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Regge behaviour fors # $ andt Þxed:

Sum inÞnite set of ladder diagrams.

Rungs of the ladder on-shell, legs o! -shell by
!

%t

Equivalent to small-x limit in DIS: x & |t|/s

[Polkinghorne; J. Math. Phys. 4(1963) 503, 1393, 1396]
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Forward Scattering

Focus on a special region of kinematic phase space:
Forward Scattering.

Storehouse of rich phenomenology!

Hard Scattering:s ⇠ |t|
Forward Scattering:s � |t|

p3 , p4 separated by large rapidity.

t-channel exchange dominant.
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p1 p3 = p1 + q

p2 p4 = p2 − q

FIG. 1: The ladder graphs

p1 p3 = p1 + q

p2 p4 = p2 − q

FIG. 2: The cut ladder graphs

Our analysis will start with the mode expansion for the scalar box diagram, Figure 3a. Along the way we will
resolve a paradox that exists in the usual method of regions treatment of the box. In [4] Smirnov demonstrates how
the box diagram can be reconstructed by the use of collinear modesfor the vertical legs of the ladder, although an
extra Òanalytic regularizationÓ in which the propagators are modiÞed is required. Indeed, we will also Þnd this result
with our regularization. However, when the legs are collinear modes,at least one of the horizontal rungs of the box
must be a hard mode which is far o! -shell. (We will review the terminology and kinematics in more detail below.) By
unitarity, the o ! -shell mode should not be able to produce the imaginary part of the box diagram. However, we will
show that the imaginary part arises from an overlap region which thecollinear mode shares with Glauber exchange.
By removing the overlap, the box can be reformulated in a version ofSCET including the Glauber mode, SCETG , in
which case the horizontal rung is in fact an on-shell (collinear) mode. The need to include Glauber modes in SCET
has been shown by [10] (see also [11]), they have been shown to be important in the context of jets in a medium[12],
and the relevance of these modes for Regge physics was Þrst shown in [13].

The plan of this paper involves a brief overview of Regge behavior in Sec. 2, and of SCET kinematics in Sec.
3. Then in Sec. 4 (along with Appendix A) we provide a detailed treatment of the box diagram, paying particular
attention to the overlap regions between modes and demonstrating the importance of the Glauber mode. Sec. 5
treats the two loop ladder graph and shows how to count the modesand match to the full theory. This is continued
to higher orders in Sec. 6, 7. A conclusion summarizes what has beenaccomplished. While this paper was being
Þnalized, an important related work by Fleming was released [14], andwe also discuss the relation of our work to his
in the conclusion. Three appendices provide some relevant technical details.
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Regge behaviour fors # $ andt Þxed:
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Fig. 8. The photonÐproton total cross section as a function of photonÐproton center-of-mass energy. The present
measurement is shown as the Þlled square. Also shown are the published H1 value (open square), the low-energy
data (Þlled circles), the DL98 parameterization (dot-dashed curve) and the ZEUS Þt (solid curve) described by
Eqs. (5) and (6), see text.

Fits of hadronic total cross sections and an investigation of their universal high-energy
behavior have been carried out by Donnachie and Landshoff [2] using the form of Eq. (1).
A similar Þt has been performed by Cudell et al. [3] based on more recent hadronic data.
A ZEUS Þt of the form

(5)! tot = A áW2"
#p + B áW! 2$

#p ,

whereW#p is in GeV, to the existing#p data [8,15] and including the present measurement
has been performed and is shown as the solid curve in Fig. 8. The present Þt has been
restricted toW#p > 4 GeV and the Reggeon intercept (%R(0) = 1 ! $) has been Þxed to
the value found by Cudell et al.,$ = 0.358± 0.015. The resulting Þt parameters are:

(6)A = 57± 5µb; B = 121± 13µb; " = 0.100± 0.012.

The resulting value of" , related to the Pomeron intercept (%P(0) = 1 + " ), is in good
agreement with" = 0.093± 0.002 found by Cudell et al., a value derived primarily from
pp and øpp data.

A Þt including a soft- and hard-Pomeron trajectory by Donnachie and Landshoff
(DL98) [4] also agrees with the present measurement within uncertainties, as shown by

0.5 BFKL and experiments

Regge behavior observed in the data:
! ! 0.08.

BFKL Leading log solution gives
! = 4CA" s/ # ln 2 ! 0.5 for " s ! 0.2.

Naively including NLO corrections to BFKL gives
! = 4CA" s/ # ln 2(1" 6.5CA" s/ #).

0.6 Small x DIS

Derive BFKL using SCET

• Small-x limit corresponds to Glauber gluons exchange

• E! ects of Glauber gluons can be incorporated by includ-
ing Glauber exchange operators in the SCET Lagrangian
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0.5 BFKL and experiments

Looking for BFKL in Experiments

Regge behavior observed in the data:
✏ ! 0.08.

BFKL Leading log solution gives
✏ = 4CA↵s/ ⇡ ln 2 ! 0.5 for ↵s ! 0.2.

Naively including NLO corrections to BFKL gives
✏ = 4CA↵s/ ⇡ ln 2(1 " 6.5CA↵s/ ⇡) < 0.

Analysis including running coupling e! ects at NLO
and proper scheme dependence is quite involved.

Other signatures of BFKL: F2(x, Q2) structure function
measurement at HERA, Mueller-Navelet jets.

(↵s ln(1/x ))n, ↵s(↵s ln(1/x ))n, . . .
terms spoil the perturbation expansion
of splitting functions.

6
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Looking for BFKL in Experiments

Fit for total photoproduction cross section:
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Analysis including running coupling e! ects at NLO
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0.8 Soft Collinear E ! ective The-
ory

Soft Collinear E ! ective Theory

¥ Small-x limit corresponds to Glauber gluons exchange

¥ E! ects of Glauber gluons can be incorporated by includ-
ing Glauber exchange operators in the SCET Lagrangian

¥ Relevant operators for DIS: Onq, Ong,. . .

¥ Matrix elements of the operators above contain rapidity
divergence

¥ Resummation of rapidity logarithms corresponds to
solving the BFKL equation

[Author 1, Author 2, Author 3; 1234.5678]
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Sudakov decomposition (light cone coordinates):

Power counting parameter : ! .

Symmetries of SCET : Gauge invariance for each sec-
tor, Lorentz invariance gets partially broken, discreteCPT
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Modes : Soft and collinear quarks and gluons" S, AS, #ni , Ani

0.11 E! ective Field Theory for
Forward Scattering

More complicated: Involves o! -shell gluons.

Gluons with Glauber momentum scaling needed to re-
produce the Regge behavior of QCD.
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Soft particles with O( Q ! ) momenta can knock 
collinear particles off shell. Not allowed in the SCET 
Lagrangian (without operators for Glauber and hard 
interactions).

Interactions with collinear gluons are allowed

Hard interactions are integrated out in the effective 
theory. All the hard physics is then encoded in the 
matching coefÞcients

J µ
QCD (x) = q̄(x) ! µq(x)

O!"
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qøq Forward Scattering Example

Formalism



q(pn ) + øq(pøn ) ! q(p!
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The momentum conÞguration we want for 
forward scattering:
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Kinematics of Forward Scattering
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(for no soft Þelds)

picks out the O(! ) perp label momentum

Suggests the following form for the SCET scattering amplitude:

The QCD matrix element is given by:
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Forward Scattering Operators
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Glauber exchanges can also couple 
soft and collinear Þelds

pn

n

p!
n

n

s s

ks k!
s

qsn

p!+
n = p+

n + q+

pn p!
n

n n
q+

sn ! Q! 2
ks k!

s

s s

q!
sn ! Q!

k!"
s = k"

s ! q"

n-s forward scattering



J
H
E
P
0
8
(
2
0
1
6
)
0
2
5

OqB
n = ! n T B /øn

2 ! n OgB
n = i

2 f BCD BC
n ! µ

øn
2 á(P+P   )BDµ

n !

OqB
øn = ! øn T B /n

2 ! øn OgB
øn = i

2 f BCD BC
øn ! µ

n
2 á(P+P   )BDµ

øn !

OBC
s = 8"# s

!
P µ

! ST
n Søn P! µ −P !

