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Introduction



Forward Scattering

Focus on a special region of kinematic phase space:
Forward Scattering limit.

Hard Scattering limit: s ~ |¢| P> Pa—>
Forward Scattering limit: s > |{] A
s=(p+p)? t=q¢ = (ps—p2)° Pl < pf—’

p3 , P4 separated by large rapidity:.

s = 4k cosh®y, t= —2k% coshye ™, u= —2k% coshye?
S

s~ —u~kieV, to~ -k yzlﬂ(—)

—1
t-channel exchange dominant.



Forward Scattering in Scalar ¢’ Theory

d(p1) + ¢(p2) — d(p3) + @(p4)
Regge behaviour observed for s — oo and ¢ fixed. M ~ Sa(t)

P3 =p1+4¢

[
-

Sum infinite set of ladder diagrams. pr

Rungs of the ladder on-shell, legs off-shell by /—t,
particles strongly ordered in rapidity:. |

Yo > Y1 > ... > Y ki 2 k)

Pe=P2 — (g

[
P

[lexzﬂjnS—I_D(xz;yut)]n P2 R

Z_[8(t) In(s)]"

sn!

1 6"(t) L
M~ = In® s — +8(1)
- nz:% s s

Also include cross-box diagrams.
[Polkinghorne; J. Math. Phys. 4(1963) 503, 1393, 1396]



Forward Scattering in QCD

This is a concern in QCD
— Breakdown of perturbation theory:.

a, <1, oa,ln (i) ~ 1

Regge behavior in QCD is described by
Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation.

Als) 1 ( S )4CA%ln2

T or \—¢
This corresponds to leading log resummation of terms (agIn )"

Other small-x resummation formalisms: BK, BJIMWLK,
the dipole approximation, multi-wilson lines EF'T', etc.

Balitsy, Lipatov; Sov. J. Nucl. Phys. 28, 822 (1978)]

[Del Duca; hep-ph/9503226]



Looking for BFKL in Experiments

ZEUS Collaboration / Nuclear Physics B 627 (2002) 3-28

Fit tor total photoproduction cross section:

T g . mzEUS 1996 o
ot € — = [OHI19%
O — X S YS n gjbg | « low-energy experiments
YD BRNETETE DL98
[ZEUS Collaboration; Nucl. Phys. B. 627 (2002) 3-28] . T ZEUShu i

Regge behavior observed in the data:
e ~ 0.08.

130 —

BFKL Leading log solution gives
e = 4C 1 /mIn2 ~ 0.5 for ag ~ 0.2.

lool | L lllI[[] L 1 IJll]Jl

Naively including NLO corrections to BFKL gives -
e = 4C 1a5/mIn2(1 — 6.5C 1 /m) < 0. | : 1\% (GeV)

Looking for BFKL in experiments
is a very challenging problem!

Other signatures of BFKL: Fy(z, Q*) structure function
measurement at HERA, Mueller-Navelet jets.

'Ducloué et al.; arXiv:1407.5106



Soft Collinear Effective Theory

Sudakov decomposition (light cone coordinates):

nt nt
n* =(1,0,0,1) @*=(1,0,0,—1) p“z;ﬁ-p+7n.p+pi
+ 0 3
pr=np=p —p I R
P =", ,pL)
p- =n.p=p" +p’ 5 I

plj_ — (O7p17p270)
Lqop (¥, A) = Lscrr = ﬁéo) (Vs, As) + Z LIS? (&nis Any)

Power counting parameter: \.

2
Symmetries of SCET: Gauge invariance for each sec- Pn \/g()\ ) 17 )\)
. . , . o
tor, Lorentz invariance gets partially broken, discrete C'PT’ Dy ~ \/g (d_’ A\ )\)

symmetries of QCD. ‘
Prn ™ \/§<7 >\27 >\)

Modes: Soft and collinear quarks and gluons ¥g, Ag, &, Ay,

SCET lectures by lain Stewart:
http://courses.edx.org/cdx/MITx /8 EFTx/asset /notes scetnotes. pdf



Modes in SCET

Hard interactions are integrated out in the effective

theory. All the hard physics is then encoded in the
matching coefficients

Joep (@) = q(z) Mq(x)

Oof (P1p2:7) = X 5 (2)X)) 5, ()

dgﬁldg (Pl —p2)-T) [ngaﬂo 5(p17p2, ) ng)\poggp(pl Dol T )]

Soft particles with O( Q A) momenta can knock
collinear particles off shell. Not allowed in the SCET

Lagrangian (without operators for Glauber and hard
interactions).

