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Resummation: all-order

¥ In collider process many observables are (often by 
construction) sensitive to multi-parton production in the Þnal 
state

¥ The production of many particles is typically suppressed. 
However, the rate could be enhanced by large logarithmic 
terms in the perturbation series. 

¥ Fixed order expansions are not always sufÞcient! Need all-
order results
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A classical example: Drell-Yan PT
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All-order structure

¥ All order result generally exponentiate

¥ Based on this exponentiation we can deÞne a resumed perturbative 
order

!

"#$%&&'()*+,*-,.'/0#,.*0'/)(1&$

"#$%&&#2
3/2#/

4'(51)+0,
(*6

.. 789**: (/## 8 8

;.. <89**: 789**: (/## .3

;;.. =89**: <89**: 789**: ;.3

; =.. >89**: =89**: <89**: ;;.3

4'(51)+0,(*,-)?#2,
*/2#/,/#$%9($,
)+59%2#$,:*@#/,
$%::/#$$#2,(#/&$,

.. ;.. ;;..

;.3

;;.3

;;;.3

! A*%B9#,9*0'/)(1&$,0#+#/'99C,#?:*+#+()'(#D,

! E'$#2,*+,(1)$,#?:*+#+()'()*+,@#,5'+,2#-)+#,',/#$%&&#2,:#/(%/B'()F#,*/2#/,

D,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

6,$&'99,:'/'&#(#/
,,G2#:#+2$,*+,*B$#/F'B9#H.. ;.. ;;..

L = ln ( ! )

! : small parameter
(depends on observable)

! ! ! 0
!
1 + " s

"
L 2 + L + c1

#

+ " 2
s

"
L 4 + L 3 + L 2 + L + c2

#

+
... (

... +
... +

... +
... + á á á)

$

NLO

NNLO

NnLO

LL NLL NNLL

4

¥ Only correct for global observables (see later)



Top quark pair production at small q T
Li, Li, DYS, Yang & Zhu ’13  PRL; 

 Bonciani, Catani,  Grazzini, Sargsyan & Torre ’15

where! is now the relative azimuthal angle betweenx?
andv3.

Equation (28) is the master factorization formula of our
paper, which is valid to all orders in" s and to any loga-
rithmic accuracy, up to power corrections of the sizes
q2

T=M2 and! 2
QCD=q2

T. The appearance of the tensor struc-
tures in thegg channel was noted before in the studies of
the Higgs production [62,82,83]. The case fort "t produc-
tion, however, is even more complicated since the hard
matching coefÞcient itself is a tensor. The situation can be
simpliÞed if we restrict ourselves up to the NNLL accu-
racy. At this order, the second Lorentz structure in theB#$

g=N

functions does not contribute. This is guaranteed since
B0

g=N vanishes at the leading order, and

Z 2%

0
d! g#&
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g$'
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x$
? x'
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x2
T

"
H "0#;#$&'

gg "M; mt; v3; # # $ 0;

(29)

whereH "0#;#$&'
gg is the leading order coefÞcient ofH #$&'

gg

in the perturbative expansion in" s. Once this is true, the

dependence on! in the integrand of Eq. (28) now resides
only in the soft functions. This fact motivates us to deÞne
new soft functions as

Si "i "L? ; M; mt; cos( ;# # $
Z d!

2%
W"x? ;# #; (30)

where

L? $ ln
x2

T# 2

4e%2) E
: (31)

Note that the soft function deÞned in this way doesnÕt
obey non-Abelian exponentiation theorem. The reason is
that the extra phase space integration over! does not
factorize. This means that at NNLO, the scale indepen-
dent terms proportional toC2

F cannot be obtained by
simply exponentiating the NLO results, but have to be
recalculated. Fortunately, for the logarithmic accuracy
studied in this paper, those terms are not needed. The
simpliÞed factorization formula, valid up to the NNLL
accuracy, now reads

d4'
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8%* t
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4e%2) E
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%Fi "i "x
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T;# #

Bi=N1
"+1; x2

T; # #B"i=N2
"+2; x2

T; # #

& Tr' H i "i "M; mt; cos( ;# #Si "i "L? ; M; mt; cos( ;# #(: (32)

This formula will be the starting point of our NNLL
transverse momentum resummation in the following.

III. NLO RESULTS FOR THE HARD AND SOFT
FUNCTIONS AND THE TMD PDFS

In this section, we present the NLO calculations for the
hard and soft functions and the TMD PDFs which are
relevant for the NNLL transverse momentum resummation.
While the hard functions and the TMD PDFs at NLO are
already available in the literature, the transverse soft func-
tion is new in our framework and is a major difference from
the Drell-Yan process or Higgs production. Therefore, we
will Þrst discuss the calculation of the soft function.

The soft functions are deÞned in Eqs. (25) and (30). We
deÞne the perturbative expansions of them as

Si "i "L? ; M; mt; cos( ;# # $
X1

n$ 0

S"n#
i "i

!
" s

4%

"
n
: (33)

Up to now we have been treating the soft functions as
abstract matrices in color space. In practice, it is more
convenient to cast them into a matrix form by deÞning
the matrix elements

SIJ $ hcI jSjcJi : (34)

In this form, the LO soft functions for theq "q and gg
channels are given by

S"0#
q "q $

N 0

0 CF
2

 !

; S"0#
gg $

N 0 0

0 N
2 0

0 0 N2%4
2N

0

BB@

1

CCA: (35)

At the NLO, the soft functions receive contributions
from the diagrams depicted in Fig.1. We can write the
bare soft functions as

S"1#;bare
i "i $

X

j;k

wi "i
jk I jk ; (36)

wherewi "i
jk is the NLO color matrices deÞned by

"wi "i
jk #IJ $

1
dR

hcI jTj ) TkjcJi ; (37)

with Tj the color generator associated with the partonj .
These matrices can be found in Ref. [14]. I jk are integrals
of the form

I jk $ %
"4%#2#,

%2%,

Z 2%

0
d!

&
Z

ddk
!

$
n ) k

"
"
- "k2#( "k0#

vj ) vke%ix? )k?

v j ) kvk ) k
; (38)

where the analytic regularization method of Ref. [80]
is used. We show an example for calculatingI13 in
AppendixB. The results for the nonvanishing integrals are
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soft function accounts for the soft gluon emissions from Þnal massive  states
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FIG. 2. Resummed predictions for the qT distribution at NLL
(green band) and NLO+NNLL (black band). Also shown are
the predictions of POWHEGand MCFM.

NLL one. As shown in Fig. 2, the Þxed-order predic-
tion from MCFMis not reliable when qT is small, while
the NLO+PS prediction of POWHEG[18] is in good agree-
ment with our NLO+NNLL resummed distribution. It
should be noted that the POWHEGprediction exhibits a
much larger scale dependence than the NLO+NNLL re-
sult, which is not shown in the plot.
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FIG. 3. Comparison of NLO+NNLL resummed prediction
(blue band) for the normalized qT distribution with the ex-
perimental data from the CMS collaboration.
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FIG. 4. The top quark charge asymmetry as a function of qT .
The Pythia and MC@NLOcurves are extracted from [4].

In Fig. 3 we show our NLO+NNLL resummed predic-

tion for the normalized qT distribution, together with the
experimental data from the CMS collaboration [2], using
an integrated luminosity of 1.14 fb−1 at the LHC with√

s = 7 TeV. In this plot a non-perturbative factor of the
form exp(−Λ2

NPb2) is included for the qøq-channel, with
ΛNP = 0 .6 GeV [12]. For the gg-channel, the relevant
scale isq∗g >∼ 14.0 GeV, we therefore do not consider non-
perturbative effects here. The experimental data shows
good agreement with our resummed prediction.

We Þnally turn to the qT -dependent top quark charge
asymmetry AFB. This quantity is of substantial interest
because it will provide new hints for the puzzle of large
deviation in AFB observed at the Tevatron. In QCD, the
asymmetry starts at NLO, however, it was found that
an LO parton shower program like Pythia can exhibit
non-zero AFB. As was explained in [19], this is due to
the fact that in the hard processqøq → tøt, color coherence
of the parton shower pushes the top-quark pair to higher
transverse momentum when the top goes backwards. In
our resummation formalism, this color coherence is ac-
counted for by the soft function Sqq̄, whose dependence
on t1 and u1 is asymmetric. In Fig. 4, we present
our resummed prediction for this observable, together
with predictions from MC@NLOand Pythia extracted from
[4]. Interestingly, our NLO+NNLL resummed prediction
shows very good agreement with the NLO+PS program
MC@NLO. In particular, they predict the same cross-over
at qT ∼ 25 GeV.

In conclusion, for the Þrst time, we have presented
a resummation framework for the transverse-momentum
spectrum of top-quark pairs at hadron collider, valid up
to arbitrary logarithmic accuracy. Compared with Drell-
Yan and Higgs production, a new ingredient in our for-
malism is the introduction of the transverse soft function
matrices, which describe the soft gluon effects associated
with Þnal-state radiations. We have explicitly shown that
when expanded toO(! s), our resummation formula re-
produces precisely the Þxed-order prediction fromMCFM
at small qT . We have carried out the resummation at
NNLL accuracy. Our results agree quite well with those
from parton shower programs and with the CMS mea-
surement, while exhibiting a small scale dependence. We
have also examined theqT -dependent top quark charge
asymmetry, which could help clarifying the large devia-
tion from the SM observed at the Tevatron. Our formal-
ism can also be applied to thebøb, cøc production, as well
as the production of colored supersymmetric partners.
With the NNLO soft function which may be calculated in
the future, our work provides a new subtraction method
for computing the tøt differential cross sections at NNLO,
following the qT subtraction method of [20]. Finally, it
is interesting to incorporate the decays of the top quark
into our framework in a way similar to [21], which we
leave for future works.

This work was supported in part by the National
Natural Science Foundation of China under Grants No.
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We can now proceed to calculate the leading singularqT distribution at the NNLO.

For that we will need all the L⊥-dependent terms in the NNLO functionsF (2) , I (2)
i←j and

22
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Non-global Observables
¥ Insensitive to radiation inside certain region of phase space
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Interjet energy ßow
Observables which are insensitive to emissions into certain regions of phase 
space involve additional NGLs not captured  by the usual resummation formula

JH
E
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The subscript P on ! ! ,P servesasa reminder that we have only taken into account primary
emissionsand t is deÞnedto be the following integral of ! s,

t(Q! , Q) =
1

2"

! Q/ 2

Q!

dkt

kt
! s(kt ) =

1
4" #0

ln
! s(Q/ 2)
! s(Q! )

, (2.6)

where the secondequality holds at the one-loop level and #0 = (11CA ! 2nf )/ (12" ).

3. Leading order calculation of non-global e! ects

As well as dealing with primary emissions,it is necessaryto account also for contributions
from (secondary) emissionscoherently radiated into " from large-anglesoft-gluon ensem-
bles outside of " . We will denote the contribution from such non-global terms by the
function S(t), such that to SL accuracy

! ! (t(Q! , Q)) " S(t) ! ! ,P (t) . (3.1)

To start with, we calculate the leading order contribution to S, i.e. S2, wherewe deÞnethe
following seriesexpansionfor S:

b a

2 1

!"

Figure 2: The kind of diagram to becon-
sidered for the calculation of S2 in the
caseof a rapidit y slice of width ! η.

S(t) =
"

n=2

Sntn . (3.2)

Sincethis kind of contribution only starts with sec-
ondary emissions,there is no S1 term. In the cal-
culation of S2, we shall beentitled to equatet with
! s
2" ln Q

2Q!
.

The exact valueof S2 dependson the geometry
of the patch " . Here we calculate it analytically
for the casewhere " is a slice in rapidit y of width
# $. The kind of diagram to be consideredis shown in Þgure2, where a and b are quarks
(they may be outgoing or incoming depending on whether for examplewe are dealing with
e+ e! or DIS in the Breit frame) and 1 and 2 are gluons. We intro duce the following
four-momenta

ka =
Q
2

(1, 0, 0, 1) , (3.3a)

kb =
Q
2

(1, 0, 0, ! 1) , (3.3b)

k1 = x1
Q
2

(1, 0, sin%1, cos%1) , (3.3c)

k2 = x2
Q
2

(1, sin%2 sin&, sin%2 cos&, cos%2) , (3.3d)

where we have deÞnedenergy fractions x1,2 # 1 for the two gluons. To our accuracy, we
can neglect the recoil of the hard particles against the soft gluons.

Ð4 Ð

Q

Q! Non-global logs:

Exponentiating soft anomalous dimension only resum part of logs:

exp

!

�4CF�!
" ! (Q)

! (Q! )

d"
#(" )

"
2$

#

= 1 + 4
" s

2$
CF�! ln

Q!

Q

+
$ " s

2$

%2
&
8C2

F�! 2 � 22

3
CF CA�! +

8

3
CF TF nf�!

'
ln2

Q!

Q

(Dasgupta & Salam 2002)
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LL resummation for non-global observables

¥ The leading logarithms arise from conÞguration in which the emitted 
gluons are strongly ordered

N m
C g2m

s

!

(1 ,ááá,m)

pa · pb
(pa · p1)(p1 · p2) · · · (pm · pb)

E1 � E2 � · · · � Em

¥ In the large-Nc limit, multi-gluon emission amplitudes become simple:

¥  BanÞ-Marchesini-Smye eqation

¥ Dasgupta-Salam shower
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Figure 14 . The action of the operator Vm on an amplitude in the large-Nc limit.

suppressed at large Nc. At large Nc, emissions arise only between nearest-neighbour legs,

since all other attachments would lead to non-planar contributions which are suppressed.

Based on the above simplification, the effect of Rm in the large-Nc limit is shown diagram-

matically in Figure 13. The action of Vm simplifies analogously, as shown in Figure 14.

The large-Nc color factor from squaring the amplitudes is simply a factor of Nc for each

color loop, and the number of additional color loops is equal to the number of powers of

αs, so that the color factor is obtained by switching to the ’t Hooft coupling λ = Ncαs.

We now plug the explicit results (5.11) for the anomalous-dimension coefficients Vm

and Rm into the expressions (5.17). For the coefficients of the expansion in t , we then

obtain

S(1)
2 = ! 4Nc

#

Ω
3Out W 3

12 ,

S(2)
2 =

(4Nc)
2

2!

#

Ω

$
! 3In 4Out

%
P34

12 ! W 3
12 W 4

12

&
+ 3Out 4Out W 3

12 W 4
12

'
,

S(3)
2 =

(4Nc)
3

3!

#

Ω

$
3In 4Out 5Out

(
P34

12

%
W 5

13 + W 5
32 + W 5

12

&
! 2W 3

12 W 4
12 W 5

12

)

! 3In 4In 5Out W 3
12

(%
P45

13 ! W 4
13 W 5

13

&
+

%
P45

32 ! W 4
32 W 5

32

&
!

%
P45

12 ! W 4
12 W 5

12

&)

! 3Out 4Out 5Out W 3
12 W 4

12 W 5
12

'
, (5.20)

where
*
Ω 3Out =

* dΩ(n3 )
4! Θn øn

out (n3), and we have used the abbreviation

Pkl
ij = W k

ij

+
W l

ik + W l
kj

,
. (5.21)

The above expressions include all leading logarithms, i.e. the global and non-global loga-

rithmic terms appear together.

Let us now relate the above expressions to the leading logarithmic resummation of

NGLs at large Nc, which can be obtained by solving the BMS equation [26]

∂öL Gkl (L̂ ) =
#

dΩ(nj )

4π
W j

kl

$
Θn øn

in (j )Gkj (L̂ )Gjl (L̂ ) ! Gkl (L̂ )
'

, (5.22)

with boundary condition Gkl (0) = 1. The function Gkl (L̂ ) depends on two light-like refer-

ence vectors nk and nl . After solving the equation, the resummed soft function is obtained

as S({ n} , Qβ, µ) = G12(L̂ ) with L̂ = 4Nc t . While the non-linear integral equation (5.22)

– 43 –

(Dasgupta & Salam 2001)

(Banfi, Marchesini & Smye 2002)

M. Dasgupta, G.P. Salam / Physics Letters B 512 (2001) 323Ð330 327

Fig. 2. Left: the kind of diagram which must be considered in the calculation ofS. Right: the same diagram represented in the large-NC limit,
with gluons shown as pairs of colour lines and quarks as single colour lines.

have a large relative error, which would translate to a
large absolute error onS because of the division by
the small quantity

!
! ab(L) .

Instead a more efÞcient procedure involves moving
the division by

!
! ab(L) directly into the calculation

of the PC. This can be achieved using a modiÞed
radiation intensity,!FC (for both the emissions and the
virtual corrections),

(16)!FC(" , #) = FC(" , #) " Fab(" , #)$ (" ),

where one subtracts out the radiation intensityFab
which would have been produced by the originalq øq
pair (in the large-NC limit). One calculates quantities
!PC using analogs of Eqs. (12) and (13) withFC
replaced by!FC and thenS is simply given by

(17)S(%sL) =
"

C|H R empty

!PC(L).

It should be kept in mind that since!FC is negative in
certain regions of phase space one loses a strict proba-
bilistic interpretation for the!PC. Nevertheless the sum
over conÞgurations is well-deÞned and meaningful.

The exact details of the Monte Carlo algorithm are
given in Appendix A. Here we restrict ourselves to
giving a parameterisation forS obtained by Þtting to
the Monte Carlo results:

(18)S(%sL) # exp
#

" CF CA
&2

3

#
1+ (at)2

1 + (bt)c

$
t2

$
,

with

t (%sL) =
1

2&

1%

e" L

dx
x

%s(xQ)

(19)=
1

4&' 0
ln

1
1 " 2' 0%sL

,

where' 0 = (11CA " 2nf )/( 12&) and

(20)a = 0.85CA, b = 0.86CA, c = 1.33.

The parameterisation should be accurate to the order
of a few percent (better in most of the region) for
t < 0.7, corresponding to 1" 2%s' 0L ! 0.005.3

Actually, for the purposes of the Þt one replaces
CF CA in (18) withC2

A/ 2 since the Monte Carlo works
in the large-NC limit. But for use in phenomenology
one wishes to have the exact colour structure at least
at O(%2

s), hence the use ofCF CA in (18).

4. Checks and conclusions

It is useful to check our results against Þxed order
results from the next-to-leading order Monte Carlo
program Event2 [10]. First it is necessary to determine
the constant termsC(q)

1 andC(g)
1 , which are obtained

by requiring consistency between (4) and a fullO(%s)
calculation. It is straightforward to show that they are
given by

(21)C(q)
1 =

1
2

&
C(

1 " r3
'
, C(g)

1 =
r3

2
,

3 The accessible range oft is limited by two issues: Þrstly
only a small fraction of events are generated at larget, requiring
considerable statistics in order to investigate that region; and
secondly because an accurate determination ofS at larget requires
a very small angular cutoff, which leads to there being many dipoles
in an event, and a consequent slowing down of the evolution.
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Fig. 2. Left: the kind of diagram which must be considered in the calculation of S. Right: the same diagram represented in the large-NC limit,
with gluons shown as pairs of colour lines and quarks as single colour lines.

have a large relative error, which would translate to a
large absolute error on S because of the division by
the small quantity

!
! ab(L) .

Instead a more efficient procedure involves moving
the division by

!
! ab(L) directly into the calculation

of the PC. This can be achieved using a modified
radiation intensity, F̃C (for both the emissions and the
virtual corrections),

(16)F̃C(" , #) = FC(" , #) " Fab(" , #)$ (" ),

where one subtracts out the radiation intensity Fab
which would have been produced by the original q øq
pair (in the large-NC limit). One calculates quantities
P̃C using analogs of Eqs. (12) and (13) with FC
replaced by F̃C and then S is simply given by

(17)S(%sL) =
∑

C|H R empty

P̃C(L).

It should be kept in mind that since F̃C is negative in
certain regions of phase space one loses a strict proba-
bilistic interpretation for the P̃C. Nevertheless the sum
over configurations is well-defined and meaningful.
The exact details of the Monte Carlo algorithm are

given in Appendix A. Here we restrict ourselves to
giving a parameterisation for S obtained by fitting to
the Monte Carlo results:

(18)S(%sL) # exp
(

" CF CA
&2

3

(
1 + (at)2

1 + (bt)c

)
t2

)
,

with

t (%sL) =
1
2&

1∫

e" L

dx
x

%s(xQ)

(19)=
1

4&' 0
ln

1
1 " 2' 0%sL

,

where ' 0 = (11CA " 2nf )/( 12&) and

(20)a = 0.85CA, b = 0.86CA, c = 1.33.

The parameterisation should be accurate to the order
of a few percent (better in most of the region) for
t < 0.7, corresponding to 1 " 2%s' 0L ! 0.005. 3
Actually, for the purposes of the fit one replaces

CF CA in (18) with C2A/ 2 since the Monte Carlo works
in the large-NC limit. But for use in phenomenology
one wishes to have the exact colour structure at least
at O(%2s), hence the use of CF CA in (18).

4. Checks and conclusions

It is useful to check our results against fixed order
results from the next-to-leading order Monte Carlo
program Event2 [10]. First it is necessary to determine
the constant terms C(q)

1 and C(g)
1 , which are obtained

by requiring consistency between (4) and a full O(%s)
calculation. It is straightforward to show that they are
given by

(21)C(q)
1 =

1
2
(
C(
1 " r3

)
, C(g)

1 =
r3
2

,

3 The accessible range of t is limited by two issues: firstly
only a small fraction of events are generated at large t , requiring
considerable statistics in order to investigate that region; and
secondly because an accurate determination of S at large t requires
a very small angular cutoff, which leads to there being many dipoles
in an event, and a consequent slowing down of the evolution.
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Fig. 2. Left: the kind of diagram which must be considered in the calculation ofS. Right: the same diagram represented in the large-NC limit,
with gluons shown as pairs of colour lines and quarks as single colour lines.

have a large relative error, which would translate to a
large absolute error onS because of the division by
the small quantity

!
! ab(L) .

