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The top quark

• Top quark heaviest known elementary particle to date

• Unstable particle, with width

• Reduced non-perturbative impact („bare“ quark)

• Couples to all sectors of the SM

• Top parameters important:
➢ Virtual top effects

➢ EW vacuum stability

➢ Consistency test of SM

• Important process: top pair-production

• Precision studies at future linear colliders
➢ Threshold scans

➢ Direct reconstruction (from top decay products)
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Projected uncertainties for ILC500

[PDG, 20]

[Degrassi et al, 13]

[Zarnecki et al, 11]



N-jettiness

• Event shapes
➢ Functions of (hadronic) kinematics

➢ Characterize the shape of the event

• This work: N-jettiness 𝜏𝑁

➢ Measure for how N-jet-like an event is

➢ 𝜏𝑁 small → N well-separated jets

➢ Assigns each momentum to a jet sector

➢ Related up to power-corrections 𝑂(𝜏𝑁) to other event shapes

• Top mass extractions from top mass-sensitive event shapes
-> peak position for 2-jettiness

• Important: treating EW (QED) effects necessitates including the beam (jets)
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e.g. thrust (massless)

[Stewart et al, 10]



2-jettiness for 𝑡 ҧ𝑡 production

• Leading-order: Breit-Wigner function

• Of interest: boosted jet regime: 𝐸𝑗𝑒𝑡
2 ≫ 𝑝𝑗𝑒𝑡

2 ~ 𝑚𝑡
2, i.e. small 𝜏2

• Radiative corrections (QCD NLO and beyond) very sizable

• Complex beyond LO because of multiple scales

• Due to scale separation, e.g. in the peak region

➢ large logs:  𝛼𝑠
𝑛 ln𝑘 𝜏2

➢ Sudakov logs: 𝛼𝑠
𝑛 ln𝑘 𝜚𝑡

• Factorization properties of N-jettiness:
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Indicates power-suppressed/non-singular terms

Resummation necessary



SCET

• Factorization of observable into soft and collinear contributions
-> use Soft-Collinear EffectiveTheory (SCET)

• Power-counting parameters for boosted regime:  
𝜆 = 𝜏2 ≪ 1 and  𝜚𝑡

−1 = 𝑚𝑡/𝑄 ≪ 1

• SCET reproduces (singular) leading-power contributions in 𝜏2 and 
the asymptotic limit in 𝜚𝑡

−1

• Lagrangians decouple:

• Hard modes are integrated out of Lagrangian and encoded
in Wilson coefficients, e.g.: current:

• Interactions and operators in SCET dictated by individual soft and 
collinear gauge invariance
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[Stewart et al, 01]



   

    

    
    

          

   

 

  

  

              

          

                          

                        

      

              

             

                   

  

    
       

  

(boosted) HQET

• For unstable quarks: additional large logs  𝛼𝑠
𝑛 ln𝑘 Γ𝑡/𝑚𝑡

in the tail and peak regions (where 𝑚𝑡
2 ≫ 𝑄2𝜏2 − 𝑚𝑡

2 ~ 𝑚𝑡Γ𝑡) 
that cannot be resummed with SCET

• Origin = ultracollinear radiation: radiation that is
ultrasoft (+ isotropic) in heavy quark rest frame, 
but boosted by 𝜚𝑡 along jet direction

• Heavy Quark EffectiveTheory (HQET): 
integrate out modes with off-shellness 𝑚𝑡

2, only ultrasoft gluons remain

• bHQET: 
radiation is boosted (here IR scale for ultracollinear radiation is Γ𝑡 instead of ΛQCD):

• Matching SCET jet fields onto bHQET jet fields:
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𝑘2 ~ Γ𝑡
2 ≪ 𝑚𝑡

2

 

boost

 
𝑣2 = 1

Γ𝑡

[Fleming et al, 07]

[Fleming et al, 07]

[Georgi et al, 90]



Factorization for 2-jettiness in pure QCD

• Hard and mass-mode functions:

• bHQET jet function

• Soft function

• SCET provides the possibility to resum large logarithmic
corrections by renormalization group evolution
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[Fleming et al, 07]



