )

#
, (12)

which enters the anomalous dimension multiplied by ln(µ2/ ös), where
#

ös = Q is the partonic center-
of-mass energy. When inserted into (8) this gives rise to double logarithms, which are the source of the
SLLs. All Þnal-state collinear singularities cancel between real and virtual contributions, and for this
reason only the initial-state pieces (with i = 1 , 2) must be kept. The cancellation for the initial-state
terms is spoiled by the complex Coulomb phases in (3), which are contained in [17]

V G = ! 8i " (T1,L áT2,L ! T1,R áT2,R ) . (13)

Color conservation implies that these phases are only relevant for processes involving (at least) two
colored partons in the initial state. The color generatorsTi,L act on the amplitude and hence multiply
the hard functions H m from the left, while the generators Tj,R act on the conjugate amplitude and
stand on the right of H m . The color matrices in the virtual part act on the color indices of the m
partons, Ti áTj =

$
a T a

i T a
j , and Ti áTi = Ci 1 is the quadratic Casimir operator of parton i . The

color matrices in the real-emission termsR m and in the second term in (12) are di! erent. They take
an amplitude with m partons and map it to an amplitude with ( m + 1) partons. Explicitly, we have
H m Ti,L " Tj,R = T a

i H m T ÷a
j , where the color indicesa and ÷a refer to the emitted gluon. We use the

symbol " to indicate the presence of the additional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act on these indices.

Collinear safely, the fact that the singularities associated with real and virtual collinear emissions
cancel against each other, ensures that under the color trace in (8) the operator! c vanishes whenever
it stands left to the 1. Combined with the fact that the commutator [ ! c, ! ] vanishes under the trace
in (8), this implies that Sudakov double logarithms arise only in the presence of the Coulomb phases
V G. It follows that for a given 2 $ 2 scattering process the SLL at (3 +n)th order in perturbation
theory is associated with color traces of the form

Crn =
%
H 4 (! c)r V G (! c)n! r V G ! %1

&
, (14)

where 0& r & n. Each insertion of ! c gives rise to a double logarithm. This explains why the SLLs
Þrst appear at four-loop order. However, the three-loop term (n = 0) originates from the same color
structures and is numerically signiÞcant, even though it only involves the imaginary part" = | ln( ! 1)|
of the large logarithm. Neglecting the running of the coupling#s, setting µh = Q =

#
ös and µs = Q0,

and evaluating the integrals overµ arising in the Taylor expansion of the matrix exponential in (8),
we Þnd for the contribution of SLLs to the cross section

$SLL = $Born

"!

n=0

' #s

4"

( n+3
L 2n+3 (! 4)n n!

(2n + 3)!

n!

r =0

(2r )!
4r (r !)2 Crn , (15)

where L = ln( Q/Q 0). Starting from four-loop order two large logarithms per loop arise.
For the simplest case of quark-initiated 2$ 2 scattering, we have succeeded to evaluate the color

traces Crn in closed form in terms of only three non-trivial color structures [50]. The result reads

Crn = 2 8! r " 2 (4Nc)
n

) !

j =3 ,4

Jj
%
H 4

"
(T2 ! T1) áTj + 2 r ! 1Nc ($1 ! $2) dabcT a

1 T b
2 T c

j

#&

+ 2 (1 ! ! r 0) J2
%
H 4

"
CF + (2 r ! 1) T1 áT2

#&
*

,

(16)

where $i = 1 for an initial-state antiquark and $i = ! 1 for an initial-state quark. The sum in the
Þrst term runs over the Þnal-state partons. The structureH 4 is normalized such that ' H 4( = 1. All
information about the phase-space restrictions is contained in the angular integrals

Jj =
+

d" (nk)
4"

'
W k

1j ! W k
2j

(
# veto (nk) ; with W k

ij =
ni ánj

ni ánk nj ánk
, (17)
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General result (valid for arbitrary representations)


▸ basis of 10 color structures:
T. Becher, M. Neubert, D. Y. Shao: in preparation 

where
F (6)

abcd = ! f Bbef Cce F (4)
aBCd . (32)

This would seem to generate increasingly complicated tensor structures, but using the explicit
form of F (4)

abcd in (27) we Þnd that this is, in fact, not the case. Instead, we obtain

F (6)
abcd = F (2)

abcd ! Nc ! ad ! bc !
N 2

c

8
dadedbce. (33)

To arrive at this result, we have deÞned the matrices

(D a)bc = dabc (34)

and used the trace relation [7]

Tr
!
F aF bD c

"
=

Nc

2
dabc . (35)

Generalizing relation (33) to higher orders leads to

F (4+2 n)
abcd = F (2n)

abcd + ( ! Nc)
n ! ad ! bc !

1
2

#
Nc

2

$ n+1

dadedbce (36)

for all n " N. It follows that any symbol F (2n)
abcd for n # 3 can be reduced to the two symbols

in (27) plus terms proportional to ! ad ! bc and dadedbce. In other words, only four color tensors
are generated by successive applications of! c, namely

f abef cde , dadedbce, ! ab ! cd , ! ad ! bc . (37)

There is no need to symmetrize the Þrst and the third structure in the index pair (b, c), because
the color trace %

H
!
T a

2 { T b
1 , T c

1 } T d
j ! (1 $ 2)

"&
(38)

with which these structures are contracted already has this symmetry.
At this point, we arrive at the result

Crn = ! 256" 2 (4Nc)
n! r

'
M +2(

j =3

Jj

4(

i =1

c(r )
i

%
H 2" M O(j )

i

&
+ terms proportional to J12

)

, (39)

where the basis operators are deÞned as

O(j )
1 = f abef cde T a

2 { T b
1 , T c

1 } T d
j ! (1 $ 2) ,

O(j )
2 = dadedbceT a

2 { T b
1 , T c

1 } T d
j ! (1 $ 2) ,

O(j )
3 = T a

2 { T a
1 , T b

1 } T b
j ! (1 $ 2) ,

O(j )
4 = 2C1 T2 áTj ! 2C2 T1 áTj .

(40)
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linearly independent color structures must be generalized to

S1 = f abef cde { T b
1 , T c

1 } { T a
2 , T d

2 } ,

S2 = dadedbce{ T b
1 , T c

1 } { T a
2 , T d

2 } ,

S3 = dadedbce

!
T a

2

"
T b

1 T c
1 T d

1

#
+

+ (1 ! 2)
$

,

S4 = { T a
1 , T b

1 } { T a
2 , T b

2 } ,

S5 = T1 áT2 ,

S6 = 1 .

(49)

In other words, the linear combinations of the di! erent structures in each line of (45) are
broken up in their substructures. With this generalization, we obtain the mappings

S1 " 8Nc S1 + 2Nc S2 + 8 S4 + 32C1C2 S6 ,

S2 " 4Nc S2 ,

S3 " 4Nc S3 ,

S4 " 8S1 + 8Nc S4 ,

S5 " 4Nc S5 ,

S6 " 0.

(50)

Therefore, the basis{ Si } closes under repeated application of! c.
At this point, we obtain the Þnal result

Crn = # 256! 2 (4Nc)
n! r

%
M +2&

j =3

Jj

4&

i =1

c(r )
i

'
H 2" M O(j )

i

(
# J12

6&

i =1

d(r )
i

'
H 2" M Si

(
)

, (51)

where the basis operators have been deÞned in (40) and (49). It follows from (21) that the
coe" cients d(r )

i vanish for r = 0. We Þnd that these coe" cients obey the recurrence relations

d(s+1)
1 = 2Nc c(s)

1 + 4 c(s)
3 + 8Nc d(s)

1 + 8 d(s)
4 ,

d(s+1)
2 = Nc c(s)

1 + 2Nc d(s)
1 + 4Nc d(s)

2 ,

d(s+1)
3 = 2Nc c(s)

1 + 4Nc d(s)
3 ,

d(s+1)
4 = 4 c(s)

1 + 2Nc c(s)
3 + 8 d(s)

1 + 8Nc d(s)
4 ,

d(s+1)
5 = 4 ( C1 + C2)

!
4c(s)

1 + Nc c(s)
3 # Nc c(s)

4

$
#

2Nc (N 2
c + 8)

3
c(s)

1 # 4N 2
c c(s)

3 + 4Nc d(s)
5 ,

d(s+1)
6 = 8 C1C2

!
2c(s)

1 # Nc c(s)
4 + 4 d(s)

1

$
.

(52)
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where the basis operators have been deÞned in (40) and (49). It follows from (21) that the
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i vanish for r = 0. We Þnd that these coe" cients obey the recurrence relations
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(52)
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4

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling ! s, setting µ2

h = ös and evaluating
the integrals, we Þnd with L = ln(

!
ös/µ s)

ö" SLL
n =

! ! s

4#

" n +3
L 2n +3 (" 4)n n!

(2n + 3)!

n#

r =0

(2r )!
4r (r !)2 Crn ,

(14)
which makes it explicit that starting from four-loop order
two logarithms per loop arise.