Instead a more efÞcient procedure involves moving
the division by

!
! ab(L) directly into the calculation

of the PC. This can be achieved using a modiÞed
radiation intensity,!FC (for both the emissions and the
virtual corrections),

(16)!FC(" , #) = FC(" , #) " Fab(" , #)$ (" ),

where one subtracts out the radiation intensityFab
which would have been produced by the originalqq̄
pair (in the large-NC limit). One calculates quantities
!PC using analogs of Eqs. (12) and (13) withFC
replaced by!FC and thenS is simply given by

(17)S(%sL) =
"

C|H R empty

!PC(L).

It should be kept in mind that since!FC is negative in
certain regions of phase space one loses a strict proba-
bilistic interpretation for the!PC. Nevertheless the sum
over conÞgurations is well-deÞned and meaningful.

The exact details of the Monte Carlo algorithm are
given in Appendix A. Here we restrict ourselves to
giving a parameterisation forS obtained by Þtting to
the Monte Carlo results:

(18)S(%sL) # exp
#

" CF CA
&2

3

#
1+ (at)2

1+ (bt)c

$
t2

$
,

with

t (%sL) = 1
2&

1%

e" L

dx
x

%s(xQ)

(19)= 1
4&' 0

ln
1

1 " 2' 0%sL
,

where' 0 = (11CA " 2nf )/( 12&) and

(20)a = 0.85CA, b = 0.86CA, c = 1.33.

The parameterisation should be accurate to the order
of a few percent (better in most of the region) for
t < 0.7, corresponding to 1" 2%s' 0L ! 0.005.3

Actually, for the purposes of the Þt one replaces
CF CA in (18) withC2

A/ 2 since the Monte Carlo works
in the large-NC limit. But for use in phenomenology
one wishes to have the exact colour structure at least
at O(%2

s), hence the use ofCF CA in (18).

4. Checks and conclusions

It is useful to check our results against Þxed order
results from the next-to-leading order Monte Carlo
program Event2 [10]. First it is necessary to determine
the constant termsC(q)

1 andC(g)
1 , which are obtained

by requiring consistency between (4) and a fullO(%s)
calculation. It is straightforward to show that they are
given by

(21)C(q)
1 = 1

2

&
C(

1 " r3
'
, C(g)

1 = r3

2
,

3 The accessible range oft is limited by two issues: Þrstly
only a small fraction of events are generated at larget, requiring
considerable statistics in order to investigate that region; and
secondly because an accurate determination ofS at larget requires
a very small angular cutoff, which leads to there being many dipoles
in an event, and a consequent slowing down of the evolution.
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Some recent progress

¥ Dressed gluon expansion Larkoski, Moult & Neill ’15 ’16

¥ Multi-Wilson-line structure in SCET Becher, Neubert, Rothen & DYS ’15 

’16

¥ Color density matrix Caron-Huot ’15

¥ Collinear logs improved BMS eq Hatta, Iancu, Mueller, & 

Triantafyllopoulos ’17 

¥ Soft (Glauber) gluon evolution at amplitude level, Þnite Nc Martínez, 

Angelis, Forshaw, Plätzer & Seymour ’18

¥ Reduced density matrix Neill & Vaidya ‘18



Effective Þeld theory for jet processes
Becher, Neubert, Rothen & DYS ’15  PRL

¥ A new effective Þeld theory which fully factorizes non-global observables .
¥ Analysing Sterman-Weinberg jet processes in EFT, we Þnd that in addition to soft  

and collinear  Þelds their description requires degrees of freedom that are 
simultaneously soft and collinear to the jets. 

¥ These collinear-soft(ÒcoftÓ) particles can resolve individual collinear partons, leading 

to a complicated multi-Wilson-line structure

� !
↵

2
" 1

2Eout < ! Q ! Q

e! e+

Q

Q!

Q

Q"

Q!

Q"!

Figure 3 . Momentum modes and associated scales for wide-angle (left) and narrow-angle (right)
jet production.

right hemisphere can then be expanded around a common reference vectorn and combined
using (2.6), and similarly for the soft Wilson lines in the left hemisphere. This yields the
same Wilson-line structure as in (2.19). Squaring the soft amplitudes yields

S(Q! ) 1 =
!

Xs

"
h0|S†(øn) S(n) |X sihX s|S†(n) S(øn) |0i#(Q! � 2EXs) . (2.32)

Because the soft radiation has parametrically large angle, it is always outside the jet and the
energy constraint is imposed on the total energyEXs . The coft function Um({nR}, Q"! )
with m Wilson lines is given by

Um({nR}, Q"! )

=
!

Xt

"
h0|U †

0(øn) U †
1(n1) . . . U †

m(nm) |X tihX t|U0(øn) . . . Um(nm) |0i #(Q! � øn · pout ) . (2.33)

The right-moving coft particles are always outside the left jet in the sense that the out-of-
jet constraint is always fulÞlled after the multipole expansion, independent of the angle of
the coft particle. The momentum pout is therefore the total momentum outside the right

jet. The anti-coft function #
Uk has the Wilson line U0 along the n instead of the øn direction

and the constraint is placed onn · pout .
Putting these ingredients together, the cross section in Laplace space takes the form [38]

#$(%, " ) = $0 H (Q) #S(Q%)

$
""

m=1

%
Jm(Q" ) ⌦ #Um(Q"%)

&
' 2

, (2.34)

where we have used the fact that both jets give an identical contribution. In Figure 3
we show a pictorial representation of the structure of the factorization formula and the
di! erent types of radiation relevant in both the wide-angle and narrow-jet cases.

2.3 Renormalization and resummation

The factorization theorems we have obtained involve operators with an arbitrary number of
Wilson lines, both in the wide-angle and narrow-jet case. We now discuss the renormaliza-
tion of these operators. The associated RG equations form the basis for the resummation
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QQ! øn áp

n áp

Q!

Q

Q!"

Q!"

pc ⇠ Q(�2
, 1, �)

ps ⇠ Q�(1, 1, 1)

pt ⇠ Q�(�2
, 1, �)

Q

Q

Q�

Q�

Q��
2

Q��
2

øn áp

n áp

Figure 2. Momentum regions relevant for narrow-angle jet production. The plot shows the scaling
of the light-cone componentsn áp and øn áp, and we assume that� < � (we use� ⇠ �

2 in the
narrow jet case to ensure this condition). The meshed gray area shows the veto in the out-of-jet
region which forbids contributions from energetic modes. In the wide angle limit� ! 1, soft and
coft modes coincide and the collinear and hard scaling are the same.

2.2 Narrow-angle jets and coft radiation

In the narrow angle limit � ⌧ 1, in addition to hard and soft momentum modes, two more
momentum regions need to be included in our e! ective theory. On the one hand, we need
the usual collinear modes to describe the energetic collimated radiation inside the jets

collinear: pc ⇠ Q (1, �2
, �) ,

anti-collinear: pøc ⇠ Q (�2
, 1, �) , (2.12)

but in addition, we need modes which describe small-angle soft radiation

coft: pt ⇠ Q� (1, �2
, �) ,

anti-coft: pøt ⇠ Q� (�2
, 1, �) . (2.13)

In Fig. 2 we show the corresponding momentum regions. One way to construct the e! ective
theory containing these modes is to Þrst match QCD onto standard SCET with collinear
and soft Þelds. In this step, one will match the QCD quark vector current onto the vector
current in the e! ective theory. The relevant matching coe" cient CV (�Q

2) contains all the
hard physics and one can decouple the soft Þeld from the collinear ones, which yields the
standard two-Wilson-line soft function. In a next step, one splits the collinear Þeld into
two submodes

A
µ

c ! A
µ

c + A
µ

t
, A

µ

øc ! A
µ

øc + A
µ

øt , (2.14)
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Multi-Wilson-line Structure

Large-angle soft radiation off a jet of collinear particles does not 
resolve individual energetic patrons

This approximation breaks down for soft radiation collinear to the 
jet!!!

Typically this small region of phase space does not give an      
contribution.
However it does in Non-global observables.

O(1)

kµ = ! nµ

!

i

Qi
pi · ! (k)

pi · k
! Qtot

n · !
n · k

!n
k

pi
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EFT for interjet energy ßow

! = tan
"
2

! 1
ps ! Q! (1, 1, 1)

ph ! Q(1, 1, 1)

QQ! øn áp

n áp

Q!

Q

�+�0

�1�7�6

�+�02Eout < ! Q ! Q

(Becher, Neubert, Rothen & DYS  ’16; Caron-Huot ’15)
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Factorization
¥ The operator for the emission from an amplitude with m hard 

partons 

M m

soft Wilson lines along the directions of the 
energetic particles (color matrices)

hard scattering amplitude with m particles 
(vector in color space)

JH
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!n

"
# = tan(" / 2)

2Eout < $Q

Figure 1. Definition of the parameters # and $ of the dijet cross section. We use the thrust axis
!n as the jet axis.

Weinberg [42]. Using the thrust vector as the jet axis leads to a simpler form of the

phase-space constraints and enables us to use existing two-loop results for the cone-jet soft

function obtained in [32, 33].

2.1 Wide-angle jets

Let us first consider wide-angle jets with # ! 1. In this case the e! ective theory contains

only two relevant momentum regions, whose components (n áp, n̄ áp, p! ) scale as follows:

hard: ph ! Q (1, 1, 1) ,

soft: ps ! Q$ (1, 1, 1) .
(2.3)

The hard mode describes the energetic particles inside the jet. Since we are dealing with

wide jets, the energetic radiation inside the jet covers a large angular range. It is thus not

collinear to !n but has a homogenous scaling of all components. Given their large energy,

these particles can never go outside the jet, in contrast to the soft partons which can be

emitted inside or outside. Since there are no collinear singularities for large cone size, the

cross section is single-logarithmic, i.e. the leading logarithms have the form " n
s lnn$.

The factorization of an amplitude with m hard partons and an arbitrary number of soft

partons is of course well known. Each hard parton gets dressed with a Wilson line along

its direction. For an outgoing particle in the color representation Ti propagating along the

direction ni , the appropriate Wilson line is given by the path-ordered exponential

Si (ni ) = P exp

!
igs

" "

0
ds ni áAa

s(sni )T
a
i

#
. (2.4)

The Wilson line Si is a matrix in color space, which acts on the color index of particle i .
The operator for the emission from an amplitude with m hard partons then takes the form

S1(n1)S2(n2) . . . Sm (nm ) |M m ({ p} )" , (2.5)

where nµ
i = pµ

i /E i , and we use the compact notation { p} # { p1, p2, . . . , pm } . This equation
is analogous to the factorization for amplitudes with coft particles [38], but while the coft

case involves splitting amplitudes, we are now dealing with ordinary amplitudes |M m ({ p} )".
In writing (2.5) we use the color-space formalism of [43, 44], in which amplitudes are treated

as n-dimensional vectors in color space. Since they act on di! erent particles, the di! erent
generators trivially commute [T a

i ,T b
j ] = 0 for i $= j . The same is therefore true for the

– 6 –

!n

"
# = tan( " / 2)

2Eout < $Q

Figure 1 . DeÞnition of the parameters# and $ of the dijet cross section. We use the thrust axis
!n as the jet axis.

Weinberg [42]. Using the thrust vector as the jet axis leads to a simpler form of the
phase-space constraints and enables us to use existing two-loop results for the cone-jet soft
function obtained in [32, 33].

2.1 Wide-angle jets

Let us Þrst consider wide-angle jets with# ! 1. In this case the e! ective theory contains
only two relevant momentum regions, whose components (n áp, øn áp, p! ) scale as follows:

hard: ph ! Q (1, 1, 1) ,

soft: ps ! Q$ (1, 1, 1) .
(2.3)

The hard mode describes the energetic particles inside the jet. Since we are dealing with
wide jets, the energetic radiation inside the jet covers a large angular range. It is thus not
collinear to !n but has a homogenous scaling of all components. Given their large energy,
these particles can never go outside the jet, in contrast to the soft partons which can be
emitted inside or outside. Since there are no collinear singularities for large cone size, the
cross section is single-logarithmic, i.e. the leading logarithms have the form " n

s lnn$.
The factorization of an amplitude with m hard partons and an arbitrary number of soft

partons is of course well known. Each hard parton gets dressed with a Wilson line along
its direction. For an outgoing particle in the color representation Ti propagating along the
direction ni , the appropriate Wilson line is given by the path-ordered exponential

Si (ni ) = P exp
(

igs

∫ "

0
ds ni áAa

s(sni ) T a
i

)
. (2.4)

The Wilson line Si is a matrix in color space, which acts on the color index of particle i .
The operator for the emission from an amplitude with m hard partons then takes the form

S1(n1) S2(n2) . . . Sm (nm) |M m ({ p} )" , (2.5)

wherenµ
i = pµ

i /E i , and we use the compact notation{ p} # { p1, p2, . . . , pm } . This equation
is analogous to the factorization for amplitudes with coft particles [38], but while the coft
case involves splitting amplitudes, we are now dealing withordinary amplitudes |M m ({ p} )".
In writing ( 2.5) we use the color-space formalism of [43, 44], in which amplitudes are treated
as n-dimensional vectors in color space. Since they act on di! erent particles, the di ! erent
generators trivially commute [T a

i , T b
j ] = 0 for i $= j . The same is therefore true for the
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Factorization
¥ Then the cross section can be written in factorized form as,

¥ Soft function:

¥ Hard function: integrating over the energies of the hard particles, 
while keeping their direction Þxed

¥ ⊗ indicates integration over the direction of the energetic partons 
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familiar dijet hard function and ! 0 the Born-level cross section. The functionsH 2+ k({ n} )
are of order O(" k

s ) since they involve k emissions. The full cross section has the form

! (#, $) =
!!

m=2

"
H m ({ n} , Q, $) ! Sm ({ n} , Q#, $)

#
, (2.15)

where the angular brackets denote the color trace"M #= 1
Nc

tr( M ). The symbol ! indicates
that one has to integrate over the directions of them hard partons in H m ({ n} , Q, $) which
are the same as the directions of the Wilson lines inSm ({ n} , Q#, $), i.e.

H m ({ n} , Q, $) ! Sm ({ n} , Q#, $) =
m$

i =2

%
d! (ni )

4%
H m ({ n} , Q, $) Sm ({ n} , Q#, $) . (2.16)

In contrast to the standard formula ( 1.2), the factorization formula ( 2.15) does not
involve jet functions. The reason is that there is no collinear scale in our problem. The
collinear matrix elements in (2.10) are scaleless and do not receive higher-order corrections.
In dimensional regularization, there is thus a cancellation between IR and UV singularities
in these functions. When added to the hard functions, the IR divergences in the collinear
matrix elements cancel against IR divergences of the hard functions, so that the net e" ect is
to convert the IR divergences of the hard function into UV divergences. It would be possible
to separate IR and UV singularities at each step by introducing parton masses or additional
subjet resolution parameters into our analysis, however this would only complicate the
problem in an unnecessary way.

We have obtained the formula (2.15) from an analysis of QCD amplitudes in the
hard and soft momentum regions. In the context of a low-energy e" ective theory, the
hard momentum modes are integrated out and the functionsH m ({ n} , Q, $) are Wilson
coe# cients of the soft operatorsSm ({ n} , Q#, $). Because all components of the soft modes
are smaller than their hard counterparts, all hard-soft interactions in the Lagrangian are
power suppressed. As in standard SCET, the soft Lagrangian is the same as the QCD
Lagrangian. To resum large logarithms of#, one has to solve the RG equations of the
Wilson coe# cients. This will be discussed in detail below, after we have analyzed the
factorization properties for the narrow-jet case.

In our derivation of the factorization theorem we Þrst analyzed the factorization prop-
erties on the amplitude level and then computed the cross section with the factorized
amplitudes. As we discussed, the relevant factorization ofthe amplitude shown in (2.5)
can easily be obtained from SCET with collinear Þelds along the directions of the energetic
on-shell particles. However, in standard SCET derivationsone is usually working directly
on the level of the cross section. For our approach to be valid, it was important to know
the relevant momentum regions in the cross section, so that the appropriate expansion
of the amplitude could be performed. In other words, it was important that the phase-
space integrations indeed only involved the regions we considered for the expansion of the
amplitude.
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To get the amplitude for the emission ofl soft partons in the Þnal state with momenta
k1, . . . , kl, one computes the matrix element

!k1, . . . , kl|S1(n1) S2(n2) . . . Sm(nm) |0" (2.11)

of the Wilson-line operator. To obtain the contribution of a n arbitrary number of soft par-
tons to the jet cross section, one Þrst deÞnes the squared matrix element for the emissions
from m partons as

Sm({n}, Qβ, δ)=
!

Xs

"
!0|S 

1(n1) . . .S 
m(nm) |Xs"!Xs|S1(n1) . . .Sm(nm) |0" θ(Qβ # 2E out ) .

(2.12)
This is the same as the coft function which arises for narrow-angle jets [38], up to the
fact that the constraint now acts on the out-of-cone energyE out of the soft radiation, as
opposed to øn · p out , the large component of the total momentum of the coft Þelds.Since
the soft function depends on the outside energy, it depends on the cone sizeδ. In terms of
the matrix element (2.12), the jet cross section takes the form

σ(β, δ) =
1

2Q2

!"

m=2

m#

i=1

!
dd" 1pi

(2π)d" 12Ei
!Mm({p})|Sm({n}) |Mm({p})"

$ (2π)d δ(Q # Etot ) δ(d" 1)(p⃗tot ) ! nøn
in

$%
p
&'

, (2.13)

up to terms suppressed by powers ofβ. The integration is over the m-dimensional phase-
space of the hard partons, which are all constrained to lie inside the two jet cones. The
function ! nøn

in

$%
p
&'

ensures that the hard partons are either inside the right jetalong the
direction n or the left jet along øn. In the narrow-cone case, we will encounter constraints
which involve only one of the jets. Note that, due to the multipole expansion, the contri-
bution of soft particles must be neglected in the momentum-conservation δ-functions.

In order to write the cross section in a more transparent way,we now deÞne hard
functions which are obtained by integrating over the energies of the hard particles subject
to the constraint that their sum is equal to the center-of-mass energyQ, while keeping
their directions nµ

i Þxed,

H m({n}, Q, δ) =
1

2Q2

"

spins

m#

i=1

!
dEiE

d" 3
i

(2π)d" 2 |Mm({p})"!Mm({p})|

$ (2π)d δ
(
Q #

m"

i=1

Ei

)
δ(d" 1)(p⃗tot ) ! nøn

in

$%
p
&'

. (2.14)

These hard functions are distribution-valued in the anglesof the particles, since they
contain additional divergences which arise when particlesbecome collinear. These real-
emission divergences get cancelled by the divergences associated with the virtual correc-
tions to amplitudes with fewer legs. In contrast, the soft function (2.12) is regular in the
angles. The function H 2({n}, Q) = σ0 H(Q2)1, where H(Q2) = |CV (# Q2 # iϵ)|2 is the
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familiar dijet hard function and σ0 the Born-level cross section. The functions H 2+ k({n} )
are of order O(αk

s) since they involve k emissions. The full cross section has the form

σ(β, δ) =
!!

m=2

"
H m ({n} , Q, δ) ! Sm ({n} , Qβ, δ)

#
, (2.15)

where the angular brackets denote the color trace "M#= 1
Nc

tr(M). The symbol ! indicates

that one has to integrate over the directions of the m hard partons in H m ({n} , Q, δ) which

are the same as the directions of the Wilson lines in Sm ({n} , Qβ, δ), i.e.

H m ({n} , Q, δ) ! Sm ({n} , Qβ, δ) =
m$

i =2

%
d! (ni )

4π
H m ({n} , Q, δ)Sm ({n} , Qβ, δ) . (2.16)

In contrast to the standard formula (1.2), the factorization formula (2.15) does not

involve jet functions. The reason is that there is no collinear scale in our problem. The

collinear matrix elements in (2.10) are scaleless and do not receive higher-order corrections.

In dimensional regularization, there is thus a cancellation between IR and UV singularities

in these functions. When added to the hard functions, the IR divergences in the collinear

matrix elements cancel against IR divergences of the hard functions, so that the net e" ect is
to convert the IR divergences of the hard function into UV divergences. It would be possible

to separate IR and UV singularities at each step by introducing parton masses or additional

subjet resolution parameters into our analysis, however this would only complicate the

problem in an unnecessary way.

We have obtained the formula (2.15) from an analysis of QCD amplitudes in the

hard and soft momentum regions. In the context of a low-energy e" ective theory, the

hard momentum modes are integrated out and the functions H m ({n} , Q, δ) are Wilson

coe# cients of the soft operators Sm ({n} , Qβ, δ). Because all components of the soft modes

are smaller than their hard counterparts, all hard-soft interactions in the Lagrangian are

power suppressed. As in standard SCET, the soft Lagrangian is the same as the QCD

Lagrangian. To resum large logarithms of β, one has to solve the RG equations of the

Wilson coe# cients. This will be discussed in detail below, after we have analyzed the

factorization properties for the narrow-jet case.

In our derivation of the factorization theorem we first analyzed the factorization prop-

erties on the amplitude level and then computed the cross section with the factorized

amplitudes. As we discussed, the relevant factorization of the amplitude shown in (2.5)

can easily be obtained from SCET with collinear fields along the directions of the energetic

on-shell particles. However, in standard SCET derivations one is usually working directly

on the level of the cross section. For our approach to be valid, it was important to know

the relevant momentum regions in the cross section, so that the appropriate expansion

of the amplitude could be performed. In other words, it was important that the phase-

space integrations indeed only involved the regions we considered for the expansion of the

amplitude.
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To get the amplitude for the emission ofl soft partons in the Þnal state with momenta
k1, . . . , kl , one computes the matrix element

!k1, . . . , kl | S1(n1) S2(n2) . . . Sm (nm ) |0" (2.11)

of the Wilson-line operator. To obtain the contribution of a n arbitrary number of soft par-
tons to the jet cross section, one Þrst deÞnes the squared matrix element for the emissions
from m partons as

Sm ({ n} , Q! , " )=
!

X s

"
!0| S 

1(n1) . . . S 
m (nm ) |X s"! X s| S1(n1) . . . Sm (nm ) |0" #(Q! # 2E out ) .