µ g "Bnµ
S ! ST

n Søn −ST
n Søn g "Bønµ

S ! P !
µ −g "Bnµ

S ! ST
n Søn g "Bøn

S ! µ −
n µ øn !

2 ST
n ig "Gµ !

s Søn

# BC

Oqn B
s = 8"# s

$
$̄ n

S T B /n
2 $ n

S

%
Ogn B

s = 8"# s

$
i
2 f BCD BnC

S ! µ
n
2 á(P+P   )BnDµ

S !

%

Oqøn B
s = 8"# s

$
$̄ øn

S T B /øn
2 $ øn

S

%
Og øn B

s = 8"# s

$
i
2 f BCD BønC

S ! µ
øn
2 á(P+P   )BønDµ

S !

%

Table 2. Summary of operators appearing in the leading power Glauber exchange Lagrangian in
eq. (5.21).

to making the BPS Þeld redeÞnition, so

L I(0)
G = L II(0)

G . (5.22)

However due to the appearance of couplings between the collinear and ultrasoft Þelds in
L (0)

ni for SCETI , and the di! erences between how momentum sectors are distinguished (via
subtraction terms), the precise behavior of these operators in loop diagrams will in general
be di! erent. We will see this explicitly when comparing our one-loop matching calculations
in sections7.1 and 7.3 for SCETII and SCETI respectively.

We can also consider the form of the LagrangianL I (0)
G after the BPS Þeld redeÞnition.

This Þeld redeÞnition only changes the collinear quark and gluon Þelds, inducing linesYn

or Yn for n-collinear Þelds, but leaves the soft Þelds unchanged. Due to the octet nature of
the Glauber operators inL I (0)

G , only the adjoint lines Yn and Yøn appear in this Lagrangian.
Additional ultrasoft lines can appear from interpolating Þelds for collinear initial and Þnal
states. For a situation where SCETI is the relevant theory there are no soft real emissions,
since they are ruled out by restrictions from the observable being measured, and hence the
soft gluons appearing in SCETI due to the presence of Glauber operators can only appear
as virtual soft ßuctuations.

5.1.3 Matching for all polarizations

For completeness, we can also repeat the matching calculations involving external gluons
with arbitrary external polarizations. This amounts to not specifying a speciÞc basis for the
physical states, and allows us to see how the scattering with non-transverse polarizations
are matched by the EFT. To carry out this calculation it is important to use the equations
of motion to simplify the gluon matrix elements. For a full theory scattered gluon of
momentum p the equations of motion imply p2 = 0 as well as

0 = pµAµ(p) =
1
2

øn áp náA(p) +
1
2
n áp ønáA(p) + p! áA! (p) . (5.23)

As an explicit example we consider the two-gluon two-quark matching calculation given
by the diagrams shown in Þgure11. Since the Glauber operatorOgq

øns obviously only yields
øn áA and A! polarizations, we use eq. (5.23) to eliminate the náA polarization terms

Ð 29 Ð

Summary of all components of Glauber operators:
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described by the following 
gauge invariant operator:

OqB
n = ! n TB øn/

2
! n

Oqg
ns = OqB

n
1

P2
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OgnB
s
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✓
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n

n

n

n

s

s

s

k

k

!

"

qµ
2 = ( q! ! k2! )µ + n ák1

ønµ

2
! øn ák2

nµ

2

qµ = qµ
! ! øn á(k1+ k2)

nµ

2

q µ = q µ
! + n á(k1+ k2)

ønµ

2

Figure 10. Example of the momentum routing in a T-product of soft-n and soft-øn Glauber
operators which produces two soft gluons. The virtual soft gluon is space-like and the two Glauber
operators each still satisfy their forward scattering conditions.

not always the case, due to the fact that the forward scattering constraints in eqs. (5.6)
and (5.15) only restricts one light-cone momentum of each scattering particle, and the
light-cone soft momenta are much smaller than either the momentum of then-collinear or
øn-collinear particles,n·ks ! n·pn̄ and øn·ks ! øn·pn. In particular we can have diagrams that
satisfy the soft forward scattering constraints even though physically they do not appear
to be forward scattering soft particles. For example, consider the time-ordered product of
an Oqg

ns and Oqg
n̄s shown in Þgure10. Here the two soft gluons are produced in the Þnal

state and have momentan ·ki > 0 and øn ·ki > 0 for i = 1 , 2. Nevertheless, the two Glauber
attachments to the soft gluons still satisfy the forward scattering constraints sincen · q2 =
n·k1 > 0 and" øn·q2 = øn·k2 > 0. This is enabled by then and øn collinear particles which can
absorb theO(! ) soft light-cone momenta in one of the two directions. Due to the collinear
power counting constraints the momentum øn · (k1 + k2) must travel through the Glauber
potential with momentum q into the n-collinear particles, and the momentumn · (k1 + k2)
must travel through the Glauber potential with momentum q′ from the øn-collinear particles.
This type of time ordered product will play an important role in our calculations later on.

Considering all terms which cause scattering between either colllinear or soft Þelds we
can write the full Glauber Lagrangian for SCETII as

LII(0)
G = e−ix·P

∑

n,n̄

∑

i,j=q,g

Oij
nsn̄ + e−ix·P

∑

n

∑

i,j=q,g

Oij
ns

# e−ix·P
∑

n,n̄

∑

i,j=q,g

OiB
n

1
P2
⊥
OBC

s
1
P2
⊥
OjC

n̄ + e−ix·P
∑

n

∑

i,j=q,g

OiB
n

1
P2
⊥
OjnB

s . (5.21)

Thus we see that the Glauber Lagrangian consists of operators connecting 3 rapidity sec-
tors {n, s, øn} and operators connecting 2 rapidity sectors{n, s} (and {øn, s}). This is the
complete result for the Glauber Lagrangian, since as we will explain below in section5.3
there are no loop corrections to this form. For future reference we summarize the operators
relevant to forward scattering in table 2.

If we consider the interactions of soft and collinear particles in SCETI then none of
the tree level calculations that we have done in SCETII change, and hence the Glauber
operators are precisely the same as in SCETII. In this case we are considering SCETI prior
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Thus the Glauber Lagrangian is given by:

pn

n

p!
n

n

s s

ks k!
s

qsn

Forward Scattering Operators



The routing of soft momenta should 
preserve power counting

n

øn

n

øn

s

pn p!
n

p!
øn

pn̄

ks = ( k+ , k! , q" ! q#
" )qµ = qµ

! + k+ nµ

2

q0µ = q0µ? ! k� ønµ

2
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k± ∼ λ injected by the soft operators will be carried by the collinear Þelds, and we will
denote these by momentum labels to distinguish them from the residual collinear momenta
that are O(λ2). Residual momenta are encoded in the dependence of all operators on
the spacetime coordinatesx± . The Glauber action from eq. (5.37) with the multipole
expansion made explicit is
∫

d4x L II(0)
G =

∑

n,øn

∑

i,j= q,g

∫
[dx± ]

∑

k+,k!

∫
d2q!

q2
!

d2q"
!

q"2
!

OiA
n,k! (q! ) OAB

s,# k±(q! , q"
! ) OjB

øn,k+(−q"
! )

+
∑

n

∑

i,j= q,g

∫
[dx± ]

∑

k!

∫
d2q!

q2
!

OiA
n,k! (q! ) Ojn A

s,# k! (−q! ) . (5.41)

In this form derivatives of the position space coordinatesx+ and x# are ∼ λ2. Here k+

and k# are O(λ) soft momenta, that for the collinear operators appear as subleading label
momenta underneath the large momentap#

n and p+
øn in n-collinear and øn-collinear operators

respectively. Since they are subleading, they do not appear in the propagators or leading
power Feynman for collinear Þelds, but these labels on the collinear operators are important
for conserving momenta. In terms of transverse momentum space Þelds for example

OqA
n,k! (q! ) =

∫
d2p!

∑

k"!

øχn,k"! + k! (p! + q! , x+ , x# )
/øn
2

TAχn,k"! (p! , x+ , x# ) . (5.42)

Here the conserved largeO(λ0) label momenta p# for the χn Þelds are not shown for
simplicity.