The relations (11) imply that the color traces Crn can
be simpliÞed by working out the commutators [V G , ! ]
and [! c, [V G , ! ]]. Under the trace, we Þnd that both
commutators evaluate to the same structure apart from
a factor (4Nc). We obtain

Crn = " 64# (4Nc)n ! r f abc

#

j> 2

$
H 4 (! c)r V G T a

1 T b
2 T c

j

%

#
&

d! (nk )
4#

!
W

k
1j " W

k
2j

"
" veto (nk ) . (15)

The sum over j contains the Þnal-state partons of the
Born process and the collinear gluons emitted from ther
remaining insertions of ! c, but not the initial-state par-
tons 1 and 2. The contributions where j refers to one
of the collinear gluons emitted from the Þrst (n " r ) in-
sertions of ! c in (13) vanish. The gluon with label k
originates from the insertion of ! and must be attached
to one initial-state and one Þnal-state parton. The con-
straint " veto (nk ) = 1 " " hard (nk ) restricts the emission
to the veto region and arises from the incomplete cancel-
lation of real and virtual terms in ! . Since the direction
nk in (15) is in the veto region, it cannot be collinear
to the directions n1, n2 or nj . As a consequence, the
collinear subtraction terms in (9) vanish, and one can

replaceW
k
ij $ W k

ij in (15).
All information about the phase-space restrictions on

the direction of parton k are contained in the angular
integrals

Jj =
&

d! (nk )
4#

'
W k

1j " W k
2j

(
" veto (nk ) . (16)

The parton j can either move along the directionsn1

and n2, when it is attached to one of the collinear gluons
emitted by the insertions of R c

i , or it is one of the Þnal-
state partons. SinceW k

ii vanishes we haveJ1 = " J2.
There are thus (l + 1) independent kinematic structures
for a 2 $ l jet process. For the gap between jets case, we
Þnd that Jj = + # Y if the rapidities of particles j and 1
have opposite signs, andJj = " # Y otherwise.

A more complicated structure arises when one com-
mutes the remaining insertion ofV G in (15) all the way
to the right. This leads to an expression involving anti-
commutators of color generators, which in general cannot
be simpliÞed using the Lie algebra ofSU(Nc). Here we

consider the important special case where particles 1 and
2 transform in the fundamental representation. We can
then use the relation

{ T a
i , T b

i } =
1

Nc
$ab 1 + " i dabc T c

i ; i = 1 , 2, (17)

where the color-space formalism implies that" i = 1 for
an initial-state anti-quark and " i = " 1 for an initial-
state quark. In this case a closed expression for the color
traces Crn can be obtained, which involves only three
non-trivial color structures:

Crn = 2 8! r #2 (4Nc)n
) #

j> 2

Jj
$
H 4

*
(T2 " T1) áTj

+ 2 r ! 1Nc (" 1 " " 2) dabc T a
1 T b

2 T c
j

+%
(18)

+ 2 (1 " $r 0) J2
$
H 4

*
CF + (2 r " 1) T1 áT2

+%
,

.

The generalization of this result to the case of arbitrary
representations involves a signiÞcantly larger number of
color structures and will be discussed elsewhere [20].

As a Þrst application of the general result (18) we con-
sider quark-quark scattering. In this case the tree-level
hard function has two possible color structures, octet or
singlet, corresponding to gluon or photon exchange be-
tween the quarks. For the two cases, we get

C(O)
rn = ö" B 28! r #2 (4Nc)n

-
CF J43

+
J2

Nc

'
N 2

c " 2r +1 + 1
(

(1 " $r 0)
.

, (19)

C(S)
rn = ö" B 28! r #2 (4Nc)n CF

*
" J43 + 2J2 (1 " $r 0)

+
,

with J43 = J4 " J3, and ö" B = %H 4& is the Born-level
partonic cross section. Assuming forward scattering as in
[2], the angular integrals evaluate toJ2 = J43/ 2 = # Y .
Using these expressions in (14) and settingn = 1, we
recover the results of [2]. Repeating the calculation for
n = 2 we conÞrm the Þndings of [7]. As a further check of
(18), we have written a computer code based onColor-
Math [15] to directly evaluate the color structures Crn

for Þxed values ofr and n. Using this code, we have
checked the general formula forqq $ qq, qøq $ qøq and
qøq $ gg scattering up to eight-loop order.

The dependence ofCrn in (18) on n and r is powerlike,
and it is possible to perform the sum over the inÞnite
tower of SLLs in closed form:

# ö" =
"#

n =0

ö" SLL
n = ö" B

! ! s

4#

" 3
L 3 f (w) , (20)

where w = N c ! s
" L 2 encodes the double-logarithmic de-

pendence. The functionf (w) can be expressed in terms
of hypergeometric and related functions [20]. For the
singlet case, we get for forward scattering

# ö" (S) = " ö" B
4CF

3#
! 3

s L 3 # Y 2F2
'
1, 1; 2, 5

2 ; " w
(

. (21)
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General result (valid for arbitrary representations)


▸ coefficient functions:
T. Becher, M. Neubert, D. Y. Shao: in preparation 

linearly independent color structures must be generalized to

S1 = f abef cde { T b
1 , T c

1 } { T a
2 , T d

2 } ,

S2 = dadedbce{ T b
1 , T c

1 } { T a
2 , T d

2 } ,

S3 = dadedbce

!
T a

2

"
T b

1 T c
1 T d

1

#
+

+ (1 ! 2)
$

,

S4 = { T a
1 , T b

1 } { T a
2 , T b

2 } ,

S5 = T1 áT2 ,

S6 = 1 .

(49)

In other words, the linear combinations of the di! erent structures in each line of (45) are
broken up in their substructures. With this generalization, we obtain the mappings

S1 " 8Nc S1 + 2Nc S2 + 8 S4 + 32C1C2 S6 ,

S2 " 4Nc S2 ,

S3 " 4Nc S3 ,

S4 " 8S1 + 8Nc S4 ,

S5 " 4Nc S5 ,

S6 " 0.

(50)

Therefore, the basis{ Si } closes under repeated application of! c.
At this point, we obtain the Þnal result

Crn = # 256! 2 (4Nc)
n! r

%
M +2&

j =3

Jj

4&

i =1

c(r )
i

'
H 2" M O(j )

i

(
# J12

6&

i =1

d(r )
i

'
H 2" M Si

(
)

, (51)

where the basis operators have been deÞned in (40) and (49). It follows from (21) that the
coe" cients d(r )

i vanish for r = 0. We Þnd that these coe" cients obey the recurrence relations

d(s+1)
1 = 2Nc c(s)

1 + 4 c(s)
3 + 8Nc d(s)

1 + 8 d(s)
4 ,

d(s+1)
2 = Nc c(s)

1 + 2Nc d(s)
1 + 4Nc d(s)

2 ,

d(s+1)
3 = 2Nc c(s)

1 + 4Nc d(s)
3 ,

d(s+1)
4 = 4 c(s)

1 + 2Nc c(s)
3 + 8 d(s)

1 + 8Nc d(s)
4 ,

d(s+1)
5 = 4 ( C1 + C2)

!
4c(s)

1 + Nc c(s)
3 # Nc c(s)

4

$
#

2Nc (N 2
c + 8)

3
c(s)

1 # 4N 2
c c(s)

3 + 4Nc d(s)
5 ,

d(s+1)
6 = 8 C1C2

!
2c(s)

1 # Nc c(s)
4 + 4 d(s)

1

$
.

(52)
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From our result (21), it follows that for the special case wherer = 0 we have

c(0)
i = ! i 1 . (41)

Applying some numbers insertions of ! c we generate the right-hand side of (39) with co-
e! cients c(s)

i . (We also generate terms proportional toJ12, which will be discussed below.)
Applying ! c one more time, the four structures change to

O(j )
1 ! 6Nc O(j )

1 + Nc O(j )
2 + 4 O(j )

3 + 4 O(j )
4 ,

O(j )
2 ! 4Nc O(j )

2 ,

O(j )
3 ! 4O(j )

1 + 6Nc O(j )
3 ,

O(j )
4 ! 2Nc O(j )

4 .

(42)

The Þrst relation follows from (30), and the remaining relations are readily derived by repeating
the derivation of (23) from (21) after replacing the overall color tensorf abef cde with dadedbce,
! ab ! cd, and ! ad ! bc, respectively, making use of the trace relations in (26) and (35). The above
replacement rules lead to the recurrence relations

c(s+1)
1 = 6Nc c(s)

1 + 4 c(s)
3 ,

c(s+1)
2 = Nc c(s)

1 + 4Nc c(s)
2 ,

c(s+1)
3 = 4 c(s)

1 + 6Nc c(s)
3 ,

c(s+1)
4 = 4 c(s)

1 + 2Nc c(s)
4 .

(43)

Solving this set of equations with the initial conditions in (41), we Þnd

c(r )
1 = 2 r ! 1

!
(3Nc + 2) r + (3 Nc " 2)r "

,

c(r )
2 = 2 r ! 2Nc

#
(3Nc + 2) r

Nc + 2
+

(3Nc " 2)r

Nc " 2
"

(2Nc)
r +1

N 2
c " 4

$

,

c(r )
3 = 2 r ! 1

!
(3Nc + 2) r " (3Nc " 2)r "

,

c(r )
4 = 2 r ! 1

%
(3Nc + 2) r

Nc + 1
+

(3Nc " 2)r

Nc " 1
"

2N r +1
c

N 2
c " 1

&
.

(44)
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Taking into account the expressions for the coe! cients c(s)
i obtained in (44), we Þnd that the

solutions to these relations are

d(r )
1 = 23r ! 1

!
(Nc + 1) r + ( Nc ! 1)r "

! 2r ! 1
!