(2.12)
This is the same as the coft function which arises for narrow-angle jets [38], up to the
fact that the constraint now acts on the out-of-cone energyE out of the soft radiation, as
opposed to øn ápout , the large component of the total momentum of the coft Þelds.Since
the soft function depends on the outside energy, it depends on the cone size" . In terms of
the matrix element (2.12), the jet cross section takes the form

$(! , " ) =
1

2Q2

!"

m=2

m#

i =1

!
dd" 1pi

(2%)d" 12Ei
!M m ({ p} )| Sm ({ n} ) |M m ({ p} )"

$ (2%)d " (Q # Etot ) " (d" 1)(&ptot ) Θn øn
in

$%
p
&'

, (2.13)

up to terms suppressed by powers of! . The integration is over the m-dimensional phase-
space of the hard partons, which are all constrained to lie inside the two jet cones. The
function Θn øn

in

$%
p
&'

ensures that the hard partons are either inside the right jetalong the
direction n or the left jet along øn. In the narrow-cone case, we will encounter constraints
which involve only one of the jets. Note that, due to the multipole expansion, the contri-
bution of soft particles must be neglected in the momentum-conservation " -functions.

In order to write the cross section in a more transparent way,we now deÞne hard
functions which are obtained by integrating over the energies of the hard particles subject
to the constraint that their sum is equal to the center-of-mass energyQ, while keeping
their directions nµ

i Þxed,

H m ({ n} , Q, " ) =
1

2Q2

"

spins

m#

i =1

!
dEi E d" 3

i

(2%)d" 2 |M m ({ p} )"! M m ({ p} )|

$ (2%)d "
(

Q #
m"

i =1

Ei

)
" (d" 1)(&ptot ) Θn øn

in

$%
p
&'

. (2.14)

These hard functions are distribution-valued in the anglesof the particles, since they
contain additional divergences which arise when particlesbecome collinear. These real-
emission divergences get cancelled by the divergences associated with the virtual correc-
tions to amplitudes with fewer legs. In contrast, the soft function (2.12) is regular in the
angles. The function H 2({ n} , Q) = $0 H (Q2)1, where H (Q2) = |CV (# Q2 # i ' )|2 is the
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To get the amplitude for the emission ofl soft partons in the Þnal state with momenta
k1, . . . , kl, one computes the matrix element

!k1, . . . , kl|S1(n1) S2(n2) . . . Sm(nm) |0" (2.11)

of the Wilson-line operator. To obtain the contribution of a n arbitrary number of soft par-
tons to the jet cross section, one Þrst deÞnes the squared matrix element for the emissions
from m partons as

Sm({n}, Qβ, δ)=
!

Xs

"
!0|S 

1(n1) . . .S 
m(nm) |Xs"!Xs|S1(n1) . . .Sm(nm) |0" θ(Qβ # 2E out ) .

(2.12)
This is the same as the coft function which arises for narrow-angle jets [38], up to the
fact that the constraint now acts on the out-of-cone energyE out of the soft radiation, as
opposed to øn · p out , the large component of the total momentum of the coft Þelds.Since
the soft function depends on the outside energy, it depends on the cone sizeδ. In terms of
the matrix element (2.12), the jet cross section takes the form

σ(β, δ) =
1

2Q2

!"

m=2

m#

i=1

!
dd" 1pi

(2π)d" 12Ei
!Mm({p})|Sm({n}) |Mm({p})"

$ (2π)d δ(Q # Etot ) δ(d" 1)(p⃗tot ) Θnøn
in

$%
p
&'

, (2.13)

up to terms suppressed by powers ofβ. The integration is over the m-dimensional phase-
space of the hard partons, which are all constrained to lie inside the two jet cones. The
function Θnøn

in

$%
p
&'

ensures that the hard partons are either inside the right jetalong the
direction n or the left jet along øn. In the narrow-cone case, we will encounter constraints
which involve only one of the jets. Note that, due to the multipole expansion, the contri-
bution of soft particles must be neglected in the momentum-conservation δ-functions.

In order to write the cross section in a more transparent way,we now deÞne hard
functions which are obtained by integrating over the energies of the hard particles subject
to the constraint that their sum is equal to the center-of-mass energyQ, while keeping
their directions nµ

i Þxed,

H m({n}, Q, δ) =
1

2Q2

"

spins

m#

i=1

!
dEiE

d" 3
i

(2π)d" 2 |Mm({p})"!Mm({p})|

$ (2π)d δ
(
Q #

m"

i=1

Ei

)
δ(d" 1)(p⃗tot ) Θnøn

in

$%
p
&'

. (2.14)

These hard functions are distribution-valued in the anglesof the particles, since they
contain additional divergences which arise when particlesbecome collinear. These real-
emission divergences get cancelled by the divergences associated with the virtual correc-
tions to amplitudes with fewer legs. In contrast, the soft function (2.12) is regular in the
angles. The function H 2({n}, Q) = σ0 H(Q2)1, where H(Q2) = |CV (# Q2 # iϵ)|2 is the
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divergence from the lower end of the energy integration, thetotal result for the divergent
part becomes

! s

4"
z
(1)
m,m({n}, Q,#,$, µ) +

! s

4"

!
d! (nm+1)

4"
z
(1)
m,m+1({n, nm+1}, Q,#,$, µ)

= − ! s

2"$

"

(ij)

Ti · Tj

!
d! (nk)

4"
W k

ij " nn̄
out(nk) . (5.8)

Since the color factors are contracted with the trivial tree-level soft function, we do not need
to distinguish the left and right color generators. Note that inside the cone the real and
virtual corrections have cancelled, so that the net result only gets contributions from out-
of-cone radiation and precisely cancels against the divergence of the soft function. We see
that the renormalization indeed works at the one-loop level. We have repeated the same
exercise also for the narrow-jet case, see AppendixC. In this case, we can give explicit
expressions for the angular integrals. Again, we Þnd that the divergences cancel as they
should.

5.2 Renormalization-group evolution at leading logarithmic level

We now discuss the anomalous-dimension matrixΓH deÞned in (2.40), which governs the
RG evolution of the hard (2.38) and soft functions (2.39), and verify the agreement between
the perturbative expansion of the BMS equation and our RG-based resummation method.
In order to resum the leading logarithmic terms, the anomalous-dimension matrix is needed
up to O(! s). It can be expressed as

ΓH ({n}, Q,#, µ) =
! s

4"
Γ(1) ({n}, Q,#, µ) + O(! 2

s) , (5.9)

where

Γ(1) =

#

$
$
$
$
$
$
%

V2 R2 0 0 . . .

0 V3 R3 0 . . .

0 0 V4 R4 . . .

0 0 0 V5 . . .
...

...
...

...
. . .

&

'
'
'
'
'
'
(

. (5.10)

It follows from the discussion in the previous section that, in the soft approximation, the
corresponding matrix elements are given by

Vm = Γ(1)
m,m = −2

"

(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)
!

d! (nk)
4"

W k
ij

)
" nn̄

in (k) + " nn̄
out(k)

*
,

Rm = Γ
(1)
m,m+1 = 4

"

(ij)

Ti,L · Tj,RWm+1
ij " nn̄

in (nm+1) . (5.11)

The anomalous dimensionsVm and Rm depend on the directions{n} = {n1, . . . , nm} and
colors of the hard partons, and the indicesi, j in the sum run from 1 to m. The quantities
Rm also depend on the additional directionnm+1 of the real emission. The integration over
this direction is performed after the multiplication with t he soft function. At Þrst sight,
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d
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! LL =
1X

n=2
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d
dt

H n(t) = H n(t)Vn + H n�1(t)R n�1(t) (11)

H 2(th = 0) = 1 , H n> 2(th = 0) = 1 (12)
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divergence from the lower end of the energy integration, thetotal result for the divergent
part becomes

αs

4π
z (1)

m,m ({n}, Q, δ, ϵ, µ) +
αs

4π

!
d! (nm+1)

4π
z (1)

m,m +1({n, nm+1}, Q, δ, ϵ, µ)

= !
αs

2πϵ

"

(ij )

Ti · Tj

!
d! (nk)

4π
W k

ij " nn̄
out(nk) . (5.8)

Since the color factors are contracted with the trivial tree-level soft function, we do not need
to distinguish the left and right color generators. Note that inside the cone the real and
virtual corrections have cancelled, so that the net result only gets contributions from out-
of-cone radiation and precisely cancels against the divergence of the soft function. We see
that the renormalization indeed works at the one-loop level. We have repeated the same
exercise also for the narrow-jet case, see AppendixC. In this case, we can give explicit
expressions for the angular integrals. Again, we Þnd that the divergences cancel as they
should.

5.2 Renormalization-group evolution at leading logarithmic level

We now discuss the anomalous-dimension matrixΓH deÞned in (2.40), which governs the
RG evolution of the hard (2.38) and soft functions (2.39), and verify the agreement between
the perturbative expansion of the BMS equation and our RG-based resummation method.
In order to resum the leading logarithmic terms, the anomalous-dimension matrix is needed
up to O(αs). It can be expressed as

ΓH ({n}, Q, δ, µ) =
αs

4π
Γ(1) ({n}, Q, δ, µ) + O(α2

s) , (5.9)

where

Γ(1) =

#

$
$
$
$
$
$
%

V2 R 2 0 0 . . .
0 V3 R 3 0 . . .
0 0 V4 R 4 . . .
0 0 0 V5 . . .
...

...
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'
'
(

. (5.10)

It follows from the discussion in the previous section that, in the soft approximation, the
corresponding matrix elements are given by

Vm = Γ(1)
m,m = ! 2

"

(ij )

(Ti,L · Tj,L + Ti,R · Tj,R )
!

d! (nk)
4π

W k
ij

)
" nn̄

in (k) + " nn̄
out(k)

*
,

R m = Γ
(1)
m,m +1 = 4

"

(ij )

Ti,L · Tj,R W m+1
ij " nn̄

in (nm+1) . (5.11)

The anomalous dimensionsVm and R m depend on the directions{n} = {n1, . . . , nm} and
colors of the hard partons, and the indicesi, j in the sum run from 1 to m. The quantities
R m also depend on the additional directionnm+1 of the real emission. The integration over
this direction is performed after the multiplication with t he soft function. At Þrst sight,
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It follows from the discussion in the previous section that, in the soft approximation, the
corresponding matrix elements are given by

Vm = ! (1)
m,m = ! 2

'

(ij )

(Ti,L áTj,L + Ti,R áTj,R )
(

dΩ(nk)
4!

W k
ij

)
Θnn̄

in (k) + Θnn̄
out(k)

*
,

R m = ! (1)
m,m +1 = 4

'

(ij )

Ti,L áTj,R W m+1
ij Θnn̄

in (nm+1) . (5.11)

The anomalous dimensionsVm and R m depend on the directions{ n} = { n1, . . . , nm } and
colors of the hard partons, and the indicesi, j in the sum run from 1 to m. The quantities
R m also depend on the additional directionnm+1 of the real emission. The integration over
this direction is performed after the multiplication with t he soft function. At Þrst sight, the
expressions in (5.11) look problematic, since the angular integrals involve collinear diver-
gences. However, we know on general grounds that the collinear divergences must cancel
when the anomalous-dimension matrix is applied to the soft functions, see section2.3. We
have observed this cancellation at the one-loop level in theprevious section, and we will
see explicitly in the following that the same pattern continues at higher orders. The ex-
pressions (5.11) are therefore valid for the RG evolution of the soft function. To obtain
an expression which is suitable for evolving the hard functions, one would need to regular-
ize the angular integrations and extract the collinear divergences. Furthermore, the soft
approximation would then not be appropriate to obtain the anomalous-dimension matrix.

At the soft scale µs " Q" the soft functions do not involve large logarithms, and the
higher-order corrections are thus suppressed by powers of#s. These can be neglected at
leading logarithmic accuracy, so that the soft functions reduce to the identity matrix

Sm ({ n} , Q" , $, µs) = 1 + . . . . (5.12)

To get the resummed cross section at leading logarithmic accuracy, we evolve the soft
functions to the hard scale µh " Q using (2.41). At this scale the hard functions do
not involve any large logarithms, and hence all higher-order hard functions are suppressed,
H m = O(#m! 2

s ). The only non-vanishing contribution arises from the lowest-order function

H 2({ n1, n2} ) # S2({ n1, n2} , Q" , $, µh) = %0 S2({ n, øn} , Q" , $, µh) . (5.13)

The net effect of the convolution with H 2 is that the reference vectorsn1 and n2 are set
equal to the jet directions n and øn, together with a multiplication by the Born cross section.
We thus Þnd that at leading logarithmic order the resummed cross section is equal to

%LL($, " ) = %0
+
S2({ n, øn} , Q" , $, µh)

,
= %0

"'

m=2

+
U S

2m ({ n} , $, µs, µh) ö# 1
,

, (5.14)
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The path-ordering symbol P is necessary since! H is a matrix. The resummed cross section
is then given by

! (" , #) =
!!

l=2

"
H l ({ n} , Q, #, µh) !

!

m" l

U S
lm ({ n} , #, µs, µh) ö! Sm ({ n} , Q" , #, µs)

#
. (2.43)

The renormalization procedure in the narrow-jet case is quite similar, except that the
underlying factorization formula ( 2.34) is more complicated. The RG evolution of the
functions H and S is well known. Both are renormalized multiplicatively,

H (Q, $) = ZH (Q, $, µ) H (Q, µ) , $S(Q%, $) = ZS(Q%, $, µ) $S(Q%, µ) , (2.44)

and the associated RG equations take the form [49]

d
d ln µ

H (Q, µ) = 2
%
! cusp(&s) ln

Q2

µ2 + ' V (&s)
&

H (Q, µ),

d
d ln µ

$S(Q%, µ) = " 2
%
! cusp(&s) ln

Q2%2

µ2 + ' W (&s)
&

$S(Q%, µ) ,
(2.45)

and explicit expressions for' V , ' W and the cusp anomalous dimension! cusp at three-loop
order can be found in the same reference. The jet functionsJ m for a Þxed number of
partons cannot be renormalized multiplicatively, as was the case forH m . In analogy to
(2.35), we write

J m ({ n} , Q#, $) =
m!

l=1

J l ({ n} , Q#, µ) Z J
lm ({ n} , Q#, $, µ) , (2.46)

whereZ J is an upper triangular matrix with the same structure as in (2.36). RG invariance
of the cross section in (2.34) implies that the product

Z U ({ n} , Q, Q#, Q%, $, µ) # Z 1/ 2
H (Q, $, µ) Z 1/ 2

S (Q%, $, µ) Z J ({ n} , Q#, $, µ) (2.47)

of renormalization factors must render the coft matrix elements Þnite, i.e.

$Ul ({ n} , Q#%, µ) =
!!

m= l

Z U
lm ({ n} , Q, Q#, Q%, $, µ) ö! $Um ({ n} , Q#%, $) . (2.48)

From this one can derive the evolution equation

d
d ln µ

$Ul ({ n} , Q#%, µ) =
!!

m= l

! U
lm ({ n} , Q#, %, µ) ö! $Um ({ n} , Q#%, µ) , (2.49)

where
! U ({ n} , Q#, %, µ) = ! J ({ n} , Q#, µ) + 2 ! cusp(&s) ln %+ 2 ' �(&s) , (2.50)

where the anomalous dimension! J is deÞned in analogy to (2.40), and 2' � = ' W " ' V

governs the non-cusp part of the RG evolution of the quark parton distribution function
near x $ 1 [50, 51]. Similarly to ( 2.39), the RG equation for the coft functions implies
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Anomalous dimension

is the evolution time. We start the evolution at t = 0 and then evolve to larger times,

which correspond to lower scales. Since we will sometimes plot quantities as a function of

the shower time t, we show the relation between t and the ratio of the low scale µs to the

high scale µh for di! erent hard-scattering scales µh in Figure 1. The plot makes it clear

that the relevant region for perturbative calculations is t ! 0.1, even after resummation.

3 RG evolution as a parton shower

To obtain a MC implementation of the leading-logarithmic evolution we make use of the

explicit form of the one-loop anomalous dimension [2], which for k-jet production has the

form

! (1) =

!

"
"
"
"
"
"
#

Vk R k 0 0 . . .
0 Vk+1 R k+1 0 . . .
0 0 Vk+2 R k+2 . . .
0 0 0 Vk+3 . . .
...

...
...

...
. . .

$

%
%
%
%
%
%
&

. (3.1)

The one-loop anomalous dimensions are given by

Vm = 2
'

(ij)

(Ti,L áTj,L + Ti,R áTj,R)

(
d" (nl)

4⇡
W l

ij

� 2 i⇡
'

(ij)

(Ti,L áTj,L � Ti,R áTj,R) # ij , (3.2)

Rm = �4
'

(ij)

Ti,L áTj,R Wm+1
ij

$ in (nm+1 ) .

In [2], they were derived by considering soft limits of the amplitudes. The relevant product

of soft currents leads to a dipole structure for the angular dependence given by the factor

W l

ij =
ni ánj

ni ánl nj ánl

(3.3)

Before discussing the evolution, let us explain how the anomalous dimension acts on the

functions Hm defined in (2.4). These functions contain both amplitudes |M m({ p} )i and

their conjugate. The color matrices Ti,L acts on the i -th parton in the amplitude while

Tj,R multiplies the conjugate, for example

(T1,L áT2,L + T3,R áT4,R)Hm = T1 áT2 Hm + Hm T3 áT4 . (3.4)

and Ti,L áTj,L =
)

a
T a

i,L
áT a

j,L
. This is the usual color-space notation [34, 35]. While we

do not indicate this notationally, the color matrices in the real-emission operator Rm are

di! erent. They take an amplitude with m partons and associated color indices and map it

into an amplitude with m + 1 partons. Explicitly, we have

Ti,L áTj,R Hm = T a

i Hm T a

j . (3.5)
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One-loop anomalies dimension

¥ We need to regularize collinear divergences

¥ Imaginary part of V m from cutting two eikonal propagators 
(see latter)

¥ Two-loop results were calculated by  Caron-Huot ’15 
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which correspond to lower scales. Since we will sometimes plot quantities as a function of
the shower time t, we show the relation betweent and the ratio of the low scaleµs to the
high scaleµh for di! erent hard-scattering scalesµh in Figure 1. The plot makes it clear
that the relevant region for perturbative calculations is t . 0.1, even after resummation.

3 RG evolution as a parton shower

To obtain a MC implementation of the leading-logarithmic evolution we make use of the
explicit form of the one-loop anomalous dimension [2], which for k-jet production has the
form

�
(1) =

!

"
"
"
"
"
"
#

Vk Rk 0 0 . . .
0 Vk+1 Rk+1 0 . . .
0 0 Vk+2 Rk+2 . . .
0 0 0 Vk+3 . . .
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. . .

$

%
%
%
%
%
%
&

. (3.1)

The one-loop anomalous dimensions are given by

Vm = 2
'

(ij )

(Ti,L áTj,L + Ti,R áTj,R )
(

d" (nl )
4!

W l
ij

! 2 i !
'

(ij )

(Ti,L áTj,L ! Ti,R áTj,R ) # ij , (3.2)

Rm = ! 4
'

(ij )

Ti,L áTj,R W m+1

ij $ in(nm+1) .

In [2], they were derived by considering soft limits of the amplitudes. The relevant product
of soft currents leads to a dipole structure for the angular dependence given by the factor

W l
ij =

ni ánj

ni ánl nj ánl
(3.3)

Before discussing the evolution, let us explain how the anomalous dimension acts on the
functions H m deÞned in (2.4). These functions contain both amplitudes |M m ({ p} )" and
their conjugate. The color matrices Ti,L acts on the i -th parton in the amplitude while
Tj,R multiplies the conjugate, for example

(T1,L áT2,L + T3,R áT4,R ) H m = T1 áT2 H m + H m T3 áT4 . (3.4)

and Ti,L áTj,L =
)

a T
a
i,L áT a

j,L . This is the usual color-space notation [33, 34]. While we
do not indicate this notationally, the color matrices in the real-emission operatorRm are
di! erent. They take an amplitude with m partons and associated color indices and map it
into an amplitude with m + 1 partons. Explicitly, we have

Ti,L áTj,R H m = T a
i H m T a

j . (3.5)
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tree-level amplitudes with MadGraph5 _aMC@NLO . The event Þles provide the direc-
tions of the hard partons in H k(t) as well as their color connections. We can thus read out
all the necessary information to start the shower and to generateH m (t) for m > k .

Individually both R m and Vm su! er from collinear divergences. These cancel in phys-
ical observables, but need to be regularized in our shower since we want to exponentiate
the virtual corrections, see (3.7). A simple way to achieve this is to regularize the dipole
as

W l
ij ! W l

ij ! (nl áni " " 2) ! (nl ánj " " 2) (3.13)

in both R m and Vm . The virtual integral ( 3.12) with this regulator is analyzed in detail
in Appendix A. To e" ciently generate the real emissions, it is advantageous to use the
rapidity öy and the azimuthal angle ö# in the center-of-mass frame of the dipole as integration
variables, the details can again be found in the AppendixA. Another way of regularizing
the integrals is to impose a cut on the rapidity öy, as was done by [3]. In Appendix B, we
give a detailed description of the MC algorithm and compare the di! erent cuto! s.

4 Phenomenology of non-global observables

In this section we use our simulation code for phenomenological studies and analyze the
numerical impact of the resummation for gaps between jets and isolation cone cross sections
for photon production. We will also explain why NGLs for jet-veto cross sections are
negligible for the cut parameters used at the LHC.

4.1 Qualitative discussion

Before we perform detailed studies, it is useful to start with a qualitative discussion of the
size and form of the leading NGLs. For concreteness, let us consider a dijet cross section
in e+ e! with a gap of size # y between the jets, in which radiation above an energyQ0

is vetoed. This interjet energy ßow is the poster child of a non-global observable and was
studied for example in [2, 39, 40].