To understand the form of the original Glauber Lagrangian in eq. (5.21) and the equiv-
alent Glauber action given in eq. (5.41) it is useful to look at mass-dimensions (counted
with Qs) and power counting dimensions (counted withλs) for the various components.
For eq. (5.21) the collinear operators OiA

n ∼ Q3λ2, OjB
øn ∼ Q3λ2, the soft operators

Ojn A
s ∼ Q3λ3, OAB

s ∼ Q2λ2, and 1/ P2
! ∼ Q# 2λ# 2. Accounting for the exp(−ix á P) the

largest momenta determine the scaling of the coordinates ind4x, so for the 3-rapidity oper-
ators we haved4x ∼ Q# 4λ# 2, whereas for the 2-rapidity operators we haved4x ∼ Q# 4λ# 3.
Therefore

∫
d4x OiA

n (1/ P2
! )OAB

s (1/ P2
! )OjB

øn ∼ Q0λ0, and
∫

d4x OiA
n (1/ P2

! )Ojn A
s ∼ Q0λ0,

as expected. Next consider the Glauber action in eq. (5.41) where the operators have trans-
verse momentum arguments. Using eqs. (5.35), (5.36), (5.38), we have OiA

n (q! ) ∼ Qλ0,
OjB

øn (q! ) ∼ Qλ0, Ojn A
s (q! ) ∼ Qλ, and OAB

s (q! , q"
! ) ∼ Q0λ0. Again the largest momenta

determine the measure scaling, so [dx± ] ∼ Q# 2λ0 for the 3-rapidity sector operators and
[dx± ] ∼ Q# 2λ# 1 for the 2-rapidity sector operators. Therefore both the 2 and 3-rapidity
sector terms in eq. (5.41) scale as∼ Q0λ0, as before.

5.2.3 Rapidity regulator and zero-bin subtractions

When there are soft and collinear modes that live at the same invariant mass scale in
SCET, we in general need an additional regulator in rapidity space to distinguish these
modes and handle divergences [59]. This can be achieved using the rapidity regulator of
ref. [58], which distinguishes modes using a rapidity factorization scaleν. In this subsection
we highlight some di! erences related to the fact that the rapidity regulator must also be
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Introduce labels for routing O(! ) soft momenta on collinear and soft operators

Consider the case of gluon emission 
from the mid rapidity operator:

pøn ! p!
øn ! ( Q

!"#$
p+

, Q! 2

! "#$
p!

, Q!
!"#$

p"

)

pn ! p!
n ! (Q! 2

! "#$
p+

, Q
!"#$

p!

, Q!
!"#$

p"

)

ks ⇠ ( Q!|{z}
p+

, Q!|{z}
p!

, Q!|{z}
p"

)

qµ

q0µ

Sublabel Momenta
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3 Glauber exchange and modes for forward and hard scattering

The mechanism for near forward scattering is often referred to as ÒGlauber exchangeÓ1

which applies to the exchange of an o! shell gluon(s) or photon(s) whose transverse mo-
mentum (relative to the incoming beams) is hierarchically larger than the longitudinal
components of the momentum four vector,k2

! ! k+k" . This is distinct from the limit asso-
ciated to Coulomb exchange,⃗k 2 ! (k0)2, wherem+ k0 is the total energy of a heavy source
of massm. (For the Coulomb case with two heavy sources the power counting is done in the
relative velocity v " k0/ |⃗k| " |⃗k|/m .) A tree level example of Glauber exchange between
a forward scattered qøq pair is shown in Þgure1, where the graph gives rise to a potential

VG(q! ) = #
8παs(µ)

q⃗2
!

=
8παs(µ)

t
. (3.1)

Glauber and Coulomb exchange share many of the same properties: both are instanta-
neous in time and lead to poles in scattering amplitudes in thet/s $ 0 and v $ 0 limits
respectively. The Glauber and Coulomb exchanges both generate classical Þeld conÞgu-
rations via summing ladder diagrams (see section9), and dressing these exchanges with
loop graphs gives rise to large logs of the dimensionless parametersv and t/s respectively.
Di! erences include the fact that Glauber exchange is instantaneous in longitudinal dis-
tance and hence more singular, and that Glauber sources can undergo collinear splittings
at leading power, unlike heavy particles. The structure of modes in SCET that we describe
below (with Collinear, Soft, Ultrasoft, and Glauber modes) also has both similarities and
di! erences to the formulation of NonRelativistic QCD (NRQCD) in ref. [62] (involving
potential operators, and simultaneously soft and ultrasoft modes).

The Þeld theory ingredients for our formalism are familiar from hard scattering factor-
ization, namely various soft and collinear Þelds and their corresponding regions in momen-
tum space. To introduce some of the key concepts consider as an example the factorization
theorem for inclusive Higgs production via gluon fusion,

σ(mH ) =
!

dY
"

i,j

!
dξa

ξa

dξb

ξb
H incl

ij

#
xa

ξa
,
xb

ξb
, mH , µ

$
f i (ξa, µ)f j (ξb, µ) , (3.2)

where mH is the Higgs mass,Y is the Higgs rapidity, xa = mH eY /E cm, and xb =
mH e" Y /E cm. Here f i (ξa, µ) is the parton distribution function (PDF), which is a long-
distance matrix element that encodes the probability of Þnding the parton of typei inside
the proton with a light-cone momentum fraction ξa. The coe" cient function H incl

ij de-
scribes the short-distance hard scattering process which at its core involves gluons fusing
with the heavy top-quark loop, and producing the Higgs boson. The renormalization scale
µ is a gauge and Lorentz invariant cuto! that separates the short distance dynamics at
scales> µ into H incl

ij , while the long distance dynamics at scales< µ appears inf i and f j .
The result in eq. (3.2) is valid to all orders in αs, including the dominant nonperturbative
corrections through f i and f j , while corrections to this formula are suppressed by powers
of #QCD/m H % 1.

1To our knowledge, the use of ÒGlauberÓ for exchanges with these momenta occurred Þrst in ref. [61].
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We describe the forward scattering regime through a non-local Glauber potential 
instead of trying to introduce a mode for the off shell Glauber Þeld.

qµ
n n̄ ! (Q�2 , Q�2 , Q�) q2

! � q+ q"

This suggests that the Glauber exchange 
does NOT resolve the longitudinal x+ and 
x- directions, hence instantaneous in 
these directions.

Connects Þelds living at two different 
rapidities, but same invariant mass.

n

øn

p+

p�

p+ p! ! Q2

different rapidities

What are then consequences of such nature 
of the Glauber potential?

pn

n

øn

p!
n

pøn p0øn

n

øn
qn n̄

Features of Glauber Potential



Consider the box and cross box Glauber exchange:

k+ , q+ ! p+
øn

k! , q! ! p!
n

These integrals cannot be regulated by dimensional regularization. We need to introduce a 
regulator that distinguishes modes at different rapidities. 

I Gbox =
Z

dd�2k?

(2! )d 2("k2
?)("k? + "q?)2

!
1
2

Z
dk+

k+ + p+
n + ! n (p�n , "k?) + i0

Z
" dk�

k� " p0�øn + ! øn (p+
øn , "k? + "q?) " i0

I cGbox =
Z

dd�2k?

(2! )d 2("k2
?)("k? + "q?)2

!
1
2

Z
dk+

k+ + p+
n + ! n (p�n , "k?) + i0

Z
+ dk�

k� + p�øn + ! øn (p+
øn , "k? + "q?) + i0

n

øn

n

øn
k + q k

p!
n̄ � k

pn

pøn p!
øn

p0n
pn + k

n

øn

n

øn
kk + q

pn + k

p!
n̄ � k

pn

pøn p!
øn

p0n

Rapidity Divergences



The O(! 2) Glauber momenta gets dropped. To regulate the k ± divergences introduce 
a slight  dependence on the longitudinal momenta, so that the Glauber exchange is 
no longer instantaneous in these directions

n-collinear propagator: i
n/

2

O( ! 0 )
!"#$
p!
n +

O( ! 2 )
!"#$
k!

(p+
n + k+ )( p!

n#$!"
O( ! 0 )

+ k!
#$!"
O( ! 2 )

) ! !k 2
" + i0

x!
1 = y!

1 , x+
1 = y+

1

x!
2 = y!

2 , x+
2 = y+

2

w2 ! !

|2kz |!
= w2 ! !

|k! ! k+ |!