/ Interactions with collinear gluons are allowead



Formalism
qq Forward Scattering Example



Kinematics of Forward Scattering

q(pn) + C_Y(pﬁ) — q(pfn) + Q(p%) The momentum configuration we want for

/ forward scattering:
n n / 2
o o ~ 1 ~ (O\ A
’fl——*—?‘—*"ﬁ pn pn (Q ) Q Y, Q )
E¢Qnﬁ pT P bL
@ —> — - 2
pEe P~ o~ ((Q, QN QX)
Pn pn ot - DL
I+ _ T T _ _ _
/
5 n n
¢q7mNQ)\ —-_<->—0——<-_T
——> - - > - . _ 2
> U5 } dnn ~ QA
Pn % -

ha ~ (QN,QN,Q\)  Pn ~P, PR ~P;



Forward Scattering Operators

dnm ~ (QN*,QN.QN)  q1>q ¢ Pn

The QCD matrix element is given by:

_ BC ) :
o = | [ [ e, ]

47

Suggests the following form for the SCET scattering amplitude:

Mscer = (9(p,) @(Pn) | Ontn | a(pn) @(Pr) )

qu _OqB_OBC’ 1

n 7)2 7)2 OqC

098 =~ T B%Xn (’),%B — _nTB%Xn OBC & 8ra, 689 P7
(for no soft fields)

P ¢p(x) = p') ¢p(2)

picks out the O(A) perp label momentum



n-s forward scattering

q(pn) + q(ks) — q(pfn) + Cj(k;) Glauber exchanges can also couple
soft and collinear fields

ks k Dn ~ P~ (QX, Q , Q)
— > — > N N
'¢QSn
. /
n__;_"_;;_n kSNkSN(Q)\7Q)\7Q)\)
Pn Pn pT p~  PL
P =p +q" ke =k, —q°
ke K
—> —>
¢q;|_nNQ)‘2 S . S
N-->»-@&-»--N : -
—> . qanQ)\
Pn E ¢

g“ o~ (QN.QN,QN)  pno~pn Kt~k



Forward Scattering Operators

n-s forward scattering is then 1 I L/
described by the following O = O%BP—Q(’)Q” 5 >
gauge invariant operator: S > @—> S
B_— 5Bl B B It :
Ol= =x,T o Xn O® = 8mag <¢QT 5%) : ¢QS’I’L
Thus the Glauber Lagrangian is given by: N——>—-@ —->»--N
? —,»
II(0) —iz PN N\ —iz-P S Aij n p
’CG — € >4 >4 n8n+6 > > 077:73 "
n,N 1,)=q,g n 1,=4,9
1 1 1
— o—izP - zB BC jC —iz-P - iB jn B
= Y 0 0 p7 SO+ e PN 0 p7 — O’
M 1,]=q,9 n 1,7=4q,9
Summary of all components of Glauber operators:
0 =5 TP y, O3B = 1 fBCDRC . (pyphBPL
O =X TP xn O5F = $fPOPBYL, 5 - (P+PHBLY o
OBC = 8r as{P“STS Piu—PigB SES,—SESngBt Pt —gBut ST SpgBL, , — M ST igéngn}
OgnB — 87 &g TB%”QDQ OgnB — 87, QfBCDBSJ_M % i (7)_|_73T)Bglju

OgnB — 87, —g Tngg OgﬁB — 87a. QfBCDBSJ_u % ) (P—FPT)BZEH




Sublabel Momenta

Consider the case of gluon emission The routing of soft momenta should
from the mid rapidity operator: preserve power counting
Pn ,/ﬁ / 2
_ — n ™~ Pp ™ ’ A‘? A
n--<€--@ —<--7 br ™ P (&Q/Q)
Hoyoe _ (1t - + - by
po_ M -Fﬁ;_ o s“(k 7k 7QL._WIL) y P
¢ =) TR ¢ . > 0\ q"
S
N ko~ (@3 @X. Q)
/ TR Lo
Ne— 3 — @ -—>—5 7N \ q
Pr P P~ ~ QN @, QN)
— N~

Introduce labels for routing O(A\) soft momenta on collinear and soft operators

d2 d2q .
/d4x£H(O 3 / Ao Z / LEL 04 (q1) 022 (q1,d)) 028 (—d))

N 1,)=4q,9 qi‘ QL

qu

da™ q1) O]n (—q1)-

n %J qg



Features of Glauber Potential

We describe the forward scattering regime through a non-local Glauber potential
iInstead of trying to introduce a mode for the off shell Glauber field.

