Diagrammatic Monte
Carlo

Thomas Hahn

Group Seminar

SS 2020

.,:_'gf:'x
Yt Der Wissenschaftsfonds.

VIENNA - DOCTORAL - SCHOOL - PHYSICS




I Outline

1.General introduction to Monte Carlo methods
2.DiagMC — A toy example

3.General aspects of DiagMC

4.DiagMC applied to the polaron problem

5.DiagMC in particle physics

05/29/20 Diagrammatic Monte Carlo 2 /36



Outline

1.General introduction to Monte Carlo methods

05/29/20 Diagrammatic Monte Carlo 3/36



Monte Carlo methods in physics

* huge class of computational algorithms
e common feature = random numbers
e used when analytical and numerical solutions are not feasible
* 3 main applications:
1
— numerical integration (MC integration) o \/—N
- sampling from complicated probability distributions (MCMC)

— optimization

e classical vs. quantum Monte Carlo
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Some statistics notation

* Probability density function p(x): . oAl LISt DUHo

0.35
- (@) 20 / \
A 0.251
— /p(x)dw —1 %’0.20-
Q ]

0.05 1 0.13% 2.14% (13.59% |34.13% |34.13% |13.59% )\ 2.14% 0.13%

* Expected value: eI W T uze hTo ke wvae w3 s
- F[X]=(X), = /pr(x)dx ~ %ixz =X
=1
e \Variance: N
- ok = Bl(X ~ BIX)] ~ e (i~ X = 5%
=1
- 0% = % (only for uncorrelated samples)
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The infamous calculation of 1t

* Goal: calculate 1T using MC methods
e Standard recipe:

- produce N points (x, y) uniformly
within the unit square

- count the points N within the unit

circle 07085 {
. . 7“' NZTL 0.7880 -
— apporximate 1t using: — =
4 N 0.7875 A
" ~0.7854
* |ean back and observe the convergence el 4
for increasing N ) / )

104 10° 106 107 108
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The infamous calculation of 1t

 Under the hood:
- 2-dim integral

- rewritten as an expectation value

© [ et = [[ D e it

T f( fxwyz _Nzn
Z‘<m% > z: ) | N

x’b? yZ

1 ifz2+¢y2<1
fla,y) = Y plz,y) = U(0,1) «U(0,1) = 1
0 otherwise
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The infamous calculation of 1t

* Alternative way:
- 1-dim integral

- rewritten as an expectation value

1 1
™ f()
- = f(z)dx Z/ —p(xr)dx
4 0 ) o p() (@)
. N N 0.7858
T f(il?) > 1 f(xl) 1 2 0.7856 -
— — Eme— ~ — — 1 — 77 ) y
1 <p(37) D N Zz:; p(a}z) N ; v 0.7854 - / -
7852 -
— ot T 0.7854
f(x) — 1 — x? p(CU) — Z/{(O, ].) =1 0.7848 4

104 10° 106 107 108
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I Markov Chain Monte Carlo

* algorithms for sampling from complex probability distributions

e generates a Markov chain with the desired distribution as its equilibrium
distribution

e Markov chain:

- state space S (discrete or continuous)
— transition probabilities P

e How to choose P such that the visited
states represent random samples
from the desired distribution?

—— Metropolis-Hastings algorithm
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I Metropolis-Hastings

Input :initial distribution 7 (%)

target distribution p(X)
proposal distribution wx x-
Output: random samples according to p(X)

samples(];

start from initial state X ~ 7(0);

perform thermalization steps;

while not enough samples do

draw a proposal sample X’ from wx x/;
calculate p(X) and p(X’);

if wx xp(X') > wxxp(X) then

‘ X + X/,

else
calculate R = % ;
draw random uniform number r;
if » < R then

| X« X';
end
samples.add(X);
end

return samples;

FIGURE 4.2: Metropolis-Hastings algorithm.
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Reconstructing a function

 Goal: Reconstruct the function Q(7) = e %7 fora =1,7 € |0, 5]
* Recipe:
— interpret Q(7) as a distribution and draw samples from it with MCMC

- put the samples in a histogram to reconstruct Q(r)

