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Why top?

Top is special because of large mass mt ∼ 173 GeV

plays special role in many BSM models

decays before hadronizing and losing spin information: “free quark”
[Bigi, Dokshitzer, V.A. Khoze, Kuhn, Zerwas ’86]

αs(mt)� 1: can use perturbation theory
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Why top now?

1) Tevatron: Top is relatively unstudied (σtt̄X ∼ 7pb)

discovered 20 years ago at Tevatron but limited statistics on many
measurements

1 pair per day produced

2) LHC: Top is everywhere (σtt̄X ∼ 250pb at LHC8, ∼ 800pb at LHC13)

top sample at LHC has long surpassed that at Tevatron

1 pair per second at LHC13

The LHC is a top factory
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The assembly line of top properties
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Boosted top production

Tevatron
√
s ≈ 2 TeV LHC:

√
s = 7 TeV

more and more LHC results in “boosted regime” Mtt̄ , p
t
T � mt

not just “corner of phase space”: important for new physics searches
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QCD resummation for boosted tops

My talk is about precision QCD calculations for boosted top production
(mt � Mtt̄ or mt � pT )

Such calculations necessarily involve a combination of

finesse (effective field theory to deal with multiple scales)
[Broggio, Ferroglia, Marzani, BP, Scott, Yang, Wang: arXiv:1205.3662, arXiv:1207.4798,

arXiv:1306.1537, arXiv:1310.3836, arXiv:1409.5294, arXiv:1601.07020 (PRL)]

brute force (NNLO+NNLL QCD calculations for precision)
[Czakon, Ferroglia, Mitov, BP, Scott,Yang, Wang arXiv:1803.07623 ]

and combination with EW for complete description in SM
[above plus Pagani, Papanastasiou, Tsinikos arXiv:1901.0828...]
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Outline

top pair production: the basics

factorization in soft and boosted soft limits

resummation

comparison with data
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Factorization for inclusive production

Factorization for h1h2 → tt̄X :

dσtt̄X
h1,h2

=
∑

i,j=q,q̄,g

∫
dx1dx2f

h1
i (x1, µF)f h2

j (x2, µF)d σ̂ij (ŝ,mt , . . . , αs(µR), µF, µR) +O
(

ΛQCD

mt

)

s =
(
ph1

+ ph2

)2
, ŝ = x1x2s

Strategy:

take PDFs from data (PDF set collaborations)

calculate partonic cross sections d σ̂ij in QCD (Feynman diagrams)

simplest scheme is fixed-order perturbation theory

d σ̂ij = α2
sd σ̂

(0)
ij + α3

sd σ̂
(1)
ij + . . .
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Resummation for differential cross sections

Many differential observables involve two hard scales

Q � M � ΛQCD

if αs ln Q
M ∼ 1, must “resum” logarithmic corrections to get a sensible

answer for d σ̂

“resummation” = re-organization of large logarithms in perturbative
expansion. Defining L = ln

(
Q
M

)
:

d σ̂ =

NNLO︷ ︸︸ ︷
NLO︷ ︸︸ ︷

1 + αs(L
2 + L + 1) +α2

s (L4 + L3 + L2 + L + 1) +O(α3
s )

= exp
(
Lg1(αsL)︸ ︷︷ ︸

LL

+g2(αsL)

︸ ︷︷ ︸
NLL

+αsg3(αsL) + · · ·
)
C(αs)︸ ︷︷ ︸
constants

+O
(
M

Q

)

will argue such resummation is important for boosted top production
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tt̄ LO partonic cross section
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LO squared matrix elements (color and spin summed/averaged)

< |Mqq̄|2 > =
4αs(µ)2

9

[
t2

1

ŝ2
+

u2
1

ŝ2
+

m2
t

ŝ

]
< |Mqq̄|2 > = αs(µ)2

[(
ŝ2

6u1t1
− 3

8

)(
t2

1

ŝ2
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u2
1

ŝ2
+

4m2
t

ŝ
− 4m4

t

t1u1

)]
to be combined with phase space measure and flux factor to get d σ̂

gg channel dominates at LHC due to PDFs
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NNLO calculations

d σ̂NNLO
tt̄+X = d σ̂VV + d σ̂RV + d σ̂RR

the total pp → tt̄X cross section is now known to NNLO
[Czakon, Fiedler, Mitov ’13]

the FB asymmetry in pp̄ → tt̄X cross section is now known to NNLO
[Czakon, Fiedler, Mitov ’14]

arbitrary differential cross sections now known at NNLO
[Czakon, Heymes, Mitov ’15, ’16]

NNLO is now the baseline for QCD in top-pair production
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Total CS at NNLO

