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to compare with experiment, we compare
which particles arrive in the detectors

for this we need to know in which direction the
outgoing particles are going

we need the differential cross section
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Differential Cross Section

do = dII, 2% [Zhl__.hn IMasb—n(p1, ---, pn)\2 ] matrix element

[dHn = (H?’zl (2—},)33%) - (2m)* 6Y (pa + py — p1 —~-—pn)]

phase space integration
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2-particle phase space

do = dlIl, 2%9 Zhy--hn ’Ma+b—>n(p1> R pn)|2

n 3i
dlh, = (Hi:l ﬁ%) - (2m)" 6@ (pa + 9y —p1r— - — )




2-particle phase space

do = dlII, %[Zhl...hn (Massn(D1, -, pa)l” ]

n 3i
dlh, = (Hi:l ﬁ%) - (2m)" 6@ (pa + 9y —p1r— - — )
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products



2-particle phase space

do = dlIl, 2%9 Zhbnhn ’Ma+b—>n(p1, R pn)|2

n 31’
[dHn:(Hizl ﬁ%) (2m)" 6 )(pa+pb—p1—---—pn)]

d3 e 1
/de(P,Pl,Pz) = / 2]51 27 252 (2m)? (27)* W (P — p; — p2) e general 2-particle phase space
1 2 .
in CM-frame of P

\/)\ ,m3, m3)

(27r) 8P?

/dcosB d¢ e only depends on angles

Aa,b,¢) = a® + b% + ¢ — 2ab — 2ac — 2bc



2-particle phase space

do ot 2
dcosfdg Z_s(l"‘cos 9)

final state with 2 particles:
e traces from spin sums easily calculable

e analytic integration of phase space



2-particle phase space

do ot 2
dcosfdg Z_s(l"‘cos 9)

final state with 2 particles:
e traces from spin sums easily calculable

e analytic integration of phase space

final state with >3 particles:
e matrix element with traces possible in principle, but
computationally expensive in practice

e analytic integration of phase space not possible



Matrix Element



Why are traces a problem for >3 particles in the final state?



Why are traces a problem for >3 particles in the final state?

example: efe™ — bOW W™

e 62 diagrams %%{»’L%N }<}«<}«<
e 62x62/2=1922terms DT SD T S TN

e ingeneral:

o N%2terms for N diagrams

o  the number of diagrams grows with the number of
external legs n faster than n!/

o  grows faster than (n!)%/2

e traces get complicated

e each of the 1922 terms has a form

similar to the image on the right

¢ 2 2
S14 (-6S14 S23 -45S33 +25S34 +523 (S24 -35S34) )"



Is there a better method?



Is there a better method?

Yes, calculate helicity amplitudes

e number of helicity amplitudes grows approximately as 2" with the number of external particles n

e no trace evaluation necessary

e additional simplifications
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Do MM = DT (Mg ksl

ha, hy, ha, ha, by hay hy, ha, ha, 3
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colors
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1) terms violating helicity conservation drop out



Z My + Msf? = Z | M, by by by |

Ry By, By, hoy by ha, by, Ry, hoy by
= Z M ‘4 M 2+ |M '+ M 2+ M 2+ M '+ M >+ |M ’
colors
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M 24 |M 4 M 24 |M My P M P M P M
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1) terms violating helicity conservation drop out

2) diagrams can be dropped by clever choice of gluon polarization vectors



2 2 2 2 2
Z Mo by by hashs | = Z Myt [T+ Moyt [T+ My |7+ My |

hashp, h1,ha, hs colors

2 2 2 2
F Myt [T+ Moy [T My T My

= Z |(/T'\ (Po)Vuu—(Pa)) MI{,+—+|2 + |(@— (P6)Ypu+(Pa)) -/Vli-i-——t-|2

colors

e 2 e 2
+ ‘("4(1)1))7‘/1 u—(pa)) Mﬂ,~++’ + ’(U—(pb)”/ﬂ“wL(pa)) Mﬂ,f++’
= 2 = 2
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1) terms violating helicity conservation drop out
2) diagrams can be dropped by clever choice of gluon polarization vectors

3) subparts of amplitudes can be reused easily



Formalism

massless Dirac equation puY* us(p) = 0
by 0 ot o =(1, )
chiral basis =\ 0 = (1, —3)
1 o D) Xa, +
solution in chiral basis us(p) = ( _ ’ )
V2po \(0 D) X, +