Va(gr) = — 222t e
q §¢Qnﬁ
n-->-@&-»--n
G ~ (QN°,QX,Q)N) ¢t >q ¢ o

This suggests that the Glauber exchange p
does NOT resolve the longitudinal x+ and on
X~ directions, hence instantaneous in

these directions. different rapidities

Connects fields living at two different
rapidities, but same invariant mass.

What are then consequences of such nature
of the Glauber potential?




Rapidity Divergences

Consider the box and cross box Glauber exchange:

pp —k pn —k
_ bn Pl n_ _ Pn —> P _
n-—<«-@¢ <« -@- <« -1 n-—<«-& < -9 —<€ -1
N> @ -> - ->—-N Ne > @ - —@ - > T
Pn — Pn DPn — Pn
pn +k Pn + K
kg <p,
dd_2k‘J_
I OX:/ ———— k. gt < pt
W) @2 (Fe+ 42 R

y 1 / dk™ / —dk~
2J bt +pb 4+ Anlpn, k1) +30 J k= —pi + An(pd, ki + 1) —i0
dd—2kJ_
legbox = d0/12 N 1 S o
(2m)* 2(k1) (kL +q1)
y 1 / dk™ / +dk~
2 kt+ph+ An(pn, k1) +i0 J k™ +py 4+ Anlpd, ko +GL) + 40

These integrals cannot be regulated by dimensional regularization. We need to introduce a
regulator that distinguishes modes at different rapidities.



Rapidity Divergences

€T T Potential static in the
n - < - < -@ < - n, longitudinal distance:
: : — o= o ot
k+q¢; ;fk Ty =Y1,2T1 =Y
: Pn + kK - N S
n ——>»-&->»>-&->--n Lo =Yg, Lo — Yoy

Yyi —>» Y2
O\?)  O(A?)

=~ /=

i tor: ¢ Pn + &
N-Collinear propagator: PN . % = .
2(pn +EF)( py + ) — k2 +i0

O(XO) O(A?)

drop these terms

The O(A?) Glauber momenta gets dropped. To regulate the k* divergences introduce
a slight dependence on the longitudinal momenta, so that the Glauber exchange is
no longer instantaneous in these directions

For every Glauber operator insertion insert this factor to
make the Glauber exchange no longer static in the o V! 2 V"

w
longitudinal distance, but only in the limit n ->0: 12K, |7 k= — kTn



Rapidity Divergences
The cross box diagram is zero with this regulator

Py —k
pn —> pn
: : dm ) (2m)42(k2 ) (kL + q1)?
SRS S S (2m)* 2(k2 ) (k1 + q1)
Pn —> Dy
pn+k
pr —k i
e e <" < Same as the result stated earlier from
n- n . ’ .
k+q\ /x | A— Polkinghorne’s calculation.

Ne > @ > " —> -1

pn +E

This allows one to just consider a series of ladder diagrams. Diagrams with one or
more crossed Glauber propagators are zero

R-<-@ <@ - -0 <-@¢ —<- 7]

k1 +q §---§ —kn
n-->¢o -0 -0 ->- 0¢>--

= 2(—ig*) VS 1T (a0) (N jlu 1)! {1 T O(”)]

(V) d—d—Qku_ d—d kN ( € 2(—:)N—I—1 - |:_ % :| |:_ % :|
I 7(q1) :/ = 5 > = S = |up=u Vn —=Uq
. (k1 + q1)2(kor — Kk11)2 - (kni — kv—1y)1)? kx| 2 e



Rapidity Divergences

One can see the exponentiation by doing a Fourier transform to the impact
parameter space:

Zaie i S Sl s s

: : 1 . N+1, onn
FTJ_ k1+Q¢ E ...E ¢—]~CN (N_|_1)'[Z¢(bj_)] 28
M- @ ->-@—-@-> - —>—- .
d—d—Q 1€ 2e 7
6(0,) = ~Ti & TS () [ qu( ) g
1