QCD state-of-the-art (peak region)

• State-of-the-art QCD:
➢ NLL QCD + LO EW (width Γ𝑡 in peak region)
➢ 2-loop bHQET jet function
➢ 2-loop SCET-bHQET current matching
➢ N3LL-study (peak region)
➢ 2-loop SCET massive jet function

• EW only LO so far -> this work‘s aim: subleading EW effects

• QCD field-theoretic subtleties (not covered now):
➢ Non-perturbative corrections
➢ Renormalons
➢ Top mass schemes (MSR mass)
➢ Profiles (𝜏2-dependent canonical scales 𝜇𝐹)
➢ Secondary mass effects
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Loop-orders of resummation ingredients

[Hoang et al, 20]

[Lepenik et al, 18]

[Hoang et al, 20]

[Pathak et al, 15]

[Stewart et al, 08]

[Fleming et al, 07, 08]
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Electroweak sector

• 𝑆𝑈(3)𝑐 × 𝑆𝑈(2)𝐿 × 𝑈(1)𝑌 gauge group:

• Matter content:

• Fundamental Higgs withYukawa couplings (top only):
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𝜇2 = 0: symmetric/unbroken phase
𝜇2 ≠ 0: broken phase



EW couplings and Sudakov logs

• Couplings (at 𝜇 ~ 𝑚𝑡):

• Evolution coupled beyond LL (𝑖, 𝑗 = 1,2,3, 𝑡):

• Numerical solution with Mathematica sufficiently fast and precise for our purpose

• Radiative corrections involving massive gauge bosons get Sudakov log enhancement

(𝐿 ≡ ln
𝑄2

𝑀𝑊
2 ~ 5 at Q = 1 TeV)

• Note: enhancement large, but still perturbative, i.e. (𝛼𝑊𝐿2)𝑛 > (𝛼𝑊𝐿2)𝑛+1

• Also: group theoretic/loop factors in 𝑐𝑖 affect (relative) numerics, e.g.:
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SCETEW and SCETγ

• Since 𝑣 ≪ 𝑄 (and thus 𝑀𝑋 ≪ 𝑄), one should get the correct asymtptotic limit by a SCET-
approach

• Note: we assume Ƹ𝑠 ~ Ƹ𝑡 ~ ො𝑢 ≫ 𝑣2, i.e. 𝑧 = cos 𝜃∗ ~ 0 (central scattering) for power-
counting purposes

• Theory above EW scale M = 𝐒𝐂𝐄𝐓𝐄𝐖, with Wilson line

• Theory below EW scale M = 𝐒𝐂𝐄𝐓𝜸, with Wilson line

• Operators now 4-fermion operators (with 4 lightcone directions 𝑛𝑖, 𝑛𝑖
2 = 0)
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𝜃∗𝑒−
𝑒+

ҧ𝑡

𝑡

lepton current quark current

[Chiu et al, 07, 08, 09]



Isospin structures

• 2 natural bases to express radiative corrections

• 6 „physical“ combinations for Γ𝐼⨂Γ𝐼 and isospin channels i out of 16 in 
total (= those with net 𝐼3 = 0)

• The two bases can be related by an orthogonal transformation 𝐵𝑖𝐼

• Channel space: 
+ physically intuitive, suitable for QED + QCD and Z-contributions
- no clear view on EW symmetry(-breaking) patterns

• Operator space: 
+ convenient for symmetric SU(2) effects and W-contributions
- not well-suited for effects at EW scale and below

• Scattering amplitude is some vector in either space, and (factorizable) 
radiative corrections A act as matrices:
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channel space

operator space
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Master formula

• Lepton chirality 𝜅 = ±1,  quark chirality ρ = ±1

• Switching off QED below M (-> later work) simplifies formula to

• Beam polarization function:

• Isospin density matrix (in channel space):
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Hard phase space Beam polarizations, 𝑃𝑖 ∈ [−1,1] Hard kinematics + flux

CM frame now: 𝑧 = cos 𝜃∗



Hard matching

• Results chiral; for simplicity focus on exclusively left-chiral case

• Hard SM tree-level (expand in 𝑀/𝑄 ≪ 1):

