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OUTLINE

Å Particle scattering near threshold

Å Factorization and resummation at NLP

Å New partonic channels in DIS and DY

JHEP 10 (2020 ), 196 , [arXiv : 2008 .04943 ],

with M. Beneke, M. Garny, S. Jaskiewicz, R. Szafron and J. Wang .

[ arXiv : 2109 .09752 ],

with M. van Beekveld and C. D. White .



PARTICLE SCATTERING NEAR THRESHOLD



ÅHard scattering processes are calculated in 

perturbation theory . 

ÅGoing beyond NNLO and N3LO is difficult , yet 

necessary to match the precision of current and 

forthcoming experiments!

ÅLoop and phase space integrals:

ÅAnalytic vs numerical evaluation

ÅSpace of functions

ÅInfrared divergences 

ÅLarge logarithms

PRECISION FOR COLLIDER PHYSICS

This talk



ÅThe presence of largely different scales gives rise to large logarithms:

ÅLarge logarithms spoil the convergence of the perturbative series:

Ÿ need resummation.

PRECISION FOR COLLIDER PHYSICS



ÅConsider the DY invariant mass distribution:

ÅNear partonic threshold :

the partonic cross section has the singular 

expansion 

PARTICLE SCATTERING NEAR THRESHOLD

LP terms

NLP terms



ÅLarge threshold logarithms spoil the reliability
of the perturbative expansion and needs to be 
resummed

ÅResummation of LP logarithms is well 
established: it relies on factorization and
exponentiation properties of soft radiation .  

ÅThe resummation of threshold logarithms leads 
to a more reliable perturbative expansion. 

ÅMore relevant for the production of heavy final
states (                                    )

Bonvini , Marzani , Muselli , Rottoli 2016

PARTICLE SCATTERING NEAR THRESHOLD: LP



ÅWhat about NLP and higher power terms? 

ÅCan be relevant for precision physics! 

ÅInteresting problem: probes all -order structures beyond the semi -classical approximation .

PARTICLE SCATTERING NEAR THRESHOLD: NLP

Kramer, Laenen, Spira, 1998 Anastasiou, Duhr, Dulat, Herzog, Mistlberger, 2015



ÅAt NLP more production channels contribute. Convergence is faster for leading channels.

PARTICLE SCATTERING NEAR THRESHOLD: NLP

van Beekveld, Laenen,
Sinninghe Damsté, LV, 2021 .



FACTORIZATION AND RESUMMATION AT NLP

Å Understanding the factorization and resummation of large logarithms at next - to - leading 

power (NLP) has been subject of intense work in the past few years!

Å Drell -Yan, Higgs and DIS near threshold

Å Operators and Anomalous dimensions

Å Thrust

Å pT and Rapidity logarithms 

ÅMass effects 

Del Duca, 1990; Bonocore, Laenen, Magnea, LV, White, 2014, 2015, 2016;

Bahjat - Abbas, Bonocore, Sinninghe Damsté, Laenen, Magnea, LV, White, 2019;

van Beekveld, Beenakker , Laenen, White, 2019; van Beekveld, Laenen, Sinninghe Damsté, LV, 2021;

Beneke, Broggio, Garny, Jaskiewicz, Szafron, LV, Wang, 2018; 

Beneke, Broggio, Jaskiewicz, LV, 2019;

Beneke, Garny, Jaskiewicz, Szafron, LV, Wang, 2019, 2020.

Larkoski , Neill, Stewart 2014;

Moult , Stewart, Vita 2017; Feige , Kolodrubetz , Moult , Stewart 2017;

Beneke, Garny, Szafron, Wang, 2017, 2018, 2019. 

Moult , Stewart, Vita, Zhu 2018, 2019. 

Ebert, Moult , Stewart, Tackmann , Vita, 2018, 

Moult , Vita Yan 2019;

Cieri , Oleari, Rocco, 2019; Oleari, Rocco 2020.

And many more! 

[O(50 publications ) 
and counting ]

Liu , Neubert 2019; Liu , Mecaj , Neubert , Wang, Fleming, 2020; 

Liu , Mecaj , Neubert , Wang, 2020;

Anastasiou , Penin , 2020.



