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1. Introduction
Quantum description of gravity: unsolved 
puzzle. 

Einstein field equations: 

                    Gμν = 8π G Tμν

classical geometry quantum matter

No guidance by experimental results. 

Only theoretical requirements: consistency, 
correct classical limit, compatibility with 
other forces     
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Gravity nonrenormalisable
Naive approach to perturbative quantum 
gravity:             

Quantise gravity as other field theories 
perturbatively with background field 
method. 

Problem: coupling   w. negative mass dim., 
non-renormalisable. 

2-loop divergence 
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[Goroff,Sagnotti 1985; van de Ven 1992]



Different string modes <-> different particles 

Graviton mode 

UV-divergence of quantum gravity cured

String theory
General idea:             
  strings as fundamental constituents

The first thing to notice is that A(4) has poles. Lots of poles. They come from the

factor of �(�1� ��s/4) in the numerator. The first of these poles appears when

�1� ��s

4
= 0 ⇤ s = � 4

��

But that’s the mass of the tachyon! It means that, for s close to �4/��, the amplitude

has the form of a familiar scattering amplitude in quantum field theory with a cubic

vertex,

⇥ 1

s�M2

where M is the mass of the exchanged particle, in this case the tachyon.

Other poles in the amplitude occur at s = 4(n�1)/�� with n ⌅ Z+. This is precisely

the mass formula for the higher states of the closed string. What we’re learning is

that the string amplitude is summing up an infinite number of tree-level field theory

diagrams,

n

=
Mn

where the exchanged particles are all the di⇥erent states of the free string.

In fact, there’s more information about the spectrum of states hidden within these

amplitudes. We can look at the residues of the poles at s = 4(n � 1)/��, for n =

0, 1, . . .. These residues are rather complicated functions of t, but the highest power of

momentum that appears for each pole is

A(4) ⇥
⇥�

n=0

t2n

s�M2
n

(6.13)

The power of the momentum is telling us the highest spin of the particle states at level

n. To see why this is, consider a field corresponding to a spin J particle. It has a whole

bunch of Lorentz indices, ⇥µ1...µJ . In a cubic interaction, each of these must be soaked

up by derivatives. So we have J derivatives at each vertex, contributing powers of

(momentum)2J to the numerator of the Feynman diagram. Comparing with the string

scattering amplitude, we see that the highest spin particle at level n has J = 2n. This

is indeed the result that we saw from the canonical quantization of the string in Section

2.
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 Xμ(τ, σ) = xμ + α′ �pμτ + i
α′ �

2 ∑
n≠0

1
n (αμ

n e−in(τ−σ) + α̃μ
ne−in(τ+σ))

infinitely many 
harmonic oscillators

Excited states:      αμ1
−m1

…αμs
−ms

α̃ν1
−n1

…α̃νt
−nt

|p⟩

correspond to higher-spin tensor fields 
  with mass  ϕμ1…μsν1…νt M2 =

4
α′�(∑

i

mi − 1)



In a point-particle limit, one considers 
energies far below the string scale set by   
where the massive modes do not play a 
role. The low energy effective theory for 
superstring theory is supergravity.

α′�

One can now ask what happens in the 
opposite limit, i.e. at ultra-high energies, or, 
similarly, a limit where the typical string 
length becomes comparable to geometric 
length scales: tensionless limit  

[Gross, 
Mende 
1987]

Many massless higher-spin modes!



La Grande Bouffe

String theory Higher-spin 
gauge theories 

tensionless limit

spontaneous 
symmetry breaking?

[Bianchi,Morales,Samtleben 2003]



One approach: coming bottom-up, try to 

understand: 

what HS gauge theories are possible 

how can we construct them 

Rest of the talk: 

2. Higher-spin gauge fields 

3. Noether-Fronsdal program



2. Higher-spin gauge fields 
Maxwell: spin-1 field    

equations of motion    

gauge transformation   

Aμ

□ Aμ − ∂μ∂νAν = 0

δAμ = ∂μξ

Linearised gravity: spin-2 field    

equations of motion                                       
  

gauge transformation   

hμν

□ hμν − ∂μ∂λhλν − ∂ν∂λhλμ + ∂μ∂νhλ
λ = 0

δhμν = ∂μξν + ∂νξμ



Free massless spin s particle

fully symmetric tensor  ϕμ1…μs

Fronsdal fields 

      (double traceless)ϕμ1…μs−4λ
λ
ν
ν = 0

equations of motion
 □ ϕμ1…μs

− ∂(μ1|∂
λϕ|μ2…μs)λ + ∂(μ1

∂μ2
ϕμ3…μs)λ

λ = 0

gauge transformation     
where  

δϕμ1…μs
= ∂(μ1

ξμ2…μs)
ξμ1…μs−3λ

λ = 0

[Fronsdal 1978]



Problems with interactions 

no minimal coupling of higher-spin fields  
to gravity [Aragone,Deser 1971]

[Porrati 2008]

strong no-go theorems on flat space and 

dimension >3  (scattering arguments):    

HS gauge fields cannot couple to any 

field that is minimally coupled to gravity.  