(3Nc + 2) r + (3 Nc ! 2)r "
,

d(r )
2 = 23r ! 2Nc

#
(Nc + 1) r

Nc + 2
+

(Nc ! 1)r

Nc ! 2

$
! 2r ! 2Nc

#
(3Nc + 2) r

Nc + 2
+

(3Nc ! 2)r

Nc ! 2

$
,

d(r )
3 = 2 r ! 1Nc

%
(3Nc + 2) r

Nc + 2
+

(3Nc ! 2)r

Nc ! 2
!

(2Nc)
r +1

N 2
c ! 4

&

,

d(r )
4 = 23r ! 1

!
(Nc + 1) r ! (Nc ! 1)r "

! 2r ! 1
!

(3Nc + 2) r ! (3Nc ! 2)r "
,

d(r )
5 = 2 r (C1 + C2)

#
Nc + 2
Nc + 1

(3Nc + 2) r !
Nc ! 2
Nc ! 1

(3Nc ! 2)r !
2N r +1

c

N 2
c ! 1

$

!
2r ! 1Nc

3

!
(Nc + 4) (3Nc + 2) r + ( Nc ! 4) (3Nc ! 2)r ! (2Nc)

r +1 "
,

d(r )
6 = 23r +1 C1C2

!
(Nc + 1) r ! 1 + ( Nc ! 1)r ! 1 "

(1 ! ! r 0)

! 2r +1 C1C2

#
(3Nc + 2) r

Nc + 1
+

(3Nc ! 2)r

Nc ! 1
!

2N r +1
c

N 2
c ! 1

$
.

(53)

Relations (51), (44) and (53) represent our Þnal solution for the color structuresCrn .

2.4 Initial-state partons in the fundamental representation

The general result (51) simpliÞes drastically if particles 1 and 2 both transform in the (anti-
)fundamental representation ofSU(Nc), because we can then use the relation (fori = 1, 2)

{ T a
i , T b

i } =
1

Nc
! ab + " i dabc T c

i , (54)

where" i = 1 for an initial-state anti-quark and " i = ! 1 for an initial-state quark. [ShouldnÕt
this be the other way around?] In this case, the basis operators involving symmetric products
of two or three color generators can be simpliÞed. We obtain

O(j )
1 = ( T1 ! T2) áTj !

Nc

2
(" 1 ! " 2) dabc T a

1 T b
2 T c

j ,

O(j )
2 =

N 2
c ! 4
Nc

(" 1 ! " 2) dabc T a
1 T b

2 T c
j ,

O(j )
3 = !

1
Nc

(T1 ! T2) áTj + ( " 1 ! " 2) dabc T a
1 T b

2 T c
j ,

O(j )
4 = !

N 2
c ! 1
Nc

(T1 ! T2) áTj ,

(55)
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4

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling ! s, setting µ2

h = ös and evaluating
the integrals, we Þnd with L = ln(

!
ös/µ s)

ö" SLL
n =

! ! s

4#

" n +3
L 2n +3 (" 4)n n!

(2n + 3)!

n#

r =0

(2r )!
4r (r !)2 Crn ,

(14)
which makes it explicit that starting from four-loop order
two logarithms per loop arise.

The relations (11) imply that the color traces Crn can
be simpliÞed by working out the commutators [V G , ! ]
and [! c, [V G , ! ]]. Under the trace, we Þnd that both
commutators evaluate to the same structure apart from
a factor (4Nc). We obtain

Crn = " 64# (4Nc)n ! r f abc

#

j> 2

$
H 4 (! c)r V G T a

1 T b
2 T c

j

%

#
&

d! (nk )
4#

!
W

k
1j " W

k
2j

"
" veto (nk ) . (15)

The sum over j contains the Þnal-state partons of the
Born process and the collinear gluons emitted from ther
remaining insertions of ! c, but not the initial-state par-
tons 1 and 2. The contributions where j refers to one
of the collinear gluons emitted from the Þrst (n " r ) in-
sertions of ! c in (13) vanish. The gluon with label k
originates from the insertion of ! and must be attached
to one initial-state and one Þnal-state parton. The con-
straint " veto (nk ) = 1 " " hard (nk ) restricts the emission
to the veto region and arises from the incomplete cancel-
lation of real and virtual terms in ! . Since the direction
nk in (15) is in the veto region, it cannot be collinear
to the directions n1, n2 or nj . As a consequence, the
collinear subtraction terms in (9) vanish, and one can

replaceW
k
ij $ W k

ij in (15).
All information about the phase-space restrictions on

the direction of parton k are contained in the angular
integrals

Jj =
&

d! (nk )
4#

'
W k

1j " W k
2j

(
" veto (nk ) . (16)

The parton j can either move along the directionsn1

and n2, when it is attached to one of the collinear gluons
emitted by the insertions of R c

i , or it is one of the Þnal-
state partons. SinceW k

ii vanishes we haveJ1 = " J2.
There are thus (l + 1) independent kinematic structures
for a 2 $ l jet process. For the gap between jets case, we
Þnd that Jj = + # Y if the rapidities of particles j and 1
have opposite signs, andJj = " # Y otherwise.

A more complicated structure arises when one com-
mutes the remaining insertion ofV G in (15) all the way
to the right. This leads to an expression involving anti-
commutators of color generators, which in general cannot
be simpliÞed using the Lie algebra ofSU(Nc). Here we

consider the important special case where particles 1 and
2 transform in the fundamental representation. We can
then use the relation

{ T a
i , T b

i } =
1

Nc
$ab 1 + " i dabc T c

i ; i = 1 , 2, (17)

where the color-space formalism implies that" i = 1 for
an initial-state anti-quark and " i = " 1 for an initial-
state quark. In this case a closed expression for the color
traces Crn can be obtained, which involves only three
non-trivial color structures:

Crn = 2 8! r #2 (4Nc)n
) #

j> 2

Jj
$
H 4

*
(T2 " T1) áTj

+ 2 r ! 1Nc (" 1 " " 2) dabc T a
1 T b

2 T c
j

+%
(18)

+ 2 (1 " $r 0) J2
$
H 4

*
CF + (2 r " 1) T1 áT2

+%
,

.

The generalization of this result to the case of arbitrary
representations involves a signiÞcantly larger number of
color structures and will be discussed elsewhere [20].

As a Þrst application of the general result (18) we con-
sider quark-quark scattering. In this case the tree-level
hard function has two possible color structures, octet or
singlet, corresponding to gluon or photon exchange be-
tween the quarks. For the two cases, we get

C(O)
rn = ö" B 28! r #2 (4Nc)n

-
CF J43

+
J2

Nc

'
N 2

c " 2r +1 + 1
(

(1 " $r 0)
.

, (19)

C(S)
rn = ö" B 28! r #2 (4Nc)n CF

*
" J43 + 2J2 (1 " $r 0)

+
,

with J43 = J4 " J3, and ö" B = %H 4& is the Born-level
partonic cross section. Assuming forward scattering as in
[2], the angular integrals evaluate toJ2 = J43/ 2 = # Y .
Using these expressions in (14) and settingn = 1, we
recover the results of [2]. Repeating the calculation for
n = 2 we conÞrm the Þndings of [7]. As a further check of
(18), we have written a computer code based onColor-
Math [15] to directly evaluate the color structures Crn

for Þxed values ofr and n. Using this code, we have
checked the general formula forqq $ qq, qøq $ qøq and
qøq $ gg scattering up to eight-loop order.

The dependence ofCrn in (18) on n and r is powerlike,
and it is possible to perform the sum over the inÞnite
tower of SLLs in closed form:

# ö" =
"#

n =0

ö" SLL
n = ö" B

! ! s

4#

" 3
L 3 f (w) , (20)

where w = N c ! s
" L 2 encodes the double-logarithmic de-

pendence. The functionf (w) can be expressed in terms
of hypergeometric and related functions [20]. For the
singlet case, we get for forward scattering

# ö" (S) = " ö" B
4CF

3#
! 3

s L 3 # Y 2F2
'
1, 1; 2, 5

2 ; " w
(

. (21)
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General result (valid for arbitrary representations)


▸ series of SLLs, starting at 3-loop order:
T. Becher, M. Neubert, D. Y. Shao: in preparation 

linearly independent color structures must be generalized to

S1 = f abef cde { T b
1 , T c

1 } { T a
2 , T d

2 } ,

S2 = dadedbce{ T b
1 , T c

1 } { T a
2 , T d

2 } ,

S3 = dadedbce

!
T a

2

"
T b

1 T c
1 T d

1

#
+

+ (1 ! 2)
$

,

S4 = { T a
1 , T b

1 } { T a
2 , T b

2 } ,

S5 = T1 áT2 ,

S6 = 1 .

(49)

In other words, the linear combinations of the di! erent structures in each line of (45) are
broken up in their substructures. With this generalization, we obtain the mappings

S1 " 8Nc S1 + 2Nc S2 + 8 S4 + 32C1C2 S6 ,

S2 " 4Nc S2 ,

S3 " 4Nc S3 ,

S4 " 8S1 + 8Nc S4 ,

S5 " 4Nc S5 ,

S6 " 0.