2-spinors with spin along 7, axis

1 ny — 1Ny i
X, + = —— 1 €
2(1—']7,3) —ns3

1 1 _n3 i¢2
X, - — T —Y—— . €
2(1 —ng) \7N1 — N2

choose 7= = p/|p| (the spin of a massless particle is aligned (anti-)parallel to the momentum):

0 Po — P3
. 1 0 : 1 —p1 — iD2
us(p) = —— . : )= ——
VDo —P3 | P1 — 1D2 vVPo — P3 0

Po — D3 0



Formalism

gamma matrices

chiral projectors

Pruy =uy

Prv, =vy



gamma matrices

chiral projectors

Formalism

T+ 0 0 Pruy =uy
Pr = - Pru_ =u_
2 0 1 .
YuPr = Pryu
PL _ ]]._'75 _ <]]. 0> PR’U_ .
2 0 0 Prv, =vy

Uy (p1) Vv Yp v (p2) - MY
— EJr(pl) Pr vy vy, Pr ’U+(p2) . M/lwp

Ut (p1) Y Yp Pr Pr vi(p2) - MY
=0

el :IEI
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|
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Formalism

complex polarization vectors are defined by:

fix polarization with:

polarization sum:

write polarization vectors with spinors:

n) = u(p) y* v_(n)
V20, (n)ui(p)

I

ex(p)-p=0
e+ -€, =—1
Gi'CiZO
€1 - €x = —1

n-ex(p,n) =0, n2=0




efe” — bOWHTW—:

1922 terms of the form:

Angelika Widl

trace method

number of additions/subtractions/divisions/multiplications: 30000

Matrix Element
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efe” — bOWHTW—:

1922 terms of the form:

number of additions/subtractions/divisions/multiplications: 30000

trace method

1333 terms of the form:  amplitude[33]1[18] = A46*gZbL*(SC5*SC64 - 4.*L2a*(c33*R1lb - R13*R3b)*sl7*sqrt2);

number of additions/subtractions/divisions/multiplications: 11

400 subexpressions of the form:

SC64 = (-2.%(c39%L13 + c19*L1b)*R3b)/L13;

helicity amplitudes




Phase Space Integration



do — o1 dp 914 5@ 2
o= H - | - (2m)" 0 (pa +pb —p1 — -+ — pa) - IM]

e for n > 3 not integrable analytically
e integrate numerically instead

e only option because of high dimensions: Monte Carlo integration




Monte Carlo Integration

Want to integrate f(x) between a = 0and b = 10:

0.30}
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/abd:cf(a:) _ 7



Monte Carlo Integration

Want to integrate f(x) between a = 0and b = 10:

0.30}

0.25¢

0.20}

0.15F

0.10F

0.05¢

0.00

10

/abd:cf(a:) _ 9



First estimate:

0.30}

0.25¢

0.20}

0.15F

0.10F

0.05¢

0.00

Monte Carlo Integration

10

/ o fz)

(b —a) - f(zo)
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. - 1 &
Better estimate: take average f= N i;(b —a) - f(z;)
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Take average:

Variance of f(x):

I~ f
b N
I:/dmf(.’z:)
1 2
83 =~ 1§_j(fN f(s)) , )
b Of~ Of



Take average:

Variance of f(x):

1.2}
1.0}
0.8}
0.6}
0.4}
0.2}
0oL

f(z)
S]%: Nl_ i(?N_f(xi))2 9 9

f(x) with large variance

1.2}

T bl

_ 08¢

1.0

0.6}
0.4}
0.2f
0.0L

f(x) with small variance
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back to the example from before: ==
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What is the error of a Monte Carlo evaluation with 100 points?



back to the example from before:

030
025,
_ o2
015
0.10
005

What is the error of a Monte Carlo evaluation with 100 points?

1)

perform integration many times to get

error from Gauss distribution

1500

1000

500+

2.6 2.7 2.8 2.9

exact (analytical) integration result



back to the example from before:

030
025,
_ o20)
015
010
005

What is the error of a Monte Carlo evaluation with 100 points?

1)

perform integration many times to get

error from Gauss distribution

1
1500} T
1000} B
500}
0
26 2.7 28 2.9
?1 00

histogram of 10 000 evaluations of f,,,



back to the example from before: /\

o 2

sssss

What is the error of a Monte Carlo evaluation with 100 points?