The sum of all the ladder diagrams give

/d—d 26] ezfu b Z GBOX2—>2 ): (é(bj_) . 1)2Snﬁ

é(bL) _ plp(by)

G(q.) = d2bL e—iql-lﬁ oiP(bL)



Rapidity Divergences
Rapidity divergences also occur in loops other than Glauber exchanges:

A general feature of the SCET)| theory

On factorizing a matrix element into soft and
collinear pieces one finds rapidity
divergences that only cancel in the sum:

Q qdkt Akt Q dkt
I — / > / = / ar
Hr kT Hr kT A kT

< dkt (9 dkt
” HL kT | k—+

0

To treat these divergences we include
modify the momentum space Wilson lines:

] 5 - _
_ gw” | n-Py |77
W, = g exp __ﬁ-73 s n- A,

B gw | 2Pgy3 /2
Sp = Zexp B S—r; n - As

L I
1

- n-coll.

QL@ .

VvV acts as a rapidity cutoff. wis a
bookkeeping parameter
0

O 20N 2 . _
Vo W (v) nw*(v), %E%w(u) 1



Rapidity Divergences

Incorporate rapidity regulators in the Wilson lines and in the Glauber Lagrangian

B —g [w]2P?| /> —g [w]2P?|7"/2
Sn—ZeXp{n.P[ S n-Ag| ¢, Sﬁ:ZeXp — 5 P n-Agl ¢,

perms perms

2l — _ 2
—g [w?|f-P|™"_ in - P77
W, = E exp{n.P[ g n-An]}, Wa = E exp{n 77[ grap n-Asl ¢.

perms perms

/ 11(0 :S‘ S‘ / Z /d 4L dqu OABki(QJ_7QJ_)

ni i,j=q,9 Kt ke i dr
i B [
” 5|t -0 +in -0 B
< (O e Wl TS0 ()
d? Bns k. +1n -0 N
d:lj qL J_) e ns vy Ojn]ﬁ( QJ_)
14 S,RKr

n i,j=q,g




BFKL from Glauber Lagrangian

We are in now position to write down
Cross section for forward scattering

Oppl X ~ Z pp'|UJ 1y | X) (XU 1y pp)

Uik k) refers to the term in Glauber Lagrangian with k n-collinear operator
Insertions and k' n-bar-collinear operators.

/ d2 d2 ~ / ~/
Uty =i / da* dxiZ/ | 7 (O (00) + 07 ()] (@) [075 (61) + OF 4 (6] (@)

X 03(1 1), (g QL)(ja 55’/) :
Os(1,1) contains a single insertion of the 3-
rapidity and a T product of two 2-rapidity
operators.

For this operator we can factorize the cross section by splitting
the final state into different rapidity sectors:

[ X) = [ Xon) [ Xa) | Xs)



BFKL from Glauber Lagrangian

The cross section can then be manipulated to give

Opp' X = /dQQJ_dQQ/LCn(QS_ap,+)SG(QJ_7Ql)Cn(Qlap_)

AN
We have factorized the cross section by separating the — n-collinear =
collinear and soft matrix elements of Glauber ® ¢
operators. This factorization holds for lowest order QL¢ : : f 1L

graphs that give Leading Log BFKL.

Coldp7)= > Y (2m)°6*(Px, —¢1)6(Px, —p7)

1,7 =q,9 Xn

X (p| O}, 1(0)|X) (X 03(0) )

<O‘Os(1 1)((]La(ﬂ) | Xs) (X ’Os(l 1)(QJ_7QJ_)‘O>



BFKL for the Soft Function

We can derive the LL BFKL equation for soft function
by collecting all the rapidity divergent pieces for

either purely soft or collinear diagrams. We choose

soft here: N

6u+i fcﬂ

Tree level bare graph: . ¢
qLy 4l

= 59(q1,q)) = Bmas) (N2 — 1)(2m)26% (7L — 7))

A
Iy : S SN O TN n 25,
Real radiation: $TIITT | FTTTTT :—28w2F<—>/ 59k, q))
1y P ldL T 2/ (kL= q1)?
Virtual corrections: §
. AN

: S : S :
261¢¢ 0390, szu B g% ifcu _ y (—)/kolﬂ quf SOI
ff P |G A % | b F2(FL — )