(50)

Therefore, the basis{ Si } closes under repeated application of! c.
At this point, we obtain the Þnal result

Crn = # 256! 2 (4Nc)
n! r

%
M +2&

j =3

Jj

4&

i =1

c(r )
i

'
H 2" M O(j )

i

(
# J12

6&

i =1

d(r )
i

'
H 2" M Si

(
)

, (51)

where the basis operators have been deÞned in (40) and (49). It follows from (21) that the
coe" cients d(r )

i vanish for r = 0. We Þnd that these coe" cients obey the recurrence relations

d(s+1)
1 = 2Nc c(s)

1 + 4 c(s)
3 + 8Nc d(s)

1 + 8 d(s)
4 ,

d(s+1)
2 = Nc c(s)

1 + 2Nc d(s)
1 + 4Nc d(s)

2 ,

d(s+1)
3 = 2Nc c(s)

1 + 4Nc d(s)
3 ,

d(s+1)
4 = 4 c(s)

1 + 2Nc c(s)
3 + 8 d(s)

1 + 8Nc d(s)
4 ,

d(s+1)
5 = 4 ( C1 + C2)

!
4c(s)

1 + Nc c(s)
3 # Nc c(s)

4

$
#

2Nc (N 2
c + 8)

3
c(s)

1 # 4N 2
c c(s)

3 + 4Nc d(s)
5 ,

d(s+1)
6 = 8 C1C2

!
2c(s)

1 # Nc c(s)
4 + 4 d(s)

1

$
.

(52)
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Neubert Part B2 EFT 2

deÞne! = Vm + R m . The collinear singularities in the soft anomalous dimension are encoded in the
quantity

! c =
!

i =1 ,2

4
"
Ci 1 ! Ti,L " Ti,R ! (nm+1 ! ni )

#
, (12)

which enters the anomalous dimension multiplied by ln(µ2/ ös), where
#

ös = Q is the partonic center-
of-mass energy. When inserted into (8) this gives rise to double logarithms, which are the source of the
SLLs. All Þnal-state collinear singularities cancel between real and virtual contributions, and for this
reason only the initial-state pieces (with i = 1 , 2) must be kept. The cancellation for the initial-state
terms is spoiled by the complex Coulomb phases in (3), which are contained in [17]

V G = ! 8i " (T1,L áT2,L ! T1,R áT2,R ) . (13)

Color conservation implies that these phases are only relevant for processes involving (at least) two
colored partons in the initial state. The color generatorsTi,L act on the amplitude and hence multiply
the hard functions H m from the left, while the generators Tj,R act on the conjugate amplitude and
stand on the right of H m . The color matrices in the virtual part act on the color indices of the m
partons, Ti áTj =

$
a T a

i T a
j , and Ti áTi = Ci 1 is the quadratic Casimir operator of parton i . The

color matrices in the real-emission termsR m and in the second term in (12) are di! erent. They take
an amplitude with m partons and map it to an amplitude with ( m + 1) partons. Explicitly, we have
H m Ti,L " Tj,R = T a

i H m T ÷a
j , where the color indicesa and ÷a refer to the emitted gluon. We use the

symbol " to indicate the presence of the additional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act on these indices.

Collinear safely, the fact that the singularities associated with real and virtual collinear emissions
cancel against each other, ensures that under the color trace in (8) the operator! c vanishes whenever
it stands left to the 1. Combined with the fact that the commutator [ ! c, ! ] vanishes under the trace
in (8), this implies that Sudakov double logarithms arise only in the presence of the Coulomb phases
V G. It follows that for a given 2 $ 2 scattering process the SLL at (3 +n)th order in perturbation
theory is associated with color traces of the form

Crn =
%
H 4 (! c)r V G (! c)n! r V G ! %1

&
, (14)

where 0& r & n. Each insertion of ! c gives rise to a double logarithm. This explains why the SLLs
Þrst appear at four-loop order. However, the three-loop term (n = 0) originates from the same color
structures and is numerically signiÞcant, even though it only involves the imaginary part" = | ln( ! 1)|
of the large logarithm. Neglecting the running of the coupling#s, setting µh = Q =

#
ös and µs = Q0,

and evaluating the integrals overµ arising in the Taylor expansion of the matrix exponential in (8),
we Þnd for the contribution of SLLs to the cross section

$SLL = $Born

"!

n=0

' #s

4"

( n+3
L 2n+3 (! 4)n n!

(2n + 3)!

n!

r =0

(2r )!
4r (r !)2 Crn , (15)

where L = ln( Q/Q 0). Starting from four-loop order two large logarithms per loop arise.
For the simplest case of quark-initiated 2$ 2 scattering, we have succeeded to evaluate the color

traces Crn in closed form in terms of only three non-trivial color structures [50]. The result reads

Crn = 2 8! r " 2 (4Nc)
n

) !

j =3 ,4

Jj
%
H 4

"
(T2 ! T1) áTj + 2 r ! 1Nc ($1 ! $2) dabcT a

1 T b
2 T c

j

#&

+ 2 (1 ! ! r 0) J2
%
H 4

"
CF + (2 r ! 1) T1 áT2

#&
*

,

(16)

where $i = 1 for an initial-state antiquark and $i = ! 1 for an initial-state quark. The sum in the
Þrst term runs over the Þnal-state partons. The structureH 4 is normalized such that ' H 4( = 1. All
information about the phase-space restrictions is contained in the angular integrals

Jj =
+

d" (nk)
4"

'
W k

1j ! W k
2j

(
# veto (nk) ; with W k

ij =
ni ánj

ni ánk nj ánk
, (17)

8

4

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling ! s, setting µ2

h = ös and evaluating
the integrals, we Þnd with L = ln(

!
ös/µ s)

ö" SLL
n =

! ! s

4#

" n +3
L 2n +3 (" 4)n n!

(2n + 3)!

n#

r =0

(2r )!
4r (r !)2 Crn ,

(14)
which makes it explicit that starting from four-loop order
two logarithms per loop arise.

The relations (11) imply that the color traces Crn can
be simpliÞed by working out the commutators [V G , ! ]
and [! c, [V G , ! ]]. Under the trace, we Þnd that both
commutators evaluate to the same structure apart from
a factor (4Nc). We obtain

Crn = " 64# (4Nc)n ! r f abc

#

j> 2

$
H 4 (! c)r V G T a

1 T b
2 T c

j

%

#
&

d! (nk )
4#

!
W

k
1j " W

k
2j

"
" veto (nk ) . (15)

The sum over j contains the Þnal-state partons of the
Born process and the collinear gluons emitted from ther
remaining insertions of ! c, but not the initial-state par-
tons 1 and 2. The contributions where j refers to one
of the collinear gluons emitted from the Þrst (n " r ) in-
sertions of ! c in (13) vanish. The gluon with label k
originates from the insertion of ! and must be attached
to one initial-state and one Þnal-state parton. The con-
straint " veto (nk ) = 1 " " hard (nk ) restricts the emission
to the veto region and arises from the incomplete cancel-
lation of real and virtual terms in ! . Since the direction
nk in (15) is in the veto region, it cannot be collinear
to the directions n1, n2 or nj . As a consequence, the
collinear subtraction terms in (9) vanish, and one can

replaceW
k
ij $ W k

ij in (15).
All information about the phase-space restrictions on

the direction of parton k are contained in the angular
integrals

Jj =
&

d! (nk )
4#

'
W k

1j " W k
2j

(
" veto (nk ) . (16)

The parton j can either move along the directionsn1

and n2, when it is attached to one of the collinear gluons
emitted by the insertions of R c

i , or it is one of the Þnal-
state partons. SinceW k

ii vanishes we haveJ1 = " J2.
There are thus (l + 1) independent kinematic structures
for a 2 $ l jet process. For the gap between jets case, we
Þnd that Jj = + # Y if the rapidities of particles j and 1
have opposite signs, andJj = " # Y otherwise.

A more complicated structure arises when one com-
mutes the remaining insertion ofV G in (15) all the way
to the right. This leads to an expression involving anti-
commutators of color generators, which in general cannot
be simpliÞed using the Lie algebra ofSU(Nc). Here we

consider the important special case where particles 1 and
2 transform in the fundamental representation. We can
then use the relation

{ T a
i , T b

i } =
1

Nc
$ab 1 + " i dabc T c

i ; i = 1 , 2, (17)

where the color-space formalism implies that" i = 1 for
an initial-state anti-quark and " i = " 1 for an initial-
state quark. In this case a closed expression for the color
traces Crn can be obtained, which involves only three
non-trivial color structures:

Crn = 2 8! r #2 (4Nc)n
) #

j> 2

Jj
$
H 4

*
(T2 " T1) áTj

+ 2 r ! 1Nc (" 1 " " 2) dabc T a
1 T b

2 T c
j

+%
(18)

+ 2 (1 " $r 0) J2
$
H 4

*
CF + (2 r " 1) T1 áT2

+%
,

.

The generalization of this result to the case of arbitrary
representations involves a signiÞcantly larger number of
color structures and will be discussed elsewhere [20].

As a Þrst application of the general result (18) we con-
sider quark-quark scattering. In this case the tree-level
hard function has two possible color structures, octet or
singlet, corresponding to gluon or photon exchange be-
tween the quarks. For the two cases, we get

C(O)
rn = ö" B 28! r #2 (4Nc)n

-
CF J43

+
J2

Nc

'
N 2

c " 2r +1 + 1
(

(1 " $r 0)
.

, (19)

C(S)
rn = ö" B 28! r #2 (4Nc)n CF

*
" J43 + 2J2 (1 " $r 0)

+
,

with J43 = J4 " J3, and ö" B = %H 4& is the Born-level
partonic cross section. Assuming forward scattering as in
[2], the angular integrals evaluate toJ2 = J43/ 2 = # Y .
Using these expressions in (14) and settingn = 1, we
recover the results of [2]. Repeating the calculation for
n = 2 we conÞrm the Þndings of [7]. As a further check of
(18), we have written a computer code based onColor-
Math [15] to directly evaluate the color structures Crn

for Þxed values ofr and n. Using this code, we have
checked the general formula forqq $ qq, qøq $ qøq and
qøq $ gg scattering up to eight-loop order.

