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Introduction

* Collider physics:
- Large scale hierarchy if final state consists of
« Jets: Highly energetic, collimated, strongly interacting particles
» Soft radiation

» Large scale hierarchies: Large logarithms of the scale ratios spoil perturbative expansion

14+a,(log® +log +1) + o2 (log* +log® +1log® +log +1) + ...

aglog ~ 1

n-collinear

soft particles

n-collinear

hemisphere-a
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Introduction

* Collider physics:
- Large scale hierarchy if final state consists of
« Jets: Highly energetic, collimated, strongly interacting particles
» Soft radiation

» Large scale hierarchies: Large logarithms of the scale ratios spoil perturbative expansion
14+a,(log® +log +1) + o2 (log* +log® +1log® +log +1) + ...
aglog ~ 1

soft particles
 Here: P

n-collinear n-collinear

- Hard scale « COM energy
- Jet scale - Scale of jet dynamics

- Soft scale - Scale of low energy radiation
— (Non-perturbative scale)

hemisphere-a hemisphere-b
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Introduction and Motivation
JNHXfp®fp®J1®J2®'“®Jn®S

e Solution: Factorization formula
- Separates short and long distance physics
- Enables resummation of large logs

* Can be derived by using Soft-Collinear Effective Theory (SCET)
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Introduction and Motivation
JNHXfp®fp®J1®J2®'“®Jn®S

e Solution: Factorization formula

- Separates short and long distance physics
- Enables resummation of large logs J

* Can be derived by using Soft-Collinear Effective Theory (SCET)

* Every part corresponds to one of the characteristic scales
- Hard scale -~ Hard function
- Jet scale -
- Soft scale - Soft function
— Nonperturbative scale - Parton Distribution Functions (PDFs)
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Introduction and Motivation

JNHXfp@fp®J1®J2®®Jn®S

* Broad range of applications
- Many QCD processes
- Flavor physics (B decays, ...)
— Collider physics (event shapes, o determination, ...)

Particle Seminar, 2018-11-27 Christopher Lepenik



Introduction and Motivation

* Mass effects of primary produced quarks:

- In SCET region mainly contained in jet function

« Example: Tail region in thrust distribution of e*e- - tt

Particle Seminar, 2018-11-27
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Introduction and Motivation

» Status of two-loop quark jet function (jet mass measurement):

— Massless (zecher, neuvert (06) M
- Massive (secondary) ciscacereia i O
— DHQET vaneca cony £
- Massive (primary) —» Missing M

[Hoang, CL, Stahlhofen (Soon)]

* Primary massive:

— Last missing piece for N3LL resummation with full quark
mass dependence for some event shapes: top mass
calibration, a;

- Universal - also used in DIS, pp, ...
— Interesting to study SCET - bHQET transition

Particle Seminar, 2018-11-27 Christopher Lepenik
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Calculation

» Definition of SCET jet function in n-direction:

J(s,m* p) = lIm [T (s,m?, u)]

72— pJ(s,m ,u> / dz e (0| T {WEI(0)< (0) £ ()W) } 0) o=z o il

0
W {(x) = P exp [zg/ dsn - A(x + sn)

Off-shell
- Wilson line

Particle Seminar, 2018-11-27 Christopher Lepenik 16



Calculation

 SCET jet function in n-direction:
1

J(s,m* p) = ;Im [T (s,m?, u)]
%ﬁ'pj(s,mQ,u) :/dx e (0| T {WE(0)£(0) E(x)Wi(w)} |0) 5= = =i

W(z) = Pexp [zg/ dsn - A(x + sn)

— OO0

* First simplification (for the SCET experts):
— Collinear quark field in SCET:

@) = M (0) + M) = @) + @)

% Power suppressed
E(x) = %—¢C(x) - Usually integrated out
4
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(O (W OO (2)}]0) = (oft { Wi @) dulalw ()"} } o)

e /

« SCET Lagrangian:  QCD Lagrangian:
»Cc — E (m ) DC + (ilDC,J_ — m) in 1D (ich,J_ + m)) %é EC - 1;C(ch B m)¢c
—» SCET Feynman rules - QCD Feynman rules

— Less complicated
-~ Less diagrams

* Subleading terms removed by
additional Projector

Particle Seminar, 2018-11-27 Christopher Lepenik 18



(0T {WT(0)&(0) &(

o

« SCET Lagrangian:

= . . 1
ﬁc:£<zn°Dc+(7’ch,L_m>iﬁ.D

—» SCET Feynman rules

(Do +m)

) (p. )

Jﬁ,’*ﬁ”ﬁ 1 ~ T 5
2 | ! :
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/

 QCD Lagrangian:

¢ L.= QEC(UDC —m) e

DO | St

- QCD Feynman rules
— Less complicated
-~ Less diagrams

* Subleading terms removed by
additional Projector

T

1-loop:

a7k
n'n :I 5

Christopher Lepenik
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2-Loop: 23 Diagrams in Feynman Gauge

—@—m@% - VNLWY.
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Calculation — Two Integral Topologies

* Dirac structure and other simplifications: FORM ruiietal. (17)

* Most general integral:

dy. qd 1
/d ked™e [—k2]ar[—2]02[—(k — £)2]e3[—(p + k)2 + m2]01 [—(p + £)2 + m2]02[—(p + k + £)2 + m2]bs[—n - k|1 [—n - £]c

= _ﬂ-d(_s>d_a1_a2_a3_b1_b2_b3 (ﬁ : p)_01_C2J(a'17 az, as, b17 b27 b37 C1, 02)

R+ — (> =m?) = (k=1 + ((p+ k) —m?) + ((p+1)> —m®) = (p+k+1)° —m?) =0

“Topology A" “Topology B”

L 1

d d
R e e e R T R R [ e ER T e ST T e T T T B
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Calculation — Two Integral Topologies

* Topology A:

- Present in all 23 diagrams
19 pure Topology A diagrams

— Color structures:
Ct. CpCa, CpTpng~ O(N?)