If the soft radiation would arise entirely from the two Wilson lines associated with the
original partons, the leading logarithms would exponentiate as

$LL
GL

$0
= exp ( " 8CF t # y) , (4.1)

where the variable t = ↵s
4⇡ ln Q

Q0
up to running coupling e! ects, see (2.11). For dijet pro-

duction, these logarithms arise from S2 and are called global to distinguish them from
the complicated pattern from the operators with more Wilson lines. One observes that
for these global contributions, each large logarithm is multiplied by the size of the gap
# y, which is of course expected since one has to recover the inclusive cross section as the
gap size becomes zero. In the opposite limit, the prefactor# y ! # corresponds to the
collinear logarithm which multiplies the soft logarithm present in t. The quantity shown
in (4.1), the ratio of the cross section with a rapidity gap to the inclusive cross section, is
called the gap fraction and corresponds to the fraction of events with radiation in the gap
below the veto-scaleQ0.
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divergence from the lower end of the energy integration, thetotal result for the divergent
part becomes

αs

4π
z (1)

m,m ({n}, Q, δ, ϵ, µ) +
αs

4π

!
d! (nm+1)

4π
z (1)

m,m +1({n, nm+1}, Q, δ, ϵ, µ)

= !
αs

2πϵ

"

(ij )

Ti · Tj

!
d! (nk)

4π
W k

ij " nn̄
out(nk) . (5.8)

Since the color factors are contracted with the trivial tree-level soft function, we do not need
to distinguish the left and right color generators. Note that inside the cone the real and
virtual corrections have cancelled, so that the net result only gets contributions from out-
of-cone radiation and precisely cancels against the divergence of the soft function. We see
that the renormalization indeed works at the one-loop level. We have repeated the same
exercise also for the narrow-jet case, see AppendixC. In this case, we can give explicit
expressions for the angular integrals. Again, we Þnd that the divergences cancel as they
should.

5.2 Renormalization-group evolution at leading logarithmic level

We now discuss the anomalous-dimension matrixΓH deÞned in (2.40), which governs the
RG evolution of the hard (2.38) and soft functions (2.39), and verify the agreement between
the perturbative expansion of the BMS equation and our RG-based resummation method.
In order to resum the leading logarithmic terms, the anomalous-dimension matrix is needed
up to O(αs). It can be expressed as

ΓH ({n}, Q, δ, µ) =
αs

4π
Γ(1) ({n}, Q, δ, µ) + O(α2

s) , (5.9)

where

Γ(1) =

#

$
$
$
$
$
$
%

V2 R 2 0 0 . . .
0 V3 R 3 0 . . .
0 0 V4 R 4 . . .
0 0 0 V5 . . .
...

...
...

...
. . .

&

'
'
'
'
'
'
(

. (5.10)

It follows from the discussion in the previous section that, in the soft approximation, the
corresponding matrix elements are given by

Vm = Γ(1)
m,m = ! 2

"

(ij )

(Ti,L · Tj,L + Ti,R · Tj,R )
!

d! (nk)
4π

W k
ij

)
" nn̄

in (k) + " nn̄
out(k)

*
,

R m = Γ
(1)
m,m +1 = 4

"

(ij )

Ti,L · Tj,R W m+1
ij " nn̄

in (nm+1) . (5.11)

The anomalous dimensionsVm and R m depend on the directions{n} = {n1, . . . , nm} and
colors of the hard partons, and the indicesi, j in the sum run from 1 to m. The quantities
R m also depend on the additional directionnm+1 of the real emission. The integration over
this direction is performed after the multiplication with t he soft function. At Þrst sight,
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d

dt
Hn(t) = Hn(t)Vn + Hn�1(t)Rn�1(t) (11)

H2(th = 0) = 1 , Hn>2(th = 0) = 1 (12)

Hn(t) =
!

t

0
dt

0Hn�1(t0)Rn�1(t0)e�(t!�t)Vn (13)

! LL =
1"

n=2

Hn(ts) ! Sn(ts) (14)

d

d ln µ
H m({n}, Q, ", µ) = "

m"

l=2

H l({n}, Q, µ) ! H

lm
({n}, Q, µ) (15)

d

d ln µ
H m(Q,µ) = "

m"

l=2

H l(Q,µ) ! H

lm
(Q,µ) (16)

H m(t) = H m(t1)e(t�t1)Vn +
!

t

t1

dt
0H m�1(t0)Rm�1e

(t�t
! )Vn (17)

2

d
dt

H n(t) = H n(t)Vn + H n! 1(t)R n! 1(t) (11)

H 2(th = 0) = 1 , H n> 2(th = 0) = 1 (12)

H n(t) =
! t

0
dt" H n! 1(t")R n! 1(t")e! (t ! ! t )Vn (13)

! LL =
#"

n=2

H n(ts) ! Sn(ts) (14)

d
d ln µ

H m ({ n} , Q, ", µ) = "
m"

l=2

H l ({ n} , Q, µ) ! H
lm ({ n} , Q, µ) (15)

d
d ln µ

H m (Q, µ) = "
m"

l=2

H l (Q, µ) ! H
lm (Q, µ) (16)

H 2(µ = Q) = ! 0 (17)

H m (µ = Q) = 0 for m > 2 (18)

Sm (µ = #Q) = 1 (19)

H m (t) = H m (t1)e(t ! t1)Vn +
! t

t1
dt"H m! 1(t")R m! 1e(t ! t ! )Vn (20)

2

d
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lm (Q, µ) (16)
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dt

H m (t) = H m (t)Vm + H m�1(t)R m�1 . (20)

H m (t) = H m (t1)e(t�t 1 )Vn +
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2

d
dt
Hn(t) = Hn(t)Vn + Hn�1(t)Rn�1(t) (11)
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H l({n}, Q, µ) �H
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LL Resummation

and the index a is the color of the emitted gluon. Note that there is no sum over the color
a. The color sum will only be taken at the end after multiplying with the soft function.
We nevertheless use the scalar product notationTi,L · Tj,R since it allows us to suppress
the color indices, which is one of the advantages of the color-space formalism. However,
when applying the real emission operatorRm one needs to keep in mind that one changes
into new color space and that subsequent applications of color matrices can act on the new
color index.

We have explicitly indicated the imaginary part of the virtual diagrams in the anoma-
lous dimension (3.2). The corresponding Glauber phase arises from cutting the two lines
between which the virtual gluon is exchanged and arises wheni and j are both incoming or
outgoing, and the factor ⇧ij is deÞned to be 1 in this case and 0 otherwise. Fore+e! colli-
sions, this part immediately vanishes due to color conservation

P
i
Ti = 0 but it is present

in hadronic collisions and induces the super-leading logarithms discovered in [29, 30].
Let us now discuss the solution of the RG at leading logarithmic accuracy. Using the

simple structure of the anomalous dimension matrix (3.1) and changing variables fromµ

to t, the RG equation (2.5) reads

d

dt
Hm(t) = Hm(t) Vm + Hm! 1(t) Rm! 1 , (3.6)

where we have suppressed the dependence on the other variables. The solution of the
homogenous part of the equation is simply an exponential and we can thus rewrite (3.6) as

Hm(t) = Hm(t0) e(t! t0)Vm +
Z

t

t0

dt
"
Hm! 1(t") Rm! 1 e

(t! t
!
)Vm . (3.7)

This is the form in which parton-shower equations are usually presented: we evolve from
t0 to time t either without an emission (the Þrst part), or by adding an additional emission
to a lower-leg amplitude. In this context e(t! t

!
)Vm is usually called the Sudakov factor, but

since our problem is single logarithmic, this nomenclature does not quite Þt. To map to
expression (2.8), we note that

Hm(t) ! Hk({n}, Q, µh) Ukm({n}, µs, µh) , (3.8)

and that the initial condition is Hm(0) = 0 for all m > k. To solve the equation for a
process with k jets, one starts with m = k and then uses (3.7) iteratively to generate all
higher functions

Hk(t) = Hk(0) etVk

Hk+1(t) =
Z

t

0

dt
"
Hk(t") Rk e

(t! t
!
)Vk +1 (3.9)

Hk+2(t) =
Z

t

0

dt
"
Hk+1(t") Rk+1 e

(t! t
!
)Vk +2

Hk+3(t) = . . .
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In large Nc limit:

We re-derive Dasgupta-Salam shower!!!

Rm

! "

= + + á á á+

1

m

2
3

m + 1
1

m

2
3

...
...

...
...

Figure 2. The action of the operator Rm on an amplitude with m legs in the large-Nc limit. The
double and single lines represent gluons and quarks, respectively.

To get the resummed result, one evolves to the appropriate value oft, which is set by the
scalesµh and µs in (2.11). The leading-logarithmic cross section is obtained from the sum

d! LL(Q,Q0) =
!#

m=k

$
H m (t) ö⌦1

%
(3.10)

=
$
H k(t) +

&
d! 1

4"
H k+1(t) +

&
d! 1

4"

&
d! 2

4"
H k+2(t) + . . .

%
, (3.11)

where we have explicitly written out the angular integrations over the additional emissions
generated by the shower.

To perform the integrations over the intermediate times and the angles of the emissions,
one has to resort to MC methods. However, implementing the above equations is di" cult
because the hard functions and anomalous dimension are matrices in the color space of
the involved partons and the dimension of this space rapidly grows for higher particle
multiplicities. The color structure becomes trivial in the large Nc limit. Using the trace
basis for the color structure, emissions only arise between neighbouring legs in this limit

Ti áTj ! �Nc

2
#i,j ± 1 1 (3.12)

and each loop or real emission simply leads to an additional factor ofNc. We have discussed
this point in detail in [ 2] and reproduce an illustration from this paper in Figure 2 which
shows how the real-emission operatorRm acts on an amplitude with m legs. The amplitude
in the large Nc can be viewed as a set of color dipoles and the real emission operator adds
a new leg, splitting an existing dipole into two new ones. Similarly, the virtual correction
operator (3.2) reduces to a sum of integrals for each dipole involving neighbouring legs

Vm = �4Nc 1
#

i

&
d! (nl )

4"
W

l
i,i +1 (3.13)

in the large Nc limit. The treatment of color is of course completely standard and exactly
what is implemented in standard, all-purpose parton shower programs. In our practical
implementation, we work with Les Houches Event (LHE) event Þles obtained by computing
the tree-level amplitudes with MadGraph5_aMC@NLO. The event Þles provide the direc-
tions of the hard partons in H k(t) as well as their color connections. We can thus read out
all the necessary information to start the shower and to generateH m (t) for m > k.

Ð 8 Ð

d
dt
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and the index a is the color of the emitted gluon. Note that there is no sum over the color

a. The color sum will only be taken at the end after multiplying with the soft function.

We nevertheless use the scalar product notation Ti,L áTj,R since it allows us to suppress

the color indices, which is one of the advantages of the color-space formalism. However,

when applying the real emission operator R m one needs to keep in mind that one changes

into new color space and that subsequent applications of color matrices can act on the new

color index.

We have explicitly indicated the imaginary part of the virtual diagrams in the anoma-

lous dimension (3.2). The corresponding Glauber phase arises from cutting the two lines

between which the virtual gluon is exchanged and arises when i and j are both incoming or

outgoing, and the factor ! ij is defined to be 1 in this case and 0 otherwise. For e+ e! colli-

sions, this part immediately vanishes due to color conservation
!

i Ti = 0 but it is present

in hadronic collisions and induces the super-leading logarithms discovered in [29, 30].

Let us now discuss the solution of the RG at leading logarithmic accuracy. Using the

simple structure of the anomalous dimension matrix (3.1) and changing variables from µ
to t, the RG equation (2.5) reads

d
dt

H m (t) = H m (t) Vm + H m! 1(t) R m! 1 , (3.6)

where we have suppressed the dependence on the other variables. The solution of the

homogenous part of the equation is simply an exponential and we can thus rewrite (3.6) as

H m (t) = H m (t0) e(t ! t0)Vm +

" t

t0

dt" H m! 1(t ") R m! 1 e(t ! t ! )Vm . (3.7)

This is the form in which parton-shower equations are usually presented: we evolve from

t0 to time t either without an emission (the first part), or by adding an additional emission

to a lower-leg amplitude. In this context e(t ! t ! )Vm is usually called the Sudakov factor, but

since our problem is single logarithmic, this nomenclature does not quite fit. To map to

expression (2.8), we note that

H m (t) ! H k({ n} , Q, µh) Ukm ({ n} , µs, µh) , (3.8)

and that the initial condition is H m (0) = 0 for all m > k . To solve the equation for a

process with k jets, one starts with m = k and then uses (3.7) iteratively to generate all

higher functions

H k(t) = H k(0) etVk

H k+1 (t) =

" t

0
dt" H k(t ") R k e(t ! t ! )Vk +1 (3.9)

H k+2 (t) =

" t

0
dt" H k+1 (t ") R k+1 e(t ! t ! )Vk +2

H k+3 (t) = . . .
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Hemisphere mass observables

!nT

M L M R

Heavy-jet mass:

Light-jet mass:

thrust axis !n as the direction of maximum momentum ßow. More precisely, the unit-vector
!n is chosen to maximize the quantity

!
i |!n á!pi |, where the sum runs over all particles in

the Þnal state. The event shape thrust is deÞned as this sum normalized toQ, where Q
is the center-of-mass energy of the collision. The thrust axis splits each event into two
hemispheres, which can arbitrarily be labelled as ÒleftÓ and ÒrightÓ, and one can deÞne
additional event shapes by considering the invariant massesM L and M R of the particles
in the hemispheres. Two commonly used event shapes are

heavy-jet mass: " h =
1

Q2 max(M 2
L , M 2

R) , (1.1)

light-jet mass: " ! =
1

Q2 min(M 2
L , M 2

R) . (1.2)

In the limit where the jet masses become small, perturbative corrections to these observ-
ables are logarithmically enhanced. For the heavy-jet mass these logarithms have been
resummed up to next-to-next-to-next-to-leading logarithmic (N3LL) accuracy [23], while
only NLL predictions are available for the light-jet mass " ! [4, 24]. The reason for the poor
accuracy for " ! was that it was not known how this non-global observable factorizes in the
limit of small " ! , while the factorization is well known for the heavy-jet mass.

Due to left-right symmetry, the three possible scale hierarchies for the hemisphere
masses are a.)M L ! M R " Q , b.) M L " M R " Q and c.) M L " M R ! Q. The
relevant factorization theorem for case a.) has the form [25]

d#
dM 2

L dM 2
R

= #0H (Q2)
" !

0
d$L

" !

0
d$RJq(M 2

L # Q $L ) Jq(M 2
R # Q $R) S($L , $R) , (1.3)

where#0 is the Born level cross section. The hard functionH collects the virtual corrections
to %" $ qøq which are known to three loops [26, 27]. The jet function Jq is the usual inclusive
jet function in SCET, which is known to two loops [28, 29]. The hemisphere soft function
S($L , $R) is a matrix element of Wilson lines along the two jet directions and is also known
at NNLO [ 9, 10, 30]. This function measures the contribution of the soft radiation to the
hemisphere mass in each hemisphere. Since the relevant anomalous dimensions are known
for all ingredients in (1.3), one can solve their RG evolution equations to obtain N3LL
resummation for hierarchy a.) which is the one relevant for the heavy-jet mass" h.

However, the above theorem does not achieve resummation for case b.) since for
$L " $R the soft function S($L , $R) itself contains large logarithms of & = $L / $R which
are examples of non-global logarithms. To be able to resum also these logarithms one
must factorize the physics at the two di! erent soft scales$L and $R. In the context of
the function S($L , $R), we will refer to $R as the hard scale and$L the soft one. One of
the main results of the present paper is that the hemisphere soft function factorizes in the
limit & $ 0 as

S($L , $R) =
!#

m=0

$
H S

m ({ n} , $R) %Sm+1 ({ n, n} , $L )
%

. (1.4)

The hard functions H S
m are the squared amplitudes form-parton emissions from the two

Wilson lines in the hemisphere soft function into the right hemisphere, integrated over their
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thrust axis !n as the direction of maximum momentum ßow. More precisely, the unit-vector
!n is chosen to maximize the quantity

!
i |!n á!pi |, where the sum runs over all particles in

the Þnal state. The event shape thrust is deÞned as this sum normalized toQ, where Q
is the center-of-mass energy of the collision. The thrust axis splits each event into two
hemispheres, which can arbitrarily be labelled as ÒleftÓ and ÒrightÓ, and one can deÞne
additional event shapes by considering the invariant massesM L and M R of the particles
in the hemispheres. Two commonly used event shapes are

heavy-jet mass: " h =
1

Q2 max(M 2
L , M 2

R) , (1.1)

light-jet mass: " ! =
1

Q2 min(M 2
L , M 2

R) . (1.2)

In the limit where the jet masses become small, perturbative corrections to these observ-
ables are logarithmically enhanced. For the heavy-jet mass these logarithms have been
resummed up to next-to-next-to-next-to-leading logarithmic (N3LL) accuracy [23], while
only NLL predictions are available for the light-jet mass " ! [4, 24]. The reason for the poor
accuracy for " ! was that it was not known how this non-global observable factorizes in the
limit of small " ! , while the factorization is well known for the heavy-jet mass.

Due to left-right symmetry, the three possible scale hierarchies for the hemisphere
masses are a.)M L ! M R " Q , b.) M L " M R " Q and c.) M L " M R ! Q. The
relevant factorization theorem for case a.) has the form [25]

d#
dM 2

L dM 2
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= #0H (Q2)
" !

0
d$L

" !

0
d$RJq(M 2

L # Q $L ) Jq(M 2
R # Q $R) S($L , $R) , (1.3)

where#0 is the Born level cross section. The hard functionH collects the virtual corrections
to %" $ qøq which are known to three loops [26, 27]. The jet function Jq is the usual inclusive
jet function in SCET, which is known to two loops [28, 29]. The hemisphere soft function
S($L , $R) is a matrix element of Wilson lines along the two jet directions and is also known
at NNLO [ 9, 10, 30]. This function measures the contribution of the soft radiation to the
hemisphere mass in each hemisphere. Since the relevant anomalous dimensions are known
for all ingredients in (1.3), one can solve their RG evolution equations to obtain N3LL
resummation for hierarchy a.) which is the one relevant for the heavy-jet mass" h.

However, the above theorem does not achieve resummation for case b.) since for
$L " $R the soft function S($L , $R) itself contains large logarithms of & = $L / $R which
are examples of non-global logarithms. To be able to resum also these logarithms one
must factorize the physics at the two di! erent soft scales$L and $R. In the context of
the function S($L , $R), we will refer to $R as the hard scale and$L the soft one. One of
the main results of the present paper is that the hemisphere soft function factorizes in the
limit & $ 0 as

S($L , $R) =
!#

m=0

$
H S

m ({ n} , $R) %Sm+1 ({ n, n} , $L )
%

. (1.4)

The hard functions H S
m are the squared amplitudes form-parton emissions from the two

Wilson lines in the hemisphere soft function into the right hemisphere, integrated over their
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Heavy-jet mass v.s. Light-jet mass

¥ Heavy-jet mass: global observable, N 3LL accuracy (Chien & 
Schwartz ’13) 

¥ Light-jet mass: non-global observable, NLL accuracy
¥ NLL global logs (coherent branching formalism) (Burby & 
Glover ’01) 

¥ LL non-global logs (Dasgupta & Salam ’02) 

¥ Two-loop hemisphere soft function (Hoang & Kluth ’08; 
Kelley, Schwartz, Schabinger & Zhu ’11; Horning, Lee, 
Stewart, Walsh & Zuberi ’11)
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Left jet massAsymmetric case a.): Left jet mass 

¥ Right radiation is unconstrained, MR ~ Q. 

! Non-global observable   

¥ Radiation in right hemisphere is not described 
by jet function. 

¥ Relevant momentum regions 

¥ left-collinear, soft, hard (right radiation). 

7

ML !  Q

¥ Right radiation is unconstrained

¥ Radiation in right hemisphere is not described by jet function

¥ Relevant momentum regions
¥ collinear  (left hemisphere)
¥ hard (right hemishpere)
¥ soft: resolve hard partons on the right: multi-Wilson-line operator

M R ! Q

Compare to gap between jets result, discussed in 
MatthiasÕs talk: Right hemisphere !  inside of jet 

    

  

¥ Soft radiation resolves directions of hard 
partons on the right: multi Wilson-line operators 

¥ New: jet function  for branching of energetic 
parton on the left.

8
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Factorization theorem for left-jet mass

energies but at Þxed directions{ n} = { n1, . . . , nm } , where the ni Õs are light-like vectors.
The soft functions Sm+1 consist of m + 2 Wilson lines along the directions { n} of the m
hard partons and the two jets along nµ = (1 , !n) and ønµ = (1 , ! !n). Both of these are
matrices in color space [32, 33], and ". . . # indicates a sum over color indices. The symbol
$ indicates that one has to integrate over them directions of the emissions into the right
hemisphere. The form of the factorization theorem (1.4) is basically the same as the one
for wide-angle cone-jet cross sections derived in [20]. To see the connection, one should
view the right hemisphere as the inside of a jet which contains hard particles with momenta
pµ % " R and the left hemisphere as the outside region where a veto on radiation is imposed
which constrains the momenta topµ % " L .

Before analyzing the factorization formula (1.4) in more detail and providing operator
deÞnitions for its ingredients, we now turn the light-jet mass#! . Due to left-right symmetry
and its deÞnition, #! is directly related to the left-jet mass #L = M 2

L /Q 2 according to

d$
d#!

= 2
d$
d#L

!
d$
d#h

!
!
!
!
" L = " h = " !

. (1.5)

Instead of the light-jet mass one can therefore equally well analyze the factorization for
#L . If one only measures the left-jet mass, the mass of the right jet will typically be large,
so that scale hierarchy c.) applies. We Þnd that the cross section for the left-jet mass
factorizes as

d$
dM 2

L
=

"

i = q,øq,g

# !

0
d" L Ji (M 2

L ! Q " L )
!"

m=1

$
H i

m ({ n} , Q) $ Sm ({ n} , " L )
%

. (1.6)

Since the unobserved radiation in the right hemisphere is typically hard, such thatpµ % Q,
we no longer encounter a jet function for this hemisphere, in contrast to the previous case
(1.4). The hard functions also di! er from the function H S

m encountered for the hemisphere
soft functions. Rather than Wilson-line matrix elements as in (1.4), the functions H i

m in
this case are given by squared QCD amplitudes with a single parton of ßavori in the left
hemisphere propagating along the øn-direction and m partons in the right hemisphere. The
subsequent branchings of the hard parton on the left are described by the jet functionsJi .
A graphical representation of the factorization theorems is shown in Figure1.