* Histogram: discretize 1-space into N bins g; of size Ar; with center 7

! _C Q)
AT, Lz Q(T)dT— A7_71/0 C Xﬁi(7>d7 10

Qlry) ~ Ai (06 (M) g

Q(Ti) ~
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A first glimpse at DiagMC

aT

* view Q(7) =e " as a (Feynman) diagram

_ 507_ _ QT
= Dy’ (7) —

weight of diagram

0 a T

e perform MCMC in the space of all diagrams

e use updates to propose a new diagram

o/ -\ _ _ o
D; (7'@)—0 - = T = D¢’ (75)

e accept the proposed diagram with probability

N {1 D’ <Tp>p<nm>}
Dgo (Te)p(Tp|7e)
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DiagMC - A toy example

e Goal: Calculate the function Q(7) for a =1,7 € [0,5],V = 0.5, 8 € {0.25,0.75}

Q) = e + Z/ dT?/ drie Ve Py emalr=m)
3 0 0

= D% iy [ dmD$ (rim1, 7. 8) =
0(7)+;/0 72/0 71 D5* (7,71, 72, ) = Qo(7T) + Q2(7)

e (Oth order diagram:

= Df(r) ="

0 a T

e 2nd order diagram:

0 @ n 5 m o T:Dgz(ﬂﬁﬁz,ﬁ)=6_(”1Ve_ﬁ(TQ_Tl)Ve‘O‘(T—TZ)
T1 T2
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* change-t update: same as before

* add-3 and remove-3 updates:

DiagMC - A toy example

— o - - - -- *
0 Q; T 0 « 7 B8 T « T
. Drem DS (7,71,72, B) « proposal distribution p(t1, 72, 8):
Py_o=min< 1, z
Padd DOO(T>p<TlaT27B)
— p(71,72,B) = p1(71)p2(72|71)P3(B)
— pi(m) =U(0,5)
€o
P2_>0 — 1min 17 Padd DO£(7_>p<7_17 T2, 6) _ p2(7-2|7-1) — M(le 5)
Prem D22 (7’, 7'1,7'2,5)
— pg(ﬁ) = U{0.25, 0.75}
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DiagMC - A toy example

e Step-by-step solution:

1. Generate initial diagram, e.g. D& () with 7 ~ U(0, 5)
Choose update U from {change-t, add-(3, remove-(3}
Propose new diagram with U and accept/reject
Make measurments
Go back to 2

* Measurements: Histogram avg. diagram order, etc.

a K~ WD

Q z ATz ;Xﬁ 7_2 XO nz
c 1Y
Q2(7;) ~ EY; ZXB (Ti)x2(n:)
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DiagMC - A toy example
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DiagMC - Diagrammatic Series

Q(‘{y}) = i Z/Dﬁ“({y};xl, ---van)dZL‘l---dZUn\

n=0 &,

_/

 function of interest Q({y}) depending on a set of parameters {y}
* nis the running index of the series or the order of the diagram
 &n indexes different diagrams of the same order

o Di({ylize, ..., xn) represents an actual Feyman diagram

e I1,...,Tpy are integration variables

How can we evaluate this series? — DiagMC
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DiagMC - How does it work?

n=0 &,

Alwh =33 [ DE({whsan.n)de o,

« interpret Q({y}) as a distribution function for {y}
e interpret D5 ({y};x1,...,x,) as a distribution function for ({¥}; 1, &n, 1, -, Tn)

. simulate Q({y})using a MCMC algorithm by sampling the diagrams
stochastically

e D ({y}:x1,...,x,) is the statistical weight of a diagram
e collect statistics for {y}

e updates that can change the order n, the topology &, , integration
variables 1, ..., z» and external variables {¥} of a diagram
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DiagMC - Workflow

Input: initial diagram D9 « ({ym)};xﬂm, s XD @ £

update procedures {Uy,..., U},
update probabilities {p(U,), ..., p(Up)};
Output: histogram of Q({y});

initialize histograml];
initialize diagram D,,, « D;
while not converged do
choose an update U; from {U,,..., Uy} with probability p(U,);
propose a new diagram D,,,, < ({y'}; x},...,x,,n’,& ) ac-
cording to U;;
calculate acceptance ratio R;
draw random uniform number r;
if R > r then
accept the proposed diagram: D, < D,es
else
reject the proposed diagram: D,,,, < D, :
end if
histogram[{y}]« histogram[{y}]+1;
end while
return histogram;
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I Outline