The dependence ofCrn in (18) on n and r is powerlike,
and it is possible to perform the sum over the inÞnite
tower of SLLs in closed form:

# ö" =
"#

n =0

ö" SLL
n = ö" B

! ! s

4#

" 3
L 3 f (w) , (20)

where w = N c ! s
" L 2 encodes the double-logarithmic de-

pendence. The functionf (w) can be expressed in terms
of hypergeometric and related functions [20]. For the
singlet case, we get for forward scattering

# ö" (S) = " ö" B
4CF

3#
! 3

s L 3 # Y 2F2
'
1, 1; 2, 5

2 ; " w
(

. (21)
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▸ asymptotic behavior for :


▸ very different from standard Sudakov double logarithms 


▸ expect even larger effects for gluon-initiated processes!

L → ∞

∼ e−cw
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<latexit sha1_base64="JplbPc4gmVyO4h31y87UW1nkS3g=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFclZla0GXBjcsK9gHtUDJp2oZmMjPJHaEM/Qk3LhRx6++4829M21lo64HA4Zx7yT0niKUw6Lrfzsbm1vbObmGvuH9weHRcOjltmSjVjDdZJCPdCajhUijeRIGSd2LNaRhI3g4md3O//cS1EZF6xGnM/ZCOlBgKRtFKnSTpYUSSpF8quxV3AbJOvJyUIUejX/rqDSKWhlwhk9SYrufG6GdUo2CSz4q91PCYsgkd8a6liobc+Nni3hm5tMqADCNtn0KyUH9vZDQ0ZhoGdjKkODar3lz8z+umOLz1M6HiFLliy4+GqSQ24zw8GQjNGcqpJZRpYW8lbEw1ZWgrKtoSvNXI66RVrXjXlepDrVyv5XUU4Bwu4Ao8uIE63EMDmsBAwjO8wpuTOC/Ou/OxHN1w8p0z+APn8wf8hY/j</latexit>

!
ös = 1 TeV , ! Y = 2

<latexit sha1_base64="ZPnjZDIPYTpsCethNbR0UlR9q9Y=">AAACFnicbVDLSgNBEJz1GdfXqkcvg0HwEMNuDOglENCDxwgmKtkQZicdMzj7cKZXDEvyE178FS8eFPEq3vwbJzEHXwUNRVU33V1BIoVG1/2wpqZnZufmcwv24tLyyqqztt7Qcao41HksY3UeMA1SRFBHgRLOEwUsDCScBVeHI//sBpQWcXSK/QRaIbuMRFdwhkZqO7u+vlaY+T2GVA8qnl/wEW4xO4XGgPqFgj0c2v4RSGT0olJqO3m36I5B/xJvQvJkglrbefc7MU9DiJBLpnXTcxNsZUyh4BIGtp9qSBi/YpfQNDRiIehWNn5rQLeN0qHdWJmKkI7V7xMZC7Xuh4HpDBn29G9vJP7nNVPsHrQyESUpQsS/FnVTSTGmo4xoRyjgKPuGMK6EuZXyHlOMo0nSNiF4v1/+SxqlordXLJ2U89XyJI4c2SRbZId4ZJ9UyTGpkTrh5I48kCfybN1bj9aL9frVOmVNZjbID1hvn+p8nd0=</latexit>

!
ös = 1 TeV , ! Y = 2

<latexit sha1_base64="ZPnjZDIPYTpsCethNbR0UlR9q9Y=">AAACFnicbVDLSgNBEJz1GdfXqkcvg0HwEMNuDOglENCDxwgmKtkQZicdMzj7cKZXDEvyE178FS8eFPEq3vwbJzEHXwUNRVU33V1BIoVG1/2wpqZnZufmcwv24tLyyqqztt7Qcao41HksY3UeMA1SRFBHgRLOEwUsDCScBVeHI//sBpQWcXSK/QRaIbuMRFdwhkZqO7u+vlaY+T2GVA8qnl/wEW4xO4XGgPqFgj0c2v4RSGT0olJqO3m36I5B/xJvQvJkglrbefc7MU9DiJBLpnXTcxNsZUyh4BIGtp9qSBi/YpfQNDRiIehWNn5rQLeN0qHdWJmKkI7V7xMZC7Xuh4HpDBn29G9vJP7nNVPsHrQyESUpQsS/FnVTSTGmo4xoRyjgKPuGMK6EuZXyHlOMo0nSNiF4v1/+SxqlordXLJ2U89XyJI4c2SRbZId4ZJ9UyTGpkTrh5I48kCfybN1bj9aL9frVOmVNZjbID1hvn+p8nd0=</latexit>

gg ! gg
<latexit sha1_base64="VCGhFBjjw9cS6CcNy/HmcYsLpos=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi4LblxWsA9oh5JJb6ehmcyYZIQy9CfcuFDErb/jzr8xbWehrQcCh3PuJfecIBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9FQ8hFn1FipG4Z9E5MwHJQrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJD7FkqaYTazxb3zsiFVYZkFCv7pCEL9fdGRiOtp1FgJyNqxnrVm4v/eb3UjG78jMskNSjZ8qNRKojNOA9PhlwhM2JqCWWK21sJG1NFmbEVlWwJ3mrkddKuVb2rau2+XmnU8zqKcAbncAkeXEMD7qAJLWAg4Ble4c15dF6cd+djOVpw8p1T+APn8we/WY+7</latexit>

! s(Q0)
<latexit sha1_base64="A5iM9Hyb6qNZx3ememHaN7B/v5w=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0WomzBpE9plwY3LFuwD2hAm00k7dPJwZlIood/hxoUibv0Yd/6Nk7aCih64cDjnXu69x084kwqhD6Owtb2zu1fcLx0cHh2flE/PejJOBaFdEvNYDHwsKWcR7SqmOB0kguLQ57Tvz25yvz+nQrI4ulOLhLohnkQsYAQrLbkjzJMp9mS146Frr1xBZt1yHLsJkWmjWsPJieOgerMGLROtUAEbtL3y+2gckzSkkSIcSzm0UKLcDAvFCKfL0iiVNMFkhid0qGmEQyrdbHX0El5pZQyDWOiKFFyp3ycyHEq5CH3dGWI1lb+9XPzLG6YqaLoZi5JU0YisFwUphyqGeQJwzAQlii80wUQwfSskUywwUTqnkg7h61P4P+nVTKtu1jp2pWVv4iiCC3AJqsACDdACt6ANuoCAe/AAnsCzMTcejRfjdd1aMDYz5+AHjLdPHEeRog==</latexit>

! s(Q)
<latexit sha1_base64="U8jEIODmXbqJZ3b7q27tPKNDtOc=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAh1E5KaknZXcOOyBfuANJTJdNIOncyEmYlQQj/DjQtF3Po17vwbpw9BRQ9cOJxzL/feE6WMKu04H9bG5tb2zm5hr7h/cHh0XDo57SqRSUw6WDAh+xFShFFOOppqRvqpJCiJGOlF05uF37snUlHB7/QsJWGCxpzGFCNtpGCAWDpBQ1VpXw1LZcf2667XcKBj17xGveYb4vqu4dC1nSXKYI3WsPQ+GAmcJYRrzJBSgeukOsyR1BQzMi8OMkVShKdoTAJDOUqICvPlyXN4aZQRjIU0xTVcqt8ncpQoNUsi05kgPVG/vYX4lxdkOq6HOeVppgnHq0VxxqAWcPE/HFFJsGYzQxCW1NwK8QRJhLVJqWhC+PoU/k+6Vdu9tqttr9z01nEUwDm4ABXgAh80wS1ogQ7AQIAH8ASeLW09Wi/W66p1w1rPnIEfsN4+AQzTkRI=</latexit>

! s(
!

QQ0)
<latexit sha1_base64="16QROGqLC9ROUulaUFQ0iBDwgcY=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxC3YQ0qWmXBTcuW7APaEKYTCft0MnDmYlQYhf+ihsXirj1N9z5N04fgooeuHA4517uvSdIGRXSND+0ldW19Y3NwlZxe2d3b18/OOyIJOOYtHHCEt4LkCCMxqQtqWSkl3KCooCRbjC+nPndW8IFTeJrOUmJF6FhTEOKkVSSrx+7iKUj5IuyK264zFuw5ZvTc18vmUbduqiaNjQN27Ycp66I5dhOrQYrhjlHCSzR9PV3d5DgLCKxxAwJ0a+YqfRyxCXFjEyLbiZIivAYDUlf0RhFRHj5/P4pPFPKAIYJVxVLOFe/T+QoEmISBaozQnIkfnsz8S+vn8mw7uU0TjNJYrxYFGYMygTOwoADygmWbKIIwpyqWyEeIY6wVJEVVQhfn8L/SccyKrZhtaqlRnUZRwGcgFNQBhVQAw1wBZqgDTC4Aw/gCTxr99qj9qK9LlpXtOXMEfgB7e0TijuVwg==</latexit>