Impressive agreement between NNLO and ATLAS/CMS for total CS
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Scale choices for distributions
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NNLO with dynamic scales
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NNLO with dynamic scales
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Large corrections in boosted production
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QCD made simpler
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Effective Diagrammatic factorization:
Soft-collinear effective theory (SCET)
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All that for $50?!
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Factorization in the soft limit (M ≡ Mtt̄)

Soft limit: z ≡ M2
tt̄
ŝ → 1

ŝ, t̂1,m
2
t � ŝ(1− z)2

Partonic cross section factorizes [Kidonakis, Sterman ’97]

d σ̂ij = Tr
[
Hm

ij (M,mt , cos θ, µf )Sm
ij (
√
ŝ(1− z),M,mt , cos θ, µf )

]
+O(1− z)

Hm
ij are color-space matrices related to virtual corrections

Sm
ij are color-space matrices related to real emission in soft limit

Soft corrections involve δ(1− z) or

αn
s

[
lnm(1− z)

1− z

]
+

; m = 0, · · · , 2n − 1
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Hard-soft factorization (quark channel)

TI TJ
*

SJI

(b)

TI ∼ CI (M,mt , . . . )× χ̄a2
n2
χa1
n1
χ̄a3
n3
χa4
n4
× c
{a}
I ×OS ,I(

cqq̄1

)
{a} = δa1a2δa3a4 ,

(
cqq̄2

)
{a} = tca2a1

tca3a4
,

d σ̂ ∼
∑
I ,J

CISIJC
∗
J ≡ Tr[H S]
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The boosted soft limit

Boosted soft limit: M � mt � M(1− z)

d σ̂ij = Tr
[
Hm

ij (M,mt , cos θ, µf )Sm
ij (
√
ŝ(1− z),M,mt , cos θ, µf )

]
+O(1− z)

Can no longer use formula derived in soft limit, because both Hm
ij and s̃mij

contain large logs of form ln(mt/M) in the boosted soft limit

However, these small-mass logs are of collinear origin: can understand and
factorize them
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Factorized hard function in m2
t /ŝ � 1 limit

Three pieces

|M(ε,M,mt , t1)〉 = Z[q](ε,mt , µ) |M(ε,M, t1)〉 [Mitov/Moch]

lim
ε→0

Z−1
m (ε,M,mt , t1, µ) |M(ε,M,mt , t1)〉 = |Mren(M,mt , t1, µ)〉 [Neubert/Becher]

lim
ε→0

Z−1(ε,M, t1, µ) |M(ε,M, t1)〉 = |Mren(M, t1, µ)〉 [Catani; Neubert/Becher]

Combine to get a relation between Z factors and finite matching function CD [Ferroglia, BP,
Yang ’12]

Z[q](ε,mt , µ)Z−1
m (ε,M,mt , t1, µ) = CD(mt , µ)Z−1(ε,M, t1, µ) .

It follows that

Hm
ij (M,mt , t1, µ) = C2

D(mt , µ)Hij (M, t1, µ) +O
(
m2

t

ŝ

)
.
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Factorized soft function in m2
t � ŝ limit

Factorization of soft-function relies on analysis of phase-space integrals
using method of regions [Ferroglia, BP, Marzani, Yang ’13]

Sm
ij (ω, ŝ, t̂1,mt , µ) =

∫
dωs dωd dω′d δ(ω − ωs − ωd − ω′d )

× Sij

(
ωs ,

ωs√
ŝ
,−

t1

ŝ
, µ

)
SD

(
ωd ,

ωdmt

ŝ
, µ
)
SD

(
ω′d ,

ω′dmt

ŝ
, µ

)
+O(mtω/ŝ) +O(m2

t /ŝ)

Sij related to wide-angle soft emission to massless gg , qq̄ → Q̄Q

SD related to soft emission collinear to top or anti-top (soft part of
heavy-quark fragmentation function)
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The boosted soft limit at NNLO

d σ̂ij ∼ Tr[Hij (M, µ)Sij (M(1− z), µ)]⊗ C2
D(mt , µ)S2

D(mt(1− z), µ) +O(1− z) +O
(

m2
t

M2

)

All component functions known at NNLO

CD and SD from fragmentation function for generic z [Melnikov, Mitov ’04] (along
with calculation of [Becher, Neubert ’05])

Hij from virtual corrections to massless gg , qq̄ → Q̄Q scattering [Glover et. al

’00-’01] after IR renormalization procedure [Broggio, Ferroglia, BP, Zhang ’14]

Sij from double real emission corrections to massless gg , qq̄ → q̄′q′ in soft limit
[Ferroglia, BP, Yang ’12]
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Towards resummation

d σ̂ij = Tr
[
Hm

ij (M,mt , cos θ, µf )Sm
ij (
√
ŝ(1− z),M,mt , cos θ, µf )