1) perform integration many times to get

error from Gauss distribution

or

2) calculate variance directly

o2 [}N] _ az[(b ]—VG) f:l f(mz)] —

(b—a)”

]\f2

1
1500} T
1000} B
500
0
2.6 2.7 2.8 2.9
7100

histogram of 10 000 evaluations of f,,,

. N?[f(z) o|fx] = %(b — a)




Energy-Momentum Conservation

o1 dp 4
_ I I 1. (2 @ (p, o — =) - 2
do (il (27T)3 2E; ) ( 7r) ) (p + Dy — D1 b ) |M|

e how to satisfy energy-momentum conservation?



option 1: Rambo [Kleiss, Stirling 1986]

produce n massless 4-momenta
(energy from finite distribution and momentum in random direction)

Lorentz transform all momenta to CM frame
rescale momenta to obtain correct CM energy

transform to massive momenta

energy distribution of p;
0.06f’ ' . '
ol [ _— _._
£ 0.05 K i
-C —
S 0.04} il
q’ — —_—
£ 0.03}
c
S
5 0.02}
s
= 0.01 J
0.00 !
0 50 100 150 200 250
0
p; [GeV]
finite energy distribution




option 1: Rambo [Kleiss, Stirling 1986]

e produce n massless 4-momenta
(energy from finite distribution and momentum in random direction) p /'/v
e Lorentz transform all momenta to CM frame —
e rescale momenta to obtain correct CM energy A
e transform to massive momenta
distributions for p? € [99, 100]

X—component y—component z—component
cotolpm el L — ool B ammmll B ol N B ==
_Q — AL | T [ | e
5 0.08} 0.08f 0.08}

(0]
_2 0.06} 0.06} 0.06}
5 0.04f 0.04} 0.04}
é 0.02t 0.02f 0.02f
0.00 ; 0.00 . . 0.00 . .
-100 -50 0 100 -100 -50 0 50 100 -100 -50 0 50 100
Pl [GeV] ol [GeV] pr [GeV]

momenta are evenly distributed for fixed energy




option 2: sequential phase space

e rewrite n particle phase space into 2-particle phase spaces

| 1 AP, mi,m3) —
2-particle phase space known /dH2(P,p1,p2) = 2 P /dcos@ do
T
0

rewrite n-particle phase space )
into 2-particle phase spaces /dH3(P,P1,P2,p3) = /dH2(P, P12, p3) AIla (P12, p1, p2) dpiy




option 2: sequential phase space

e rewrite n particle phase space into 2-particle phase spaces

| 1 AP, mi,m3) —
2-particle phase space known /dH2(P,p1,p2) = 2 P /dcos@ do
T
0

rewrite n-particle phase space

into 2-particle phase spaces /dH3(P,P1,P2,p3) - /dH2(P, P12, p3) Az (p12, 1, p2) dpis
/ dIl5 (P, p1, pe3) dIls(pas, po, p3) dpss




option 2: sequential phase space

e rewrite n particle phase space into 2-particle phase spaces

2-particle phase space known

rewrite n-particle phase space
into 2-particle phase spaces

1 )\(Pg,m%,m%)
/ dIL,(P, p1, ps) — / dcos 8 dé

/dH3(P)plap27p3) =

(2m)? 8P?2

dIly (P, p12, p3) dla(p1a, p1, p2) dpis

[ ane(
/ dIIy (P, p1, pa3) Az (pas, P2, p3) dpas

example: / ATy (P, py, py, P+, Pw-) = / dIly(P, pt, p;) A2 (e, Py, pw+ ) Al (pg, Py, Pw- ) dp} dp?

/(dcos 0; d¢:) (dcosby dy) (dcosby dgy)dp; dp? - (...)




Monte Carlo integration error for ete™ — bW TW

5
= 4 [
S 1
=
59l | I
© @ option 1: Rambo
o ) . s
8 ol 1 } T ; i] M option 2: sequential
2 |4 A
S 41 L

| a ¥

0 1 1 1 1 1
1000 5000 1 x 104 5x10% x 10°
number of phase space points

can we do better?



Where does the large and unstable integration error come from?

sequential phase space

100

150

2

00 2éo
\ p? [GeV

300 350 400

]

the large function variance
leads to a large Monte Carlo
integration error



example:

sequential phase space

1'4: e the large function variance
1.2} - leads to a large Monte Carlo
[ integration error
- 1.0f
\Q 0.8l e it comes from the top quark
2 [ propagator, which is large for
kS 0'65 p? ~m?:
0.4}
0.2E 1 2 _ 1
; pi-mi+ileme | (p2—m2)’+ m2T?
0.0




Improving Precision: Variable Transformations

Basic Principle: Do a variable transformation to get a function with smaller variance.

