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The QCD gradient flow

Dμ = ∂μ − iTaAa
μ(x)Fμν =

i
g

[Dμ, Dν]

ℒ = −
1
4

Fa
μνFa,μνfundamental QCD:
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The QCD gradient flow

𝒟μ = ∂μ − iTaBa
μ(t, x)Gμν =

i
g

[𝒟μ, 𝒟ν]

Dμ = ∂μ − iTaAa
μ(x)Fμν =

i
g

[Dμ, Dν]

ℒ = −
1
4

Fa
μνFa,μνfundamental QCD:

∂
∂t

Bμ(t, x) = 𝒟νGνμ(t, x)

Bμ(t = 0, x) = Aμ(x)

flowed gauge field:

t: flow time
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ℒ = ℒQCD
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ℒ = ℒQCD + ℒB

t
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Schematically…
∂
∂t

Bμ(t, x) = 𝒟νGνμ(t, x)

𝒟μ = ∂μ − iTaBa
μ(t, x)
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Schematically…
∂
∂t

B = 𝒟 G

𝒟 = ∂ − B
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Schematically…
∂
∂t

B = 𝒟 G

𝒟 = ∂ − B

G ∼ [𝒟, 𝒟] ∼ ∂ B + B2
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Schematically…
∂
∂t

B = 𝒟 G

𝒟 = ∂ − B

G ∼ [𝒟, 𝒟] ∼ ∂ B + B2

·B ∼ ∂2B + ∂B2 + B3flow equation:
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Perturbative solution

perturbative ansatz:    B = gB1 + g2B2 + …

Example:   B(t = 0, x) = c δ(x)

B(t, x) =
c

4πt
exp (−

x2

4t )

·B ∼ ∂2B + ∂B2 + B3flow equation:

𝒪(g) :
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t0
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t >width: 8t t0
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Lattice QCD

quantum fluctuations:

Engel 2009
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Lattice QCD

quantum fluctuations: “smearing”:

Engel 2009
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2010

2018
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2010

2018



 R. Harlander, The perturbative Gradient Flow,  Wien 2019

2010

2018

see also
Narayanan, Neuberger ‘06
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Higher orders

perturbative ansatz:    B = gB1 + g2B2 + …

flow equation:    ·B = ∂2B + ∂B2 + B3

⇒ B̃2(t, p) = ∫
t

0
ds∫ d4q K(t, s, p, q) A(p) A(p − q)

K(t, s, p, q) ∼ exp[ − tp2 − 2sq(q − p)]

Exponential damping in momentum integrals!

etc.
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⟨𝒪⟩

ℒ = ℒQCD



 R. Harlander, The perturbative Gradient Flow,  Wien 2019

⟨𝒪(t)⟩

ℒ = ℒQCD + ℒB
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Let’s calculate

⟨E⟩ ∼ ⟨∂B ∂B⟩ + ⟨B2∂B⟩ + ⟨B4⟩

at t=0 (i.e. fundamental QCD):

+ + …++ = 0

in dim. reg. (mq=0)

t  has dimension mass-2 !

with gradient flow: B̃1(t, p) = e−tp2Ã(p)

E(t, x) ≡
1
4

Ga
μνGa,μν
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Let’s calculate

⟨E⟩ ∼ ⟨∂B ∂B⟩ + ⟨B2∂B⟩ + ⟨B4⟩

B̃1(t, p) = e−tp2Ã(p)

≠ 0LO: ∫ dDp e−2tp2 ∼ t−D/2 → t−2

E(t, x) ≡
1
4

Ga
μνGa,μν
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Let’s calculate

⟨E⟩ ∼ ⟨∂B ∂B⟩ + ⟨B2∂B⟩ + ⟨B4⟩

B̃1(t, p) = e−tp2Ã(p)

≠ 0LO: ∫ dDp e−2tp2 ∼ t−D/2 → t−2

explicitly: O(↵2
s)+⟨E(t)⟩ =

3αs

4πt2

E(t, x) ≡
1
4

Ga
μνGa,μν
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Let’s calculate

⟨E⟩ ∼ ⟨∂B ∂B⟩ + ⟨B2∂B⟩ + ⟨B4⟩

B̃1(t, p) = e−tp2Ã(p)

≠ 0LO: ∫ dDp e−2tp2 ∼ t−D/2 → t−2

→ measure αs on the lattice?