! s(Q0)
<latexit sha1_base64="A5iM9Hyb6qNZx3ememHaN7B/v5w=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0WomzBpE9plwY3LFuwD2hAm00k7dPJwZlIood/hxoUibv0Yd/6Nk7aCih64cDjnXu69x084kwqhD6Owtb2zu1fcLx0cHh2flE/PejJOBaFdEvNYDHwsKWcR7SqmOB0kguLQ57Tvz25yvz+nQrI4ulOLhLohnkQsYAQrLbkjzJMp9mS146Frr1xBZt1yHLsJkWmjWsPJieOgerMGLROtUAEbtL3y+2gckzSkkSIcSzm0UKLcDAvFCKfL0iiVNMFkhid0qGmEQyrdbHX0El5pZQyDWOiKFFyp3ycyHEq5CH3dGWI1lb+9XPzLG6YqaLoZi5JU0YisFwUphyqGeQJwzAQlii80wUQwfSskUywwUTqnkg7h61P4P+nVTKtu1jp2pWVv4iiCC3AJqsACDdACt6ANuoCAe/AAnsCzMTcejRfjdd1aMDYz5+AHjLdPHEeRog==</latexit>

! s(Q)
<latexit sha1_base64="U8jEIODmXbqJZ3b7q27tPKNDtOc=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAh1E5KaknZXcOOyBfuANJTJdNIOncyEmYlQQj/DjQtF3Po17vwbpw9BRQ9cOJxzL/feE6WMKu04H9bG5tb2zm5hr7h/cHh0XDo57SqRSUw6WDAh+xFShFFOOppqRvqpJCiJGOlF05uF37snUlHB7/QsJWGCxpzGFCNtpGCAWDpBQ1VpXw1LZcf2667XcKBj17xGveYb4vqu4dC1nSXKYI3WsPQ+GAmcJYRrzJBSgeukOsyR1BQzMi8OMkVShKdoTAJDOUqICvPlyXN4aZQRjIU0xTVcqt8ncpQoNUsi05kgPVG/vYX4lxdkOq6HOeVppgnHq0VxxqAWcPE/HFFJsGYzQxCW1NwK8QRJhLVJqWhC+PoU/k+6Vdu9tqttr9z01nEUwDm4ABXgAh80wS1ogQ7AQIAH8ASeLW09Wi/W66p1w1rPnIEfsN4+AQzTkRI=</latexit>

! s(
!

QQ0)
<latexit sha1_base64="16QROGqLC9ROUulaUFQ0iBDwgcY=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxC3YQ0qWmXBTcuW7APaEKYTCft0MnDmYlQYhf+ihsXirj1N9z5N04fgooeuHA4517uvSdIGRXSND+0ldW19Y3NwlZxe2d3b18/OOyIJOOYtHHCEt4LkCCMxqQtqWSkl3KCooCRbjC+nPndW8IFTeJrOUmJF6FhTEOKkVSSrx+7iKUj5IuyK264zFuw5ZvTc18vmUbduqiaNjQN27Ycp66I5dhOrQYrhjlHCSzR9PV3d5DgLCKxxAwJ0a+YqfRyxCXFjEyLbiZIivAYDUlf0RhFRHj5/P4pPFPKAIYJVxVLOFe/T+QoEmISBaozQnIkfnsz8S+vn8mw7uU0TjNJYrxYFGYMygTOwoADygmWbKIIwpyqWyEeIY6wVJEVVQhfn8L/SccyKrZhtaqlRnUZRwGcgFNQBhVQAw1wBZqgDTC4Aw/gCTxr99qj9qK9LlpXtOXMEfgB7e0TijuVwg==</latexit>



Matthias Neubert  — JGU Mainz

Super-leading logs for  and  scattering at :qq → qq gg → gg ̂s = 1 TeV

RESUMMATION OF SUPER-LEADING LOGARITHMS

RESUMMATION OF SUPER-LEADING LOGARITHMS

28

n = 1
<latexit sha1_base64="7URU+Y7QVV/bumK1jWGUtBvJ3To=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0ia1saDUPDisaKthTaUzXbbLt1swu5GKKE/wYsHRbz6i7z5b9x+CCr6YODx3gwz88KEM6Ud58PKrayurW/kNwtb2zu7e8X9g5aKU0lok8Q8lu0QK8qZoE3NNKftRFIchZzehePLmX93T6VisbjVk4QGER4KNmAEayPdiAu3Vyw5tu9657Uz5NjVStnzHUNc3/FqVeTazhwlWKLRK753+zFJIyo04VipjuskOsiw1IxwOi10U0UTTMZ4SDuGChxRFWTzU6foxCh9NIilKaHRXP0+keFIqUkUms4I65H67c3Ev7xOqgd+kDGRpJoKslg0SDnSMZr9jfpMUqL5xBBMJDO3IjLCEhNt0imYEL4+Rf+TVtl2Pbt8XSnVK8s48nAEx3AKLtSgDlfQgCYQGMIDPMGzxa1H68V6XbTmrOXMIfyA9fYJOfmNug==</latexit>

n = 0
<latexit sha1_base64="m3J1QgIkB+fZXkDtzj3V4KL2K/4=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZlNVmMOQsCLx4jmAUkIs5NJMmR2dpmZFcKST/DiQRGvfpE3/8bJQ1DRgoaiqpvuriAWXBuMP5zMyura+kZ2M7e1vbO7l98/aOgoUZTVaSQi1QqIZoJLVjfcCNaKFSNhIFgzGF/N/OY9U5pH8s5MYtYNyVDyAafEWOlWXuJevoDdkn9WqWCEXd/DfrloyTmu+H4JeS6eowBL1Hr5904/oknIpKGCaN32cGy6KVGGU8GmuU6iWUzomAxZ21JJQqa76fzUKTqxSh8NImVLGjRXv0+kJNR6Ega2MyRmpH97M/Evr52YwUU35TJODJN0sWiQCGQiNPsb9bli1IiJJYQqbm9FdEQUocamk7MhfH2K/ieNouuV3OKNX6j6yziycATHcAoelKEK11CDOlAYwgM8wbMjnEfnxXldtGac5cwh/IDz9gkvl42z</latexit>

n = 2
<latexit sha1_base64="HnrXa+rV/7rk6tqyBMsECbkWJSE=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadlNNsl6EAJePEY0D0iWMDuZJENmZ5eZWSGEfIIXD4p49Yu8+TdOHoKKFjQUVd10d4UJZ0o7zoeVWVvf2NzKbud2dvf2D/KHR00Vp5LQBol5LNshVpQzQRuaaU7biaQ4CjltheOrud+6p1KxWNzpSUKDCA8FGzCCtZFuxWWxly84tuf7FfcCOXal5Fe8siFu1Sv7LnJtZ4ECrFDv5d+7/ZikERWacKxUx3USHUyx1IxwOst1U0UTTMZ4SDuGChxRFUwXp87QmVH6aBBLU0Kjhfp9YoojpSZRaDojrEfqtzcX//I6qR74wZSJJNVUkOWiQcqRjtH8b9RnkhLNJ4ZgIpm5FZERlphok07OhPD1KfqfNIu2W7KLN16h5q3iyMIJnMI5uFCFGlxDHRpAYAgP8ATPFrcerRfrddmasVYzx/AD1tsnT8qNyQ==</latexit>

n = 3
<latexit sha1_base64="wFSYoIcDdkHZhzeRs5txNJIQXkI=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSStNC6EghuXFe0D2lAm00k7dDIJMxOhhH6CGxeKuPWL3Pk3Th+Cih64cDjnXu69J0w5U9pxPqyV1bX1jc3CVnF7Z3dvv3Rw2FJJJgltkoQnshNiRTkTtKmZ5rSTSorjkNN2OL6a+e17KhVLxJ2epDSI8VCwiBGsjXQrLiv9Utmx/XPPq7nIsSvuRc31DHGrvu94yLWdOcqwRKNfeu8NEpLFVGjCsVJd10l1kGOpGeF0WuxliqaYjPGQdg0VOKYqyOenTtGpUQYoSqQpodFc/T6R41ipSRyazhjrkfrtzcS/vG6mIz/ImUgzTQVZLIoyjnSCZn+jAZOUaD4xBBPJzK2IjLDERJt0iiaEr0/R/6Tl2W7F9m6q5Xp1GUcBjuEEzsCFGtThGhrQBAJDeIAneLa49Wi9WK+L1hVrOXMEP2C9fQIv042z</latexit>