Our paper is organized as follows. In the next section, we will ßesh out the factorization
formulas for the hemisphere soft function and for the light-jet mass event shape and discuss
their derivation, which can be obtained following similar steps as in [20]. The soft functions
in these theorems can be related to the coft functions computed in that reference so that the
only new ingredients to our factorization formulas are the hard functions. After computing
these in Section3 up to O(%2

s), we verify that we reproduce the known NNLO result for
the hemisphere soft function in the limit " L & 0. Next, we analyze the light-jet mass
distribution in Section 4 and compare to the numerical Þxed-order result for this quantity.
In Section 5 we use the known result for the leading non-global logarithms in the hemisphere
soft function to obtain numerical results for the light-jet mass at NLL accuracy. In Section
6 we discuss the necessary steps to perform higher-order resummation for this event shape
and conclude.

Ð 4 Ð

ML MR~Q<<
1. Inclusive jet function:
2. Hard function:

m hard partons in the right hemisphere, 
a single parton with ßavour i in the left 
one;

3. Soft function:
m+1 Wilson lines
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ÒLeftÓ and ÒrightÓ are arbitrary assignments and experiments prefer 
to measure light-jet mass

ÒLeftÓ and ÒrightÓ are arbitrary assignments and 
experiments prefer to measure light jet mass 

Related to left-jet mass by 

Fixed-order expansion has the form

11

thrust axis !n as the direction of maximum momentum ßow. More precisely, the unit vector
!n is chosen to maximize the quantity

!
i |!n á!pi |, where the sum runs over all particles in

the Þnal state. The event shape thrust is deÞned as this sum normalized to Q, where Q
is the center-of-mass energy of the collision. The thrust axis splits each event into two
hemispheres, which can arbitrarily be labelled as ÒleftÓ and ÒrightÓ, and one can deÞne
additional event shapes by considering the invariant masses M L and M R of the particles
in the hemispheres. Two commonly used event shapes are

heavy-jet mass: " h =
1

Q2 max(M 2
L , M 2

R) , (1.1)

light-jet mass: " ! =
1

Q2 min(M 2
L , M 2

R ) . (1.2)

In the limit where the jet masses become small, perturbativecorrections to these observ-
ables are logarithmically enhanced. For the heavy-jet massthese logarithms have been
resummed up to next-to-next-to-next-to-leading logarithmic (N3LL) accuracy [23], while
only NLL predictions are available for the light-jet mass " ! [4, 24]. The reason for the poor
accuracy for " ! was that it was not known how this non-global observable factorizes in the
limit of small " ! , while the factorization is well known for the heavy-jet mass.

Due to left-right symmetry, the three possible scale hierarchies for the hemisphere
masses are a.)M L ! M R " Q , b.) M L " M R " Q and c.) M L " M R ! Q. The
relevant factorization theorem for case a.) has the form [25]

d#
dM 2

L dM 2
R

= #0H (Q2)
" !

0
d$L

" !

0
d$R Jq(M 2

L # Q $L ) Jq(M 2
R # Q $R) S($L , $R) , (1.3)

where#0 is the Born level cross section. The hard functionH collects the virtual corrections
to %" $ qøq which are known to three loops [26, 27]. The jet function Jq is the usual inclusive
jet function in SCET, which is known to two loops [28, 29]. The hemisphere soft function
S($L , $R) is a matrix element of Wilson lines along the two jet directions and is also known
at NNLO [ 9, 10, 30]. This function measures the contribution of the soft radiation to the
hemisphere mass in each hemisphere. Since the relevant anomalous dimensions are known
for all ingredients in (1.3), one can solve their RG evolution equations to obtain N3LL
resummation for hierarchy a.) which is the one relevant for the heavy-jet mass" h.

However, the above theorem does not achieve resummation forcase b.) since for
$L " $R the soft function S($L , $R) itself contains large logarithms of & = $L / $R, which
are examples of non-global logarithms. To be able to resum also these logarithms one
must factorize the physics at the two di! erent soft scales$L and $R. In the context of
the function S($L , $R), we will refer to $R as the hard scale and$L the soft one. One of
the main results of the present paper is that the hemisphere soft function factorizes in the
limit & $ 0 as

S($L , $R) =
!#

m=0

$
H S

m ({ n} , $R) %Sm+1 ({ n, n} , $L )
%

. (1.4)

The hard functions H S
m are the squared amplitudes form-parton emissions from the two

Wilson lines in the hemisphere soft function into the right hemisphere, integrated over their
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energies but at Þxed directions{ n} = { n1, . . . , nm} , where the ni Õs are light-like vectors.
The soft functions Sm+1 consist of m + 2 Wilson lines along the directions { n} of the m
hard partons and the two jets along nµ = (1 , !n) and ønµ = (1 , ! !n). Both of these are
matrices in color space [32, 33], and ". . . # indicates a sum over color indices. The symbol
$ indicates that one has to integrate over them directions of the emissions into the right
hemisphere. The form of the factorization theorem (1.4) is basically the same as the one
for wide-angle cone-jet cross sections derived in [20]. To see the connection, one should
view the right hemisphere as the inside of a jet which contains hard particles with momenta
pµ % " R and the left hemisphere as the outside region where a veto on radiation is imposed
which constrains the momenta topµ % " L .

Before analyzing the factorization formula (1.4) in more detail and providing operator
deÞnitions for its ingredients, we now turn to the light-jet mass#! . Due to left-right sym-
metry and its deÞnition, #! is directly related to the left-jet mass #L = M 2

L /Q 2 according
to

d$
d#!

= 2
d$
d#L

!
d$
d#h

!
!
!
!
" L = " h = " !

. (1.5)

Instead of the light-jet mass one can therefore equally wellanalyze the factorization for
#L . If one only measures the left-jet mass, the mass of the rightjet will typically be large,
so that scale hierarchy c.) applies. We Þnd that the cross section for the left-jet mass
factorizes as

d$
dM 2

L
=

"

i = q,øq,g

# !

0
d" L Ji (M 2

L ! Q " L )
!"

m=1

$
H i

m({ n} , Q) $ Sm({ n} , " L )
%

. (1.6)

Since the unobserved radiation in the right hemisphere is typically hard, such that pµ % Q,
we no longer encounter a jet function for this hemisphere, incontrast to the previous case
(1.3). The hard functions also di! er from the function H S

m encountered for the hemisphere
soft functions. Rather than Wilson-line matrix elements as in (1.4), the functions H i

m in
this case are given by squared QCD amplitudes with a single parton of ßavor i in the left
hemisphere propagating along the øn-direction and m partons in the right hemisphere. The
subsequent branchings of the hard parton on the left are described by the jet functions Ji .
A graphical representation of the factorization theorems is shown in Figure1.

Our paper is organized as follows. In the next section, we will ßesh out the factorization
formulas for the hemisphere soft function and for the light-jet mass event shape and discuss
their derivation, which can be obtained following similar steps as in [20]. The soft functions
in these theorems can be related to the coft functions computed in that reference so that the
only new ingredients to our factorization formulas are the hard functions. After computing
these in Section3 up to O(%2

s), we verify that we reproduce the known NNLO result for
the hemisphere soft function in the limit " L & 0. Next, we analyze the light-jet mass
distribution in Section 4 and compare to the numerical Þxed-order result for this quantity.
In Section 5 we use the known result for the leading non-global logarithms in the hemisphere
soft function to obtain numerical results for the light-jet mass at NLL accuracy. In Section
6 we discuss the necessary steps to perform higher-order resummation for this event shape
and conclude.
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The expressions for the coe! cients M (i )
g,F and M (i )

q,F are lengthy and can be found in the
appendix in (D.10).

Putting everything together and inverting the Laplace tran sformation we then obtain
all logarithmic terms in the left-jet mass distribution. Th e inverse Laplace transformation
can be obtained using the simple substitution rules
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. (4.12)

Using relation (1.5) together with the known result for the logarithmic terms in the heavy-
jet mass distribution [23] we then obtain the light-jet mass distribution. Up to NNLO, it
has the general form
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Note that at NLO, the distribution is a &-function since the lighter jet contains only a single
parton. A nontrivial light-jet mass distribution Þrst aris es from four-particle conÞgurations
at NNLO in which each hemisphere contains two partons. The logarithmic terms from these
conÞgurations are encoded in the functionB+ (%! ), for which we obtain
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Light-jet mass

Related to left-jet mass by

ÒLeftÓ and ÒrightÓ are arbitrary assignments and 
experiments prefer to measure light jet mass 

Related to left-jet mass by 

Fixed-order expansion has the form

11

thrust axis !n as the direction of maximum momentum ßow. More precisely, the unit vector
!n is chosen to maximize the quantity

!
i |!n á!pi |, where the sum runs over all particles in

the Þnal state. The event shape thrust is deÞned as this sum normalized to Q, where Q
is the center-of-mass energy of the collision. The thrust axis splits each event into two
hemispheres, which can arbitrarily be labelled as ÒleftÓ and ÒrightÓ, and one can deÞne
additional event shapes by considering the invariant masses M L and M R of the particles
in the hemispheres. Two commonly used event shapes are

heavy-jet mass: " h =
1

Q2 max(M 2
L , M 2

R) , (1.1)

light-jet mass: " ! =
1

Q2 min(M 2
L , M 2

R ) . (1.2)

In the limit where the jet masses become small, perturbativecorrections to these observ-
ables are logarithmically enhanced. For the heavy-jet massthese logarithms have been
resummed up to next-to-next-to-next-to-leading logarithmic (N3LL) accuracy [23], while
only NLL predictions are available for the light-jet mass " ! [4, 24]. The reason for the poor
accuracy for " ! was that it was not known how this non-global observable factorizes in the
limit of small " ! , while the factorization is well known for the heavy-jet mass.

Due to left-right symmetry, the three possible scale hierarchies for the hemisphere
masses are a.)M L ! M R " Q , b.) M L " M R " Q and c.) M L " M R ! Q. The
relevant factorization theorem for case a.) has the form [25]

d#
dM 2

L dM 2
R

= #0H (Q2)
" !

0
d$L

" !

0
d$R Jq(M 2

L # Q $L ) Jq(M 2
R # Q $R) S($L , $R) , (1.3)

where#0 is the Born level cross section. The hard functionH collects the virtual corrections
to %" $ qøq which are known to three loops [26, 27]. The jet function Jq is the usual inclusive
jet function in SCET, which is known to two loops [28, 29]. The hemisphere soft function
S($L , $R) is a matrix element of Wilson lines along the two jet directions and is also known
at NNLO [ 9, 10, 30]. This function measures the contribution of the soft radiation to the
hemisphere mass in each hemisphere. Since the relevant anomalous dimensions are known
for all ingredients in (1.3), one can solve their RG evolution equations to obtain N3LL
resummation for hierarchy a.) which is the one relevant for the heavy-jet mass" h.

However, the above theorem does not achieve resummation forcase b.) since for
$L " $R the soft function S($L , $R) itself contains large logarithms of & = $L / $R, which
are examples of non-global logarithms. To be able to resum also these logarithms one
must factorize the physics at the two di! erent soft scales$L and $R. In the context of
the function S($L , $R), we will refer to $R as the hard scale and$L the soft one. One of
the main results of the present paper is that the hemisphere soft function factorizes in the
limit & $ 0 as

S($L , $R) =
!#

m=0

$
H S

m ({ n} , $R) %Sm+1 ({ n, n} , $L )
%

. (1.4)

The hard functions H S
m are the squared amplitudes form-parton emissions from the two

Wilson lines in the hemisphere soft function into the right hemisphere, integrated over their
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energies but at Þxed directions{ n} = { n1, . . . , nm} , where the ni Õs are light-like vectors.
The soft functions Sm+1 consist of m + 2 Wilson lines along the directions { n} of the m
hard partons and the two jets along nµ = (1 , !n) and ønµ = (1 , ! !n). Both of these are
matrices in color space [32, 33], and ". . . # indicates a sum over color indices. The symbol
$ indicates that one has to integrate over them directions of the emissions into the right
hemisphere. The form of the factorization theorem (1.4) is basically the same as the one
for wide-angle cone-jet cross sections derived in [20]. To see the connection, one should
view the right hemisphere as the inside of a jet which contains hard particles with momenta
pµ % " R and the left hemisphere as the outside region where a veto on radiation is imposed
which constrains the momenta topµ % " L .

Before analyzing the factorization formula (1.4) in more detail and providing operator
deÞnitions for its ingredients, we now turn to the light-jet mass#! . Due to left-right sym-
metry and its deÞnition, #! is directly related to the left-jet mass #L = M 2

L /Q 2 according
to

d$
d#!

= 2
d$
d#L

!
d$
d#h

!
!
!
!
" L = " h = " !

. (1.5)

Instead of the light-jet mass one can therefore equally wellanalyze the factorization for
#L . If one only measures the left-jet mass, the mass of the rightjet will typically be large,
so that scale hierarchy c.) applies. We Þnd that the cross section for the left-jet mass
factorizes as

d$
dM 2

L
=

"

i = q,øq,g

# !

0
d" L Ji (M 2

L ! Q " L )
!"

m=1

$
H i

m({ n} , Q) $ Sm({ n} , " L )
%

. (1.6)

Since the unobserved radiation in the right hemisphere is typically hard, such that pµ % Q,
we no longer encounter a jet function for this hemisphere, incontrast to the previous case
(1.3). The hard functions also di! er from the function H S

m encountered for the hemisphere
soft functions. Rather than Wilson-line matrix elements as in (1.4), the functions H i

m in
this case are given by squared QCD amplitudes with a single parton of ßavor i in the left
hemisphere propagating along the øn-direction and m partons in the right hemisphere. The
subsequent branchings of the hard parton on the left are described by the jet functions Ji .
A graphical representation of the factorization theorems is shown in Figure1.

Our paper is organized as follows. In the next section, we will ßesh out the factorization
formulas for the hemisphere soft function and for the light-jet mass event shape and discuss
their derivation, which can be obtained following similar steps as in [20]. The soft functions
in these theorems can be related to the coft functions computed in that reference so that the
only new ingredients to our factorization formulas are the hard functions. After computing
these in Section3 up to O(%2

s), we verify that we reproduce the known NNLO result for
the hemisphere soft function in the limit " L & 0. Next, we analyze the light-jet mass
distribution in Section 4 and compare to the numerical Þxed-order result for this quantity.
In Section 5 we use the known result for the leading non-global logarithms in the hemisphere
soft function to obtain numerical results for the light-jet mass at NLL accuracy. In Section
6 we discuss the necessary steps to perform higher-order resummation for this event shape
and conclude.
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q,F are lengthy and can be found in the
appendix in (D.10).
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Using relation (1.5) together with the known result for the logarithmic terms in the heavy-
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Note that at NLO, the distribution is a &-function since the lighter jet contains only a single
parton. A nontrivial light-jet mass distribution Þrst aris es from four-particle conÞgurations
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ÒLeftÓ and ÒrightÓ are arbitrary assignments and 
experiments prefer to measure light jet mass 

Related to left-jet mass by 

Fixed-order expansion has the form
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thrust axis !n as the direction of maximum momentum ßow. More precisely, the unit vector
!n is chosen to maximize the quantity

!
i |!n á!pi |, where the sum runs over all particles in

the Þnal state. The event shape thrust is deÞned as this sum normalized to Q, where Q
is the center-of-mass energy of the collision. The thrust axis splits each event into two
hemispheres, which can arbitrarily be labelled as ÒleftÓ and ÒrightÓ, and one can deÞne
additional event shapes by considering the invariant masses M L and M R of the particles
in the hemispheres. Two commonly used event shapes are

heavy-jet mass: " h =
1

Q2 max(M 2
L , M 2

R) , (1.1)

light-jet mass: " ! =
1

Q2 min(M 2
L , M 2

R ) . (1.2)

In the limit where the jet masses become small, perturbativecorrections to these observ-
ables are logarithmically enhanced. For the heavy-jet massthese logarithms have been
resummed up to next-to-next-to-next-to-leading logarithmic (N3LL) accuracy [23], while
only NLL predictions are available for the light-jet mass " ! [4, 24]. The reason for the poor
accuracy for " ! was that it was not known how this non-global observable factorizes in the
limit of small " ! , while the factorization is well known for the heavy-jet mass.

Due to left-right symmetry, the three possible scale hierarchies for the hemisphere
masses are a.)M L ! M R " Q , b.) M L " M R " Q and c.) M L " M R ! Q. The
relevant factorization theorem for case a.) has the form [25]

d#
dM 2

L dM 2
R

= #0H (Q2)
" !

0
d$L

" !

0
d$R Jq(M 2

L # Q $L ) Jq(M 2
R # Q $R) S($L , $R) , (1.3)

where#0 is the Born level cross section. The hard functionH collects the virtual corrections
to %" $ qøq which are known to three loops [26, 27]. The jet function Jq is the usual inclusive
jet function in SCET, which is known to two loops [28, 29]. The hemisphere soft function
S($L , $R) is a matrix element of Wilson lines along the two jet directions and is also known
at NNLO [ 9, 10, 30]. This function measures the contribution of the soft radiation to the
hemisphere mass in each hemisphere. Since the relevant anomalous dimensions are known
for all ingredients in (1.3), one can solve their RG evolution equations to obtain N3LL
resummation for hierarchy a.) which is the one relevant for the heavy-jet mass" h.

However, the above theorem does not achieve resummation forcase b.) since for
$L " $R the soft function S($L , $R) itself contains large logarithms of & = $L / $R, which
are examples of non-global logarithms. To be able to resum also these logarithms one
must factorize the physics at the two di! erent soft scales$L and $R. In the context of
the function S($L , $R), we will refer to $R as the hard scale and$L the soft one. One of
the main results of the present paper is that the hemisphere soft function factorizes in the
limit & $ 0 as

S($L , $R) =
!#

m=0

$
H S

m ({ n} , $R) %Sm+1 ({ n, n} , $L )
%

. (1.4)

The hard functions H S
m are the squared amplitudes form-parton emissions from the two

Wilson lines in the hemisphere soft function into the right hemisphere, integrated over their
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energies but at Þxed directions{ n} = { n1, . . . , nm} , where the ni Õs are light-like vectors.
The soft functions Sm+1 consist of m + 2 Wilson lines along the directions { n} of the m
hard partons and the two jets along nµ = (1 , !n) and ønµ = (1 , ! !n). Both of these are
matrices in color space [32, 33], and ". . . # indicates a sum over color indices. The symbol
$ indicates that one has to integrate over them directions of the emissions into the right
hemisphere. The form of the factorization theorem (1.4) is basically the same as the one
for wide-angle cone-jet cross sections derived in [20]. To see the connection, one should
view the right hemisphere as the inside of a jet which contains hard particles with momenta
pµ % " R and the left hemisphere as the outside region where a veto on radiation is imposed
which constrains the momenta topµ % " L .

Before analyzing the factorization formula (1.4) in more detail and providing operator
deÞnitions for its ingredients, we now turn to the light-jet mass#! . Due to left-right sym-
metry and its deÞnition, #! is directly related to the left-jet mass #L = M 2

L /Q 2 according
to

d$
d#!

= 2
d$
d#L

!
d$
d#h

!
!
!
!
" L = " h = " !

. (1.5)

Instead of the light-jet mass one can therefore equally wellanalyze the factorization for
#L . If one only measures the left-jet mass, the mass of the rightjet will typically be large,
so that scale hierarchy c.) applies. We Þnd that the cross section for the left-jet mass
factorizes as

d$
dM 2

L
=

"

i = q,øq,g

# !

0
d" L Ji (M 2

L ! Q " L )
!"

m=1

$
H i

m({ n} , Q) $ Sm({ n} , " L )
%

. (1.6)

Since the unobserved radiation in the right hemisphere is typically hard, such that pµ % Q,
we no longer encounter a jet function for this hemisphere, incontrast to the previous case
(1.3). The hard functions also di! er from the function H S

m encountered for the hemisphere
soft functions. Rather than Wilson-line matrix elements as in (1.4), the functions H i

m in
this case are given by squared QCD amplitudes with a single parton of ßavor i in the left
hemisphere propagating along the øn-direction and m partons in the right hemisphere. The
subsequent branchings of the hard parton on the left are described by the jet functions Ji .
A graphical representation of the factorization theorems is shown in Figure1.

Our paper is organized as follows. In the next section, we will ßesh out the factorization
formulas for the hemisphere soft function and for the light-jet mass event shape and discuss
their derivation, which can be obtained following similar steps as in [20]. The soft functions
in these theorems can be related to the coft functions computed in that reference so that the
only new ingredients to our factorization formulas are the hard functions. After computing
these in Section3 up to O(%2

s), we verify that we reproduce the known NNLO result for
the hemisphere soft function in the limit " L & 0. Next, we analyze the light-jet mass
distribution in Section 4 and compare to the numerical Þxed-order result for this quantity.
In Section 5 we use the known result for the leading non-global logarithms in the hemisphere
soft function to obtain numerical results for the light-jet mass at NLL accuracy. In Section
6 we discuss the necessary steps to perform higher-order resummation for this event shape
and conclude.
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The expressions for the coe! cients M (i )
g,F and M (i )

q,F are lengthy and can be found in the
appendix in (D.10).

Putting everything together and inverting the Laplace tran sformation we then obtain
all logarithmic terms in the left-jet mass distribution. Th e inverse Laplace transformation
can be obtained using the simple substitution rules
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Using relation (1.5) together with the known result for the logarithmic terms in the heavy-
jet mass distribution [23] we then obtain the light-jet mass distribution. Up to NNLO, it
has the general form
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Note that at NLO, the distribution is a &-function since the lighter jet contains only a single
parton. A nontrivial light-jet mass distribution Þrst aris es from four-particle conÞgurations
at NNLO in which each hemisphere contains two partons. The logarithmic terms from these
conÞgurations are encoded in the functionB+ (%! ), for which we obtain
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Using relation (1.5) together with the known result for the logarithmic terms in the heavy-
jet mass distribution [23] we then obtain the light-jet mass distribution. Up to NNLO, it
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Note that at NLO, the distribution is a &-function since the lighter jet contains only a single
parton. A nontrivial light-jet mass distribution Þrst aris es from four-particle conÞgurations
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Figure 2 . Comparison of our analytic results (solid lines) for the coe! cients of the three color
structures in the two-loop coe! cient B+ (! l ) for the light-jet mass distribution with numerical results
(points with invisibly small error bars) obtained using the Event2 event generator [33]. The two
results must agree for small! ! . The lower panel shows the relative di" erence in per cent.
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Due to the uncalculated two-loop constant terms in the hard functions H 2 and H 3, we
cannot give the two-loop coe! cient B! , but the #-function terms do not contribute to the
logarithmic corrections to the light-jet mass distributio n. We have veriÞed that the terms
involving powers of ln! in (4.14) are in agreement with those implied by the results of
[4, 24]. The remaining pieces, on the other hand, are new. As a further check, we have
repeated the computation of the logarithmic terms in the cross section using bare instead
of renormalized quantities. The logarithms are related to divergences in the individual
ingredients in the factorization theorem (1.6). To obtain the logarithmic terms in the
cross section we thus insert the divergent bare ingredientstogether with their associated
logarithmic terms into the Laplace-transformed version of (1.6). The divergences cancel
and we are left with a logarithmic structure which agrees with (4.14). The details of this
computation can be found in Appendix D.