BFKL for the Soft Function

Putting the pieces together we get:
Are a,C d?k q?
S¢(a1,dL) = 56 (a1.4)) + W;‘wQF(g) / AN [Sé§><m,q;> - Tgsé?%ql,q;)]

The bare soft function is then renormalized:

SG(JLaiiay) /d kJ_ ZSG(QJ_akJ_) Sbare(kL’qi)

o 20 g (p)w? (v 1 - d’k, q?t
Zsg(qri ki) =0%q1—k1)— Wgz ) G — 5% L/ﬂ)/%,z(k/ )2
L\

This now allows us to derive an RG equation for the soft function in rapidity space ...

d d

0 = ud—Sbare(qL,ql) =V /dZ/ﬂ Zg (g1 k1) Salk,q\,v)

d

VESG(QJ_7 qg_? V) — /dsz_ VSG(QJJ kJ_) SG(kJ_v Qla V)



BFKL for the Collinear Function from consistency

... and the RG equation is precisely the Leading Log BFKL equation:

(k1 —q1L)? 2/23(@ —q1)?

v— Sa(qL,q),v)

d - 2Cq0( 1) /ko {SG(M,QLV) 77 Sa(qi.q),v)
dv N T2 +

Through the consistency relation one can determine the RG for the collinear sectors:

d ~
Vd—y/d2qLd2qun(Q’L,p’+)Sa(qL,(A)Cn(Q’L,p ) =0

1

volqr,q)) = -3 Vse(q1,4))
d L C OKS _Cn k ’ _7V q_)2 Cn q 7p_7y ]
v CulqL,p™ V) = == /d%L - - 2) 7 - - 2)
% T (kL —q1) 2k5 (k1L —q1 )~ -

This is an important result since the same collinear function
appears in the DIS cross section in the small-x limit.



Application

Small-r Deep Inelastic Scattering



DIS Kinematics s = (P, + P)?

e(Pe) +p(P) — e(P;) + p(Px)

* We have the same scaling for
the momenta to give us the
forward scattering configuration
Q% << s.

* The Photon is treated without
expanding. We have two QCD
rapidity sectors now.

* The more interesting piece
has a soft sector at the scale
Q.

« BFKL arises between the Soft
and collinear sector.

 Even the direct piece has
BFKL between soft and
collinear sectors, but it is at
the scale ~/\qcp, not at Q




DIS Kinematics recall the flow of momenta:

. . 2 . : .
Fixing x and Q2 implies: ; ; pn ~ph ~(Q , QN QN)
+ k+ — Q Q

x fixes this Q2 fixes this

Power counting:




Small-x Factorization of Hadronic Tensor

Here we sketch a quick derivation of the factorization of the Hadronic tensor:

O = Y L@ QW (e, Q)

2
dzd@Q I,I'=V,A

Focus on the hadronic part:

W)= Y Y / A5 e (P|T o (0)| X ) (X | T o () P)

avg.spin X

XV ()IP) = (X XTI (a)i [ dtoL @) P)

Z /d:ﬂ‘d:p ZZ/di,q;

1)=4,9

(Xn X, TO, - (d) (@015 (—d)(@) g ()| P)

To be able to factorize the matrix

element strip out the O(A%) momentum JQCD( )
from Jacp so that it only has O(A) soft

momenta left:

2 _i "D
2% "pT Joft( ) x'" P

S

P wsVuws( //)6__36 -

Mls

€



Small-x Factorization of Hadronic Tensor

Steps that follow:

* Power counting allows us to drop the soft momenta label on the collinear

operators.

* Apply momentum conservation

WMV($7Q2) :/ —>/q2J_C (QJ_a 7V7AQCD>P_SMV(QJJQQ_?:EP_?V) |:1

d2
491
Uy — — 1 3 52 /
S (QLacIJ_axP 7V):—»_/2 (27T) 0 (QL_QJ_
q X.
x (0T / 425 ol

O(A2) residual momenta can be dropped everywhere

The k- label on the soft momenta can then be made continuous

— Px.)0(q" — P)

(0, 1) Xs) (T / 25 O (F)

JUI

soft

C’)(a;)}

(0,4.)10)



Sum logs of x

2

do _ “%em (T2 2 % 2 P
dCBdQQ 921242 <Q2>LMV(Q )W'LL (ZC,Q )

My 2y 2T
(P—)? Wi £—0 2@2 FL T QQ (1 —y)F
O\ O(A-1)

2, WHY 2135
Q £ + ..., FL — Q2

F>L correspond to taking appropriate p p
projections on the soft function Sk, 4

n

J

Fs = n,n, WHY

218

F- also has a contribution from a direct
piece that is shown later.