— Solution in terms of PolyLogs

* Topology B:
- Present in 4 diagrams

~ Color structure: Cz — CpCy/2 ~ O

- More general functions
— Much harder to compute

— Consider Topology A first

Particle Seminar, 2018-11-27

- A

(N)

Christopher Lepenik
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Topology A — Roadmap

Reduce number of integrals
- IBP reduction to Master Integrals (Mls)

Solving the Mis
— Method of differential equations

Take Imaginary part / Discontinuity

Renormalization, Results and cross checks

Particle Seminar, 2018-11-27 Christopher Lepenik
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Topology A — Calculation

19 diagrams lead to ~110 different scalar two-loop integrals

- Step one: Reduce number of integrals by using
“Integration By Parts (IBP) reduction” rrkachov (1))

Particle Seminar, 2018-11-27 Christopher Lepenik
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Topology A — Calculation

19 diagrams lead to ~110 different scalar two-loop integrals

- Step one: Reduce number of integrals by using
“Integration By Parts (IBP) reduction” rrkachov (1))

e How does this work?
- Based on a fundamental of

0
d —
/d K 8kl‘fﬂ(k) =0

- Use arising to the integrals of interest

_ dy. 1d d
0= /d kd®¢ d [_kQ]CH [_ez]ag [—(k} _ 5)2](13 [_<p+ k)z 4 mZ]bl [_(p _}_g)2 + m2]bz [_ﬁ . k]c1 [—’FL . 5]62

Particle Seminar, 2018-11-27 Christopher Lepenik
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Topology A — Calculation

* |In practice: |IBP reduction automatized (FIRE smimov ¢13))
— Qutcome: ~110 Integrals — 7 Master Integrals (IVIs)

Ny OF O OF A

N\ N

Particle Seminar, 2018-11-27 Christopher Lepenik

27



Topology A — Calculation

* |In practice: |IBP reduction automatized (FIRE smimov ¢13))
— Qutcome: ~110 Integrals — 7 Master Integrals (IVIs)

Ay OF 1O OF A LA

1

i i o
N i e =T
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Topology A — Roadmap

Reduce number of integrals
- IBP reduction to Master Integrals (Mls)

Solving the Mis
— Method of differential equations

Take Imaginary part / Discontinuity

Renormalization, Results and cross checks
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Topology A — Calculation

* In practice: |BP reduction automatized (FIRE (smimov (13))

— Qutcome: ~110 Integrals — 7 Master Integrals (IVIs)
- 5 solved with standard Feynman parametrization:

Ny OF O OF A

N\ N
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Topology A — Calculation

* In practice: |BP reduction automatized (FIRE (smimov (13))

— Qutcome: ~110 Integrals — 7 Master Integrals (IVIs)
- 5 solved with standard Feynman parametrization:

/\/\ OO O LA

- 2 solved with differential equations «etiov (91

N\ N

Particle Seminar, 2018-11-27 Christopher Lepenik
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Topology A — Calculation

* In practice: |BP reduction automatized (FIRE (smimov ¢12))

— Qutcome: ~110 Integrals — 7 Master Integrals (IVIIs)
- 5 solved with standard Feynman parametrization:

IVt aN Ol RIONOI RN =
- 2 solved with _ [Kotikov (91)]

~ N

Particle Seminar, 2018-11-27 Christopher Lepenik
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Intermezzo: Harmonic PolyLogs (HPLS)

Many classes of Feynman integrals seem to be naturally expressed in terms of iterated
Integrals

One of the simplest examples: Harmonic PolyLogs (HPLS) (remiddi, vermaseren (:00)]

Particle Seminar, 2018-11-27 Christopher Lepenik
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Intermezzo: Harmonic PolyLogs (HPLS)

Many classes of Feynman integrals seem to be naturally expressed in terms of iterated
Integrals

One of the simplest examples: Harmonic PolyLogs (HPLS) (remiddi, vermaseren (:00)]

- Step 1-Log: —log(1l —z) = dt

- Step 2 — DilLog: Lis(z) = —/ %bg(l — 1)
0
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Intermezzo: Harmonic PolyLogs (HPLS)

Many classes of Feynman integrals seem to be naturally expressed in terms of iterated
Integrals

One of the simplest examples: Harmonic PolyLogs (HPLS) (remiddi, vermaseren (:00)]

- Step 1-Log: —log(1l —z) = dt
— , Tdt
- Step 2 — DilLog: Lis(z) = —/ " log(1 —t)
0
. : “dt :
- Step 3 - PolyLog: Lipt1(z) = / TLln(t) (Liy () = —log(1 — x))
0

Particle Seminar, 2018-11-27 Christopher Lepenik

37



Intermezzo: Harmonic PolyLogs (HPLS)

Many classes of Feynman integrals seem to be naturally expressed in terms of iterated
Integrals

One of the simplest examples: Harmonic PolyLogs (HPLS) (remiddi, vermaseren (:00)]

- Step 1-Log: —log(1l —z) = dt
—— , T dt
- Step 2 — DilLog: Lis(z) = —/ " log(1 —t)
0
_ g . : cdt :
tep 3 — PolyLog: Lipq1(x) = TLln (¢) (Lij(z) = —log(1l — x))
0
- ldea: Mix different kernels K i Ki(t) = L K_ (1) = L
o(?) " 1(¢) T—+ —1(1) -

Particle Seminar, 2018-11-27 Christopher Lepenik
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Intermezzo: Harmonic PolyLogs (HPLS)