4.DiagMC applied to the polaron problem
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Polarons - Historical view

e 1930s: introduction by Lev Landau

— semiclassical calculations by Landau
and Pekar

e 1950s: Frohlich derives Hamiltonian

- perturbational and variational
calculations

e 1955: Feynman's path integral solution

 Since then:

©© g ® ¢
© @Y% ¢ ®
@@éqcc@
© ©® ¢ © @

- testing ground for numerical methods

— generalization of polaron concept

Image: Devreese, J. T. arXiv preprint arXiv:1611.06122 (2016).
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Polarons - Modern view

* Particle interacting with its environment:

- Magnetic polaron

- Fermi polaron

- BEC-impurity polaron
- Piezoelectric polaron
— Ripplonic polaron

- Angulon

Image: Lemeshko, Mikhail, and Richard Schmidt. arXiv preprint arXiv:1703.06753 (2017).
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Polaron Hamiltonian

N

i+ S X gl L)
qv k,q

mnv
/

e electronic band structure €nk

* phonon dispersion wWqu

« electron-phonon matrix elements gmn. (k, Q)
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Electron-phonon interaction

9mnv (k7 q) é:rnk—i—qénk&T—qV :
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DiagMC - Green's function

Imaginary time, one-electron Green's function at T=0:

Gk, 7) = (vac| &, (1)L (0) [vac)

Diagrammatic expansion of G(k,7):

n/2

Gk, 7) ZZ/D% e 7 ) Hdn]‘[q]

n=0 &,

L

— G(k, T — 00) = Zo(k)e Fol7

— Dé~is a product of free electron Green's functions G°(k, 1),
free phonon Green's functions FY(q, 7) and electron-phonon
matrix elements
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DiagMC - Feynman rules

free electron Green's functions are drawn as solid lines:

> = GOk ;) = e

Tj T

free phonon Green's functions are drawn as wiggly lines:

— O Q7 —Ti) = e—wq('rz-—Tj)

electron-phonon matrix elements are drawn as vertices:

—q a

~Y
Y
|

> > = g(k,
R > 9(k,q)
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I DiagMC - Feynman diagrams

WY
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DiagMC - Summary

Goal: Calculate ground state energy and quasiparticle weight Ey(k), Zy (k)
from the one-electron Green's function:

Gk, 7 — oc0) — Zo(k)e_EO(k)T
* Requirements:

— Diagrammatic expansion of Green's function
- Updates to sample the whole space of Feynman diagrams

005 T T T T T T T 005 T
Error C—3 Error 3
o} log[G(k,T)] E ot log[G(k,1)]
Linear fit
-0.05 | e -0.05

-0.1

-0.15

log[G(k,T)]
log[G(k,T)]

-0.2

-0.25

03

-0.35

0.4 L L L L L L L 0.4 L L L L L L L
0 20 40 60 80 100 120 140 160 0 20 40 60 80 100 120 140 160
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DiagMC - Frohlich ground state

0 T
— _5 ]
S
S -10 =
ST
—— DMC, Mishchenko 3D
-15 - - Feynman 3D N
° IDMC,, thfs work 3|D |
— DMC, Mishchenko 3D
= 2~ - - Feynman 3D =
s e DMC, this work 3D
o | ) =
. -
50
E [}‘5 ]
0 | |
0 2 4 6 8 10 12
Q

Hahn, Thomas, et al. Physical Review B 97.13 (2018): 134305.
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DiagMC - Holstein dispersion

Eo/t+Q./t lines

1D: Q=0.5t -
A=0.25 .

1 I 1 | 1 | 1 4
0 0.2 04 06 038 1 0 02 04 06 0.8 |
k/m k/m

Goodvin, Glen L. et al. Physical Review B 74.24 (2006): 245104.
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DiagMC - Fréhlich mobility

3
3 .
, | me=012s
0 6 0 I | T ‘ T
6 — \ 0 1 2 wQ
0.4 — r‘\ _
7 0.125
0.2 - A ';'25
i 1
0 /4
0 8
¢ 8 12 16

o/Q)

Mishchenko, Andrey S., et al. Physical review letters 123.7 (2019): 076601.
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DiagMC in Particle Physics

 What kind of diagrammatic series?

e Sign problem? === Bold DiagMC
 Divergences?

* Renormalization?

* Combination of analytical methods and DiagMC

 Resummation techniques
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