In contrast to the hemisphere soft function, the full analytical result for the light-jet
mass distribution is not known, but our result for the coe! cient B+ (! l ) can be compared
to numerical results obtained from running a Þxed-order event generator. Since our results
are the leading term in the limit ! " " 0, we need to run the Þxed-order code for very small
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Figure 2 . Comparison of our analytic results (solid lines) for the coe! cients of the three color
structures in the two-loop coe! cient B+ (! l ) for the light-jet mass distribution with numerical results
(points with invisibly small error bars) obtained using the Event2 event generator [33]. The two
results must agree for small! ! . The lower panel shows the relative di" erence in per cent.
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Due to the uncalculated two-loop constant terms in the hard functions H 2 and H 3, we
cannot give the two-loop coe! cient B! , but the #-function terms do not contribute to the
logarithmic corrections to the light-jet mass distributio n. We have veriÞed that the terms
involving powers of ln! in (4.14) are in agreement with those implied by the results of
[4, 24]. The remaining pieces, on the other hand, are new. As a further check, we have
repeated the computation of the logarithmic terms in the cross section using bare instead
of renormalized quantities. The logarithms are related to divergences in the individual
ingredients in the factorization theorem (1.6). To obtain the logarithmic terms in the
cross section we thus insert the divergent bare ingredientstogether with their associated
logarithmic terms into the Laplace-transformed version of (1.6). The divergences cancel
and we are left with a logarithmic structure which agrees with (4.14). The details of this
computation can be found in Appendix D.

In contrast to the hemisphere soft function, the full analytical result for the light-jet
mass distribution is not known, but our result for the coe! cient B+ (! l ) can be compared
to numerical results obtained from running a Þxed-order event generator. Since our results
are the leading term in the limit ! " " 0, we need to run the Þxed-order code for very small
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Due to the uncalculated two-loop constant terms in the hard functions H 2 and H 3, we
cannot give the two-loop coe! cient B! , but the #-function terms do not contribute to the
logarithmic corrections to the light-jet mass distributio n. We have veriÞed that the terms
involving powers of ln! in (4.14) are in agreement with those implied by the results of
[4, 24]. The remaining pieces, on the other hand, are new. As a further check, we have
repeated the computation of the logarithmic terms in the cross section using bare instead
of renormalized quantities. The logarithms are related to divergences in the individual
ingredients in the factorization theorem (1.6). To obtain the logarithmic terms in the
cross section we thus insert the divergent bare ingredientstogether with their associated
logarithmic terms into the Laplace-transformed version of (1.6). The divergences cancel
and we are left with a logarithmic structure which agrees with (4.14). The details of this
computation can be found in Appendix D.

In contrast to the hemisphere soft function, the full analytical result for the light-jet
mass distribution is not known, but our result for the coe! cient B+ (! l ) can be compared
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Due to the uncalculated two-loop constant terms in the hard functions H 2 and H 3, we
cannot give the two-loop coe! cient B! , but the #-function terms do not contribute to the
logarithmic corrections to the light-jet mass distributio n. We have veriÞed that the terms
involving powers of ln! in (4.14) are in agreement with those implied by the results of
[4, 24]. The remaining pieces, on the other hand, are new. As a further check, we have
repeated the computation of the logarithmic terms in the cross section using bare instead
of renormalized quantities. The logarithms are related to divergences in the individual
ingredients in the factorization theorem (1.6). To obtain the logarithmic terms in the
cross section we thus insert the divergent bare ingredientstogether with their associated
logarithmic terms into the Laplace-transformed version of (1.6). The divergences cancel
and we are left with a logarithmic structure which agrees with (4.14). The details of this
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In contrast to the hemisphere soft function, the full analytical result for the light-jet
mass distribution is not known, but our result for the coe! cient B+ (! l ) can be compared
to numerical results obtained from running a Þxed-order event generator. Since our results
are the leading term in the limit ! " " 0, we need to run the Þxed-order code for very small
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values of ! ! to suppress higher-power contributions, which makes the numerics delicate.
For our comparison, we useEvent2 [33], which is well suited to study the region of small
! ! since the phase-space generation can be tuned to focus on this region. We note that
the Þxed-order result is known even one order higher [36Ð38] and available in the form of a
public codeeerad3 [39]. In order to ensure that the power-suppressed terms are small, we
run down to values of ln! ! = ! 16. To ensure numerical stability, Event2 imposes a cuto!
on the invariant mass of parton pairs, and we run the code in quadruple precision to be
able to lower the cuto! enough to avoid cuto! e! ects. Figure2 shows theEvent2 result in
blue, compared to our analytic result shown as red lines. Thestatistical error bars on the
Event2 results are barely visible, since we have generated 300 billion events. The upper
panels show that the numerical results indeed approach the leading-power analytic results
as the value of! ! is lowered. In the lower panel, we show the di! erence betweenEvent2
and the analytic result in per cent, and the two agree to better than half a per cent for low
values of ! ! . However, our statistical uncertainties are even smaller than this and we Þnd
residual deviations in all color channels which are larger than the uncertainties. As a cross
check, we have performed the same comparison against the well-known analytical result
for the heavy-jet mass [23] and Þnd deviations of similar size. Indeed, earlier papershave
identiÞed similar numerical issues in several variables [23, 40, 41], so we believe that the
remaining deviations are not indicative of a problem in our analytic computation. We have
also compared with the results fromeerad3 and from the CoLoRFulNNLO framework [38]
but were not able to achieve small enough statistical uncertainties to resolve the di! erence
betweenEvent2 and the analytic result.

5 NLL resummation

Our focus has been on the factorization properties of the hemisphere soft function and the
light-jet mass distribution. The factorization theorems we derived are important because
they enable the resummation of the large logarithms. In our framework, this resummation
is achieved by solving the RG evolution equations for the ingredients of the factorization
theorem and evolving them to a common reference scale. To perform NLL resummation,
which resums the leading non-global logarithms, one needs to evaluate the hard, jet and
soft functions at tree level and evolve them using one-loop regular anomalous dimensions,
together with the two-loop cusp anomalous dimension. The global part of the light-jet mass
distribution at NLL was presented in [24] and the non-global part in the large-Nc limit was
computed in [4], but as far as we are aware a numerical result for the NLL resummed
single-hemisphere mass distribution including NGLs was never presented in the literature.

The simplest way to obtain the NLL result for the left-jet mas s distribution is to choose
the factorization scale asµ = µh " Q. With this choice, the hard functions do not su! er
from large logarithms and at NLL the factorization theorem (1.6) simpliÞes to
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#
. (5.1)

We have used that all higher-order hard functions are suppressed by powers of$s(µh) and
can be neglected at NLL. To obtain the cross section we thus need two ingredients: the
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resummed quark jet function and the soft function S1({ n} , ! , µh) evolved to the hard scale
µh. This soft function is the same as the NLL resummed result forthe hemisphere soft
function. Indeed, choosingµ = µh and integrating ! R up to a large value Q ! µh the
factorization theorem (1.4) for this quantity at NLL accuracy reduces to
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#
. (5.2)

This fact is of course well known and it is for this reason that the non-global logarithms
in the light-jet mass are usually studied using the hemisphere soft function. Beyond NLL
this simple relationship is no longer valid, because the left-jet mass receives contributions
from hard radiation in the right hemisphere.

Before analyzing the soft function further, let us quote theresummed result for the jet
function at NLL. Using the Laplace-space technique of [42], one obtains

Jq(p2, µh) = exp
$
" 4S(µj , µh) + 2 A! J (µj , µh)
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where " J = 2A! (µj , µh). Explicitly, the Sudakov exponent S(µj , µh) and the single loga-
rithmic function A! (µj , µh) are
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(5.4)
wherer = %s(µ)/ %s(µj ). The result for A! J is obtained by replacing! 0 # &J

0 in A! (µj , µ).
The relevant expansion coe" cients of the anomalous dimensions and the#-function can be
found at the end of Appendix B.

The resummed soft function
"
S1({ n} , ! L , µh)

#
can be obtained by solving the RG

equation for the soft functions, which in Laplace space takes the form

d
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Due to the factorization theorem (4.1), the anomalous dimension matrix must take the
form

! S
lm ({ n} , ' , µ) = 2 ! cusp ln

)
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µ

*
( lm + ö! lm ({ n} ) . (5.6)

The cusp piece is diagonal since the' dependence of the anomalous dimension! S
lm must

cancel against that of the jet function ÷j q in (4.1). We can thus split the soft functions into
a product

,Sl ({ n} , ' , µ) = ÷SG(' , µ) öS l ({ n} , ' , µ) , (5.7)

where the global function fulÞlls the simple RG equation for the cusp part with trivial
initial condition ÷SG(' , ' ) = 1. In Laplace space this RG equation has the same form as for
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U S
1m evolves the soft function from the low scaleµs to the high scaleµh. It is obtained at

NLL by exponentiating the one-loop anomalous dimension matrix

U S({ n} , µs, µh) = P exp
! " µh

µs

dµ
µ

ö! ({ n} , µ)
#

, (5.10)

but due to the angular convolutions and the color structure of the anomalous dimension
matrix, deriving an explicit form for the evolution matrix is highly nontrivial. In our pa-
per [20] we demonstrated that in the large-Nc limit the exponentiation of the one-loop
anomalous dimension matrix is equivalent to solving the BMS equation. The RG evolution
equation (5.5) is also equivalent to a parton-shower equation and this is the way the resum-
mation of the hemisphere soft function was performed in the original paper of Dasgupta
and Salam [4], who presented a simple, accurate parameterization of their result. In the
future, it will be very interesting to generalize this to higher logarithmic accuracy but for
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role in the coherent branching formalism [43Ð45], where it arises as an integral over the jet
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where ! J = 2A! (µj , µh). Explicitly, the Sudakov exponent S(µj , µh) and the single loga-
rithmic function A! (µj , µh) are

S(µj , µ) =
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4" 2
0

!
4#

$s(µj )

"
1 !

1
r

! ln r
#

+
"

! 1

! 0
!

" 1

" 0

#
(1 ! r + ln r ) +

" 1

2" 0
ln2 r

$

,

A! (µj , µ) =
! 0

2" 0
ln r ,

(5.4)
wherer = $s(µ)/ $s(µj ). The result for A! J is obtained by replacing! 0 " %J

0 in A! (µj , µ).
The relevant expansion coe" cients of the anomalous dimensions and the" -function can be
found at the end of appendixB.

The resummed soft function
%
S1({ n} , &L , µh)

&
can be obtained by solving the RG

equation for the soft functions, which in Laplace space takes the form

d
d ln µ

'Sl ({ n} , ' , µ) =
!(

m= l

! S
lm ({ n} , ' , µ) ö# 'Sm ({ n} , ' , µ) . (5.5)

Due to the factorization theorem (4.1), the anomalous dimension matrix must take the form

! S
lm ({ n} , ' , µ) = 2 ! cusp ln

"
'
µ

#
( lm + ö! lm ({ n} ) . (5.6)

The cusp piece is diagonal since the' dependence of the anomalous dimension! S
lm must

cancel against that of the jet function ÷j q in (4.1). We can thus split the soft functions into
a product

'S l ({ n} , ' , µ) = ÷SG(' , µ) öSl ({ n} , ' , µ) , (5.7)

where the global function fulÞlls the simple RG equation for the cusp part with trivial
initial condition ÷SG(' , ' ) = 1. In Laplace space this RG equation has the same form as for
the jet function and is easily solved. Inverting the Laplace transformation, we obtain

SG(&, µh) = exp [2S(µs, µh)]
e" ! E " S

! (! S)
1
&

"
&
µs

# " S

, (5.8)

where! S = 2A! (µh, µs). The remaining piece öSl ({ n} , ' , µ) in ( 5.7) has a single logarithmic
evolution driven by ö! lm ({ n} ), which can be derived from results given in appendix C of [20].
This piece captures the non-global logarithms, through the formal solution

$öS1({ n} , ' , µh)%=
!(

m=1

$U S
1m ({ n} , µs, µh) ö# öSm ({ n} , ' , µs)%

=
!(

m=1

$U S
1m ({ n} , µs, µh) ö# 1% &SNG (µs, µh) , (5.9)

where in the second line we usedöSm ({ n} , ' , µs) = 1 + O($s), and made explicit that at
NLL the quantity SNG (µs, µh) is thus a function of µh and µs only. The evolution matrix
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JH
E

P
12(2016)018

U S
1m evolves the soft function from the low scaleµs to the high scaleµh. It is obtained at

NLL by exponentiating the one-loop anomalous dimension matrix

U S({ n} , µs, µh) = P exp
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ö! ({ n} , µ)
#

, (5.10)

but due to the angular convolutions and the color structure of the anomalous dimension
matrix, deriving an explicit form for the evolution matrix is highly nontrivial. In our pa-
per [20] we demonstrated that in the large-Nc limit the exponentiation of the one-loop
anomalous dimension matrix is equivalent to solving the BMS equation. The RG evolution
equation (5.5) is also equivalent to a parton-shower equation and this is the way the resum-
mation of the hemisphere soft function was performed in the original paper of Dasgupta
and Salam [4], who presented a simple, accurate parameterization of their result. In the
future, it will be very interesting to generalize this to higher logarithmic accuracy but for
the moment we will simply use their result to obtain a resummed result for the left-jet
mass and investigate the size of the leading non-global logarithms in this observable. The
parameterization of Dasgupta and Salam has the form
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with
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where the constantsa = 0 .85CA , b = 0 .86CA , and c = 1 .33 were determined by Þtting to
the parton-shower result.

The resummed result for the soft function in momentum space is then simply the
product of the global function with the non-global evolution factor,

#S1({ n} , $, µh)$= SNG (µs, µh)SG($, µh) , (5.13)

and the Þnal result for the left-jet mass is obtained by convolving the soft function and the
jet function. Let us Þrst combine the global piece with the jet function. Integrating also
over %L , we obtain
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where & = &J + &S = 2A! (µj , µs). The integrated left-jet distribution is then obtained as

R(%L ) =
" ! L

0
d%!

L
1
'

d'
d%!

L
= SNG (µs, µh)! q(%L ) , (5.15)

where we need to chooseµs % %L Q and µh % Q. The quantity ! q plays an important
role in the coherent branching formalism [43Ð45], where it arises as an integral over the jet
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Heavy-jet mass v.s. Light-jet mass
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Finite Nc effects
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Fig. 2. Solid line (red): exactNc = 3 solution to (21). The band indicates the standard error. Dashed line
(blue):Nc = 3 , meanÐÞeld solution to (58). Dotted line (green): solutionto the BMS equation (16) from
[22]. DashÐdotted line (yellow): result with only the Sudakov term.

with the solution of the largeÐNc BMS equation (16) (dotted green line) previously obtained in
[22], 9 and also with the solution of the Ômean Þeld approximationÕ to (21) (dashed blue line)

! ! !P"# "! = # 2CF

! d! $

4"
M "# (#)" out (#)!P"# "!

+ Nc

! d! $

4"
M "# (#)" in (#)

"
!P"$ "! !P$#"! # ! P"# "!

#
, (58)

which differs from the BMS equation only by the coefÞcient ofthe Sudakov termNc = 3 $
2CF = 8/ 3. The latter serves as an indicator of the quality of the mean Þeld approximation
!P P" % ! P"! P". For the sake of reference, we also plot the solution obtained by keeping only
the Sudakov term (Þrst term on the rightÐhandÐside) in (58) (dashÐdotted yellow line).

9 Note that the deÞnition of! in [22] differs from (17) by a factor ofNc.
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Jet broadening
¥ Jet broadening probes the transverse momentum of partons inside 

jet
¥ In e +e-  collider, broadening  measures the momentum transverse to 

the thrust axis
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1 Introduction

Event shape variables are inclusive observables which measure simple geometric properties
of collider events. Many of the classice+ e! -collider event shapes are deÞned using the
thrust axis !nT found by maximizing the thrust T =

!
i |!nT á!pi |/Q , where the sum runs

over all particles in an event, andQ is the center-of-mass energy. An example is the total
jet broadening BT =

!
i |!nT ! !pi |/ (2Q) which measures the momentum transverse to!nT .

Event shapes are perturbatively calculable, but higher-order terms are enhanced by large
logarithms for two-jet conÞgurations with small invariant masses. It is well known how to
resum these logarithms using the factorization propertiesof QCD amplitudes in the soft and
collinear limits. For thrust, the relevant factorization t heorem was obtained in [1Ð4] and
the thrust distribution was resummed up to N3LL accuracy in [5, 6] using Soft-Collinear
E! ective Theory (SCET) [7Ð9] (see [10] for a review). The factorization formula for total
broadening [11Ð13] is more involved because for broadening the transverse momentum and
virtuality of the soft radiation is comparable to the one of t he energetic collinear particles.
The e! ective theory for this kinematical situation is called SCETII to distinguish it from the
one relevant for thrust called SCETI . Because of its comparable transverse momentum,
collinear radiation recoils against soft partons in SCETII . Furthermore, one encounters
rapidity logarithms which are not captured using standard RG evolution from higher to
lower virtuality. Formalisms to deal with this complicatio n are available [11, 13Ð17] and
the resummation for BT has been performed at NNLL accuracy [18].

The thrust axis !nT splits the Þnal state into two hemispheres, which we label asÒleftÓ
and ÒrightÓ and it is interesting to deÞne separate event shapes for the partons in the two
hemispheres. The left (right) broadening is deÞned as the sum of the absolute values of
the transverse momenta of partons with the thrust axis !nT in the left (right) hemisphere

bL (R) =
1
2

"

i " L (R)

|!p#
i | =

1
2

"

i " L (R)

|!pi ! !nT | . (1.1)
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¥ NLL resummation (Dokshitzer, Lucenti, Marchesini, Salam ’98) 

¥ Factorization in SCET (Chiu, Jain, Neill, Rothstein ’11, ’12; Becher, Bell 

’11, ’12)
¥ NNLL resummation (Becher, Bell ’12;  Banfi, McAslan, Monni & Zanderighi '15)

 e.g.  total broadening:
       wide broadening:

For our e! ective theory analysis, it is natural to work with th e dimensionful quantitiesbL (R) ,
the associated dimensionless rations will be denoted by capital letters, BL (R) = bL (R) /Q .
Three di! erent combinations of left and right broadenings were measured experimentally.
They are the

total broadening: bT = bL + bR ,

wide broadening: bW = max( bL , bR) ,

narrow broadening: bN = min( bL , bR) .

Similarly, one can look at the invariant massesM L and M R of the jets in the two hemi-
spheres and deÞne the total, heavy, and light jet masses, which are the equivalent of the
three quantities introduced for the broadening. Due to the left-right symmetry, the narrow
broadening can be inferred from the left broadening after subtracting the wide broadening

d!
dbN

= 2
d!
dbL

!
d!

dbW

!
!
!
!
!
bL = bW = bN

. (1.2)

Below we analyze the factorization theorem for left broadening in the limit bL " bR # Q.
While the heavy jet mass and the wide broadening fulÞll factorization theorems anal-

ogous to the ones for total broadening and thrust, it turns out that the structure of log-
arithms for the left jet mass and the left broadening are muchmore complicated. These
observables are non-global since they are only sensitive toradiation in the left hemisphere,
and this induces an intricate pattern of logarithms which was discovered by Dasgupta and
Salam in an analysis of the left jet mass [19]. These authors were also able to resum the
leading non-global logarithms in the largeNc limit. More recently, we have derived all-
order factorization formulas for non-global observables using SCET [20Ð22]. In particular,
we have analyzed the case of the left jet mass in detail in [22] and have shown that this
observable factorizes into hard functionsH m describingm hard partons in the right hemi-
sphere times soft functionsSm, which are given by Wilson lines along the hard partons.
The complicated pattern of logarithms arises because even at leading-logarithmic accuracy,
one needs to include contributions from operators with arbitrarily high multiplicity m.

The non-global observables considered before are all in theSCETI category and it is
interesting to extend the results to the SCETII case. To do so, we analyze the narrow
broadening in the present paper. The relevant factorization theorem will be presented in
Section 2 and we conÞrm it by explicit computations to NNLO in Section 3. We resum
the narrow broadening to NLL in Section 4, compare to experimental measurements from
LEP and derive the leading nonperturbative corrections a! ecting the distribution.

2 Factorization formula

In SCETII jet and soft functions are not well deÞned without an additional rapidity reg-
ulator. The divergences in this regulator cancel among the jet and soft functions leaving
behind rapidity logarithms. With the regulator in place, we can derive a factorization for-
mula following the same steps as we did for the light-jet massand cone-jet cross sections.

Ð 2 Ð
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Total(Wide)-broadening
¥ In the two-jet limit bL ! bR " Q

Jet broadening

In the two-jet limit bL ! bR " 0 expect that the broadening distribution factorises as

!

1

! 0

d2!

dbL dbR
= H(Q2, µ)

!
dbs

L

!
dbs

R

!
dd! 2p"

L

!
dd! 2p"

R

J L(bL # bs
L, p"

L , µ) J R(bR # bs
R, p"

R , µ) S(bs
L, bs

R, # p"
L , # p"

R , µ)

two-scale problem: Q2 $ b2
L ! b2

R

L R

!nT

! relevant modes have p"
coll ! p"

soft ! bL,R

! jet recoils against soft radiation

Hard function:

! precisely the same object as for thrust

! recall the RG equation

!
d

d ln µ
H(Q2, µ) =

"
2! cusp(" s) ln

Q2

µ2
+ 4#q(" s)

#
H(Q2, µ)

! % there is a hidden Q-dependence in the second line!