ST 1 1 1
* |dea: Mix different kernels Ko(t) = = Ki(t) = — K (t) = ——
o(t) =3 1t =3 (0 =955
— Definition of HPLs
H(CL?:E) — / dtKa(t) H(CL, A1y .-y alﬂx) — / dtKa(t)H(al 7777 ak)'x)
0 0
Particle Seminar, 2018-11-27 Christopher Lepenik
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Intermezzo: Harmonic PolyLogs (HPLS)

g 1 1 1
* |dea: Mix different kernels Ko(t) = = Ki(t) = — K (t) = ——
olt) =3 ) =3= 10 =555
— Definition of HPLs
H(a;x):/ dt K, (t) H(a,al,...,ak;x):/ dt K,(t)H (a1, ...,a; )
0 0

 Some special values:

1
H(l,1;x) = 5 log*(1 — )

H(-1,-1,0;x) = —Lis(—x)

1 1 1 1 — 1 —
H(-1,1,1;2) = 51og ;x log*(1 — z) + Lis (5) + log(1 — x)Liy ( 5 x) — Lij ( 5 x)

Particle Seminar, 2018-11-27 Christopher Lepenik 40



Topology A — Calculation

* In practice: |BP reduction automatized (FIRE (smimov ¢12))

— Qutcome: ~110 Integrals — 7 Master Integrals (IVIIs)
- 5 solved with standard Feynman parametrization:

IVt aN Ol RIONOI RN =
- 2 solved With_ [Kotikov (91)]

~ N

Particle Seminar, 2018-11-27 Christopher Lepenik
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* Solving MIs by using differential equations:

- Differentiate Mls of interest wrt. z = —m?/p? and reduce outcome to Mls

—M16 Z Li(z) 23 &MIL() —MI7 Zdl ) =) d;MI(x)
J

J
— All Ml solutions except for MIs and MI; known from Feynman parametrization — insert

— Decouple ODEs to get separate equation for Mlg (we were lucky here...)

62M1g<x) T é11\/[I/G(~5U) + é()MIG(:IJ) + f(aj) —

- Solve ODEs order by order in e: MIg = Y MIJ'e’

j=—2
- Simple example for MI%‘”: ~0
\
H(-1;z) H0;xz) 145z 1 o ~1 ~1
e bt M (@) + M (@) + aMI (@) = 0
:>MI[_1](33):7T/ :1:—/ d" )—7'('/ x—/ d" —l—k1/xd:c’l—|—k2
6 1—|—x” 1+37" 0 z/
H(0,—1,—1;7) H(0,~1,0;x) T T

MIG = ‘\\ :

Integration constants fixed by massless limit = — 0

Particle Seminar, 2018-11-27 Christopher Lepenik
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Topology A — Calculation

e Solution:

| 3 172 1/1
| | —_ _ _ —2 . .
x = J(0,1,1,1,1,0,1,0) = Mlg = ¢ > [?E + - (6(12L13(—x) + 6Li3(z + 1)

— 6Lig(z 4+ 1) log(x + 1) — 6Lis(—x) log(z) — 3log(—2x) log2(az +1) + 7% log(xz + 1) + 15C(3)))

360
+ 540Lis (—z) log®(z) + 360Lia(x 4+ 1) log?(x 4+ 1) — 720Lis(z + 1) log(z + 1) log(x)
— 1800Li3(—x) log(x) + 1440Lis(x 4+ 1) log(x) + 1440Li3(—x) log(x + 1)
— 1440Li3(x + 1) log(x + 1) — 360H (0,0, 1, 1; —z) — 1440¢(3) log(z) + 1800¢(3) log(z + 1)

1
+ (—(900L12(—x)2 + 24072 Liy(—x) 4 2160Lig(—x) + 2160Lig(x + 1)

+ 6072 log?(x 4+ 1) — 12072 log(z + 1) log(z) + 317?4)> + 0(5)]

r = —m?/p?

Particle Seminar, 2018-11-27 Christopher Lepenik 43



A

Topology A — Roadmap

Reduce number of integrals
- IBP reduction to Master Integrals (Mls)

Solving the Mis
— Method of differential equations

Take Imaginary part / Discontinuity

Renormalization, Results and cross checks

Particle Seminar, 2018-11-27 Christopher Lepenik

A

™)

N

44



Topology A — Calculation

* Known that Jet function contains §- and plus-distributions s=p>—m2+i0

- Imaginary part in two steps

1) s>0: Looking for branch cuts
- only present in logs, can always be extracted from PolyLogs

- Im[log(—s —10)] = —7 O(s)

. Fix structure
- full expression over small region around 0 and take discontinuity
— deduce distributional structure in terms of and

- Check all intermediate steps numerically

Particle Seminar, 2018-11-27 Christopher Lepenik 45



s/m

Example
2 2 2 |
T <1 + m—) _ 1 [—%2 log (—1 - m—) ~ Liog? (—1 - m—) + Lis ( i )] =
s s s| 6 s 6 s s+ m? 1 m? m?
57 Disc [TLig (1+7)}4- |
No branch cut for s>0 ]
Goes linearly to 0 for s—=0
s>0: Log branch cuts
2 7r10g2 m—; 7 log m—; log ( =% 7 log? " 7 log m—j log (% + 1) mlog (# + 1) log ( 5 log2 (=5 11
- Lowe [ty (1+m)] - (3r)  mios(3)tog () _mlog® () o (3) X (%) wlog? (e +1)
1 S s 550 2s S 2s S S 2s
Integrate
1. Aa 11, m? 1. m2 1 5 [(m? 1 Ao 5 (M2 5 [ Ao m? 1 3 (Ao
_z'DlsC /_A1 ds B (—EW log (—1 — ?) — Elog (—1 — ?)> = Eﬂlog (—2) — §7T10g (E) log (—2) + §7rlog (F) log (—2> — éwlog <—2) + O(As)
Al, Ay >0
Deduce full distributional structure:
. 1. . m?2 1 3 m? 1 9 m?2 m?2 1
—?:DlsC |:;L13 (1 + ?>:| = gwlog (F) ,C_l — 571',60(8) IOg (F) + 7T£1(S) log (F — 571'52(5)
7 log :’;‘—22) log (% —|—1) 7 log (% —|—1) log (%) 7 log? (% +1)
+0O(s) | — + — m
S s 2s
_ _ 1 [6(s)log" s/ A= _ A _ log"" (As/p?) oo
L_1(s)=0(s), Lnzo= 2 {TL /A1 dsL_1(s) =1 /A1 ds Lp>0(s) = i s=p°—m*+i0
46
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Topology A — Roadmap