For every Glauber operator insertion insert this factor to 
make the Glauber exchange no longer static in the 
longitudinal distance, but only in the limit " ->0:

Potential static in the 
longitudinal distance:

n

øn
k + q k

x1 x2

n

øn

y1

pn + k

y2

Rapidity Divergences

drop these terms



I Gbox =
! i
4!

!
dd! 2k"

(2! )d 2("k2
" )("k" + "q" )2

"
! i ! + O(#)

#

I cGbox = 0

The cross box diagram is zero with this regulator

This allows one to just consider a series of ladder diagrams. Diagrams with one or 
more crossed Glauber propagators are zero

Same as the result stated earlier from 
PolkinghorneÕs calculation.
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For convenience we deÞne the Fourier transform operation as the application of the inte-
gral:

=!
F.T .!

=
!

d! d! 2q" ei !q! á!b! . (9.3)

The Fourier transform of one Glauber exchange result is then given in terms of! (b" ) by

n

n

n

n

q

p!

p"

p#

p$

=
" 2ig2

"q2
"

"
øun

/øn
2

TA un

#"
øvøn

/n
2

øTA vøn

#
=!

F.T .!
i ! (b" ) 2Sn øn , (9.4)

where the spinor factor is

Sn øn =
"

øun
/øn
2

un

#"
øvøn

/n
2

vøn

#
, (9.5)

and the 2 in eq. (9.4) comes fromn · øn = 2, which is the factor needed to makeSn øn RPI-III
invariant. In eq. ( 9.4) the color matrix inside ! (b" ) operates on this spinor product. In
general we will let

(TA 1 · · ·TA N ) # ( øTA 1 · · · øTA N )Sn øn =
"

øun
/øn
2

TA 1 · · ·TA N un

#"
øvøn

/n
2

øTA 1 · · · øTA N vøn

#
$ Sn øn

(N ) ,

(9.6)
which is the color structure that appears from N Glauber rungs. We also deÞne the
product rule for the matrix multiplication in ! N (b" ) via ( TA # øTA )N Sn øn = Sn øn

(N ) . These
same deÞnitions apply equally well for a general choice of scattering particles in different
color representations, using (T A

1 # T A
2 )N times a genericSn øn .

The loop integrals are carried out by doing the energy integrals by contours, and then
treating the kz integrals in Fourier space. Therefore we need to transform the# regulator to
Fourier space, as well as thekz dependent propagators. To do this we can use the transforms

! + #

!#
d! kz eixk z |2kz|! " = $"

#
2
|x|! 1+ " ,

! #

!#
dx e! ixk z

$"
#
2
|x|! 1+ " = |2kz|! " , (9.7)

! + #

!#

d! kz e! i #kz

kz + ∆ + i0
= " i %(&)ei#∆ ,

! #

!#
d& ei#kz

(" i )%(&)ei#∆ =
1

kz + ∆ + i0
,

where

$" = 2 ! " Γ(1 " #)
sin('# / 2)

('# / 2)
= 1 + O(#) . (9.8)

Another integral that will be relevant is the Fourier transform of ( N + 1) Glauber rungs,
∫
d" d" 2q! ei q⃗! á⃗b!

∫
d" d" 2k1! á á ád" d" 2kN !

(
!ϵµ2ϵ)N +1

("k1! + "q!
)2("k2! − "k1!

)2 á á á
("kN ! − "k( N " 1) !

)2 "k 2
N !

(9.9)

=
∫
d" d" 2q! ei q⃗! á⃗b!

∫ [ N∏

i =1

d" d" 2ki !

]∫ [ N +1∏

j =1

d" d" 2rj !
! (−#)

4$

(
µ|rj ! |eγE

2

)2ϵ]

× e" i ( q⃗! + k⃗1! ) á⃗r 1! e" i ( k⃗2! " k1! ) á⃗r 2! á á áe" i ( k⃗N ! " k (N " 1)! ) á⃗r N ! ei k⃗N ! á⃗r (N+1)!

=
∫ [ N +1∏

j =1

d" d" 2rj !
! (−#)

4$

(
µ|rj ! |eγE

2

)2ϵ]
%d" 2("r1! − "b!

)
%d" 2("r2! − "r1!

)
á á á%d" 2("r( N +1) ! − "rN !

)

=
[

! (−#)
4$

(
µ|"b! |eγE

2

)2ϵ]N +1

.
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= ! 2Sn øn
(3) i 3g6 I (2)

! (q! )
1
3!

!
1 + O(! )

"
, (9.13)

where to obtain the third equality we performed the kz
1 and kz

2 integrals to get " (x !
y + #1)" (y ! z + #2) and then performed the #1 and #2 integrals. Again due to the ! 3

term in the prefactor only the leading ultraviolet divergent contribution from the dxdydz
integral contributes, which comes from the limit x, y, z " 0 where the ! 1 = ! 1(k1! ) and
! 2 = ! 2(k2! ) dependence drops out. In this limit we can either do the integral directly
to give the 1/ 3!, or note that we can symmetrize as$(z > y > x ) " [$(z > y > x ) + $(y >
z > x ) + $(z > x > y ) + $(x > z > y ) + $(x > y > z ) + $(y > x > z )]/ (3!) = 1 / (3!).
Everywhere in eq. (9.13) the # integral is contained in

I (2)
! (q! ) =

#
d" d" 2k1! d" d" 2k2! (%! µ2! )3

(&k1! + &q! )2(&k2! ! &k1! )2 &k 2
2!

. (9.14)

Performing the # Fourier transform of this integral using eq. (9.9) gives

n

n

n

n

q+

pk +

pk -

!

"#

#

k -$ k# k$

pk - "$

pk + !$

-k#
=$

F.T .!

1
3!

$
i ' (b! )

%3 2Sn øn , (9.15)

which is the third term in the expansion of the exponential.
This naturally generalizes to the case of theN -loop box graph with (N + 1)-rungs.

Doing the energy integrals by contours and using eq. (9.7) we have

n

n

n

n

q+

pk +

pk -

!

"#

#

k -$ k# kN

pk - "N

pk + !N

k# -k -N kN-#

= ! i (2g2)N +1 Sn øn
(N +1) I (N ) (q! )

#
d" kz

1 á á ád" kz
N

&
&2kz

1(2kz
1 ! 2kz

2) á á á(2kz
N " 1 ! 2kz

N )2kz
N

&
&" !

( N !

2N (! kz
1 + ! 1 + i0) á á á(! kz

N + ! N + i0)

= ! 2i (g2)N +1 (! i )N Sn øn
(N +1) I (N ) (q! )

'
) !

!
2

( N +1# + #

"#

) N*

i =1

d" kz
i d#i $(#i )

+) N +1*

j =1

dxj |xj |" 1+ !
+

%eik z
1 x 1 + i (k z

2 " k z
1 )x 2 + ... + i (k z

N " k z
N ! 1 )x N " ik z

N x N +1 exp
) N,

m =1

i#m (kz
m + ! m )

+

= 2( ! ig2)N +1 Sn øn
(N +1) I (N ) (q! )

'
) !

!
2

( N +1# + #

"#

) N +1*

j =1

dxj |xj |" 1+ !
+

%$(x2 ! x1)$(x3 ! x2) á á á$(xN +1 ! xN ) exp
) N,

m =1

i ! m (xm +1 ! xm )
+

= 2( ! ig2)N +1 Sn øn
(N +1) I (N )

! (q! )
1

(N + 1)!

!
1 + O(! )

"

=$
F.T ."

1
(N + 1)!

$
i ' (b! )

%N +1
2Sn øn , (9.16)
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where to take the Þnal Fourier transform we used eq. (9.9) for the integral

I (N )
! (q! ) =

!
d" d" 2k1! á á ád" d" 2kN ! (!! µ2! )N +1

("k1! + "q! )2("k2! ! "k1! )2 á á á("kN ! ! "k(N " 1)! )2 "k 2
N !

. (9.17)

The Þnal result in eq. (9.16) is the (N + 1)Õth term in the expansion of the exponential.
Therefore the sum of Glauber box graphs for 2-to-2n-øn scattering exponentiates to give

!
d" d" 2q! ei "q! á"b!