/ de f(z) — / dy £(v) - (dz(y)/dy)

= / dy 9(y)

f(x) a(y)

1.2} ] 1.2¢

1.0} ] 1.0f

0.8} __os}
o ' £ '
= 06 5 0.6}

0.4} 0.4 /

0.2p ] 0.2} ]

o.oL: - - - - - 0oL -

0 2 4 6 8 10 0 2 4 6 8 10
X y
large function variance small function variance

= large Monte Carlo integration error = small Monte Carlo integration error



Improving Precision: Variable Transformations

Basic Principle: Do a variable transformation to get a function with smaller variance.

/ de f(z) — / dy £(v) - (dz(y)/dy)

= / dy 9(y)

method 1: function known (example resonant propagators)

method 2: function unknown (Vegas)



method 1: function known

example: resonant propagator  f (»*) =

variable transformation:

2 _ 2
0(p2) —arctan<pr m )

m
p*(0) = m? 4+ T'm - tan (0)




method 1: function known

example: resonant propagator

variable transformation:

2 2
2\ _ p-—m
H(p ) = arctan < T )

p*(0) = m? 4+ T'm - tan (0)

(p*(0) — m?)” + I'’m? 0
= [ db (p (9))
I'm
1
= [ d8 —
I'm
0.000015F 0.008F
0.006}
0.000010}
— £
N§ & 0.004}
5.x107° _— -
L 0.002}
0.000000 1 |J 1 1 1 1 1 0000. R
100 150 200 250 300 350 400 15

VZ [Gev]



method 1: function known

example: ete — bOWTW—

no resonant mapping

1.4

1.2¢

1.0}

0.8}

0.6}

do/dy P2

0.4f

0.2}

0.0 . *r1“~

100 150 200 250 300 350

Vo [GeV)

400

with resonance mapping

61p7]

WM
m "_f 0 T s
2 T4 4 2




method 1: function known

example:  efe” — bOWTW ™

0.08 .
— —~ 0.06}
&2 0.06}
S D o.05}
D 73]
T 0.04f 8 0.04f
o
o T 0.03f
©
0.02} !~ o o.oz-)ﬂM/
0.01f
0.00L L 0.00 n " 1
_a I O pis
> a 0 5 . -1.0 -0.5 0.0 0.5 1.0
6[p?] cos(6p)
0.08 0.08
0.06 0.06
Q 1Q
3 s
© °
0.02 0.02
0.00 : s " 0.00Ls : i 5 i
0 Z n iz 2 0 I = an o
2 2 2 2

b 4’5



method 2: function unknown (Vegas)

example: 1) separate integration region into 2 intervals of different size

f(x)

0.0

0 x 02 0.4 0.6 0.8 1



method 2: function unknown (Vegas)

example: 1) separate integration region into 2 intervals of different size

2) make intervals of same size by stretching one interval and compressing the

other

f(x) f(x(y))

)
f(x(y))

05t

0.0

00 1 1 1 1 1
0 0.2 04 05 06 0.8 1

0 x 02 0.4 0.6 0.8 1



method 2: function unknown (Vegas)

example: 1) separate integration region into 2 intervals of different size
2) make intervals of same size by stretching one interval and compressing the
other

3) add Jacobian factor

0 + Azy-2y 0 <y<1/2 Azg=z1 -0

variable transformation: z(y) = {w1 b Am-(2y—1) 1/2<y<1’ Az, —1- 2

1

[arso= [(aes)+ [(wse~ [ avse) s+ [ avsiat o0

f(x) f(x(y)) f(x(y))*J(y)

1.5 1.5 1.5

1.0 1.0 ~ 1.0}
P =
= > 3
& ] E >

0.5} K 0.5¢ < o5}

0.0 - 0.0 . , - : : 0.0

0 x 02 0.4 0.6 0.8 1 0 0.2 04 05 06 0.8 1 0 0.2 04 05 06 0.8



method 2: function unknown (Vegas)

example: 1) separate integration region into 2 intervals of different size
2) make intervals of same size by stretching one interval and compressing the
other

3) add Jacobian factor

0 + Azy-2y 0 <y<1/2 Azg=z1 -0

variable transformation: z(y) = {w1 b Am-(2y—1) 1/2<y<1’ Az, —1- 2

[arso= [(aes)+ [(wse~ [ avse) s+ [ avsiat o0

f(x) f(x(y)=J(y)

05}

f(x
f(x(y))=J(y)

0.0 = 0.0

0 x 02 0.4 0.6 0.8 1 0 0.2 04 05 06 0.8
X y

large variance small variance



method 2: function unknown (Vegas)

in practice:

take N intervals

calculate contribution to variance in each interval
change size of interval accordingly
repeat