Reduce number of integrals
- IBP reduction to Master Integrals (Mls)

Solving the Mis
— Method of differential equations

Take Imaginary part / Discontinuity

Renormalization, Results and cross checks
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Topology A — Calculation

e Reconsider color structure:
- Topo A: C%, CrCa, CrTp ~ O(N?)
- Topo B: C% — CrCy/2 ~

* Topo A contains all (primary massive) contributions in first two orders in N,
- Renormalization and cross checks in 1/N. < 1 expansion

Particle Seminar, 2018-11-27 Christopher Lepenik

48



Topology A/Large Nc — Calculation

e Renormalization:

- Mass (pole) and coupling (MS) renormalization straightforward (before
taking imaginary part)

- renormalization

J(s,m?, ) = /ds’Z(s,S’,/L)Jbare(s’,m2,u)

}

Known from massless result (same UV behavior)
— good cross check!

- contribution:
J121 = J2) bare + Z[2] + J1],bare © 21

Particle Seminar, 2018-11-27 Christopher Lepenik
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Topology A/Large Nc — Results

* Large Nc result:

s 2 1 2L,
J(s,m?, 1) = L_1(s) + 2 (“)Nc Loi(s)(4—2 4 2L+ L2 ) + Lo(s)[ —2— 2L, | +8L1(s) + O(s) S
A 6 2 2(m? + s) s
2 2 4 2
as()\2 1, 1. /(1031 572\ ., 1 ) 359C(3)  237% 8972 155515
&) (s) |0t 4 IL R I 5 D . 24972) L, — . _
i ( in ) e {£ () [2 mtoln Ty g ) L g (2883) — 799 4 24277 18 20 54 ' 2592

1
+ Lo(s) | == (—54L3, — 180L2, + (63m* — 843) L,,, + 702¢(3) + 1297% — 1310) ]

| 27 ’/ —~
(2 oo 2 4 Regular parts
+ L1(s) |5 (3617, + 111Ly, — 217% + 290) | + La(s)| — 5 (9L +20) | +8Ls(s) + Ry g P
2
+ (0‘4—(:)) N.Tp ng{ﬁl(s) [3% (—1044L2, 4 36 (87* — 37) Ly, + 288¢(3) + 1327 — 6037) } /
4 ) ) 16 16 ) -
+ Lo(s) [ ~ 5 (=9LZ, — 48L,, + 67° — 94)] + L1(s) [ i (3L, + 8)] + ?EZ(S) + RNC} + O(N,, ay)

\

Topology B contributions

s=pt—mi4i0  Loa(s)=0(s), Luzo=

n 2 2
1 [@(S) log™ s/ } , L, = logm—2
+ p
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Topology A/Large Nc— Results

2 2
LmElogm—27 Lszlog%, L,.Elogm 1—8
I 0 m
* Regqular parts:
(25m* + 50sm? + 2852 +12 (m? + 5)* L, ) Lia (—1%)  8Lis (585 )
Rz = O(s) 5 2 N
3s(m? +s) s
4 ((Lm — Ls) Liz (—=25) + 4Li3 (—35)) 1 TmS(Lym2 —s) 4AL3m®  3L2mS®
- - = | — > - - + ..
S (m? + s) 25 3s 2s

1| 24Lip (—-%%)  36(m2L, — 4L, 6 A8L, L 12sL, 12 19 58L,
R, = O(s)- | — 2(m2)+ (m2 S)+Lm B s ) - N s o — B 32+

9 s s s (m?2 + s) s (m? + s) ms+s  (m?2+s) s
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Topology A/Large Nc — Crosschecks

* RGE: Known Z(s', s, 1) eenereiaon reproduces correct 1/¢ divergences (+logs) v/

 Massless limit:
— No spurious singularities due to off-shellness of quark propagator

lim J(s,m%, 1) + O(NY, ) = J (s, 1) + O(N, 0) v/
m—

l

Massless Jet Function (secher et al. (06)]

° Heavy quark ( ) I|m|t bHQET Jet Function pain et al. (0s))

\

J(s,m?%, u) + O(NY, a2) = CrnJ (5, 1) + O(N?, a3, 1/m?) v/
}

Matching coefficient (roang et al. (16)]

s=s/m
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Topology A/Large Nc — Crosschecks

31079 b

2 w1078 b

1.x108 |
—— Massive
........ Massless
_____ hHOET
11079 |
2 w108
ax0 8t
m = 173 GeV
u=>5GeV + \/g
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Topology A — Roadmap

v~ ¢ Reduce number of integrals
- IBP reduction to Master Integrals (Mls)