explicitly: O(↵2
s)+⟨E(t)⟩ =

3αs

4πt2

E(t, x) ≡
1
4

Ga
μνGa,μν
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Let’s calculate

⟨E⟩ ∼ ⟨∂B ∂B⟩ + ⟨B2∂B⟩ + ⟨B4⟩

B̃1(t, p) = e−tp2Ã(p)

≠ 0LO: ∫ dDp e−2tp2 ∼ t−D/2 → t−2

→ measure αs on the lattice?

explicitly: O(↵2
s)+⟨E(t)⟩ =

3αs

4πt2

actually:  ⟨E(t)⟩ =
3αs(μ)
4πt2

E(t, x) ≡
1
4

Ga
μνGa,μν
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Let’s calculate

⟨E⟩ ∼ ⟨∂B ∂B⟩ + ⟨B2∂B⟩ + ⟨B4⟩

B̃1(t, p) = e−tp2Ã(p)

≠ 0LO: ∫ dDp e−2tp2 ∼ t−D/2 → t−2

→ measure αs on the lattice?

explicitly: O(↵2
s)+⟨E(t)⟩ =

3αs

4πt2

actually:  ⟨E(t)⟩ =
3αs(μ)
4πt2

μ =
1

8t
?

E(t, x) ≡
1
4

Ga
μνGa,μν
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Higher orders

⟨E⟩ ∼ ⟨∂B ∂B⟩ + ⟨B2∂B⟩ + ⟨B4⟩

B̃1(t, p) = e−tp2Ã(p)

B̃2(t, p) = ∫
t

0
ds∫ d4q K(t, s, p, q) A(p) A(p − q)

+ + …

E(t, x) ≡
1
4

Ga
μνGa,μν
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Higher orders

⟨E⟩ ∼ ⟨∂B ∂B⟩ + ⟨B2∂B⟩ + ⟨B4⟩

B̃1(t, p) = e−tp2Ã(p)

B̃2(t, p) = ∫
t

0
ds∫ d4q K(t, s, p, q) A(p) A(p − q)

+ + …

• one more momentum integration

E(t, x) ≡
1
4

Ga
μνGa,μν
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Higher orders

⟨E⟩ ∼ ⟨∂B ∂B⟩ + ⟨B2∂B⟩ + ⟨B4⟩

B̃1(t, p) = e−tp2Ã(p)

B̃2(t, p) = ∫
t

0
ds∫ d4q K(t, s, p, q) A(p) A(p − q)

+ + …

• one more momentum integration
• additional integration over flow-time parameter s

E(t, x) ≡
1
4

Ga
μνGa,μν
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Higher orders

⟨E⟩ ∼ ⟨∂B ∂B⟩ + ⟨B2∂B⟩ + ⟨B4⟩

B̃1(t, p) = e−tp2Ã(p)

B̃2(t, p) = ∫
t

0
ds∫ d4q K(t, s, p, q) A(p) A(p − q)

+ + …

• one more momentum integration
• additional integration over flow-time parameter s
• renormalization: same as fundamental QCD!

E(t, x) ≡
1
4

Ga
μνGa,μν
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Lüscher ‘10

resulting perturbative  
accuracy on αs:  ± 3-5%

⟨t2E(t)⟩ =
3αs(μ)

4π [1 + k1(t, μ) αs(μ)]

PDG:  ± 1%

k1 = ( 52
9

+
22
3

ln 2 − 3 ln 3 −
11
3

Ltμ) CA −
8
9

nfTR

Ltμ = ln 2μ2t + γE

μ =
1

8t
?
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5d QFT

Lμ Lagrange multiplier field

Lüscher, Weisz 2011

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)

ℒ = ℒQCD + ℒB
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5d QFT

Lμ Lagrange multiplier field

Lüscher, Weisz 2011

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)

ℒχ ∼ ∫
∞

0
dt λ̄ (∂t − Δ) χ + h . c .

analogously for quarks:

ℒ = ℒQCD + ℒB

Lüscher 2013
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5d QFT

Lμ Lagrange multiplier field

Lüscher, Weisz 2011

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)

ℒ = ℒQCD + ℒB + ℒχ

ℒχ ∼ ∫
∞

0
dt λ̄ (∂t − Δ) χ + h . c .

analogously for quarks:

ℒ = ℒQCD + ℒB

Lüscher 2013
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Feynman rules

Flow lines:

δabδμν
1
p2

e−(t+s)p2

δabδμν θ(t − s) e−(t−s)p2

δij
(−ip/ + m)αβ

p2 + m2
e−(t+s)p2

δijδαβ θ(t − s) e−(t−s)p2

δijδαβ θ(t − s) e−(t−s)p2

Flowed propagators:
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Feynman rules

−igf abc ∫
∞

0
ds (δνρ(r − q)μ + 2δμνqρ − 2δμρrν)

2igδαβ(Ta)ij ∫
∞

0
ds pμ

etc.