• SCETEW -operators equipped with Wilson coefficients 𝐶𝐼

• Matching at high scale 𝜇𝑄 ~ 𝑄 and evolution from 𝜇𝑄 ~ 𝑄 to 𝜇𝑀 ~ 𝑀

• 𝐶 and evolution 𝛾𝑄
EW are free of symmetry-breaking (SB) effects

• Open question: consistent (coherent) inclusion of tree power-corrections
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Non-singlet
part gauge-
dependent

singlet part
gauge-
independent

…

[Chiu et al, 08]



Mass-mode matching

• Matching at EW scale 𝜇𝑀 ~ 𝑀 onto QED + QCD (SCETγ)

• Contains SB effects (most easily seen in operator space)

• Anomalous dimensions free of SB effects above and below M

• Rapidity log remains in matching:

• „Soft-collinear“ factorization (= regulator-dependent split) of matching at 𝜇𝑀 ~ 𝑀

• Using symmetric rapidity regulator allows resummation by RG method
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Rapidity evolution
gauge-independent[Rothstein et al, 11]

[Chiu et al, 09]



EW resummation: summary

• Resummation in virtuality sums EW Sudakov logs 
between Q and M → no SB effects

• Symmetric tree-level gives consistent resummed results
-> open question: coherent inclusion of power-corrections at 
tree-level

• Matching:
• high-scale Q: free of SB effects

• EW scale M: SB effects (boson masses, isospin
dependence)

• Rapidity resummation at EW scale M consistent at NLL
-> open question: field-theoretic definition of „mass-mode 
collinear“ contribution (Wilson line vs. Method-of-Regions)

• Resummation below M (QCD + QED) understood
-> QED contributions to be included
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Resummation path: all quantities are evolved to 𝜇𝑀 ~ 𝑀



Fixed-order EW contributions
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Resummed EW contributions
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Imaginary parts from bW-cuts

• There are imaginary parts in ℳ𝑐 due to bW-cuts 

• Diagrammatically at 𝑂 𝛼𝑊 :

• These imaginary parts cancel in the combination ℳ𝑐ℳ𝑐
†

• Resonant/non-resonant interference contributions are obtained by modifying jet function definition

• Important: the bW-cuts in ෪ℳ𝑐
†

have the same sign as in ℳ𝑐 !!
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= +



EFT vs. full theory cuts

• diagrammatically at 𝑂 𝛼𝑊

• The corresponding full theory cuts are reproduced

• Important: the mechanism needs
➢ Wilson lines (i.e. factorization of ℳ𝑐 into top and anti-top contributions) -> cf. rapidity discussion

➢ Factorization of ultracollinear (QCD) from mass-mode (EW) effects -> checked diagrammatically at 𝑂 𝛼𝑠𝛼𝑊
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Width already part of bHQET Lagrangian and 
appearing in jet functions

      



Numerical example

• Interference with tree-level bHQET jet function
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Summary and outlook

• Summary:
• NLO EW effects incorporated into factorized calculation for top jet pair production

(following )

• Set up formalism for 2-jettiness cross section (NNLL QCD + NLL‘ EW) for linear collider environment
(including beam polarization effects)

• Reorganized language concerning isospin structures/operators for more transparent look on SB mechanism
and (potential) limitations of the factorized approach

• Resonant/non-resonant interference: proofs of factorization (diagrammatically at 𝑂 𝛼𝑠𝛼𝑊 ) and tree-level 
study

• Outlook:
• Extend numerical studies of EW resummation effects for 2-jettiness including QCD

• Coherent treatment of resonant/non-resonant interference and QCD effects

• Improve understanding of rapidity resummation concept (limitations of EW Wilson line formalism)

• QED below M

• Extension to LHC observables
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[Chiu et al, 07, 08, 09]
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Backup



Sudakov evolution
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Chirality of operators shown: left-left (for left-right and right-left: SU(2)-effects roughly half the size)
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preliminary

preliminary preliminary

preliminary

unpolarized ILC polarization
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preliminary preliminary

preliminarypreliminary

Forward scattering (45°) Central scattering (90°)