Solving the Mis
— Method of differential equations

A

v~ * Take Imaginary part / Discontinuity

Renormalization

v

v~ * Results and cross checks

Particle Seminar, 2018-11-27 Christopher Lepenik
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Topology B — Calculation

e e e e e e e e e T e
« Two issues related to topology B integrals: - 4}

- Generalized sunrise and kite-type integrals

- complicated, sunrise/kite contain elliptic functions, active area of research
[Broadhurst et al. (‘93), Adams et al. (‘16), ..., Sabry (‘62), Adams et al. (‘16)]
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Topology B — Calculation

J o e R T G T T SEOSHIE
. related to topology B integrals: O /‘>
- Generalized sunrise and kite- type integrale
-, comnplicated. sunriee™*_in elliptic functions, actlve 1 of research

/ddkddé 1 al. (‘93), Adams et al. (‘16), ... ), Adams et al. (‘16)]
[—(p + k)2 + m22[—(p + £)2 + m2][—(p + k + £)% + m?] |

dy. 1d 1
| e A G TR G T R e
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Topology B — Calculation

J R e s g KR
. related to topology B integrals: O 4}

- Generalized sunrise and kite-type integrals

- complicated, sunrise/kite contain elliptic functions, active area of research
[Broadhurst et al. (‘93), Adams et al. (‘16), ..., Sabry (‘62), Adams et al. (‘16)]

- Rapidity divergences in individual integrals (sum finite)
* Has to be taken into account in IBP reduction (additional regulator)
— Blows up number of Mis
 Harder to compute

Particle Seminar, 2018-11-27 Christopher Lepenik 57



Topology B — IBPs and Rapidity Regulators

* Potential rapidity divergences and |IBP reduction
- Example: Consider analytic regulator

dk v dk
[_ﬁ . /{?]C [_ﬁ . k]n+c

* IBP relation: Rapidity finite

dy. 1d 1
/d kd®e —2][—(p+ k)2 +m2][—(p+ 02 + m2][—(p+ k + 0)2 + m2][—7 - k|10
1

B (Hn)(n'p)/ﬁddﬁ [~ (p + B)? + m2)[—(p + O + m2][—(p + k + O + [~ - K20

O(1/m) rapidity divergent

e Crucial to include regulator in the whole reduction - high number of Mls

 In general O(n™>") terms are needed
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Topology B — Calculation

* Reasons not to go through this

- High amount of work...
» Additional regulator — high number of very complicated integrals

- ... but very small contribution
e 2 outof 23 diagrams

« 1/N,. suppressed by two orders relative to Topo A ‘/ S Ty
* Alotis already known: | |
- Distributions, massless limit, logs, ... X : '

.
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Topology B — Roadmap

* Solve diagram without Wilson line analytically
- Usual setup: IBP, solve/find Mls, ...

e Get analytic information about Wilson line diagrams W
where possible (imaginary part)

- Evaluate rest numerically by Sector Decomposition %
- Fit outcome |

e Put results everything together and do crosschecks W
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Topology B — Roadmap

====p o+ Solve diagram without Wilson line analytically
- Usual setup: IBP, solve/find Mls, ...

e Get analytic information about Wilson line diagrams W
where possible (imaginary part)

- Evaluate rest numerically by Sector Decomposition %
- Fit outcome |

e Put results everything together and do crosschecks W
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Topology B — Calculation

* Solve non-Wilson line diagram:
- Mls from IEP reduction: Known from Topo A, except for

= - /V
O -,

- Sunrise and Kite integrals
— Luckily other people did the work!

Particle Seminar, 2018-11-27 Christopher Lepenik
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Topology B — Calculation

* Some expressions:

Im|

N
/

[Bauberger et al. (‘95)]

[Remiddi, Tancredi (‘16)]

|

0" T

~ _F\/@—wl)(p-l-?vm) ><{ —4m’p K(r) +

(p+m)3(p — 3m)
=P T 3m)’

(p — m)(p* + 3m?) -
2

with k2 :=

~ — _H(1;p*/m?) —2H(0,1,1;p*/m?) + H(1,0,1;p*/m?)

(n)} O(p* — Im?),

6
+§/goodt (1‘ t—il) o (1‘ t?n) \/(ﬁ+3j(\/%—1>3K (%;2

3 _[* 1
E(m) = / dt V1 — msin®t, K(m) = /0 dt m

<)
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Topology B — Roadmap

v~ ¢ Solve diagram without Wilson line analytically
- Usual setup: IBP, solve/find Mls, ...

===« (Get analytic information about Wilson line diagrams W
where possible (imaginary part)

- Evaluate rest numerically by Sector Decomposition %
- Fit outcome |

e Put results everything together and do crosschecks W
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Topology B — Calculoation

« Wilson line diagrams: Only missing piece with color structures C%, CrCa
- What is known?

- Heavy Quark limit / distributional structure

J(s,m2, 1) = ConJ (8, 1) + O(1/m?) R,

—~ O(m°/s)

- Massless limit WW

J(s,m? p) = J(s, 1) + O(m?/s?)

- Renormalization constant / anomalous dimension (massless results)
~. Dependence on log"(s/u?)
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Topology B — Calculation

* Numerical evaluation and fit:
- Put the missing part into Sector decomposition program (pySecDec)
- Parametrization iny = m?/(s + m?)  physical region 0 <y < 1

- Evaluate at ~120 points with reasonable precision (~0.1% / max. runtime)

60 [
50 -
40 — '
30 — :
20 -

wof

L i M L L M i L L M i
0.2 04 0.6 0.8 1.0

m2

s+ m?

y:
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Topology B — Calculation

* Numerical evaluation and fit;

- Put the missing part into Sector decomposition program (pySecDec)

- Parametrization iny = m?/(s +m?) — physical region 0 < y <1

- Evaluate at ~120 points with reasonable precision (~0.1% / max. runtime)