SCATTERING NEAR THRESHOLD: 
LP VS NLP



FACTORISATION OF SOFT GLUONS AT LP

Å Emission of soft gluons from an energetic parton (quark):

Å Emission of multiple soft gluons factorises :

Å In general

Collins, Soper,Sterman, 1989;

Gardi, Laenen, Stavenga, White, 2010; 
Gardi, Smillie, White, 2013



Å Beyond leading power one has non - trivial effects due to virtual gluons :

Å The loop momentum runs over all scales , cannot be treated as soft :

Bonocore, Laenen, 
Magnea, LV, White, 2014

EXPANSION BY REGIONS



Å Virtual gluons gives non -analytical contributions ᶿto the scales of the problem: LP

Å Factorisation : physics at different scales is uncorrelated .

Factorisation

EXPANSION BY REGIONS : LP



Å Virtual gluons gives non -analytical contributions tθo the scales of the problem: NLP

Å Need an effective approach to take into account hard , collinear and soft modes.

Å Two approaches: ~ Diagrammatic; ~ Soft Collinear Effective Field Theory .

Bonocore, Laenen, 
Magnea, LV, White, 2014

Factori zation?

EXPANSION BY REGIONS : NLP



FACTORIZATION AND RESUMMATION :
DIAGRAMMATIC VS SCET



DIAGRAMMATIC FACTORI ZATION AT NLP : DRELL YAN

Å Describe momentum regions in terms of universal functions in QCD:

Å For instance, for Drell -Yan we have

ÅñDerivativeò of the non- radiative amplitude,

ÅñGeneralizedò soft function,

ÅñRadiativeò jet function,

Å One has

for n1 = p 2, n 2 = p 1.

Low 1958, Burnett,Kroll 1968

Del Duca 1990, 

Bonocore , Laenen, 
Magnea, Melville, LV, 
White, 2015,2016

Laenen, Magnea, Stavenga , White, 2009, 2010

Bonocore , Laenen, Magnea, LV, White,2016

(Removes soft - collinear 
overlap in the radiative jet)



Å Exponentiation ( resummation ): investigate the 

combinatorial structure of all -order classes of diagrams, 

constructed with the functions defined before, 

contributing to a given logarithmic accuracy at NLP 

(more later). 

Å The example discussed so far accurately describes DY

up to NNLO. I n general, one needs to take into account 

Å processes with more than two external directions ;

Å factorization beyond one loop ;

ÅMultiple soft gluon emission .

Å Task : obtain a classification of the jet - like structures , 

consisting of virtual radiation collinear to any of the n

external hard particles, contributing at subleading

power in a parametrically small scale , corresponding to 

a fermion mass or a soft external momentum . 

DIAGRAMMATIC FACTORI ZATION AT NLP

Bahjat - Abbas, Bonocore , Sinninghe Damsté, Laenen, 
Magnea, LV, White, 2019; van Beekveld, LV, White 2021



DIAGRAMMATIC FACTORISATION AT NLP

ÅWork in progress: i n QED one obtains the all -orders factori zation formula 

Å The main message : in general, more types of jet functions are needed, involving two or 
more particles along a given collinear direction .

Å Possible drawbacks : soft -collinear overlap , power expansion of the factorized functions .

Laenen, Sinninghe Damsté, 
LV, Waalewijn, Zoppi, 2020



FACTORIZATION AND 
RESUMMATION IN SCET AT LP

Å Effective Lagrangian and operators made of collinear and soft fields.

Å Constructed to reproduce a scattering process as obtained with the method of regions .

Å The cross section factorizes into a hard scattering kernel , and matrix elements of soft and 

collinear fields.

Å Renormalize UV divergences of EFT operators and obtain renormalization group equations .

Å Each function depends on a single scale : solving the RGE resums large logarithms .

Bauer, Fleming, Pirjol , Stewart, 2000,2001;

Beneke, Chapovsky , Diehl , Feldmann , 2002;

Hill, Neubert 2002.

Soft function ïmatrix 

element of soft fields

Hard matching 

coefficient
Jet functions ïmatrix 

elements of collinear fields

See e.g. Becher, Neubert 2006



FACTORIZATION IN SCET: LP VS NLP

Å Leading power (LP): 

Å N- jet operators;

Å Soft -collinear decoupling .

Å Next - to - leading power (NLP):

Å Kinematic suppression ;

ÅMulti -particle emission along the same collinear direction ;

Å No soft -collinear decoupling .

Beneke, Garny, 
Szafron, Wang, 

2017,2018



DRELL - YAN AT LP IN SCET

Å Drell -Yan momentum modes :

Å At LP the QCD DY current matches to 

where

Å After decoupling, soft interaction factorise into soft Wilson lines.