#"

N =0

G.Box 2$ 2
N (q! ) =

#÷G(b! ) ! 1
$
2Sn øn (9.18)

where the position space Glauber function is given by

÷G(b! ) = ei #(b! ) , (9.19)

and where the the color matrix phase#(b! ) deÞned in eq. (9.1) is a Hermitian matrix. For
convenience we also deÞne the momentum space Glauber function

G(q! ) =
!

d2b! e" i "q! á"b! ei #(b! ) . (9.20)

In SCET the results for the sum of Glauber boxes given by eqs. (9.19) and (9.20) are valid
for any color channel, simply taking TA " øTA # T A

1 " T A
2 in #(b! ). The same (ei#(b! ) ! 1)

result is also obtained if we consider the sum of box diagrams for the soft-n two-parton
scattering since the Glauber light cone momenta will still be parametrically smaller then
corresponding soft momentum.

It is interesting to pause to consider physically what the |2kz
j |" $ factors are doing in

the N -loop box graph in eq. (9.16). At Þnite $ this regulator implies that the Glauber
exchanges are not instantaneous in the corresponding longitudinal position. (They are still
instantaneous in time.) Diagrammatic calculations are easy to interpret in position space,
where these regulators were transformed to factors of|xj |" 1+ $. Each of these longitudinal
coordinates xj corresponds to the location of one of the Glauber exchanges. Hence, they
spread out with a string of increasing longitudinal coordinates x1 < x 2 < . . . < x N +1 ,
where the%-functions inducing these inequalities are provided by the collinear propagators
between the Glauber exchanges. However each position space regulator also comes with a
factor of (&$$/ 2), and hence only the most divergent part of thexj -integrals contributes to
the Þnal result. This divergent contribution comes from the simultaneous limit where all
coordinates xj # 0, restoring the physical picture of the Glauber exchanges being simul-
taneously instantaneous in their longitudinal positions. From the calculation in eq. (9.16)
we see that the ordered nature of the instantaneous limit is important for providing the
correct 1/ (N + 1)! factor for ( N + 1) Glauber exchanges.

While the phase#(b! ) in eq. (9.1) has an infrared divergence, this is simply an overall
phase in the scattering amplitude and hence drops out from the physical forward scattering
cross section. To see this explicitly we switch to using the (slightly simpler) gluon mass IR
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section 9.2 we derive a spacetime picture along with explicit rules for when graphs with

multiple Glauber exchange vanish, and determine general rules for when the eikonal approx-

imation can and cannot be used. A precise connection between the dynamics of Glauber

exchange and the semi-classical and shock wave interpretations of this scattering are made

in section 9.3.

9.1 Glauber exponentiation for boxes with rapidity regulator

In section 5.2.1 we showed how the rapidity regulator leads to a well defined integral for

the one-loop box and cross-box graphs, with the latter vanishing. In this section we will

sum up all the Glauber exchange box diagrams with the rapidity regulator, and show that

the eikonal phase is correctly reproduced. The connection of this sum of diagrams to the

classical coherent state generated by each of the collinear partons is explored further in

section 9.3. In the abelian limit soft contributions vanish and the phase can be reproduced

at the integrand level, as demonstrated explicitly in appendix C.1.

We begin by noting that the argument given in section 5.2.1 for the vanishing of

the one-loop cross box holds for all non-ladder type topologies. Rapidity divergences are

regulated by factors |2kz1|! ! · · · |2kzN |! ! , so we can consider the k0
i integrals to be done

by contours without concern that the remaining integral might be unregulated. For any

diagram with one or more crossed Glauber exchange lines there is one or more k0
i integrals

for which the poles are all on the same side of the real axis (and converge at ∞). Thus,

all diagrams with crossed Glauber rungs vanish with our rapidity regulator, and we only

need to consider the sum of the ladder graphs.

To show exponentiation we will manipulate an N -Glauber exchange diagram into the

product of single exchanges with a factor of 1/N !. The product form arises when we

transform from q" to the impact parameter space b" . In impact parameter space we will

see that the amplitude from iterated Glauber exchange is simply determined by a phase,

given by the Fourier transform of the 1/q2
" potential between particles 1 and 2:

φ(b" ) = −T A
1 ⊗ T A

2 g2(µ)

∫
d! d! 2q" (ι"µ2")

q⃗ 2
"

ei#q! á#b! (9.1)

= −T A
1 ⊗ T A

2 g2(µ)
! (−ϵ)
4π

(
µ|⃗b" |e$E

2

)2"

.

The result is a matrix in the color space with T A
1 and T A

2 being the color matrix generators

that commute with each other, and act on particle 1 and 2 respectively. This color matrix

notation is by now quite standard, see appendix A of [109] for an introduction to this

notation. Recall that d = 4 − 2ϵ and that ι" = e"$E /(4π)" is our notation for the factor

that enters with each µ2" when the coupling is in the MS scheme. The ! (−ϵ) infrared

divergence will be discussed further at the end of this section.

The exponentiation results derived below hold equally well when iterating Glauber

exchange potentials between quark-quark, quark-antiquark, quark-gluon, and gluon-gluon

channels, and for cases where the scattering particles are n-n̄, n-s, or n̄-s. To be definite

we consider quark-antiquark n-n̄ scattering, where

T A
1 ⊗ T A

2 = TA ⊗ T̄A . (9.2)
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where to take the Þnal Fourier transform we used eq. (9.9) for the integral

I (N )
! (q! ) =

∫
d" d" 2k1! · · · d" d" 2kN ! (!ϵµ2ϵ)N+1

("k1! + "q! )2("k2! − "k1! )2 · · · ("kN ! − "k(N " 1)! )2 "k 2
N !

. (9.17)

The Þnal result in eq. (9.16) is the (N + 1)Õth term in the expansion of the exponential.
Therefore the sum of Glauber box graphs for 2-to-2n-øn scattering exponentiates to give

∫
d" d" 2q! eiq⃗! ·⃗b!

#∑

N=0

G.Box 2$ 2
N (q! ) =

( ÷G(b! ) − 1
)
2Snøn (9.18)

where the position space Glauber function is given by

÷G(b! ) = eiφ(b! ) , (9.19)

and where the the color matrix phase#(b! ) deÞned in eq. (9.1) is a Hermitian matrix. For
convenience we also deÞne the momentum space Glauber function

G(q! ) =
∫

d2b! e" iq⃗! ·⃗b! eiφ(b! ) . (9.20)

In SCET the results for the sum of Glauber boxes given by eqs. (9.19) and (9.20) are valid
for any color channel, simply taking TA⊗ øTA → T A

1 ⊗T A
2 in #(b! ). The same (eiφ(b! ) −1)

result is also obtained if we consider the sum of box diagrams for the soft-n two-parton
scattering since the Glauber light cone momenta will still be parametrically smaller then
corresponding soft momentum.

It is interesting to pause to consider physically what the |2kz
j |" η factors are doing in

the N -loop box graph in eq. (9.16). At Þnite $ this regulator implies that the Glauber
exchanges are not instantaneous in the corresponding longitudinal position. (They are still
instantaneous in time.) Diagrammatic calculations are easy to interpret in position space,
where these regulators were transformed to factors of|xj |" 1+ η. Each of these longitudinal
coordinates xj corresponds to the location of one of the Glauber exchanges. Hence, they
spread out with a string of increasing longitudinal coordinates x1 < x 2 < . . . < x N+1 ,
where the%-functions inducing these inequalities are provided by the collinear propagators
between the Glauber exchanges. However each position space regulator also comes with a
factor of (&η$/ 2), and hence only the most divergent part of thexj-integrals contributes to
the Þnal result. This divergent contribution comes from the simultaneous limit where all
coordinates xj → 0, restoring the physical picture of the Glauber exchanges being simul-
taneously instantaneous in their longitudinal positions. From the calculation in eq. (9.16)
we see that the ordered nature of the instantaneous limit is important for providing the
correct 1/ (N + 1)! factor for ( N + 1) Glauber exchanges.