Flow vertices:
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Three-loop calculation

The usual problems: 
• many diagrams (NLO: 20;  NNLO: 3651) 
• many integrals 
• complicated integrals
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Three-loop calculation

The usual problems: 
• many diagrams (NLO: 20;  NNLO: 3651) 
• many integrals 
• complicated integrals

I(1,1,1,1,1) = ∫
t

0
du∫

u

0
dv∫k ∫l

e−tl2−u(l−k)2−v(l−q)2

l2 k2 (k − q)2 (l − q)2 (l − k)2

1
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Three-loop calculation

The usual problems: 
• many diagrams (NLO: 20;  NNLO: 3651) 
• many integrals 
• complicated integrals

I(1,1,1,1,1) = ∫
t

0
du∫

u

0
dv∫k ∫l

e−tl2−u(l−k)2−v(l−q)2

l2 k2 (k − q)2 (l − q)2 (l − k)2
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Three-loop calculation

The usual solutions: 
• use automatic diagram generation 
• reduce to master integrals 
• evaluate master integrals

qgraf Nogueira 1993

The usual problems: 
• many diagrams (NLO: 20;  NNLO: 3651) 
• many integrals 
• complicated integrals

I(1,1,1,1,1) = ∫
t

0
du∫

u

0
dv∫k ∫l

e−tl2−u(l−k)2−v(l−q)2

l2 k2 (k − q)2 (l − q)2 (l − k)2
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Reduction to masters

general form: In =
100

∑
i=1

bn,i(D)
cn,i(D)

Imaster
i
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Reduction to masters

general form: In =
100

∑
i=1

bn,i(D)
cn,i(D)

Imaster
i

FireFly Klappert, Lange 2019

Reconstruct rationals from Finite Fields:
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Lüscher ‘10

resulting perturbative  
accuracy on αs:  ± 3-5%

⟨t2E(t)⟩ =
3αs(μ)

4π [1 + k1(t, μ) αs(μ)]

PDG:  ± 1%

k1 = ( 52
9

+
22
3

ln 2 − 3 ln 3 −
11
3

Ltμ) CA −
8
9

nfTR

Ltμ = ln 2μ2t + γE
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RH, Neumann ‘16

resulting perturbative  
accuracy on αs:  O(1%)

⟨t2E(t)⟩ =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)]

PDG:  ± 1%
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Derive αs(mZ)
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0.11

0.118
0.120

0.13

0.14

0.15

0.16

0.17

1 mZ 0.1 1 1.5

α
s(

m
Z)

order
LO    NLO    NNLO    

0.3
0.5

1.0

2.0
3.0
5.0

10.0

1 mZ 0.1 1 1.5

8t   / GeV−1

un
ce

rta
in

ty
 / 

%

RH, Neumann ‘16
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0.11

0.118
0.120

0.13

0.14

0.15

0.16
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1 mZ 0.1 1 1.5

α
s(

m
Z)

order
LO    NLO    NNLO    

0.3
0.5

1.0

2.0
3.0
5.0

10.0

1 mZ 0.1 1 1.5

8t   / GeV−1

un
ce

rta
in

ty
 / 

%

RH, Neumann ‘16

However: Dalla Brida, Ramos ‘19



 R. Harlander, The perturbative Gradient Flow,  Wien 2019

Composite Operators

E(t, x) ≡
1
4

Ga
μνGa,μν
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Composite Operators

explicitly: O(↵2
s)+⟨E(t)⟩ =

3αs

4πt2

E(t, x) ≡
1
4

Ga
μνGa,μν
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Composite Operators

R = ∑
n

Cn⟨𝒪n⟩

⟨𝒪n⟩ on latticee.g.:  Cn D = 4 − 2ϵin
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Composite Operators

R = ∑
n

Cn⟨𝒪n⟩

⟨𝒪n⟩ on latticee.g.:  Cn D = 4 − 2ϵin

𝒪n → 𝒪̃n(t) finite!flowed operators:

𝒪̃n(t) = ∑
m

ζnm(t)𝒪m + …
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Composite Operators

R = ∑
n

Cn⟨𝒪n⟩

⟨𝒪n⟩ on latticee.g.:  Cn D = 4 − 2ϵin

∑
n

Cn𝒪n = ∑
n

C̃n(t) 𝒪̃n(t)

Finite, and calculable 
in perturbation theory!