4

3 /\

2

1

0 —/ N

0.0 02 04 0.6 0.8 1.0
f(x)

4 I~

3

2

1

o—

0.0 02 0.4 0.6 0.8 1.0

f(x)

0.0 0.2

0.4

06
f(x)

0.8 1.0



method 2: function unknown (Vegas)

in practice:
e take N intervals
e calculate contribution to variance in each interval
e change size of interval accordingly

e repeat

e for higher dimensions: project on each dimension
and divide each axis separately into intervals

0.00924

-0.00792

]

-0.00660

—10.00528

efe” — DWW~

cos 6;

0.00396

0.00264




method 2: function unknown (Vegas)

in practice:

e take N intervals

e calculate contribution to variance in each interval

e change size of interval accordingly
e repeat

e for higher dimensions: project on each dimension

and divide each axis separately into intervals

efe” — DWW~

0.8

0.005544

0.005432

+10.005320

~0.005208

—0.005096

~0.004984

-0.004872

0.004760

caveat: cannot adapt
to diagonal structures



Multichannel Integration

e discussed how to use the structure of one diagram for integration

e what about all other 61 diagram structures?




separate into parts, where the resonant propagators are coming mainly from one diagram:

/dH!M1+---+Mn]2:/dH]M|2

2 2
— /dl—I |M|2 |'A/11|2 + + |‘/\/tn|2
Ml + -+ (M

2 2
:/dH(l) M| —JMl —+ /dH(") \Mn|2—nIMI 5
Zizl |Mz| Zi:l |Mz|




separate into parts, where the resonant propagators are coming mainly from one diagram:

/dH!M1+---+Mn]2:/dH]M|2

2 2
— /dl—I |M|2 |'A/11|2 + + |‘/\/tn|2
Ml + -+ (M

2 2
:/dﬂ(l) ‘Mﬂz% + ...+ /dH(n) ‘/\/ln|2 M|
> iy [Mil

adapt phase space structures to diagrams (“integration channels”):

/ am® — / dlly (P, py, p; ) Az (pe, py, pw+ ) A1 (pz, py, pw-) dp; dp?

/dH(n) - / dH2 (P7 pW* ) pWintermediate) dH2 (pvvintermediate ? pW+’ pZ) dH2 (pZ, pb’ pl_)) dp%Vintermediate dp

S Ml

2
Z



multiply with factors @1, ..., &n (= “channel weights”)

/dH|M1+---+Mn]2=/dH|M|2

My” + - + o | My
:/dH ’M|2 Of1| 1|2 a| |2
O‘1|-/\/tl| +"'+an‘Mn‘

2 2
- al/d]‘—‘[(l) |M1|2 n |M| 2 + et + an/dn(n) |‘A/t'fl|2 n |M| 2
> e @il M| > e @i M|

— channel weights are adapted to minimize the integration error



alpb]

Comparison of methods and generators:
(each point evaluated with 300 000 phase space points)

ete — DWW~

eoer » Whizard: multichannel + Vegas
Whizard: Vegas, multichannel
i ¢ ' . { T ] « Whizard: multichannel, V/
2.04} ® 8 $ ® L ] s & @ ‘ i i . izard: multichannel, Vegas
¢ §§§§§§§§§§§§§§%§§§§§§ii “‘T ii § }}} } » Sherpa: multichannel + Vegas
2.02} - 1 ‘ } 4+ MadGraph: multichannel
: 1 = C++: Vegas + multichannel
2.00F ‘ T ] C++: no adaptation
+ C++: single channel

0 10 20 30 40 50 60



Project

e want to improve Monte Carlo event generation for top quark production:

O NLL threshold corrections for the differential cross section for top quark pair production at the
threshold

o  parton showers off intermediate top quarks

e we are building an NLO Monte Carlo for ete™ — bbW ™W ~ with resonant
subtraction



Conclusion

matrix elements can be efficiently calculated with helicity amplitudes
phase space integration usually uses multiple integration channels
each channel uses variable transformations to reduce the integration error

we have finished a LO C++ Monte Carlo for ete~ — bbW TW ~ and are now building
an NLO code with resonant subtraction



Conclusion

matrix elements can be efficiently calculated with helicity amplitudes
phase space integration usually uses multiple integration channels
each channel uses variable transformations to reduce the integration error

we have finished a LO C++ Monte Carlo for ete~ — bb W W~ and are now building
an NLO code with resonant subtraction

Thank you!