While the phase#(b! ) in eq. (9.1) has an infrared divergence, this is simply an overall
phase in the scattering amplitude and hence drops out from the physical forward scattering
cross section. To see this explicitly we switch to using the (slightly simpler) gluon mass IR
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where to take the Þnal Fourier transform we used eq. (9.9) for the integral

I (N )
⊥ (q⊥) =

∫
d−d−2k1⊥ á á ád−d−2kN⊥ (ι!µ2! )N+1

(k⃗1⊥ + q⃗⊥)2(k⃗2⊥ − k⃗1⊥)2 á á á(k⃗N⊥ − k⃗(N−1)⊥)2 k⃗ 2
N⊥

. (9.17)

The Þnal result in eq. (9.16) is the (N + 1)Õth term in the expansion of the exponential.
Therefore the sum of Glauber box graphs for 2-to-2n-øn scattering exponentiates to give

∫
d−d−2q⊥ ei"q! ·"b!

∞∑

N=0

G.Box 2→2
N (q⊥) =

( ÷G(b⊥) − 1
)
2Snøn (9.18)

where the position space Glauber function is given by

÷G(b⊥) = ei#(b! ) , (9.19)

and where the the color matrix phaseφ(b⊥) deÞned in eq. (9.1) is a Hermitian matrix. For
convenience we also deÞne the momentum space Glauber function

G(q⊥) =
∫

d2b⊥ e−i"q! ·"b! ei#(b! ) . (9.20)

In SCET the results for the sum of Glauber boxes given by eqs. (9.19) and (9.20) are valid
for any color channel, simply taking TA⊗ øTA → T A

1 ⊗T A
2 in φ(b⊥). The same (ei#(b! ) −1)

result is also obtained if we consider the sum of box diagrams for the soft-n two-parton
scattering since the Glauber light cone momenta will still be parametrically smaller then
corresponding soft momentum.

It is interesting to pause to consider physically what the |2kzj |−$ factors are doing in
the N -loop box graph in eq. (9.16). At Þnite η this regulator implies that the Glauber
exchanges are not instantaneous in the corresponding longitudinal position. (They are still
instantaneous in time.) Diagrammatic calculations are easy to interpret in position space,
where these regulators were transformed to factors of|xj |−1+ $. Each of these longitudinal
coordinatesxj corresponds to the location of one of the Glauber exchanges. Hence, they
spread out with a string of increasing longitudinal coordinatesx1 < x2 < . . . < xN+1 ,
where theθ-functions inducing these inequalities are provided by the collinear propagators
between the Glauber exchanges. However each position space regulator also comes with a
factor of (κ$η/2), and hence only the most divergent part of thexj-integrals contributes to
the Þnal result. This divergent contribution comes from the simultaneous limit where all
coordinatesxj → 0, restoring the physical picture of the Glauber exchanges being simul-
taneously instantaneous in their longitudinal positions. From the calculation in eq. (9.16)
we see that the ordered nature of the instantaneous limit is important for providing the
correct 1/(N + 1)! factor for ( N + 1) Glauber exchanges.

While the phaseφ(b⊥) in eq. (9.1) has an infrared divergence, this is simply an overall
phase in the scattering amplitude and hence drops out from the physical forward scattering
cross section. To see this explicitly we switch to using the (slightly simpler) gluon mass IR
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where to take the Þnal Fourier transform we used eq. (9.9) for the integral

I (N )
! (q! ) =

!
d" d" 2k1! á á ád" d" 2kN ! (!! µ2! )N +1

("k1! + "q! )2("k2! ! "k1! )2 á á á("kN ! ! "k(N " 1)! )2 "k 2
N !

. (9.17)

The Þnal result in eq. (9.16) is the (N + 1)Õth term in the expansion of the exponential.
Therefore the sum of Glauber box graphs for 2-to-2n-øn scattering exponentiates to give

!
d" d" 2q! ei "q! á"b!

#"

N =0

G.Box 2$ 2
N (q! ) =

#÷G(b! ) ! 1
$
2Sn øn (9.18)

where the position space Glauber function is given by

÷G(b! ) = ei#(b! ) , (9.19)

and where the the color matrix phase#(b! ) deÞned in eq. (9.1) is a Hermitian matrix. For
convenience we also deÞne the momentum space Glauber function

G(q! ) =
!

d2b! e" i "q! á"b! ei#(b! ) . (9.20)

In SCET the results for the sum of Glauber boxes given by eqs. (9.19) and (9.20) are valid
for any color channel, simply taking TA " øTA # T A

1 " T A
2 in #(b! ). The same (ei #(b! ) ! 1)

result is also obtained if we consider the sum of box diagrams for the soft-n two-parton
scattering since the Glauber light cone momenta will still be parametrically smaller then
corresponding soft momentum.

It is interesting to pause to consider physically what the |2kz
j |" $ factors are doing in

the N -loop box graph in eq. (9.16). At Þnite $ this regulator implies that the Glauber
exchanges are not instantaneous in the corresponding longitudinal position. (They are still
instantaneous in time.) Diagrammatic calculations are easy to interpret in position space,
where these regulators were transformed to factors of|xj |" 1+ $. Each of these longitudinal
coordinates xj corresponds to the location of one of the Glauber exchanges. Hence, they
spread out with a string of increasing longitudinal coordinates x1 < x 2 < . . . < x N +1 ,
where the%-functions inducing these inequalities are provided by the collinear propagators
between the Glauber exchanges. However each position space regulator also comes with a
factor of (&$$/ 2), and hence only the most divergent part of thexj -integrals contributes to
the Þnal result. This divergent contribution comes from the simultaneous limit where all
coordinates xj # 0, restoring the physical picture of the Glauber exchanges being simul-
taneously instantaneous in their longitudinal positions. From the calculation in eq. (9.16)
we see that the ordered nature of the instantaneous limit is important for providing the
correct 1/ (N + 1)! factor for ( N + 1) Glauber exchanges.

While the phase#(b! ) in eq. (9.1) has an infrared divergence, this is simply an overall
phase in the scattering amplitude and hence drops out from the physical forward scattering
cross section. To see this explicitly we switch to using the (slightly simpler) gluon mass IR
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Rapidity divergences also occur in loops other than Glauber exchanges: 
A general feature of the SCETII theory

On factorizing a matrix element into soft and 
collinear pieces one Þnds rapidity 
divergences that only cancel in the sum:

I =
! Q

µL

dk+

k+ !
! !

µL

dk+

k+ +
! Q

!

dk+

k+

!
! !

µL

dk+

k+ +
! Q

!

dk+

k+

To treat these divergences we include 
modify the momentum space Wilson lines:
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theory diagrams, then given that the full theory has no rapidity divergence the Þniteness
of the EFT sum then follows. By this reasoning the delta regulator must also cancel in the
sum over sectors, as will any rapidity regulator if we assume that it preserves the equality
between the full theory integrals and their asymptotic expansion in regions. It is important
however, to recall that the method of regions is distinct from EFT in that, in the latter, it
is not necessarily true that there is a one to one correspondence between the IR of a full
theory diagram and a corresponding diagram in the EFT. All that is necessary is that the
sum of the EFT graphs reproduces the IR of the full theory. Such cases arise when one
uses the equations of motion in the e! ective theory to remove redundant operators.

4.1 Regulating the rapidity divergences

Given that EFTÕs are created to sum logarithms we would like to be able to regulate the
theory in a way that makes an RG treatment manifest. There are multiple ways in which
to regulate the rapidity divergences, and the formalism developed here can be applied us-
ing any sensible choice, such as the delta regulator [34]. Here we will concentrate on the
regularization introduced in [24], where we utilized a rapidity regulator which is closely re-
lated to dimensional regularization. It is implemented by modifying the momentum space
Wilson lines in the following fashion.

Wn =
X

perms

exp


!
gw2

øn · P
| øn · Pg |! !

! ! ! øn · An

�

(4.8)

Sn =
X

perms

exp

"

!
gw

n · P
| 2Pg3 |! ! / 2

! ! ! / 2
n · As

#

(4.9)

We have introduced a new dimensionful parameter! which will play the role of an e! ective
rapidity cut-o ! . HerePµ is the momentum operator and we have essentially regulated the
longitudinal momenta, and since |2P3| " |øn · P| in the collinear limit. Note the di ! ering
powers of" in the soft and collinear Wilson lines. The appropriate power is Þxed by ensuring
that the rapidity divergences cancel to all orders which we shall show below. Alternatively,
and equivalently, the power is Þxed by regulating the full theory diagram and taking limits
of the integrand. The relative factor of two comes from that fact that for a given gluon
line in the full theory there are two soft eikonal vertices (connecting the two eikonal lines)
relative to the one collinear eikonal vertex. We have also introduced the bookkeeping
parameter w for convenience, which eventually will be set to one. It will play a role when
we derive RG equations. Theg subscript on the momentum (label) operator will only play
a role when we consider going to higher orders as is explained in section4.4and appendixA.