! thrust
µ 2

J
µ S

= " Q2

" Q = Q & broadening
µ 2

J
µ S

= b2

b = b

Some manipulations:

! Laplace transform bL,R " $L,R

! Fourier transform p"
L,R " x"

L,R

! deÞne dimensionless variable zL,R =
2|x!

L, R |

" L, R

% the naive factorisation theorem takes the form

1

! 0

d2!

d$L d$R
= H(Q2, µ)

! #

0
dzL

! #

0
dzR J L($L, zL, µ) J R($R, zR, µ) S($L, $R, zL, zR, µ)

J E T B R O A D E N I N G I N E F F E C T I V E F I E L D T H E O R Y G U I D O B E L L

PA R T I C L E P H Y S I C S S E M I N A R Ð V I E N N A A P R I L 2 0 1 3

must be resummed to all orders. At leading double-logarithmic orderthis was achieved in
[11]. To this accuracy the broadening can be written as a product oftwo jet functions in
Laplace space. An improved version of this result, valid also at the single logarithmic level,
was later presented in [12]. However, an all-order formula for broadening which is free of large
logarithms was missing. Near the two-jet limit, event shapes such asthrust factorize into a
convolution of a hard function, two jet functions, and a soft function, and this factorization
forms the basis for an all-order resummation of logarithmically enhanced corrections. This
was shown in [13] for a large class of event-shape variables, but it was also pointed out that
this factorization breaks down for broadening. The same class of event shapes was recently
reanalyzed in Soft-Collinear E! ective Theory (SCET) in [14], which concluded that the usual
e! ective-theory power counting breaks down for broadening.

While the naive soft-collinear factorization indeed breaks down for broadening, we never-
theless manage to derive in this paper all-order formulae for the total and wide broadening
distributions, which are free of large logarithms. The reason is thatthe breaking of factoriza-
tion has a very speciÞc origin. In the e! ective theory, it manifests itself as a collinear anomaly,
which generates an additional dependence on the large momentum transferQ in the product of
the jet and soft functions. In the e! ective theory the collinear anomaly is a quantum anomaly
in the usual sense, that a symmetry of the classical (e! ective) Lagrangian is not preserved by
the regularization. The factorization analysis is similar to the one forsmall-qT resummation
in Drell-Yan production [15]. As in this case, in an intermediate step oneneeds to introduce
additional regulators beyond dimensional regularization in order toobtain well-deÞned ex-
pressions in the e! ective theory. When the regulators are removed in the Þnal predictions for
physical cross sections, the anomalousQ dependence remains. The regulator independence
of the product of jet and soft functions gives a strong constraint on the dependence of the
individual functions on Q, implying that this dependence must exponentiate [15, 16].

The analysis of jet broadening is complicated by the fact that not only collinear modes,
but also a soft mode (using SCETII terminology), whose momentum components scale as
pµ

s ! bT , give a leading contribution to the cross section. In contrast to the present case, this
soft mode does not contribute toqT resummation in Drell-Yan production at small transverse
momentum, because the corresponding loop integrals are scalelessand can be omitted after
proper regularization [15]. This is no longer the case for jet broadening, since the radiation
is restricted to one of the hemispheres. Interestingly, we veriÞedthat starting at two-loop
order the ultra-soft momentum regionpµ

us ! b2
T /Q also gives non-vanishing contributions to

individual diagrams in the presence of the hemisphere constraint. However, as explained in
[15], in the sum of all graphs these contributions cancel as a result of the KLN theorem, and
consequently the ultra-soft region does not contribute to the broadening.

We have stressed that the jet and soft functions relevant for broadening are not well
deÞned without additional regularization. Leaving this issue aside for the moment, the naive
factorization theorem for small broadening has the form

1
! 0

d2!
dbL dbR

= H (Q2, µ)
!

dbs
L

!
dbs

R

!
dd! 2p"

L

!
dd! 2p"

R

" J L (bL # bs
L , p"

L , µ) J R(bR # bs
R, p"

R , µ) S(bs
L , bs

R, # p"
L , # p"

R , µ) .

(3)

2

¥ relevant low energy modes:
¥ collinear  recoils against soft  radiation: rapidity logs resummation

p!
c ! p!

s ! bL,R
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Narrow broadening
¥ Non-global recoil-sensitive(SCETII ) observables

bL ! bR " Q

The key observation is that the hard partons in the unobserved right hemisphere can emit
soft partons into the left hemisphere. These emissions are described by soft Wilson lines
along the hard partons so that we end up with the factorization formula

d!
dbL

=
!

f = q,øq,g

"
dbs

L

"
dd! 2p"

L J f (bL ! bs
L , p"

L )
#!

m=1

"H f
m({ n} , Q) # Sm({ n} , bs

L , ! p"
L )$,

(2.1)

where the hard function H f
m({ n} , Q) describesm hard partons ßying along the directions

{ n} = { n1, . . . , nm} into the right hemisphere and a single energetic parton along ønµ =
(1, ! "nT ) to the left. The soft function Sm is given by Wilson lines along thesem+1 partons
and the jet function J f describes the splitting of the left parton with ßavor f into a low-mass
jet. The symbol # indicates than one has to integrate over the direction of thehard partons
and ". . . $ denotes the color trace, see [21] for details on the notation and a derivation of
the multi-Wilson-line structure from SCET. Note that none o f the factorization discussion
is a! ected by the presence of the regulator [23] which is only applied to the phase-space
integrals but leaves the amplitudes unchanged. However, due to the regulator the product
of soft and jet functions has implicit dependence on the hardscaleQ. This dependence,
called the collinear anomaly [14], will be made manifest below.

The hard function has the same operator deÞnition as in the light jet mass case

H f
m ({ n} , Q) =

1
2Q

m#

j =1

" dEj E d! 3
j

(2#)d! 2 |M f
m+1 ({ p0, p} )$"M f

m+1 ({ p0, p} )|

%" R
$%

p
&'

(2#)d $(Q ! Etot ) $(d! 1) ("ptot ) , (2.2)

where pµ
0 = Q ønµ/ 2 is the momentum of the single hard parton of ßavorf & { q, øq, g} in

the left hemisphere, and the amplitudes|M f
m+1 ({ p0, p} )$ are standard QCD amplitudes

for the decay of a virtual photon into ( m + 1) partons. The function " R
$%

p
&'

enforces
that the m partons with momenta

%
p
&

are in the right hemisphere.
The associated soft function has the form

Sm ({ n} , bL ,p"
L ) =

"

X s ,reg

!
$
(

bL ! 1
2

!

i $ X L

|p"
L,i |

)
$d! 2(p"

X L
! p"

L )

% "0| S 
0(øn) S 

1(n1) . . . S 
m (nm) |X s$"X s| S0(øn) S1(n1) . . . Sm (nm) |0$. (2.3)

The integrals over phase space are regularized using the regulator [23], whose explicit form
will be given when we compute the one-loop soft function in (3.4). This function contains
two $-function constraints: the Þrst one Þxes the contribution to the left broadening and
the second one the total transverse momentum. The second constraint is necessary due to
recoil e! ects. Only the total transverse momentum in each hemisphere vanishes, so that
the soft and collinear radiations carry equal an opposite transverse momentum, see (2.1).
We therefore need to compute the soft function for a Þxed transverse momentum of the
collinear radiation. The jet function J f (bL ! bs

L , p"
L ) is the same as the one relevant for the

total broadening and its operator deÞnition can be found in (4) of [12].

Ð 3 Ð

¥ With the rapidity regulator

For our e! ective theory analysis, it is natural to work with th e dimensionful quantitiesbL (R) ,
the associated dimensionless rations will be denoted by capital letters, BL (R) = bL (R) /Q .
Three di! erent combinations of left and right broadenings were measured experimentally.
They are the

total broadening: bT = bL + bR ,

wide broadening: bW = max( bL , bR) ,

narrow broadening: bN = min( bL , bR) .

Similarly, one can look at the invariant massesM L and M R of the jets in the two hemi-
spheres and deÞne the total, heavy, and light jet masses, which are the equivalent of the
three quantities introduced for the broadening. Due to the left-right symmetry, the narrow
broadening can be inferred from the left broadening after subtracting the wide broadening

d!
dbN

= 2
d!
dbL

!
d!

dbW

!
!
!
!
!
bL = bW = bN

. (1.2)

Below we analyze the factorization theorem for left broadening in the limit bL " bR # Q.
While the heavy jet mass and the wide broadening fulÞll factorization theorems anal-

ogous to the ones for total broadening and thrust, it turns out that the structure of log-
arithms for the left jet mass and the left broadening are muchmore complicated. These
observables are non-global since they are only sensitive toradiation in the left hemisphere,
and this induces an intricate pattern of logarithms which was discovered by Dasgupta and
Salam in an analysis of the left jet mass [19]. These authors were also able to resum the
leading non-global logarithms in the largeNc limit. More recently, we have derived all-
order factorization formulas for non-global observables using SCET [20Ð22]. In particular,
we have analyzed the case of the left jet mass in detail in [22] and have shown that this
observable factorizes into hard functionsH m describingm hard partons in the right hemi-
sphere times soft functionsSm, which are given by Wilson lines along the hard partons.
The complicated pattern of logarithms arises because even at leading-logarithmic accuracy,
one needs to include contributions from operators with arbitrarily high multiplicity m.

The non-global observables considered before are all in theSCETI category and it is
interesting to extend the results to the SCETII case. To do so, we analyze the narrow
broadening in the present paper. The relevant factorization theorem will be presented in
Section 2 and we conÞrm it by explicit computations to NNLO in Section 3. We resum
the narrow broadening to NLL in Section 4, compare to experimental measurements from
LEP and derive the leading nonperturbative corrections a! ecting the distribution.

2 Factorization formula

In SCETII jet and soft functions are not well deÞned without an additional rapidity reg-
ulator. The divergences in this regulator cancel among the jet and soft functions leaving
behind rapidity logarithms. With the regulator in place, we can derive a factorization for-
mula following the same steps as we did for the light-jet massand cone-jet cross sections.

Ð 2 Ð

!nT

L R

¥ jet function: same as total broadening
¥ hard function: same as light-jet mass
¥ soft function: New
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Collinear anomaly
¥ All-order form of rapidity divergences was derived for total broadening

¥ Rapidity divergence cancel out between jet and soft function

¥ Rapidity logs are fully determined by the div. of jet function, the collinear 
anomaly must be the same as total broadening

To perform the resummation it is best to Laplace transform bL and Fourier transform
the transverse momentump!

L . Using rotation invariance around the thrust axis, the depen-
dence on the broadening and the transverse momentum then translates into two variables
! L and zL [12] and in Laplace-Fourier space the factorization formula has the simple form

d"
d! L

=
!

f = q,øq,g

" "

0
dzL J f (! L , zL )

"!

m=1

#
H f

m ({ n} , Q) ! Sm ({ n} , ! L , zL )
$

. (2.4)

The all-order form of the rapidity divergences was derived in the study of the total broad-
ening in [12]. The divergences in the soft functions must cancel againstthe divergences
of the jet function, leaving behind rapidity logarithms. Be cause these logarithms are fully
determined by the divergences of the jet function, the collinear anomaly for narrow broad-
ening must be the same form as the one of the total broadening.Extracting the anomaly
logarithms, the fully factorized form of the cross section is given by

d"
d! L

=
!

f = q,øq,g

" "

0
dzL (Q2! 2

L )# F f
B (! L ,zL ,µ) zL

(1 + z2
L )3/ 2

"!

m=1

#
H f

m({ n} , Q) ! W
f
m({ n} , ! L , zL )

$
,

(2.5)

where the refactorized functionsW
f
m are independent ofQ and are deÞned by the product

of the jet and soft functions

J f (! L , zL , µ)Sm ({ n} , ! L , zL , µ) = ( Q2! 2
L )# F f

B (! L ,zL ,µ) zL

(1 + z2
L )3/ 2

W
f
m (! L , zL , µ) . (2.6)

We have extracted the LO jet function so that W
f
m = 1 + O(#s). The anomaly exponent

for the quark caseF q
B is the one encountered in the total broadening which was computed

to two loops in [18]. The one for the gluon channel is related to it by Casimir scaling
F g

B = CA /C F F q
B up to three-loop accuracy.

While the rapidity divergences must cancel in (2.4), this does not guarantee that all the
functions W

f
m are Þnite. In principle, there could be divergences in thesefunctions which

only vanish after integrating over angles and combining di! erent multiplicities. However,
in our explicit one and two-loop computations in the next section we Þnd that the functions
W

f
m are Þnite.

3 Ingredients of the factorization theorem and collinear an omaly

It is interesting to compute the ingredients of the factorization formula perturbatively to
explicitly verify the above structure. Fortunately, many o f the ingredients are already
known. The hard functions are the same as the ones for the light-jet-mass case [22] and
were given in Section 4 of this paper. The jet functionJ q is the same as the one for the total
broadening calculated at one-loop order in [18] using the analytical phase-space regulator
[23] to regularize the rapidity divergences. We write

J f (! , z) = J
(0)
f (! , z)

%
1 +

#s

4$
J

(1)
f (! , z)

&
, (3.1)

Ð 4 Ð

Some manipulations:

¥ Laplace transform

¥ Fourier transform

¥ dimensionless

bL ! ! L

p!
L ! x!

L

zL =
2|x!

L |
! L

Rapidity logs are resummed by collinear 
anomaly factor or rapidity-RG (Chiu, 

Jain, Neill, Rothstein 11, 12)

combination of jet and soft function
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NLL results
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Figure 1 . The red bands show the NLL result for the narrow broadening (left) and the wide
broadening (right), compared to Delphi data (blue) [29]. The green line is the purely global part
of the narrow broadening distribution.
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where r = #s(µ)/ #s(µh). The non-global evolution factor is the same as in the light-jet-
mass case and we use the parametrization [19]

SNG (µ, µh) " exp
"

! CA CF
" 2

3
u2 1 + ( au)2

1 + ( bu)c

#
, (4.7)

with

u =
1
! 0

ln
#s(µ)
#s(µh)

, (4.8)

where the constantsa = 0 .85CA , b = 0 .86CA , c = 1 .33 were determined by Þtting to
the result of a parton-shower computation in the large-Nc limit. The numerical result for
Nc = 3 was recently obtained in [25]. Numerically, the corrections to the large-Nc limit
are small as long as the exact two-loop color factor is accounted for, as is done in (4.7).

In the low energy range ln(µø%L ) counts asO(1) and we can approximate

&L " & =
CF #s(µ)

"
ln

Q2

µ2 . (4.9)

After this, we can analytically invert the Laplace transfor mation and obtain

1
' 0

d'
dbL

= UH (µ, µh, Q)SNG (µ, µh)
e! ! E "

! (&)
1
bL

"
bL

µ

# "

I (&) . (4.10)

We Þnd that our NLL resummation formula is basically the square-root of (43) in [12]
up to the non-global evolution factor. In order to calculate the di" erential distribution
one can use the above equation directly or Þrst integrate it and then take the derivative.

Ð 9 Ð

DELPHI
NLL global
NLL

¥ For recoil-sensitive observables 
dominant non-perturbative are 
non-perturbative corrections to 
the anomaly coefÞcients. (Becher 

& Bell ‘13) 

One advantage of the latter scheme is that the resummed distribution is automatically
normalized. We denote the integrated spectrum by

R(BL ) =
! QB L

0
dbL

1
! 0

d!
dbL

= SNG (µ, µh) ! q(BL ) , (4.11)

where the global part is given by

! q(BL ) = UH (µ, µh, Q)
e! ! E "

" (" + 1)

"
QBL

µ

# "

I (" ) . (4.12)

As in the light-jet case, the non-global e#ects simply enter as a prefactor at NLL accuracy
which multiplies the quantity ! q(BL ) familiar from the coherent branching formalism [26Ð
28]. The prefactor is absent for wide broadening, which to NLL is given by

R(BW ) = [ ! q(BW )]2 . (4.13)

Using relation (1.2), we then obtain the narrow broadening, which can be compared to
LEP measurements from theDelphi [29] or OPAL [30] collaborations. In Figure 1 we
show the NLL predictions, compared to theDelphi measurements. For the plots, we use
#s(M Z ) = 0 .1181 [31] and estimate the uncertainty by varying each of the scalesµh and µ
by a factor two around their default values and taking the envelope of the scale variations.

It is clear that the distributions are a #ected by nonperturbative e#ects in the peak
region, and it turns out that the nonperturbative e #ects are logarithmically enhanced for
jet broadening [32, 33]. The paper [33] demonstrated that the dominant e#ects are non-
perturbative corrections to the anomaly coe$ cient and that these corrections are obtained
from the same nonperturbative matrix element A which is responsible for the nonpertur-
bative shift in the thrust distribution and other event shap es [34]. For narrow broadening,
these results imply that the leading nonperturbative e#ects are obtained from shifting the
distribution by

BN ! BN "
A
2

ln
1

BN
(4.14)

and the value extracted from the thrust distribution is A # 0.3 GeV [6]. Near the peak,
this would imply shifts of %BN # 0.007 and %BW # 0.006 in the two distributions, in
qualitative agreement with the data.

We Þnd it remarkable that the leading nonperturbative e#ects in a non-global observ-
able are related to the shift in thrust. The underlying mechanism is of course that the
collinear anomaly connects the enhanced nonperturbative e#ects in the soft functions Sm

to the ones in the jet function, which is the same as in the global variants of broadening.
Through the anomaly, this in turn is connected to the nonperturbative e#ect in the much
simpler soft functions relevant in the global case.

In practice, the logarithmically enhanced nonperturbative e#ects might not be suf-
Þcient to obtain satisfactory agreement with data, and alsonon-logarithmic and non-
universal shifts should be included, as well as other shape parameters. Before analyzing
this further, one should include the matching to Þxed-orderperturbation theory and, if
possible, increase the logarithmic accuracy of the resummation. We will not pursue these
issues further for the moment.

Ð 10 Ð

with !  ≈ 0.3 GeV extracted from 

thrust which implies shifts of "B N ≈ 

0.007 near peak



¥ Interjet energy ßow

¥ Soft radiations from two Wilson lines (global)

¥ Leading NGLs at two-loops

¥ Large gap limit:

¥ NGL: coft mode, jet radius resummation Becher, 

Neubert, Rothen & DYS `15; Chien, Hornig, Lee `15

¥ Narrow gap limit: 

¥ Collinear enhanced power corrections
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Collinear limit and NGLs

! LL
GL

! 0
= exp [ ! 8CF ! y t]

Figure 3 . Left: Two-loop global and non-global coe! cients as the function of gap size" y.
Right: Comparison of LL resummation and Þxed-order expansion results with" y = 1, where the
expansion results are performed up to four-loop order.

The leading NGLs to the same observable arise at two-loops and are given by [2, 44]

! LL
NGL

! 0
= 4 CF CA

!
!

2" 2

3
+ 4 Li 2

"
e! 2! y#

$
t2. (4.2)

This contribution arises from a hard gluon emission inside one of the jets, which in turn
emits a soft gluon into the gap between the jets. It is encoded in the termH 3 " S3 in the
factorization formula ( 2.1).

In Figure 3, we numerically compare the two-loop global and non-global coe! cients
as the function of gap size" y in the large Nc limit. When the veto area is small, the
gap fraction is dominated by the non-global part but with increasing veto area the global
logarithms become more and more important. Since the two contributions have opposite
sign, cancellations between global and non-global contributions can occur at intermediate
values of the gap size. To understand this behavior better, it is instructive to expand (4.2)
in the small " y region

! LL
NGL

! 0
= 4 CF CA

%
8" y

"
ln(2" y) ! 1

#
! 4" y2 + . . .

&
t2 , (4.3)

The expansion (4.3) shows that the two-loop non-global logrithmic term is only suppressed
by a single power of" y, while the global piece involves two powers. The reason for this
scaling is that in the non-global piece only one gluon is in the gap of size" y, while in the
global piece both gluons are. One further observes that in the largeNc limit the " y2 part
of the non-global piece precisely cancels the global piece. Phenomenologically, the limit of
a small gap is for example relevant for isolation cone cross sections, where the veto typically
is only applied in a small angular region. Below, we will see an explicit example where the
higher-order global and non-global e#ects cancel for a photon isolation cross section.

Interestingly, the leading term in ( 4.3) involves a logarithm of " y. This contribution
corresponds to a collinear enhancement which arises when both the gluon in the gap and
the one outside are close to the boundary. These types of collinear logarithms were studied

Ð 10 Ð
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¥ In narrow gap limit:

¥ Collinear enhancement from 
boundary region (Hatta, et.al. 

’17) 

¥ Power correction, interesting to 
study in SCET framework

¥ An example: photon isolation (see 
latter)
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Leading log at two loop

��� ��� ��� ��� ���
! ���

! ���

! ��

�

��

���

���

���

�! ����
�! ����

�! ����

�! ����

��

���� ���� ���� ���� ���� ���� ���� ����

��! �

��! �

���

�

Figure 3 . Left: Two-loop global and non-global coe! cients as the function of gap size" y.
Right: Comparison of LL resummation and Þxed-order expansion results with" y = 1, where the
expansion results are performed up to four-loop order.

The leading NGLs to the same observable arise at two-loops and are given by [2, 42]

! LL
NGL

! 0
= 4 CF CA

!
!

2" 2

3
+ 4 Li 2

"
e! 2! y#

$
t2. (4.2)

This contribution arises from a hard gluon emission inside one of the jets, which in turn
emits a soft gluon into the gap between the jets. It is encoded in the termH 3 " S3 in the
factorization formula ( 2.1).

In Figure 3, we numerically compare the two-loop global and non-global coe! cients
as the function of gap size" y in the large Nc limit. When the veto area is small, the
gap fraction is dominated by the non-global part but with increasing veto area the global
logarithms become more and more important. Since the two contributions have opposite
sign, cancellations between global and non-global contributions can occur at intermediate
values of the gap size. To understand this behavior better, it is instructive to expand (4.2)
in the small " y region

! LL
NGL

! 0
= 4 CF CA

%
8" y

"
ln(2" y) ! 1

#
! 4" y2 + . . .

&
t2 , (4.3)

The expansion (4.3) shows that the two-loop non-global logrithmic term is only suppressed
by a single power of" y, while the global piece involves two powers. The reason for this
scaling is that in the non-global piece only one gluon is in the gap of size" y, while in the
global piece both gluons are. One further observes that in the largeNc limit the " y2 part
of the non-global piece precisely cancels the global piece. Phenomenologically, the limit of
a small gap is for example relevant for isolation cone cross sections, where the veto typically
is only applied in a small angular region. Below, we will see an explicit example where the
higher-order global and non-global e#ects cancel for a photon isolation cross section.