! s = ! s(Q0)
<latexit sha1_base64="oXCy/s2pYrl0P07uVcI90SnKzIU=">AAAB/3icbZDLSsNAFIZPvNZ6iwpu3AwWoW5KUgu6EQpuXLZgL9CGMJlO26GTSZiZCCV24au4caGIW1/DnW/jtI2grT8MfPznHM6ZP4g5U9pxvqyV1bX1jc3cVn57Z3dv3z44bKookYQ2SMQj2Q6wopwJ2tBMc9qOJcVhwGkrGN1M6617KhWLxJ0ex9QL8UCwPiNYG8u3j7uYx0Psq+sfKNZ959y3C07JmQktg5tBATLVfPuz24tIElKhCcdKdVwn1l6KpWaE00m+mygaYzLCA9oxKHBIlZfO7p+gM+P0UD+S5gmNZu7viRSHSo3DwHSGWA/VYm1q/lfrJLp/5aVMxImmgswX9ROOdISmYaAek5RoPjaAiWTmVkSGWGKiTWR5E4K7+OVlaJZL7kWpXK8UqpUsjhycwCkUwYVLqMIt1KABBB7gCV7g1Xq0nq03633eumJlM0fwR9bHN+gElVM=</latexit>

n = 4
<latexit sha1_base64="PBhPl850ZyqYk02uJ20H/8WPvWI=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXwzwy2o1QcOOyon1AO5RMmmlDM5khyQhl6Ce4caGIW7/InX9j+hBU9MCFwzn3cu89UcaZ0o7zYa2srq1vbJa2yts7u3v7lYPDlkpzSWiTpDyVnQgrypmgTc00p51MUpxEnLaj8dXMb99TqVgq7vQko2GCh4LFjGBtpFtxifqVqmMjDwWeCx3br/kuQoYEAQr8c+jazhxVsESjX3nvDVKSJ1RowrFSXdfJdFhgqRnhdFru5YpmmIzxkHYNFTihKizmp07hqVEGME6lKaHhXP0+UeBEqUkSmc4E65H67c3Ev7xuruNaWDCR5ZoKslgU5xzqFM7+hgMmKdF8YggmkplbIRlhiYk26ZRNCF+fwv9Jy7Nd3/ZuULWOlnGUwDE4AWfABRegDq5BAzQBAUPwAJ7As8WtR+vFel20rljLmSPwA9bbJy38jbI=</latexit>

qq! qq
<latexit sha1_base64="JplbPc4gmVyO4h31y87UW1nkS3g=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFclZla0GXBjcsK9gHtUDJp2oZmMjPJHaEM/Qk3LhRx6++4829M21lo64HA4Zx7yT0niKUw6Lrfzsbm1vbObmGvuH9weHRcOjltmSjVjDdZJCPdCajhUijeRIGSd2LNaRhI3g4md3O//cS1EZF6xGnM/ZCOlBgKRtFKnSTpYUSSpF8quxV3AbJOvJyUIUejX/rqDSKWhlwhk9SYrufG6GdUo2CSz4q91PCYsgkd8a6liobc+Nni3hm5tMqADCNtn0KyUH9vZDQ0ZhoGdjKkODar3lz8z+umOLz1M6HiFLliy4+GqSQ24zw8GQjNGcqpJZRpYW8lbEw1ZWgrKtoSvNXI66RVrXjXlepDrVyv5XUU4Bwu4Ao8uIE63EMDmsBAwjO8wpuTOC/Ou/OxHN1w8p0z+APn8wf8hY/j</latexit>

!
ös = 1 TeV , ! Y = 2

<latexit sha1_base64="ZPnjZDIPYTpsCethNbR0UlR9q9Y=">AAACFnicbVDLSgNBEJz1GdfXqkcvg0HwEMNuDOglENCDxwgmKtkQZicdMzj7cKZXDEvyE178FS8eFPEq3vwbJzEHXwUNRVU33V1BIoVG1/2wpqZnZufmcwv24tLyyqqztt7Qcao41HksY3UeMA1SRFBHgRLOEwUsDCScBVeHI//sBpQWcXSK/QRaIbuMRFdwhkZqO7u+vlaY+T2GVA8qnl/wEW4xO4XGgPqFgj0c2v4RSGT0olJqO3m36I5B/xJvQvJkglrbefc7MU9DiJBLpnXTcxNsZUyh4BIGtp9qSBi/YpfQNDRiIehWNn5rQLeN0qHdWJmKkI7V7xMZC7Xuh4HpDBn29G9vJP7nNVPsHrQyESUpQsS/FnVTSTGmo4xoRyjgKPuGMK6EuZXyHlOMo0nSNiF4v1/+SxqlordXLJ2U89XyJI4c2SRbZId4ZJ9UyTGpkTrh5I48kCfybN1bj9aL9frVOmVNZjbID1hvn+p8nd0=</latexit>

n = 1
<latexit sha1_base64="7URU+Y7QVV/bumK1jWGUtBvJ3To=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0ia1saDUPDisaKthTaUzXbbLt1swu5GKKE/wYsHRbz6i7z5b9x+CCr6YODx3gwz88KEM6Ud58PKrayurW/kNwtb2zu7e8X9g5aKU0lok8Q8lu0QK8qZoE3NNKftRFIchZzehePLmX93T6VisbjVk4QGER4KNmAEayPdiAu3Vyw5tu9657Uz5NjVStnzHUNc3/FqVeTazhwlWKLRK753+zFJIyo04VipjuskOsiw1IxwOi10U0UTTMZ4SDuGChxRFWTzU6foxCh9NIilKaHRXP0+keFIqUkUms4I65H67c3Ev7xOqgd+kDGRpJoKslg0SDnSMZr9jfpMUqL5xBBMJDO3IjLCEhNt0imYEL4+Rf+TVtl2Pbt8XSnVK8s48nAEx3AKLtSgDlfQgCYQGMIDPMGzxa1H68V6XbTmrOXMIfyA9fYJOfmNug==</latexit>

n = 0
<latexit sha1_base64="m3J1QgIkB+fZXkDtzj3V4KL2K/4=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZlNVmMOQsCLx4jmAUkIs5NJMmR2dpmZFcKST/DiQRGvfpE3/8bJQ1DRgoaiqpvuriAWXBuMP5zMyura+kZ2M7e1vbO7l98/aOgoUZTVaSQi1QqIZoJLVjfcCNaKFSNhIFgzGF/N/OY9U5pH8s5MYtYNyVDyAafEWOlWXuJevoDdkn9WqWCEXd/DfrloyTmu+H4JeS6eowBL1Hr5904/oknIpKGCaN32cGy6KVGGU8GmuU6iWUzomAxZ21JJQqa76fzUKTqxSh8NImVLGjRXv0+kJNR6Ega2MyRmpH97M/Evr52YwUU35TJODJN0sWiQCGQiNPsb9bli1IiJJYQqbm9FdEQUocamk7MhfH2K/ieNouuV3OKNX6j6yziycATHcAoelKEK11CDOlAYwgM8wbMjnEfnxXldtGac5cwh/IDz9gkvl42z</latexit>

n = 2
<latexit sha1_base64="HnrXa+rV/7rk6tqyBMsECbkWJSE=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadlNNsl6EAJePEY0D0iWMDuZJENmZ5eZWSGEfIIXD4p49Yu8+TdOHoKKFjQUVd10d4UJZ0o7zoeVWVvf2NzKbud2dvf2D/KHR00Vp5LQBol5LNshVpQzQRuaaU7biaQ4CjltheOrud+6p1KxWNzpSUKDCA8FGzCCtZFuxWWxly84tuf7FfcCOXal5Fe8siFu1Sv7LnJtZ4ECrFDv5d+7/ZikERWacKxUx3USHUyx1IxwOst1U0UTTMZ4SDuGChxRFUwXp87QmVH6aBBLU0Kjhfp9YoojpSZRaDojrEfqtzcX//I6qR74wZSJJNVUkOWiQcqRjtH8b9RnkhLNJ4ZgIpm5FZERlphok07OhPD1KfqfNIu2W7KLN16h5q3iyMIJnMI5uFCFGlxDHRpAYAgP8ATPFrcerRfrddmasVYzx/AD1tsnT8qNyQ==</latexit>

n = 3
<latexit sha1_base64="wFSYoIcDdkHZhzeRs5txNJIQXkI=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSStNC6EghuXFe0D2lAm00k7dDIJMxOhhH6CGxeKuPWL3Pk3Th+Cih64cDjnXu69J0w5U9pxPqyV1bX1jc3CVnF7Z3dvv3Rw2FJJJgltkoQnshNiRTkTtKmZ5rSTSorjkNN2OL6a+e17KhVLxJ2epDSI8VCwiBGsjXQrLiv9Utmx/XPPq7nIsSvuRc31DHGrvu94yLWdOcqwRKNfeu8NEpLFVGjCsVJd10l1kGOpGeF0WuxliqaYjPGQdg0VOKYqyOenTtGpUQYoSqQpodFc/T6R41ipSRyazhjrkfrtzcS/vG6mIz/ImUgzTQVZLIoyjnSCZn+jAZOUaD4xBBPJzK2IjLDERJt0iiaEr0/R/6Tl2W7F9m6q5Xp1GUcBjuEEzsCFGtThGhrQBAJDeIAneLa49Wi9WK+L1hVrOXMEP2C9fQIv042z</latexit>

! s = ! s(Q0)
<latexit sha1_base64="oXCy/s2pYrl0P07uVcI90SnKzIU=">AAAB/3icbZDLSsNAFIZPvNZ6iwpu3AwWoW5KUgu6EQpuXLZgL9CGMJlO26GTSZiZCCV24au4caGIW1/DnW/jtI2grT8MfPznHM6ZP4g5U9pxvqyV1bX1jc3cVn57Z3dv3z44bKookYQ2SMQj2Q6wopwJ2tBMc9qOJcVhwGkrGN1M6617KhWLxJ0ex9QL8UCwPiNYG8u3j7uYx0Psq+sfKNZ959y3C07JmQktg5tBATLVfPuz24tIElKhCcdKdVwn1l6KpWaE00m+mygaYzLCA9oxKHBIlZfO7p+gM+P0UD+S5gmNZu7viRSHSo3DwHSGWA/VYm1q/lfrJLp/5aVMxImmgswX9ROOdISmYaAek5RoPjaAiWTmVkSGWGKiTWR5E4K7+OVlaJZL7kWpXK8UqpUsjhycwCkUwYVLqMIt1KABBB7gCV7g1Xq0nq03633eumJlM0fwR9bHN+gElVM=</latexit>

n = 4
<latexit sha1_base64="PBhPl850ZyqYk02uJ20H/8WPvWI=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXwzwy2o1QcOOyon1AO5RMmmlDM5khyQhl6Ce4caGIW7/InX9j+hBU9MCFwzn3cu89UcaZ0o7zYa2srq1vbJa2yts7u3v7lYPDlkpzSWiTpDyVnQgrypmgTc00p51MUpxEnLaj8dXMb99TqVgq7vQko2GCh4LFjGBtpFtxifqVqmMjDwWeCx3br/kuQoYEAQr8c+jazhxVsESjX3nvDVKSJ1RowrFSXdfJdFhgqRnhdFru5YpmmIzxkHYNFTihKizmp07hqVEGME6lKaHhXP0+UeBEqUkSmc4E65H67c3Ev7xuruNaWDCR5ZoKslgU5xzqFM7+hgMmKdF8YggmkplbIRlhiYk26ZRNCF+fwv9Jy7Nd3/ZuULWOlnGUwDE4AWfABRegDq5BAzQBAUPwAJ7As8WtR+vFel20rljLmSPwA9bbJy38jbI=</latexit>