With this regulator the e ! ective theory will have divergences in both the" and # go
to zero limits. The order of the limits is crucial to sensibly renormalize the theory. Given
our physical arguments regarding the nature of the rapidity divergences, the proper order
of limits must be: " " 0, then # " 0 with " / #n " 0 for all n > 0. The physical reason
for this ordering is clear since we must remain on the invariant mass hyperbola when we
take the rapidity cut-o ! to its limit. To see how this works in practice let us evaluate the
integrals I S and I n using this regulator.
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# acts as a rapidity cutoff. w is a 
bookkeeping parameter

!
"

"!
w2(! ) = ! #w2(! ) , lim

! ! 0
w(! ) = 1

Rapidity Divergences
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Graphs without rapidity divergences or sensitivity will give the same answer whether one

sets ! = 0 before or after the loop integration. We introduce factors of the ! -regulator for
each Glauber potential between the forward scattering components of the operators, so the

Glauber action with d = 4 becomes

!
d4x L II(0)

G =
"

n,øn

"

i,j= q,g

!
[dx±]

"

k+r ,k!
r

!
d2q!

q2
!

d2q"
!

q"2
!

OAB
s,# k±r

(q! , q"
! ) (5.46)

×
#

OiA
n,k!

r
(q! )w2

$
$
$
$
$
in á

"
" +i n̄ á#"

$

$
$
$
$
$

# η

OjB

øn,k+r
(−q"

! )

%

+
"

n

"

i,j= q,g

!
[dx±]

"

k!
r

!
d2q!

q2
!

OiA
n,# k!

r
(q! )w2

$
$
$
$
$
−%ns k#

r + i n̄ á#"
$

$
$
$
$
$

# η

Ojn A

s,k!
r
(−q! ) .

Here $ is the rapidity renormalization scale and the operators in transverse momentum

space are given above in section 5.2.2. In the 3-rapidity sector operator, the factor |in á
"
"

+ i n̄ á#" |# η regulates the n-n̄ Glauber potential, and for graphs where O(&2) momenta

do not flow into the soft sector, one can integrate by parts and it becomes |2i #" z|# η =

|i n̄ á#" − in á#" |# η. Here these derivatives only pick out O(&2) momenta. In the 2-rapidity

sector operator the regulator involves a combination of the n-collinear O(&2) momentum

and the O(&) soft momentum because it is regulating a soft-collinear Glauber potential.

The inclusion of the boost parameter %ns > 0 where %ns ∼ & here ensures that these

momenta appear together in a homogeneous combination in the rapidity regulator. For

the pure Glauber potential in n-n̄ scattering we have no soft gluons, so can set

OBC
s,# k±r

(q! , q"
! ) = 8'( s q2

! ) 2(q! − q"
! ) )k+r ,0)k!

r ,0 , (5.47)

and eq. (5.46) gives a factor of |2i " z|# η$η → |2qz|# η$η for each potential carrying momen-

tum q. This then yields the rapidity regulator factors used in the box and cross-box calcu-

lations in section 5.2.1. For n-s scattering the regulator for each potential is made homoge-

neous by the inclusion of the boost factor %ns ∼ &. As discussed in section 5.2.1, the result

for Glauber loops from Oij
ns iterations is independent of %ns. In section 10.3 we encounter

two-loop examples where both the ! regulator in the Glauber potentials and in the Wilson

lines are needed simultaneously and justifies the choice of the power of ! in eq. (5.46).

As a more complicated example of how the rapidity regulators work, we can consider

the H-graph involving two Lipatov vertices, which is shown in figure 14 for two di! erent
momentum routings. In figure 14a we have a soft loop momentum *µ ∼ & and a n-n̄
Glauber loop momentum kµ ∼ (&2, &2, &) for its (+,−,⊥) components. In figure 14b the

same diagram is shown but now using a n-s Glauber loop momentum kµ
1 ∼ (&2, &, &) and a

n̄-s Glauber loop momentum kµ
2 ∼ (&, &2, &). The routing of momentum in the two graphs

are related by the changes of variable

n ák1 = n ák , n̄ ák1 = n̄ á(k + *) , k1! = k! + *! , (5.48)

n ák2 = n á(* − k) , n̄ ák2 = −n̄ ák , k2! = −k! .
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introduced to distinguish Glauber contributions. We also discuss zero-bin subtractions [59]
from the Glauber region for soft and collinear contributions.

To regulate rapidity divergences in graphs involving Wilson lines we include factors of

w

!
!
!
!
2Pz

!

!
!
!
!

! ! / 2

, w2
!
!
!
!
n á P

!

!
!
!
!

! !

, w2
!
!
!
!
øn á P

!

!
!
!
!

! !

, (5.43)

for Wilson lines involving (n áAs or øn áAs) soft gluons, n áA øn øn-collinear gluons, and øn áAn

n-collinear gluons respectively [58]. At one-loop rapidity divergences will appear as 1/ "
poles with a corresponding logarithmic dependence on the cuto! ! . Since! is dimensionful,
it technically is ! /µ that is associated to the rapidity, but we will still follow the common
practice of referring to ! as the rapidity scale. Herew is a book keeping coupling used to
calculate anomalous dimensions through

!
#

#!
w2(! ) = ! " w2(! ) , lim

! " 0
w(! ) = 1 . (5.44)

The powers of" are Þxed to ensure that the rapidity divergences cancel when summing over
sectors. That the correct choice has been made can be seen by regulating the corresponding
full theory diagrams and expanding around the soft and collinear limits. Counterterms will
have both 1/ " and 1/ $ poles, and are identiÞed by taking" " 0 prior to expanding for
$ " 0. The regulated expressions for the momentum space Wilson lines are

Sn =
"

perms

exp
#

! g
n á P

$
w|2Pz |! ! / 2

! ! ! / 2
n áAs

%&
, Søn =

"

perms

exp
#

! g
øn á P

$
w|2Pz |! ! / 2

! ! ! / 2
øn áAs

%&
,

(5.45)

Wn =
"

perms

exp
#

! g
øn á P

$
w2|øn á P|! !

! ! ! øn áAn

%&
, Wøn =

"

perms

exp
#

! g
n á P

$
w2|n á P|! !

! ! ! n áA øn

%&
.

Here the regulator momentum operatorsP act only on the gluon Þeld in the square brackets,
whereas the inverse momentum operators! g/ P act on all Þelds to the right when the
exponentials are expanded. We separately regulate every soft or collinear gluon from the
Wilson lines in order to maintain consistency with our use of the rapidity regulator for
Glauber loops (rather than introducing the regulator only for the group momentum as in
ref. [58]). We have conÞrmed that our choice maintains exponentiation for matrix elements
that only involve Wilson lines, since the exponentiation can be derived by permutations
of momenta under which the regulator is symmetric. An additional complication in the
operators we consider is the presence of inverse factors of ønáPand náPthat appear outside
of the Wilson lines. Since our operators can be written in di! erent equivalent forms, these
factors are required for consistency. Examples where this occurs includeOgB

n , OgB
øn , Ogn B

s ,
and Ogøn B

s , see for example eq. (4.15). Here, the inverse power to that in eq. (5.43) is used,
so for example øn á P " øn á P 1

w2

!
! ønáP

"

!
!+ ! in the numerator of the n-collinear operator OgB

n ,

and øn á P" øn á P1
w

!
! 2P z

"

!
!+ ! / 2 in the numerator of the soft operator Ogn B

s .
We also regulate Glauber loops with the rapidity regulator, by regulating 1/q 2

# factors
in the manner discussed in in section5.2.1. The limit " " 0 is always considered Þrst,
with the rapidity renormalization carried out at Þnite $, and then the limit $ " 0 is taken.
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We are in now position to write down 
cross section for forward scattering

! pp0! X ⇠
X

X

hpp"|U 
(1 ,1) |X ihX |U(1,1) |ppi

U(k,kÕ) refers to the term in Glauber Lagrangian with k n-collinear operator 
insertions and kÕ n-bar-collinear operators. 
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To organize this factorization we expand the time evolution operator generated by the

Glauber Lagrangian. Written as a path integral the full time evolution operator in SCET is

U(a, b;T ) =

∫ [
Dφ
]
exp

[
i

∫ T

−T
d4x

(
L(0)
nøns(x) + LII(0)

G (x)
)]

, (8.1)

where L(0)
nøns = L(0)

n + L(0)
øn + L(0)

s is the non-Glauber parts of the SCET Lagrangian, a, b

indicate the field boundary conditions at time t = ! T,+T , and [Dφ] is a short hand to

indicate the functional integral over all relevant SCET soft and collinear fields. We will

only be interested in the large T limit, T " # (1 ! i0). All these Lagrangian terms are

leading order in the power counting. Using eq. (5.37) we can expand the Glauber part of

the time evolution operator as

T exp i

∫
d4xLII(0)

G (x) =

[
1 + i

∫
d4y1 LII(0)

G (y1) +
i2

2!
T

∫
d4y1 d

4y2 LII(0)
G (y1)LII(0)

G (y2) + . . .