Å Initial and final state factorise into soft and PDF -collinear sector: 

decoupling



DRELL - YAN AT LP IN SCET

Å The invariant mass distribution at LP reads 

where

Å The soft function is a vacuum matrix element of Wilson lines : 

Sterman, 1987,

Catani, Trentadue, 1989,

Korchemsky, Marchesini 1993, 

Becher,Neubert, Xu 2007



DRELL - YAN AT NLP IN SCET

Å Schematic factorization formula at NLP: we expect

where

Å C is the hard Wilson matching coefficient,

Å S is a generali zed soft function,

Å J is a new collinear function.

Å The collinear function is trivial at LP, because all threshold collinear modes are scaleless .

Å The collinear scale is induced by the injection of a soft momentum.



DRELL - YAN AT NLP IN SCET

Å This is provided at subleading power by soft -collinear interactions. For instance:

where 

Å The matrix element reads

Non - scaleless collinear matrix element

(Recall)



DRELL - YAN AT NLP IN SCET

Å This is easily generalized at any subleading power: there can be many Lagrangian
insertions , each with its own i conjugate to the large component of the collinear 
momentum.

Å After taking the matrix element squared, this gives a generali zed soft functions :

which are equivalent to the generali zed 
Wilson lines built in terms of NLP webs
in the diagrammatic approach . 

Beneke, Broggio, 
Jaskiewicz, LV, 2019



DRELL - YAN AT NLP IN SCET

Å Up to NLP one has :

Å Compare fixed order expansion against results in literature .

Å At NLO this gives the contribution:

Beneke, Broggio , 
Jaskiewicz, LV, 2019



DRELL - YAN AT NLP IN SCET

Å At NNLO: 

Beneke, 
Broggio , 
Jaskiewicz, 
LV, 2019

Broggio , 
Jaskiewicz, 
LV, 20 21



DRELL - YAN AT NLP IN SCET

ÅWe reproduce the 1real 1 -virtual and 2- real contribution to DY .

Å The ingredients to reproduce 1r1v correction in DY are the 1- loop collinear and soft 
functions :

Å However: the convolution is regulari zed by dimensional regulari zation . For resummation , 
we treat the two object independently, and expand in prior to performing the convolution .

Å Technical problem that needs to be solved to achieve resummation beyond LL.

Studies in: Moult , Stewart, Vita, Zhu, 2019;
Beneke, Garny, Jaskiewicz, Szafron, LV, Wang, 2020;
Liu, Mecaj , Neubert, Wang, Fleming, 2019, 2020;



LL RESUMMATION AT NLP

Å For leading channels like      in Drell -Yan or gg in Higgs production, it turns out that the 

collinear function contributes only starting at NLL accuracy. 

Å This means that at LL accuracy only the hard and soft functions contribute. The divergent 

contribution problem can be easily overcome , and LLs can be resummed .

SCET: Beneke, Broggio , Garny, Jaskiewicz, Szafron, LV, Wang, 20 18 ;

Diagrammatic: Bahjat - Abbas, Bonocore , Sinninghe Damsté, Laenen, Magnea, LV, White, 2019

Phenomenological analysis in: Beneke, Garny, Jaskiewicz, Szafron, LV, Wang, 2019;

van Beekveld, Laenen, Sinninghe Damsté, LV, 2021.



ENDPOINT DIVERGENCES AND RESUMMATION

Addressing the problem of endpoint divergences in the leading channels is not an easy task: 

one has to deal with several operators/contributions .

Å Things are different for subleading channels (e.g. qg in Drell -Yan): they start at NLP, and 

LLs are generated by all momentum regions. Better place to start investigating endpoint 

divergences.



THRESHOLD RESUMMATION AT NLP 
IN OFF - DIAGONAL CHANNELS: 
DEEP INELASTIC SCATTERING



DEEP INELASTIC SCATTERING

Å Deep inelastic scattering (DIS) near threshold develops 

a hierarchy of scales : 

Å Factorization and resummation well understood at LP: 

Short -distance coefficient and jet function are single scale object ïresummation

obtained by solving the corresponding RGE. 

Sterman 1987; 
Catani, Trentadue 

1989; Korchemsky , 
Marchesini, 1993; 

Moch , Vermaseren , 
Vogt 2005; Becher, 

Neubert, Pecjak , 
2007