60 [
50;
40:'—
302—
20_:-

10F

Gai(y) = (1—y) [110.415534 +44.36441og(1 — y) + 23.0489 log?(1 — y)
+ 1.7781log® (1 — ) — 13.0195(1 — ) log®(1 — %)
+ 6( — 17.1918y — 17.81141og(1 — ) — 11.28181og*(1 — ¥)

— 2.377010g®(1 — ) — 5.8021(1 — y) log*(1 — y))]

0.2
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04

0.6

0.8 1.0

m2

s+ m?2

y:
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Topology B — Roadmap

v~ ¢ Solve diagram without Wilson line analytically
- Usual setup: IBP, solve/find Mls, ...

v~ * Get analytic information about Wilson line diagrams W
where possible (imaginary part)

- Evaluate rest numerically by Sector Decomposition %
- Fit outcome =

=== o Pyt results everything together and do crosschecks W
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Topology A+B — Results

* Some results: Distributional part

‘ 2072 2072
J;*—C%[(—SL;—BL;JF( i —36) Lon + 643 + =1 —32) Lo(s)
4
+ (QLfn +2L3 + (32—3 — 271’2) L + L, (—56{;; - ? — ﬂ'z) — 38(3 — % + 4—23 + 7 (—% —810g2)) L_1(s)

4
+ (321,3}1 +40L,, — 30 (m? — 6)) L1(5) + (—48L,, — 48)La(s) + 32L3(s) + G,

2212 4 4 |
+ CaCF [ (— = 4+ 5 (37% —100) Ly, + 27 (135¢5 — 547 + 4211’2)) Lo(s)

3
367 2n2 341 5677\ 188¢s 27t 60221 169
L 2N 12 4n (206 + 2 — - - 2 (41082 - =2 ) ) £
+((18 3) mt (0‘:“+18 9 ) 9 5 648 J”T( ©8 54))51(3)

88L,, 872 800 88
+( R + 5 )51(3)—352(3)"'@0,4

58L2, 2, 1 | 9
+ CpneTr | | — +35 (87% —37) Ly, + —= (288¢5 — 6037 + 1327°%) | L4 (s)

9 162

8Lfn 128L,, 16 32L,, 256 32
( 3 + 9 - 2—7 (371'2 — 47)) EQ(S) -+ (— 3 — 9 ) El(S) H- gﬁg(S) -+ GTF
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Topology A+B — Results

 Some results: Distributional part

2072

2072
Ji = CF [ (—SLfn —12L2% + ( ; - 36) L + 64C3 + - 32) Lo(s)

1 14 1
- (21,; +2L3 + (?’2—3 —M) L2, + L, (—56C3+ 73 - ) —38Cs — — I (‘g —810g2)) L_1(s)

2 8
4
+ (321,3?1 +40L,, — go (% — 6)) L1(8) + (—48Lyy, —48)La(s) +32L3(s) +k
2212, 4 4
+ C4Cr [ (— - +5 (372 —100) Ly, + 57 (135¢3 — 547 + 427r2)) Lo(s)

272 41 2 1 o 221 1
+((@—L)Lfn+Lm(20(j3 & 56”) 88C3— T (4log2—ﬂnf L)

18 3 18 9 15 ' 648 7
88L, 872 | 800 /
) oo Yoo

+( 3 3 9) 1(s) 2 }‘

58L% 2

1
+CpngTF[(_ o+ g (877 = 37) Ly + 155 (288¢; — 6037 + 13277 ))Lﬁ 1 (5) /

8L2  128L,, 16 ,_ , 32L,, 256 32
m - _4 . .
+( 3ty T O 7))LU(S)+( 3 g)ﬁl()+3£2()+.
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Topology A+B — Results

 Example of a non-distributional part

328 4(m*+2sm?+2s?) L2 6m* + (=99 + 1672) sm? + (—93 + 1672) 52  8Liy (—:2r)
= — L = - - L?“
cer 8(3){ 3s T s (m? + s5)* " 352 (m? + s) 5

_ 300m* + 56 (6 + 77) sm? + (45 + 867°) s a8 (m? +2s) 24L, L2 (2 (4m? +7s)  16L,
6s (m2 + 5)° 3

(m? + 3)2 s m (m2 + 3)2 s
+4 (—12m4 + 16sm? + 732) Lis (—Esg) LI 2002 4 (—Sfm6 + 3sm? + 14s°m? + 33) L,
52 (m2 + s) " s 52 (m? + s)°
+ —32m° — 72sm* — 39s?m? + 74° e 32L, 4(4m?+7s)\ 16Liz (—33)
s (m2 + s)° s (m2 + s)° 8

Lp (1208 4 (=8m° + 6sm™ + 205°m? + 55°) L, | 32m° +72sm® + 32s?m? — 145° | 16Liz (=)
s 52 (m? + s)° s(m? + s)°

16Lis (- ) | 32Uis (55) | 2036+ 20m° — 156¢5)) | G ()
8 8 3(m? + 5) s

2 ’ r
gm? (2: A (B Yy - T 2 4 gy¥/2 -1
+©(s — 8m?)< I3(s,m?) m® (2 4 s) v (3y i )E(Sy + 8 a-g-ﬁy )
352 (m2 + s)* s(y—1) 16y%/
2 (9% +132y%/2 — 2193/2 + 1243 — 11y% + 8y — 1) - 302 +84%% +6y—1
3s(y — 1)y3/4 169/3/2

m2
::1—I-mE

y:
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Topology A+B — Results

 Example of a non-distributional part

328 4(m*+2sm?+2s?) L2 6m* + (=99 + 1672) sm? + (—93 + 1672) 52  8Liy (—:2r)
= — L = - - L?“
cer 8(3){ 3s T s (m? + s5)* " 352 (m? + s) 5