Q2 / d2Qi]_ / Vs q/L Vs
F: — S Cn ’
2,L (377 A%CD _;,2 2, L\ 41,49, P » V AQCD P-
dzq Vs q| Ve
/ —’/2 —’//2 SQ,L<QJ_7Q/L7£UP7V> UV(VS,VC,QL,QZ)Cn(AQCDj_P
Here the logs of x are related to Vg
Inx =In ( )

rapidity divergence and are
resummed by BFKL.




p-Factorization of the Collinear Function

L. ve
We assume that | ~ Q is a perturbative scale Cn ( ] —
and hence we need to resum the large logs in AQCD 5/
the collinear function >>" 1 ~1

Lo v\ [ I vo z Aqap
Cn<AQCD’P_>_/ AEH; <M P- f)fj<§7AQCD>{1+O( Q ﬂ
o dfl / ' A
—/ dﬁ/ (uH B §£,> (porrs peas, &) f; (& AQCD>

Here U does the DGLAP p resummation
between the matching coefficient and the pdf.

The arguments are fixed by noting that all the objects
appearing in this equation are dimensionless, and
hence can depend only on ratios of various energy
scales and dimensionless parameters




BFKL at the scale of the pdf

(a7 ) = ) e (5% (e )

"\ Aqcp’ P~ 0 ’ " P=¢ )77 \”7 Aqep
B 1 dé“/ %6 kj , ( LA )
—/O df/o S (MH - 55,) U G . €) 1

We note that for the choice of vc = P, the logs of x on the left hand side are
resummed, but we are still left with logs of € and ¢'.

This requires a further factorization
in rapidity for the H and the pdf.

1 %8, _
In— =In—~, vg=¢EP
§ Vs >
1
In— =In-C I =¢ep-

/] 7
§'¢ Vg




The Direct Piece for F»>

F2 also gets contribution from a direct photon exchange with
Glauber scaling. This piece has no soft modes at scale Q by

definition. We denote this piece as AF(x,Q2) P P\’
e € @
_ o> —> % _
2 - === = - —{;———n
q" g é q
F(z, Q%) = / —H’< >f7,(z ) I

- n - - ->-@_ n-collinear » > - -Nn

4,9 —> —>

P* Py Pr

The logs of z in the pdf are resummed by a g

rapidity factorization at the Aqcp scale:

d2kJ_ f kJ_ vV kJ_ v
fZ(Z,,U)—/ EJQ_ Si(M7ZP_>C<AQCD7P_>

One can see that the bottom part of the diagram is same as before - hence get the
same C, but this time it is non-perturbative. We are here mainly interested in the RG

running for y and v of the pdf. % s ? Quark DIS operator
3=




Solution to the BFKL equation

One solves BFKL by finding eigenfunctions of its integral kernel:

1 d*q i -
/d g1 Kprkr(,q)f(qL) = —/ 5 f(qL) — " — f(l1)
(L —qu) qi
Eigenfunctions: fn ~(q1) = (§7)7 te"™%s
/ d’q1 Kprxi(l, 9)q1" " e = x(n, )11 Ve
10F v (0, V)

_ ] 1| :
x(n,y)=2y1)— ¢ y+7 — Y 1—y+7 IIIIIIIII ) N

For our case n = 0, since there's no angular dependence. —102-

Using Mellin's inversion theorem we define y transform as :

a2, 2N\""1 /2 12 2 +o0 dry 12\ 7
g(’y)=/ > (é) 9<%>, g(%) =/ > ( é) g(7)
M H H M 1l _joo 4TL \H

2

Then solution for the BFKL Kernel is given by

—_—
/

p?’ p?’ v | oo 2Wi T T\ )0\ p

2

l

3
N




Factorization in Moment Space

Using the solution of the BFKL equation we now have

3 +o0 d % % 72\ v
e 5 [ B o)) (B 22

J=4q,9
: . agC v
Where we have defined: U( y_) _ le Cax(y)n L2
9
(o) = () () R
NVep=) =) 2\ T\ p’EPT
lJ_ Vo %+OO d’y lJQ_ 7 Vo Vs d2qi Jf 7 Vs