Avoid no-go results 

A. Consider 3 space-time dimensions 

B. Go to asymptotically dS or AdS



Avoid no-go results 
A. In 3 dimensions: 

- no propagating degrees of freedom 

- pure HS gauge theory understood in terms 
of Chern-Simons theories 

- rich playground to investigate effects of 
non-linear HS gauge transformations and 
of the HS AdS/CFT correspondence

[Blencowe 
1988]

[Campoleoni,S.F.,Pfenninger,Theisen 2010] 
[Gaberdiel,Gopakumar 2010][…]

Rµ⌫�� = Cµ⌫�� +
2

d� 2
(gµ[�R�]⌫ � g⌫[�R�]µ)

� 2

(d� 1)(d� 2)
Rgµ[�g�]⌫⌘ 0



B. In (A)dS: 

- proposal for non-linear HS gauge theory 
in a first oder formalism exists (Vasiliev 
theories) which is based on a 
generalisation of the vielbein formalism 

- no (standard) action known 

- difficult to understand issues of non-
locality

Avoid no-go results 

[Vasiliev 1990]

'µ1...µs = ēa1

(µ1
. . . ēas�1

µs�1
eb1...bs�1

µs)
⌘a1b1 . . . ⌘as�1bs�1



Goal: Construct an action for interacting 
Fronsdal fields 

Method: Add interactions order by order in 
powers of the fields while keeping gauge 
invariance

3. Noether-Fronsdal program 

  

  

S = S(2) + ϵS(3) + ϵ2S(4) + …

δϕs = δ(0)ϕs + ϵδ(1)ϕs + ϵ2δ(2)ϕs + …

quadratic action cubic vertices

transf. of free fields  ∂ξs−1



Gauge invariance: 
   

            

             

0 = δS = δ(0)S(2)

+ϵ(δ(0)S(3) + δ(1)S(2))
+ϵ2(δ(0)S(4) + δ(1)S(3) + δ(2)S(2)) + …

Classify step by step: 
  (on shell)δ(0)S(3) + δ(1)S(2) = 0 ⟹ δ(0)S(3) ≈ 0

  

 

S = S(2) + ϵS(3) + ϵ2S(4) + …

δϕs = δ(0)ϕs + ϵδ(1)ϕs + ϵ2δ(2)ϕs + …



Classify step by step: cubic order 
1.   

 Find all possible cubic vertices. 

δ(0)S(3) + δ(1)S(2) = 0 ⟹ δ(0)S(3) ≈ 0

on shell

2. For the most general   find  . S(3) δ(1)

Next: quartic order 
1.   

  

a) Find particular solution for   

b) Find general solution of   

2. Find the corresponding   

δ(0)S(4) + δ(1)S(3) + δ(2)S(2) = 0
⟹ δ(0)S(4) + δ(1)S(3) ≈ 0

S(4)

δ(0)S(4) ≈ 0

δ(2)



In 3 dimensions: 

homogeneous problem solved 

complete classification of cubic vertices 

higher vertices: uniquely fixed by cubic 
ones 

for HS theories on AdS: structures match 
completely with structures of correlators 
in corresponding two-dimensional 
conformal field theory. 

Results 

[Mkrtchyan; Kessel, Mkrtchyan]

[S.F.,Krüger,Mkrtchyan]

[S.F.,Krüger,Mkrtchyan]



In higher dimensions: 

cubic vertices understood 

homogeneous problem solved for almost 
all vertices  

higher vertices not fixed by cubic ones 
(also not expected) 

Results 

[S.F.,Krüger,Mkrtchyan (in preparation)]

[Metsaev 1993,…]



The results for the Noether-Fronsdal 
program in 3 dimensions may allow 

to formulate an interacting theory of 
Fronsdal fields 

to construct an action for a HS theory 
coupled to matter (only possible in 
Vasiliev formulation so far) 

and thus to start to systematically 
quantise such theories   

Discussion 



there are many approaches to quantum 
gravity 

HS generalisations of gravity are 
motivated by an ultra-stringy limit of 
string (field) theory 

two approaches: vielbein-like (Vasiliev) 
and metric-like (Fronsdal) 

Summary and Outlook 

some progress & many open questions: 

locality? action? quantisation? AdS/CFT?   
HS geometry? Relation to string theory? 