Interestingly, the leading term in ( 4.3) involves a logarithm of " y. This contribution
corresponds to a collinear enhancement which arises when both the gluon in the gap and
the one outside are close to the boundary. These types of collinear logarithms were studied
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Figure 3 . Left: Two-loop global and non-global coe! cients as the function of gap size" y.
Right: Comparison of LL resummation and Þxed-order expansion results with" y = 1, where the
expansion results are performed up to four-loop order.

The leading NGLs to the same observable arise at two-loops and are given by [2, 44]
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This contribution arises from a hard gluon emission inside one of the jets, which in turn
emits a soft gluon into the gap between the jets. It is encoded in the termH 3 " S3 in the
factorization formula ( 2.1).
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logarithms become more and more important. Since the two contributions have opposite
sign, cancellations between global and non-global contributions can occur at intermediate
values of the gap size. To understand this behavior better, it is instructive to expand (4.2)
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The expansion (4.3) shows that the two-loop non-global logrithmic term is only suppressed
by a single power of" y, while the global piece involves two powers. The reason for this
scaling is that in the non-global piece only one gluon is in the gap of size" y, while in the
global piece both gluons are. One further observes that in the largeNc limit the " y2 part
of the non-global piece precisely cancels the global piece. Phenomenologically, the limit of
a small gap is for example relevant for isolation cone cross sections, where the veto typically
is only applied in a small angular region. Below, we will see an explicit example where the
higher-order global and non-global e#ects cancel for a photon isolation cross section.

Interestingly, the leading term in ( 4.3) involves a logarithm of " y. This contribution
corresponds to a collinear enhancement which arises when both the gluon in the gap and
the one outside are close to the boundary. These types of collinear logarithms were studied
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Automated resummation for Non-global observables

¥ Use Madgraph5_aMC@NLO generator

¥ event Þle with directions and large-N c color connections of 
hard partons

¥ provides lowest multiplicity hard function for given process

¥ Run our shower on each event to generate additional partons 
and write result back into event Þle 

¥ Analyze events, according to cuts on hard partons, obtain 
resummed cross section with hard cuts and veto scale
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(Balsiger, Becher, DYS, 1803.07045)

Figure 1 . The relation between shower timet, hard scaleµh and soft scaleµs. We stop the lines
in the plot when µs reaches 1 GeV.

coupling constants! s(µh) and ! s(µs). At leading logarithmic accuracy, we only need these
functions at leading power in ! s. The soft functions then become trivial Sm = 1 and all
higher hard functions are suppressed,H m ! ! m! k

s H k. The cross section thus simpliÞes
to

d" LL (Q, Q0) =
"!

m= k

"
H k({ n } , Q, µh) " Ukm ({ n} , µs, µh) ö" 1

#
, (2.8)

where the evolution factor can be evaluated with the leading-order expression for the
anomalous dimension! H . We note that the Born-level cross section is given by

d" 0(Q, Q0) =
"
H k({ n} , Q, µh)

#
. (2.9)

This demonstrates, what we have indicated earlier, that the starting point of the evolu-
tion is the tree-level cross section. The additional piece of information needed is the color
structure since the evolution changes the colors. The paper [29] has modiÞed the Mad-
Graph5_aMC@NLO code in such a way that it provides the full color information. We will
focus on the large-Nc limit below and we can thus simply use the color information which
MadGraph5_aMC@NLO provides for showering its tree-level events. We will come back
to this point later.

It is convenient to rewrite the exponent of the evolution matrix ( 2.6) at leading order
in RG-improved perturbation theory in the form

$ µh

µs

dµ
µ

! H
nm =

$ ! (µh )

! (µs )

d!
#(! )

!
4$

! (1)
nm =

1
2#0

ln
! (µs)
! (µh)

! (1)
nm . (2.10)

Using the one-loop anomalous dimension! (1)
nm Ó yields leading logarithmic accuracy in the

evolution. The prefactor

t =
1

2#0
ln

! (µs)
! (µh)

=
! s

4$
ln

µh

µs
+ O(! 2

s) (2.11)
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Breakdown of Conventional Factorization for Isolated Photon Cross Sections
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Using e1 e2 ! g 1 X as an example, we show that the conventional factorization theorem in
perturbative quantum chromodynamics breaks down for isolated photon cross sections in a well-deÞned
part of phase space. Implications and physical consequences are discussed.

PACS numbers: 12.38.Bx, 13.65.+i, 12.38.Qk

High energy photons are considered an excellent probe
of short-distancephysics in strong interactions. They
couple directly to pointlike quark constituents and do not
interact strongly once produced [1]. Photons can also
result from long-distancefragmentation of quarks and
gluons, themselves produced in short-distance hard colli-
sions. Consequently, theinclusivephoton cross section at
high energy includes both short-distance direct and long-
distance fragmentation contributions, and the cross section
is not completely perturbative. Nevertheless, in accord
with the factorization theorem of perturbative quantum
chromodynamics (QCD) [2], all long-distance physics
associated with parton-to-photon fragmentation can be
represented by nonperturbative, but well-deÞned and uni-
versal photon fragmentation functions, and the remainder
of the theoretical expression for the cross section, calcu-
lable in QCD perturbation theory, is insensitive to the in-
frared region of the theory.

However, for observational reasons theinclusivecross
section may not be measurable at high energy. Owing to
backgrounds from, e.g.,p 0 ! gg , a single high energy
photon is observed and the cross section is measured
only when the photon is relatively isolated. Isolation
procedures differ in their details in different experiments
at electron-positron and hadron-hadron collider facilities.
In this Letter, we model the essence of isolation by
drawing a cone of half-angled about the direction of
the photonÕs momentum, and we deÞne the isolated cross
section to be that for photons accompanied by less than
a speciÞed amount of hadronic energy in the cone, e.g.,
Econe

h # Emax. While this is but one of the possible
deÞnitions of isolation, other choices change only the
details of our analysis, not the basic physics. Because
of isolation, the experimental cross section for isolated
photons depends explicitly on the isolation parametersd
andEmax.

A proper theoretical treatment of the cross section
for isolated photons requires careful consideration of the
origins and cancellation of both infrared and collinear
singularities in QCD perturbation theory. In a theoretical
calculation, isolation of the photon restricts the Þnal-
state phase space accessible to accompanying quarks and
gluons. In this Letter, usinge1 e2 ! gX as an example,

we demonstrate that this phase space restriction inevitably
breaks the perfect cancellation of infrared singularities
between real gluon emission and virtual gluon exchange
diagrams that is required to yield Þnite cross sections in
each perturbative order.

Breakdown of the cancellation of infrared singularities
appears Þrst at next-to-leading order in the fragmentation
contributions. The associated physics can be summarized
as follows. In the fragmentation contribution, sketched
in Fig. 1, hadronic energy in the isolation cone has
two sources: (a) energy from parton fragmentationEfrag
and (b) energy from nonfragmenting Þnal-state partons
Econe

partons that enter the cone. When the maximum hadronic
energy allowed in the isolation cone is saturated by the
fragmentation energyEmax ! Efrag , there is no allowance
for energy in the cone from other Þnal-state partons. In
particular, if there is a gluon in the Þnal state, the phase
space for this gluon becomes restricted. By contrast,
isolation does not affect the virtual gluon exchange
contribution. Therefore, in the isolated case, there is a
possibility that the infrared singularity from the virtual
contribution may not be canceled completely by the
restricted real contribution. In the remainder of this

FIG. 1. Illustration of an isolation cone containing a partonc
that fragments into ag plus hadronic energyEfrag . In addition,
a gluon enters the cone and fragments giving hadronic energy
Eparton.
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Figure 8 . E! ect of the isolation cut in e+ e! ! ! + X . The plot shows a comparison of the
resummed result (dots) with the one-loop contribution (dashed lines) and the global logarithms
(dotted line).

the discussion in Section4.1. The situation is interesting for isolation cones because the
logarithms are typically large (experiments often restrict the isolation energy to a few
GeVs), while the area tends to be small. If we substituteEiso ! Eiso(" ) from ( 4.8) into
(4.12), we can compute the soft function for the smooth-cone. In the approximation (4.11),
we Þnd the smooth-cone result is obtained from the Þxed cone one-loop result using the
substitution

ln
#! E!

µ
"! ln

#! e! nE!

µ
(4.13)

In other words, the smooth-cone isolation is more restrictive than Þxed-cone isolation by a
factor en . A computation such as [55] which uses smooth-cone isolation with#! = 0 .1 and
n = 2, therefore has the same size logarithms as a Þxed-cone computation with#! = 0 .01.
For photon energies of a few hundred GeVs, this indeed matches up with the Þxed-cone
isolation criterion

E T
iso = 4 .8 GeV + 0.0042E T

! (4.14)

used in the ATLAS analysis [59].
As we discussed in Section4.1 above, the two-loop non-global and global logarithms

can cancel each other out and for photon isolation results displayed in Figure8, this e! ect
is quite pronounced. In this plot we considere+ e! ! ! + X with an isolation cone with
half-angle " = $/ 4 and compare the resummed result with the one-loop logarithm and with
the global contribution, which is given by the exponential of the one-loop logarithm. We
observe that higher-order e! ects are quite small down to relatively low isolation energies
which correspond to larger values oft in the Þgure. Resumming the global logarithms leads
to a much larger e! ect, which cancels after accounting also for the non-global contribution.
By now there are many papers in the SCET literature which resum observables up to
non-global contributions. This example demonstrates that such estimates of higher-order
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Effect of isolation cut at lepton collider

!
"0

Ein < E iso = #! E!

Figure 8 . Pictorial representation of the factorization for isolated photon production. The black
lines represent hard partons, while the wavy red lines indicate soft radiation. The energy inside the
isolation cone of half-angle"0 is restricted to be smaller than #! E! .

which is still in perturbative region. In order to estimate non-perturbative corrections we
run MC tools to perform a crude estimation. SpeciÞcally, we run Pythia with and without
non-perturbative corrections, and compare di! erent results in the right plot of Figure ??.
The green histogram is generated with only initial and Þnal state radiation, while the black
one is generated with AMBT1 tune which includes default non-perturbative corrections.
Physically, the dominant non-perturbative corrections come from underline events, which
will cause the distribution to be shifted towards high energy region. Numerically, as is
shown this power correction is about 25% whenQ0 = 20 GeV for the kinematic conÞgu-
ration we considered. Therefore we anticipate the same order non-pertabative corrections
will contribution to our resummation results. In this paper we will not pursue detailed
studies further.

[But which e ! ects will shift our results up to the data??]

4.3 Isolation cone cross sections and photon production

A second important class of non-global observables are cross sections with isolation cones
in which only soft hadronic radiation is allowed. The most important example is photon
production, where an isolation cone is needed to separate the direct production of a pho-
ton in the underlying hard collision from the photons which arise in hadron decays such
as $0 ! !! . Imposing that Eiso, the hadronic energy inside the cone with half-opening
angle"0, is much smaller than the photon energyE! suppresses energetic photons originat-
ing from decays of boosted hadrons. In the following, we will discuss photon production,
but similar cuts are also used to isolate leptons, for example in SUSY searches. Impos-
ing the isolation requirement induces logarithms%n

s lnn #! , with Ó#! = E iso/E ! , into the
perturbative computation and in the following we want to study their resummation.

Already at the parton level, there are two mechanisms to produce a photon. In ad-
dition to the direct emission, one can produce an energetic quark which then fragments
into a photon accompanied by a collinear quark. This second mechanism involves the
fragmentation function, a non-perturbative object which needs to be extracted from data.
In general, the two partonic contributions are not individually well-deÞned. At NLO, the
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direct production su! ers from a divergence when a quark becomes collinear to the pho-
ton and this divergence is absorbed into the fragmentation function. The isolation cone
suppresses fragmentation since it limits the amount of radiation which accompanies the
photon. Indeed, Frixione has shown that one can modify the isolation criterion to elimi-
nate fragmentation altogether [53]. For any angle ! < ! 0, where ! 0 is the isolation cone
angle, he imposes that the energy inside the cone of half-opening angle! is smaller than

Eiso(! ) = "! E!

!
1 ! cos!
1 ! cos! 0

" n

, (4.8)

with n > 0. Together with radiation collinear to the photon, this smooth-cone isolation
eliminates the fragmentation contribution, which is centered at ! = 0. This simpliÞes
the theoretical computations and it is appealing because it eliminates the poorly known
fragmentation function. At this time all NNLO computations of photon production [ 54Ð56]
rely on the Frixione cone for isolation, while the result with a Þxed cone is only known at
NLO in the form of the JetPhox code [57]. Due to the granularity of the calorimeter,
a smooth criterion such as (4.8) cannot be directly implemented in experiments which
therefore use Þxed-cone isolation. To compare with experimental data, the NNLO results
tune the parameters "! and n such that the NLO predictions using (4.8) are numerically
similar to Þxed-cone computations including fragmentation. Below, we will derive such a
parameter relation based on the analysis of soft radiation.

The logarithms we want to study become large in the limit "! " 0. In this limit
the radiation inside the cone becomes very soft. It is well known that the emission of
soft quarks is power suppressed and for this reason, fragmentation is a power suppressed
e! ect for "! " 0 which we do not need to consider. (The same holds true for threshold
resummation studied in [58] and implemented into a numerical codePeTeR [59].) As we
discussed above, in the hadron collider case, there are some interesting open issues and
we therefore Þrst derive a factorization theorem fore+ e! . The kinematics is shown in
Figure 8. One has hard partons outside the cone with energies of the order of the photon
energy E! and soft radiation inside the cone. This is precisely the situation captured by
(2.1), except that the soft region is now deÞned by the photon instead of the hard jets.
Specializing the general formula to the photon case, we have

d#("! , ! 0)
dE!

=
"#

m=2

#H ! + m ({ n} , E! , Q, ! 0) $ Sm ({ n} , "! E! , ! 0)%, (4.9)

where the photon energy can be parametrised asE! = x! Q/ 2. The hard functions H ! + m

are the squared amplitudes for the photon andm-parton process and are deÞned as in
(2.4). In addition to the integrals over the energies over them partons at Þxed directions
{ n} = { n1, á á á, nm } outside the isolation cone, they include an integral over the photon
phase-space together with its constraints (the energyE! in the example (4.9)). The soft
functions are given by the Wilson line matrix element (2.3) with the energy constraint
applied to radiation inside the photon cone.

We can use the automated framework of the previous chapter to resum the large
logarithms in the isolation-cone cross section, but it is interesting to analyze the NLO
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Figure 9 . E! ect of the isolation cut in e+ e! ! ! + X . The plot shows a comparison of the
resummed result (red line) with the one-loop contribution (orange line) and the global logarithms
(dashed purple line).

For a Þxed cone-energyEiso, the energy integration produces a divergences with an asso-
ciated logarithm, which gets multiplied by the angular area of the cone, in line with the
discussion in Section4.1. The situation is interesting for isolation cones because the loga-
rithms are typically large (experiments often restrict the isolation energy to a few GeVs),
while the area tends to be small. If we substituteEiso ! Eiso(" ) from ( 4.8) into ( 4.12),
we can compute the soft function for the smooth-cone. In the approximation (4.11), we
Þnd that the smooth-cone result is obtained from the Þxed cone one-loop result using the
substitution

ln
#! E!

µ
"! ln

#! e! nE!

µ
. (4.13)

In other words, the smooth-cone isolation is more restrictive than Þxed-cone isolation by a
factor en . A computation such as [55] which uses smooth-cone isolation with#! = 0 .1 and
n = 2, therefore has the same size logarithms as a Þxed-cone computation with#! = 0 .01.
For photon energies of a few hundred GeVs, this indeed matches up with the Þxed-cone
isolation criterion

E iso
T = 4 .8 GeV + 0.0042E T

! (4.14)

used in the ATLAS analysis [59]. ATLAS uses a cone ofR = 0 .4 in the rapidity and
azimuthal-angle plane. A particle is considered to be inside the cone (and therefore belongs
to the ÒoutÓ-region), if" y2 + " $2 < R 2, where " y is the rapidity di ! erence and" $ the
di! erence of the azimuthal angle between the particle and the photon.

As we discussed in Section4.1 above, the two-loop non-global and global logarithms
can cancel each other out and for photon isolation results displayed in Figure9, this e! ect
is quite pronounced. In this plot we considere+ e! ! ! + X with an isolation cone with
half-angle "0 = %/ 4 and compare the resummed result with the one-loop logarithm and
with the global contribution, which is given by the exponential of the one-loop logarithm.
We observe that higher-order e! ects are quite small down to relatively low isolation energies
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Effects on $  isolation at LHC

¥ NLO: ~5% reduction, NNLO ~10%, resummed ~ 12%!

¥ NGL dominates over global contribution: naive exponentiation 
(dashed) not appropriate!

42

!!

"!#

""!#

$%&'(%

! "!! #!! $!! %!!

!&'(

!&%!

!&%(

!&)!

!&)(

*&!!

ET
�� !$)* "

��
#E

T��
$%

��
+

&����& ' +,-. /0!/1 23&%(42&5

Figure 10. Ratio of the pp ! ! + X cross section with isolation to the inclusive one. Left: Ratio
as a function of t (or equivalently "! ) for E !

T > 400GeV. Right: Ratio for the ATLAS isolation
criterion (4.14) as a function of E !

T . In both plots we show the resummed result as well as its NLO
and NNLO expansions obtained using the approximation (4.11). The red uncertainty bands are
obtained by scale variations, see text.

which correspond to larger values of t in the figure. Resumming the global logarithms leads

to a much larger e! ect, which cancels after accounting also for the non-global contribution.

By now there are many papers in the SCET literature which resum observables up to

non-global contributions. This example demonstrates that such estimates of higher-order

terms are not always reliable. In the present example this incomplete resummation leads

to worse predictions than no resummation at all.

Finally, let us analyze photon isolation in hadronic collisions. Of course, in this case

the same caveats apply that we discussed for gaps between jets: a full factorization analysis

for hadronic collisions is not yet available. We will therefore again work in the large-Nc

limit and resum the leading logarithms captured by evolving the hard function from the

scale µh " E !
T down to the soft scale µs " E iso

T . We need to evaluate the PDFs at the hard

scale µf = µh , as explained in the gaps-between-jets case.

The small angular size R of the veto region suppresses higher-order corrections and the

overall e! ect of the isolation cone is therefore moderate. At the same time, the typical scale

ratios "! that arise in experimental measurements can be quite large. We have discussed

in Section 4.1 that the global logarithms scale as #n
s R2n lnn("! ), while the non-global ones

scale as #n
s R2 lnn! 1(R) lnn("! ), since they involve only a single gluon in the veto region.

For small R, the non-global logarithms completely dominate the cross section. In order

to verify this, we extract large logarithms up to two-loop from our parton-shower code.

Explicitly, as is shown in [2], the first two coe" cients in the expansion

$(t)/ $0 = 1 + S(1) t + S(2) t2 + . . . (4.15)

in the shower time (2.11) take the form

S(1) = # 4Nc

!

!
3out W 3
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Figure 9 . E! ect of the isolation cut in e+ e! ! ! + X . The plot shows a comparison of the
resummed result (red line) with the one-loop contribution (orange line) and the global logarithms
(dashed purple line).

For a Þxed cone-energyEiso, the energy integration produces a divergences with an asso-
ciated logarithm, which gets multiplied by the angular area of the cone, in line with the
discussion in Section4.1. The situation is interesting for isolation cones because the loga-
rithms are typically large (experiments often restrict the isolation energy to a few GeVs),
while the area tends to be small. If we substituteEiso ! Eiso(" ) from ( 4.8) into ( 4.12),
we can compute the soft function for the smooth-cone. In the approximation (4.11), we
Þnd that the smooth-cone result is obtained from the Þxed cone one-loop result using the
substitution

ln
#! E!

µ
"! ln

#! e! nE!

µ
. (4.13)

In other words, the smooth-cone isolation is more restrictive than Þxed-cone isolation by a
factor en . A computation such as [55] which uses smooth-cone isolation with#! = 0 .1 and
n = 2, therefore has the same size logarithms as a Þxed-cone computation with#! = 0 .01.
For photon energies of a few hundred GeVs, this indeed matches up with the Þxed-cone
isolation criterion

E iso
T = 4 .8 GeV + 0.0042E T

! (4.14)

used in the ATLAS analysis [59]. ATLAS uses a cone ofR = 0 .4 in the rapidity and
azimuthal-angle plane. A particle is considered to be inside the cone (and therefore belongs
to the ÒoutÓ-region), if" y2 + " $2 < R 2, where " y is the rapidity di ! erence and" $ the
di! erence of the azimuthal angle between the particle and the photon.

As we discussed in Section4.1 above, the two-loop non-global and global logarithms
can cancel each other out and for photon isolation results displayed in Figure9, this e! ect
is quite pronounced. In this plot we considere+ e! ! ! + X with an isolation cone with
half-angle "0 = %/ 4 and compare the resummed result with the one-loop logarithm and
with the global contribution, which is given by the exponential of the one-loop logarithm.
We observe that higher-order e! ects are quite small down to relatively low isolation energies
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Effective theory of Glauber 
The Glauber effects discussed so far are part of the 
hard anomalous dimension

RG evolution must match up with low-energy theory: SCET + 
Glauber gluons (Rothstein & Stewart ’16)
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¥ For non-global observables, we obtained a parton shower from 
effective Þeld theory

¥ Þrst-principles derivation of shower, based on RG evolution

¥ ßexible implementation of shower using MG5_aMC@NLO

¥ To resum NLLs, one should include higher-order corrections to the 
anomalous dimension matrix and matching coefÞcients

¥ when the veto region is small, NGLs are enhanced due to dependence on 
the size of the veto region 

¥ (Finite Nc) + Glauber + non-global = super-leading log

¥ interesting to understand in EFT framework

Conclusion and outlook
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