𝒪n → 𝒪̃n(t) finite!flowed operators:

𝒪̃n(t) = ∑
m

ζnm(t)𝒪m + …
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Energy-momentum tensor

Tμν(x) is finite!

in QCD:

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪1,μν = Fa
μρFa

νρ

𝒪2,μν = δμνFa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ
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Energy-momentum tensor
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Energy-momentum tensor

Tμν(x) is finite!
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1
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0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪1,μν = Fa
μρFa

νρ

𝒪2,μν = δμνFa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

𝒪4,μν = δμνψ̄D/ ψ

𝒪n = ∑
m

ζ−1
nm(t)𝒪̃m(t) + …
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finite because of e−tp2

Energy-momentum tensor
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1
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ρσFa
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Flowed operators

finite because of e−tp2

𝒪n = ∑
m

ζ−1
nm(t)𝒪̃m(t) + …
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Flowed operators

𝒪̃n(t) = ∑
m

ζnm(t)𝒪m + …

finite because of e−tp2

𝒪n = ∑
m

ζ−1
nm(t)𝒪̃m(t) + …
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Flowed operators

Pn[𝒪k] = δnk

𝒪̃n(t) = ∑
m

ζnm(t)𝒪m + …

finite because of e−tp2

𝒪n = ∑
m

ζ−1
nm(t)𝒪̃m(t) + …
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Flowed operators

Pn[𝒪k] = δnk ζnm(t) = Pm[𝒪̃n(t)]

𝒪̃n(t) = ∑
m

ζnm(t)𝒪m + …

finite because of e−tp2

𝒪n = ∑
m

ζ−1
nm(t)𝒪̃m(t) + …



 R. Harlander, The perturbative Gradient Flow,  Wien 2019

Flowed operators

Pn[𝒪k] = δnk ζnm(t) = Pm[𝒪̃n(t)]

𝒪1,μν = Fa
μρFa

νρ → ∑
n

𝒪1 𝒪̃n(t)

P1
P1

𝒪̃n(t) = ∑
m

ζnm(t)𝒪m + …

finite because of e−tp2

𝒪n = ∑
m

ζ−1
nm(t)𝒪̃m(t) + …
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Energy-momentum tensor
in QCD:

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪1,μν = Fa
μρFa

νρ

𝒪2,μν = δμνFa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

𝒪4,μν = δμνψ̄D/ ψ
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Energy-momentum tensor
in QCD:

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪1,μν = Fa
μρFa

νρ

𝒪2,μν = δμνFa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

𝒪̃1,μν(t) = Fa
μρ(t)Fa

νρ(t)

𝒪̃2,μν(t) = δμνFa
ρσ(t)Fa

ρσ(t)

𝒪̃3,μν(t) = ψ̄(t)(γμDν(t) + γνDμ(t)) ψ(t)

𝒪̃4,μν(t) = δμνψ̄(t)D/ (t) ψ(t)𝒪4,μν = δμνψ̄D/ ψ
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Energy-momentum tensor
in QCD:

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪1,μν = Fa
μρFa

νρ

𝒪2,μν = δμνFa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

𝒪̃1,μν(t) = Fa
μρ(t)Fa

νρ(t)

𝒪̃2,μν(t) = δμνFa
ρσ(t)Fa

ρσ(t)

𝒪̃3,μν(t) = ψ̄(t)(γμDν(t) + γνDμ(t)) ψ(t)

𝒪̃4,μν(t) = δμνψ̄(t)D/ (t) ψ(t)𝒪4,μν = δμνψ̄D/ ψ

Tμν(x) =
4

∑
n=1

cn(t)𝒪̃n,μν(t, x)

idea and NLO result: H. Suzuki ‘14
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NNLO result

RH, Kluth, Lange ‘18
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Summary

Outlook:
•  Applications in other fields? (Flavor?) 
•  Renormalization group vs. flow time?

• Gradient Flow is a (relatively) new tool 
• Extremely successful in lattice QCD 
• Perturbative approach not yet fully explored 
• Here: 

• potential measurement of αs on the lattice 
• lattice definition of energy-momentum tensor