_ 300m* + 56 (6 + 77) sm? + (45 + 867°) s a8 (m? +2s) 24L, L2 (2 (4m? +7s)  16L,
6s (m2 + 5)° 3

(m? + 3)2 s m (m2 + 3)2 s
+4 (—12m4 + 16sm? + 732) Lis (—Esg) LI 2002 4 (—Sfm6 + 3sm? + 14s°m? + 33) L,
52 (m2 + s) " s 52 (m? + s)°
+ —32m° — 72sm* — 39s?m? + 74° e 32L, 4(4m?+7s)\ 16Liz (—33)
s (m2 + s)° s (m2 + s)° 8

Lp (1208 4 (=8m° + 6sm™ + 205°m? + 55°) L, | 32m° +72sm® + 32s?m? — 145° | 16Liz (=)
s 52 (m? + s)° s(m? + s)°

16Lis (- ) | 32Vis (5s) | 236+ 20n° — 156¢5)) , G (55
8 8 3(m? + 5) s

2 ’ r
gm? (2: A (B Yy - T 2 4 gy¥/2 -1
+©(s — 8m?)< I3(s,m?) m® (2 4 s) v (3y i )E(Sy + 8 a-g-ﬁy )
352 (m2 + s)* s(y—1) 16y%/
2 (9% +132y%/2 — 2193/2 + 1243 — 11y% + 8y — 1) - 302 +84%% +6y—1
3s(y — 1)y3/4 169/3/2

m2
::1—I-mE

y:
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Topology A+B — Results

 Example of a non-distributional part

328 4(m*+2sm?+2s?) L2 6m* + (=99 + 1672) sm? + (—93 + 1672) 52  8Liy (—:2r)
= — L = - - L?“
cer 8(3){ 3s T s (m? + s5)* " 352 (m? + s) 5

_ 300m* + 56 (6 + 77) sm? + (45 + 867°) s a8 (m? +2s) 24L, L2 (2 (4m? +7s)  16L,
6s (m2 + 5)° 3

(m? + 3)2 s m (m2 + 3)2 s
+4 (—12m4 + 16sm? + 732) Lis (—Esg) LI 2002 4 (—Sfm6 + 3sm? + 14s°m? + 33) L,
52 (m2 + s) " s 52 (m? + s)°
+ —32m° — 72sm* — 39s?m? + 74° e 32L, 4(4m?+7s)\ 16Liz (—33)
s (m2 + s)° s (m2 + s)° 8

Lp (1208 4 (=8m° + 6sm™ + 205°m? + 55°) L, | 32m° +72sm® + 32s?m? — 145° | 16Liz (=)
s 52 (m? + s)° s(m? + s)°

16Lis (- ) | 32Uis (55) | 2036+ 20m° — 156¢5)) | G ()
8 8 3(m? + 5) s

2 , ,
sm? (2 A (B Yy - T 2 4 8y3/? -1
LBEZ 8 1,5, m?) m? (2m? + s) y*4 (3y Y )E(Sy + 8y Sl-ﬁy )
352 (m2 + s)* s(y—1) 16y%/
2 (9% +132y%/2 — 2193/2 + 1243 — 11y% + 8y — 1) K 32 +8y%2 + 6y — 1
3s(y — 1)y3/4 16y3/2

m2
::1—I-mE

y:
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Topology A+B — Results

 Example of a non-distributional part

_32L] 4 m? + 2sm? + 252) L2 6m* + (=99 + 1672) sm? + (—93 + 167?) 52 8Lip (—=2
am sl 2, 4 D) L ((om+ (004167 o+ ) i (<)) |
3s s(m? + s) 352 (m?2 + s) S

300m* + 56 (6 + 72) sm? + (45 + 8672) 2 L2 8(m? +2s) 24L, L2 2(4m? +7s)  16L,
6s (m2 + 5)° *\ (m?+s)’ s "\ (m?2+s)’ s
+4 (—12m4 + 16sm? + 732) Lis (—Esg) LI 2002 4 (—Sfm6 + 3sm? + 14s°m? + 33) L,
52 (m2 + s) " s 52 (m? + s)°
—32m° — 72sm* — 39s?m? + 74° I (SQLT 4(4m? +7s) \ 16Liz (—ﬁf)}
* S(m2_1_n,\,3,,, + Ls e 49 . A2 -

12L.2
+F, ( - Z 4+

16Lis (—z) | 32Ms \w o — 156¢3)) | U8 \ s
— + +
s 3('m2 5) s
2 . .
8m? (2: A (B Yy - T 2+ 8y3/2 -1
6 — 8m?) A Ta(om®) m? (2m? + s) y*4 (3y Yy )E(Sy + 8y 3;—62’7‘ )
352 (m2 + s)* s(y—1) 16y

2 (9% +132y%/2 — 2193/2 + 1243 — 11y% + 8y — 1) - 302 +84%% +6y—1
3s(y — 1)y3/4 16y3/2

/%ﬂdf 2(t—9) K((\/ )(\/+1):i) 2(_%))
9 (t—1)V12 =6t +8vE—3 6t + 8/ s

m2
::1—I-mE

y:
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ssive SCET Jet function »

Topology A+B — Numerical Size of Fit
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w100

1078

Topology A+B Numerical Size of Fit

2-loop contribution to the massive SCET Jet function n

1078 -
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Topology A+B — Cross Checks

* Crosscheck: Logs, high energy- and heavy quark limit

2 P
2-Loop Full »{&—=m—)'-3
e

2.x1
1w

Full

33
2 meemeess HE
----- Heavy Quark

-1.=1
-2.%1
-3. =1
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Topology A+B — Cross Checks