!
ös = 1 TeV , ! Y = 2

<latexit sha1_base64="ZPnjZDIPYTpsCethNbR0UlR9q9Y=">AAACFnicbVDLSgNBEJz1GdfXqkcvg0HwEMNuDOglENCDxwgmKtkQZicdMzj7cKZXDEvyE178FS8eFPEq3vwbJzEHXwUNRVU33V1BIoVG1/2wpqZnZufmcwv24tLyyqqztt7Qcao41HksY3UeMA1SRFBHgRLOEwUsDCScBVeHI//sBpQWcXSK/QRaIbuMRFdwhkZqO7u+vlaY+T2GVA8qnl/wEW4xO4XGgPqFgj0c2v4RSGT0olJqO3m36I5B/xJvQvJkglrbefc7MU9DiJBLpnXTcxNsZUyh4BIGtp9qSBi/YpfQNDRiIehWNn5rQLeN0qHdWJmKkI7V7xMZC7Xuh4HpDBn29G9vJP7nNVPsHrQyESUpQsS/FnVTSTGmo4xoRyjgKPuGMK6EuZXyHlOMo0nSNiF4v1/+SxqlordXLJ2U89XyJI4c2SRbZId4ZJ9UyTGpkTrh5I48kCfybN1bj9aL9frVOmVNZjbID1hvn+p8nd0=</latexit>

gg ! gg
<latexit sha1_base64="VCGhFBjjw9cS6CcNy/HmcYsLpos=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi4LblxWsA9oh5JJb6ehmcyYZIQy9CfcuFDErb/jzr8xbWehrQcCh3PuJfecIBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9FQ8hFn1FipG4Z9E5MwHJQrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJD7FkqaYTazxb3zsiFVYZkFCv7pCEL9fdGRiOtp1FgJyNqxnrVm4v/eb3UjG78jMskNSjZ8qNRKojNOA9PhlwhM2JqCWWK21sJG1NFmbEVlWwJ3mrkddKuVb2rau2+XmnU8zqKcAbncAkeXEMD7qAJLWAg4Ble4c15dF6cd+djOVpw8p1T+APn8we/WY+7</latexit>

n = 5
<latexit sha1_base64="vpDiL7BK9UpSaHPT/y390kyePks=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0iafuhBKHjxWNHWQhvKZrtpl242YXcjlNKf4MWDIl79Rd78N27TCir6YODx3gwz84KEM6Ud58PKrayurW/kNwtb2zu7e8X9g7aKU0loi8Q8lp0AK8qZoC3NNKedRFIcBZzeBePLuX93T6VisbjVk4T6ER4KFjKCtZFuxEW1Xyw5dq3u1CoecmyvVvcy4rrn9XIVubaToQRLNPvF994gJmlEhSYcK9V1nUT7Uyw1I5zOCr1U0QSTMR7SrqECR1T50+zUGToxygCFsTQlNMrU7xNTHCk1iQLTGWE9Ur+9ufiX1011eOZPmUhSTQVZLApTjnSM5n+jAZOUaD4xBBPJzK2IjLDERJt0CiaEr0/R/6Rdtl3PLl9XSo3KMo48HMExnIILdWjAFTShBQSG8ABP8Gxx69F6sV4XrTlrOXMIP2C9fQI7b427</latexit>
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deÞne! = Vm + R m . The collinear singularities in the soft anomalous dimension are encoded in the
quantity

! c =
!

i =1 ,2

4
"
Ci 1 ! Ti,L " Ti,R ! (nm+1 ! ni )

#
, (12)

which enters the anomalous dimension multiplied by ln(µ2/ ös), where
#

ös = Q is the partonic center-
of-mass energy. When inserted into (8) this gives rise to double logarithms, which are the source of the
SLLs. All Þnal-state collinear singularities cancel between real and virtual contributions, and for this
reason only the initial-state pieces (with i = 1 , 2) must be kept. The cancellation for the initial-state
terms is spoiled by the complex Coulomb phases in (3), which are contained in [17]

V G = ! 8i " (T1,L áT2,L ! T1,R áT2,R ) . (13)

Color conservation implies that these phases are only relevant for processes involving (at least) two
colored partons in the initial state. The color generatorsTi,L act on the amplitude and hence multiply
the hard functions H m from the left, while the generators Tj,R act on the conjugate amplitude and
stand on the right of H m . The color matrices in the virtual part act on the color indices of the m
partons, Ti áTj =

$
a T a

i T a
j , and Ti áTi = Ci 1 is the quadratic Casimir operator of parton i . The

color matrices in the real-emission termsR m and in the second term in (12) are di! erent. They take
an amplitude with m partons and map it to an amplitude with ( m + 1) partons. Explicitly, we have
H m Ti,L " Tj,R = T a

i H m T ÷a
j , where the color indicesa and ÷a refer to the emitted gluon. We use the

symbol " to indicate the presence of the additional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act on these indices.

Collinear safely, the fact that the singularities associated with real and virtual collinear emissions
cancel against each other, ensures that under the color trace in (8) the operator! c vanishes whenever
it stands left to the 1. Combined with the fact that the commutator [ ! c, ! ] vanishes under the trace
in (8), this implies that Sudakov double logarithms arise only in the presence of the Coulomb phases
V G. It follows that for a given 2 $ 2 scattering process the SLL at (3 +n)th order in perturbation
theory is associated with color traces of the form

Crn =
%
H 4 (! c)r V G (! c)n! r V G ! %1

&
, (14)

where 0& r & n. Each insertion of ! c gives rise to a double logarithm. This explains why the SLLs
Þrst appear at four-loop order. However, the three-loop term (n = 0) originates from the same color
structures and is numerically signiÞcant, even though it only involves the imaginary part" = | ln( ! 1)|
of the large logarithm. Neglecting the running of the coupling#s, setting µh = Q =

#
ös and µs = Q0,

and evaluating the integrals overµ arising in the Taylor expansion of the matrix exponential in (8),
we Þnd for the contribution of SLLs to the cross section

$SLL = $Born

"!

n=0

' #s

4"

( n+3
L 2n+3 (! 4)n n!

(2n + 3)!

n!

r =0

(2r )!
4r (r !)2 Crn , (15)

where L = ln( Q/Q 0). Starting from four-loop order two large logarithms per loop arise.
For the simplest case of quark-initiated 2$ 2 scattering, we have succeeded to evaluate the color

traces Crn in closed form in terms of only three non-trivial color structures [50]. The result reads

Crn = 2 8! r " 2 (4Nc)
n

) !

j =3 ,4

Jj
%
H 4

"
(T2 ! T1) áTj + 2 r ! 1Nc ($1 ! $2) dabcT a

1 T b
2 T c

j

#&

+ 2 (1 ! ! r 0) J2
%
H 4

"
CF + (2 r ! 1) T1 áT2

#&
*

,

(16)

where $i = 1 for an initial-state antiquark and $i = ! 1 for an initial-state quark. The sum in the
Þrst term runs over the Þnal-state partons. The structureH 4 is normalized such that ' H 4( = 1. All
information about the phase-space restrictions is contained in the angular integrals

Jj =
+

d" (nk)
4"

'
W k

1j ! W k
2j

(
# veto (nk) ; with W k

ij =
ni ánj

ni ánk nj ánk
, (17)
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IMPORTANT REMARKS

▸ SCET-based approach solves 16-year old QCD problem, extending 
existing results to all orders of perturbation theory and to arbitrary 

 hard-scattering processes


▸ master formula also applies to cases where  or even , 
which were not considered before (SLLs start at 4- and 5-loop order, 
respectively)


▸ relevant for both SM phenomenology (e.g. ) and    
New-Physics searches (e.g. WIMP searches in )

2 → M

M = 1 M = 0

pp → h + jet
pp → jet + /ET

29
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RESUMMATION OF SUPER-LEADING LOGARITHMS

CONCLUSIONS

30

Toward a complete theory of LHC jet processes


▸ powerful new factorization theorem derived using SCET


▸ in future, extension to massive final-state partons and calculations 
beyond leading logarithms (important for scale setting)


▸ detailed study of low-energy matrix elements using SCET with 
Glauber gluons will offer an ab initio understanding of violations of  
conventional factorization (perturbative part of “underlying event”)


▸ results very relevant for future improvements of parton showers


▸ new levels of precision in predictions for important LHC processes