H. _ L) FH. pv — pv o

J ( 10 ) é_P_) é_im 9 /J2 AR EP_ S Y41, P / q—»J/_Q q—»JQ_ S q,,41, P-

Now define N-Mellin moments with respect to x as:

1 N_1 C‘|‘iOO dN N
g(N)= [ dez”""g(x), g(x)= 5t g(N)
0 c—ioco 4T
) C is in the region on x axis
Fy(N, Q%) = / dx 2N 71y (z, Q%) where g(x) is analytic.
0
d”}/ 1 Q2>’Y Hj(’y’ 1)32(77 1) 3 ( asCA v )

_ W\ = 9!
+H’.<N,—) -(N+1, >
g Q /3 Aqcp



Consistency between g and v RGE
BFKL for H gives

(L v\ _ /2+°O (v (12 e (e,
J ’ — ] = 2 2 2 J ’ —
po &P 1 2mi ‘ve ) \ i pe po &P
:/2+OO Chg 2224 X (y) ﬁ WH. y Vg
1 271 2 J ’fP_

DGLAP for H gives

d [, vo dfl vVc /
——H; — — — H P,
<ﬂt <u’§P‘> o & k< §8P‘> ki ()

Combining these two equations and taking N Mellin moment we get

/dv 1 Hy (v, 1) [¥0r; — Pkg(o‘fo(v)>] ( . >—7:O

2mi N — @Zax(y) Q7

s

a.C
This defines N as follows: N = —2 AX(’YN)

u-v consistency equation: Z Hi(vn, 1) hN — ij(N)] =0



Consistency between g and v RGE
Hence at Leading Log accuracy we obtain resummed gluon anomalous dimension:

Hg(’YNal)[’YN _ng(N)] + Hq(’YNal)[_qu(N)] =0

Hg(vNal)[_PQQ(N)} + HQ(VNvl)[VN_PQQ(N)} =0

Following similar steps for the direct piece AF yields:

e — LL ——~—_ NLL LI
oMoy B0 ) =5
TN TN
,_N}\L LL ,_g\‘ NLL,O(cs) NLL
M romn+ Doy =5 em
TN TN
_ P
Pyy(N)=vn, SI(y) = Tjj(N)Sg(WN)
The first is same as we derived for H. The second qu (N)

proves that at the lowest order in small-x the quark pdf AFQ —
Is directly related to the gluon pdf. YN



Final results for structure functions

Hence having resummed the leading small-x logs we now have
following relations for the coefficient functions:

F2(N):C§(N)fg(N)v FL(N):C%(N)JFQ(N)

Where the coefficient functions are given by:

CL(N) =Sc(y~)R(y~)H (7w, 1)

2n s Pag(N)
YN

C3(N) = Sa(yn)R(y~)H (N, 1)

SL(yn) and So(yn) are the moments of our soft
function. nr is the number of quark flavors
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Comparison with previous work

This problem has been long under
investigation. First resummation for the
coefficient function: Catani-Hautmann, 1994

Diagrammatic approach.

Their approach involved solving the n=4+2¢
dimensional BFKL egn. to keep track of the

IR divergences, as they deal with the small-
X resummation.

Not gauge invariant (at least not clear a
priori).

Deals with bare quantities, unlike our
factorization theorem where the functions in
our factorization formulae have been
renormalized.

Our results for S, and S in the y space
agree with theirs. We get the same
consistency equations.

BFKL Iin 4+2¢ dimensions:

O‘sCA

d2+2€/ﬁ_ 1

2P| Kernels for collinear singularities:

TN

2¢ 7.
(2mp)*e k2

|:F](\(/£))(QJ_—]€J_)—QJ_ (QJ_ J_)F](\(‘/J)(QJ_):|



summary

Forward Scattering formalism in Effective Field theory
gives a very unigue understanding of the underlying
physics.

Rich phenomenology of Glauber exchanges

Use of y-v space RGEs for DGLAP and BFKL
evolutions.

Our goal is to get further understanding of NLL small-x
resummation using this new forward scattering
formalism in SCET.



Thank you