* Crosscheck: Logs, high energy- and heavy quark limit

22 4
TF nl o(F—=01-) i

. Full
i __.-"-___—— = %
2.x1077 e 99 \ Heavy Quark

T --—-—_—_-_-_H_.______;u:— 3
\\ ) High Energy
_4.x107} \
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Topology B — Roadmap

v~ ¢ Solve diagram without Wilson line analytically
- Usual setup: IBP, solve/find Mls, ...

v~ * Get analytic information about Wilson line diagrams W
where possible (imaginary part)

- Evaluate rest numerically by Sector Decomposition %
- Fit outcome |

v~ * Putresults everything together and do crosschecks W
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* One last contribution missing: Secondary produced heavy quarks (CrTF)

s

o,

Secondary Mass Effects

* Techniqgue: Dispersion relation
- Two loop - One loop with massive gluon + dispersion integral
— Technically simpler
- Many properties can be seen already at massive gluon level

Particle Seminar, 2018-11-27
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Secondary Mass Effects

e “Subtracted” dispersion relation: On-shell, finite

Particle Seminar, 2018-11-27

Christopher Lepenik
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Secondary Mass Effects

e “Subtracted” dispersion relation: On-shell, finite

i ghe "
p2 +ie *°

s L

2 "' _ -~

 Applied to the jet function:

J2(n£)7

1 [ dM?
sec,bare(S’ m2, /~L) _ ; e J{W,bare(s,m% M2, :U’) _

o N | —

WO%% :

o, ~
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Secondary Mass Effects

 Problematic outcome after dispersion integral:

- Rapidity divergences do not cancel

- Massless limit wrong

 Reason: Soft modes in loop integral lead to double counting

Particle Seminar, 2018-11-27
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Secondary Mass Effects

 Problematic outcome after dispersion integral:
- Rapidity divergences do not cancel

- Massless limit wrong

 Reason: Soft modes in loop integral lead to double counting

e Solution: Soft mass bin subtraction
— Subtract region where loop momentum is soft

- Rapidity divergences cancel, correct massless limit is achieved

O, 7 O T v
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Secondary Mass Effects — Results

e One last time:

J;n’sec = CrlF

128L,,
(-81:2” — + = Ll

T54Lm  32(s

3213  7T0LZ
+ +

9 9

8

) »C—l (3) + Gm,sec]

4log (2242

Gm,sec = 8(3) ng

1| 8y3/4 (81y* + 54y — 24y? — 54y + 71)

(m? + s)?

3y? + 8432 + 6y — 1

-+ 9(3 — 8m2); -

27(y — 1)3
+2 (2524%/2 + 570y 7/ + 822¢°/% + 118y3/% + 45y° + 357y* + 720y + 524y + 3y + 30,/7 + 15)

L_1(s) =d(s)
1 [O(s)log" s/u?
Bi= 7 | 2|
2
L,, =log m_2
i
Ly =log %
1
2
L, =log m —; i
m
s = p® —m?

E(m) = /2 dt V1 — msin*t,

<)

K(m) = ar

1
J0 V1 — msin® i,

1

(1 —nsin?t)v/1 — msin® ¢

L

II(n;m) = /0E dt

27 (yi-1) (Vi +1) v/

2(v7—1) (15y° +27y° + 25y +5) _ 3y +2vF -1 3y” + 8% + 6y — 1

9(/y+1)y¥*
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Secondary Mass Effects — Results

Ly>o(s) = % [6(3) log™ SWL

I . s/
* One last time: Resulis .
L,, =log F
128L,, 224 32
Jy%¢ = CpTr | | —8L2 — LU L ZL.L
2 FIF ( ™ 9 27) o(s) + 3 1(s) Lszlog%
[
3203 7T0L2  754L,, 32(3 4672 7075 - 5
m m mo_ — m* + s
+< 9 "9 a7 9 TR Ly =log——
s =p? —m?

-=/%dtm,
0

m2+3) - 7
- 60 o - [

m? + s)? s ,
0L 1
T —
0 (1 —nsin?t)v/1 — msin® ¢

1| 8y3/% (81y* + 5493 — 2442 — 54y + 71
+0(s — 8m?) - | - Y ( Y i J Y )
s 27(y —1)3
L2 (252y%/% + 570y7/2 + 822y5/% + 1183/ + 45y° + 35Ty + 720y + 52492 + 3y + 30,/7 + 15) -
3
27(vy—1) (Vo +1) 3/
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Secondary Mass Effects — Results

L_1(s) =d(s)
1 [O(s)log" 2
aE= [~
L] . +
* One last time: .
Lm = log —
1
128L 224 32
Jy = CpTp | | —8L7, — ~-—8 —LmL
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32L3 70L2 754L 32¢z  467% 7075 2
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+ ( o "9 tTa7 9 o7 16 )L G Ly =log —
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Secondary Mass Effects — Results

e Crosschecks
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Full Result — Transition Region

e 1-Loop contribution:

1-Loop ‘{f__m_\:_z,.z (e =0
4 :-c'13'_:‘5I "
2 x1078 ,’f 15}
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m = 173 GeV 0001 0010 0400 1 0 100 1000 )
s/m
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e 2-Loop contribution: .
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Summary & Outlook

e Summary
- Computed massive guark jet function at two-loop order

- Different integral topologies needed different treatment
e Various analytic and numerical tools were applied

— Crosschecked with known limits

* Outlook
- Implement result in existing thrust code —» Redo analyses
- Use code to extend Monte Carlo top mass calibration to N°LL
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Summary & Outlook

e Summary
- Computed massive guark jet function at two-loop order

- Different integral topologies needed different treatment
e Various analytic and numerical tools were applied

— Crosschecked with known limits

* Outlook
- Implement result in existing thrust code —» Redo analyses
- Use code to extend Monte Carlo top mass calibration to N°LL

Thank you for your attention!
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