]
+O(1− z)

involves two one-scale functions, so large logs appear for any choice of µf

standard EFT solution of deriving and solving RG equations resums logarithms in
hard function

H(M, µf ) = UH(µf , µh)H(M, µh ∼ M)

for technical reasons, resummation for soft function done in Mellin space
(≈ Laplace space in soft limit)

Ben Pecjak (Durham) 23.05.19 25 / 37



Mellin transforms

Under Mellin transforms

f̃ (N) =M[f ](N) =

∫ 1

0

dx xN−1f (x);M−1[f̃ ](x) =
1

2πi

∫ c+i∞

c−i∞
dN x−N f (N)

d σ̃(N) =
∑
ij

L̃ij(N, µf )ijd ˜̂σij(N,M,mt , cos θ, µf )

Factorization in Mellin space soft limit: M,mt � M/N:

d ˜̂σij = Tr

[
Hm

ij (M,mt , cos θ, µf )̃smij

(
ln

M2

N̄2µ2
f

,M,mt , cos θ, µf

)]
+O

(
1

N

)

Mellin-space soft function has simple RG equation

d

d lnµ
s̃mij =−

[
Γcusp ln

M2

N̄2µ2
− γm,h†ij

]
s̃mij − s̃mij

[
Γcusp ln

M2

N̄2µ2
− γm,hij

]

can solve with standard RG techniques to get resummed partonic
cross section in Mellin space
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Resummed cross section in soft limit

d ˜̂σij (µf ) = exp

[
4π

αs(µh)
gm

1 (λ, λf ) + gm
2 (λ, λf ) +

αs(µh)

4π
gm

3 (λ, λf ) + . . .

]
× Tr

[
ũmij (µh, µs)Hm

ij (M,mt , cos θ, µh)ũm†ij (µh, µs )̃smij

(
ln

M2

N̄2µ2
s

,M,mt , cos θ, µs

)]

λ ≡ β0
αs(µh)

2π
ln(µh/µs), λf ≡ β0

αs(µh)

2π
ln(µh/µf )

ũmij (µh, µs) ≡ P exp

{∫ αs (µs )

αs (µh)

dα

β(α)
γm,h
ij (M,mt , cos θ, α)

}

choosing µh ∼ M, µs ∼ M/N resums all logs into exponentials

inverse Mellin transforming (using Minimal prescription [Catani,

Mangano, Nason, Trentadue ’96]) gives resummed cross section
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Resummed cross section in boosted soft limit

Can derive and solve RG equations to get joint resummation formula
[BP, Scott, Wang, Yang ’16]

d ˜̂σij (µf ) = Tr

[
Ũij (µf , µh, µs)Hij (M, cos θ, µh)Ũ†ij (µf , µh, µs)

× s̃ ij
(

ln
M2

N̄2µ2
s

,M, cos θ, µs

)]
× Ũ2

D(µf , µdh, µds)C2
D(mt , µdh) s̃2

D

(
ln

mt

N̄µds
, µds

)

+O
(

1

N

)
+O

(
m2

t

M2

)

remove large logs in matching functions through choices
µh ∼ M, µs ∼ M/N, µdh ∼ mt µds ∼ mt/N

Ũij and ŨD are RG factors which resum logs

can estimate perturbative uncertainties by varying all scales independently
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Logarithmic accuracy: the frontier

Resummation involves anomalous dimensions Γ, γ and matching functions

Γi
cusp γi H , s̃, cD , s̃D

NLL 2-loop 1-loop 0-loop
NNLL 3-loop 2-loop 1-loop
NNLL′ 3-loop 2-loop 2-loop

Analytic frontier (differential cross sections):

soft limit: NNLL [Ahrens, Ferroglia, Neubert, BP, Yang, Kidonakis]

boosted soft limit: NNLL′: [Ferroglia, BP, Yang]

Numerical implementations of resummation (not fixed-order approximations!)

soft limit: NLL in Mellin space for AFB [Almeida,Sterman,Vogelsang ’08]

soft limit: NNLL in momentum space [Ahrens, Ferroglia, Neubert, BP, Yang ’10,’11]

soft limit to NNLL and boosted soft limit to NNLL′ in Mellin space
[Ferroglia, BP, Scott, Yang, ’16]
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Matching with NNLO
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NNLO+NNLL′
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HT and the large-Mtt̄ region
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NNLO+NNLL′ for the Mtt̄ distribution
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NNLO+NNLL′ for the top-pT distribution
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Comparison to data: Mtt̄ distribution
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Comparison to data: pT distribution
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Conclusions

Summary:

QCD for boosted top production is an interesting multi-scale problem

presented formalism for joint resummation of soft and small-mass logs in Mellin
space

brought together fixed-order and resummation (groups) for NNLO+NNLL′

resummation effects significant at high Mtt , less so for pT distribution
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