]

= 1 + T
∞∑

k=1

∞∑

k! =1

[ k∏

i=1

∫
[dx±

i ]

∫
d2q⊥i

q2
⊥i

[
OqAi

n (q⊥i) +OgAi
n (q⊥i)

]
(xi)

]

$
[ k!∏

i! =1

∫
[dx±

i! ]

∫
d2q⊥i!

q2
⊥i!

[
OqBi!

øn (q⊥i! ) +OgBi!
øn (q⊥i! )

]
(xi! )

]

$ O
A1áAk,B1áááBk!

s(k,k! ) (q⊥1, . . . , q⊥k! )(x1, . . . , xk! )

% 1 +
∞∑

k=1

∞∑

k! =1

U(k,k! ) , (8.2)

where here T is the time-ordering operation. For simplicity we have suppressed the presence

of the rapidity regulator for the Glauber exchanges. In the last equality of eq. (8.2) we have

organized the expansion according to the number of n-collinear operators k, and number of

n̄-collinear operators k′, rather than according to the number of insertions of the Glauber

Lagrangian. Any symmetry factors like 1/k! are included in the definition of O
A1áAk,B1áááBk!

s(k,k! ) .

For example, the first nontrivial term with k = k′ = 1 is

U(1,1) = i

∫
[dx±][dx′±]

∑

k ±

∫
d2q⊥
q2⊥

d2q′⊥
q′2⊥

[
OqA

n,k −(q⊥) +OgA
n,k −(q⊥)

]
(x̃)
[
OqB

n̄,k + (q
′
⊥) +OgB

n̄,k + (q
′
⊥)
]
(x̃′)

$ OAB
s(1,1),−k ± (q⊥, q

′
⊥)(x̃, x̃

′) . (8.3)

Here the soft operator includes both a direct contribution from the two index soft oper-

ator OAB
s from a single insertion of LII(0)

G , as well as a T-product term from the product

OinA
s OjønB

s that comes from two insertions of LII(0)
G :

OAB
s(1,1),−k ± (q⊥, q

′
⊥)(x̃, x̃

′) (8.4)

=
1

(2π)2
δ2(x̃! x̃′)OAB

s,−k ± (q⊥, ! q′⊥)(x̃) + i T
∑

i,j =q,g

Oi n A
s,−k−(q⊥)(x̃) Oj øn B

s,−k + (! q′⊥)(x̃
′) .

=
1

(2π)2
δ2(x̃! x̃′)OAB

s,−k ± (q⊥, ! q′⊥)(x̃) + i T ei x̃ ′·P̂
∑

i,j =q,g

Oi n A
s,−k−(q⊥)(x̃! x̃′) Oj øn B

s,−k + (! q′⊥)(0)e
−i x̃ ′·P̂ .
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Os(1,1) contains a single insertion of the 3-
rapidity and a T product of two 2-rapidity 
operators.

|X i ! |X ni |X øni |X si

For this operator we can factorize the cross section by splitting 
the Þnal state into different rapidity sectors:

BFKL from Glauber Lagrangian



SG(q?, q
0
?) =

1

!q 2
?!q 02

?

X

Xs

(2" )4#2(q? ! q0? ! P?
Xs

)#(q+ ! P +
Xs

)#(q0�? + P�
Xs

)

" # 0|OAB
s(1 ,1) (q?, q

0
?)

†|Xs$#Xs|OAB
s(1 ,1) (q?, q

0
?)|0$

Cn (q!
" , p# ) !

!

i,i ! = q,g

!

X n

(2! )3" 2(PX n " q!
" )" (P#

X n
" p# )

# $p|Oi ! A  
n (0)|X n %$X n |OiA

n (0)|p%

øn-collinear

n-collinear

soft

q? q?

q0? q0?

! pp! ! X =

!
d2q" d2q#

" Cøn(q#
" , p#+ )SG(q" , q#

" )Cn(q#
" , p$ )

We have factorized the cross section by separating the 
collinear and soft matrix elements of Glauber 
operators. This factorization holds for lowest order 
graphs that give Leading Log BFKL.

The cross section can then be manipulated to give

BFKL from Glauber Lagrangian



We can derive the LL BFKL equation for soft function 
by collecting all the rapidity divergent pieces for 
either purely soft or collinear diagrams. We choose 
soft here:

q!

q!
"

q!

q!
"

= S(0)
G (q?, q0?) = (8 !" s)(N 2

c � 1)(2! )2#2($q? � $q0
?)

q!

q!
"

q!

q!
"

S S
=

CA ↵s

⇡2 w2�

!
⌘

2

" #
d2k?

(~k? � ~q?)2
S(0)

G (k?, q0?)

S
q!

q!
"

q!

q!
"

= !
CA↵s

2⇡2
w2�

!
⌘

2

" #
d2k!

~q2
!

~k 2
! (~k! ! ~q! )2

S(0)
G (q! , q"

! )2 +2

Tree level bare graph:

Real radiation:

Virtual corrections:

S
q!

q!
"

q!

q!
"

BFKL for the Soft Function



JH
E

P
08(2016)025

law divergent. Similarly, for the flower graph we have

Sq

q'
= −4g4!q2

! CA " AB
∫

d" 4k
w2|2kz|" ! #!

[k2](n · k)(n̄ · k)
(2$)2" (!q! + !q#

! )

=
4i (4$%s)2!q2

!

(4$)
CA " AB w2! ( !

2)! (
1" !

2 )

2!
√

$

∫
d" 2k!

!k 2
!

(2$)2" (!q! + !q#
! )

= i 16$%2
s CA " AB w2!

(
&
2

)∫
d" 2k! !q2

!
!k 2

!

(2$)2" (!q! + !q#
! ) . (8.23)

Combining eqs. (8.22) and (8.23) we see that the self contraction of Wilson lines in the soft

flower graph cancels one of the terms in the eye-graph, leaving

S

q

q'

+

Sq

q'
= i 8$%2

sCA " AB w2!
(

&
2

)∫
d! 2k" (!q2

" )2

(!k" +!q" / 2)2 (!k" −!q" / 2)2
(2$)2" (!q" +!q#

" )

= i 8$%2
s CA " AB w2!

(
&
2

)∫
d! 2k" (!q2

" )2

!k 2
" (!k" −!q" )2

(2$)2" (!q" +!q#
" ). (8.24)

The contribution coming from the soft Wilson line and the time ordered product can be

combined to give the full O(%s) virtual correction to SG(q! , q#
! )

2
Sq

q'

+ 2
S

q

q'

(8.25)

= −2(8$%s)2%s

!q2
!

CA " AB w2!
(

&
2

)∫
d" 2k! (!q2

! )
2

!k 2
! (!k! −!q! )2

(2$)2" (!q! +!q#
! )

= −CA %s

2$2 w2!
(

&
2

)∫
d2k!

!q2
!

!k 2
! (

!k! − !q! )2
S(0)

G (q! , q#
! ) ,

where in the last line we used d" 2k! = d2k! / (2$)2 and the tree level S(0)
G from eq. (8.18).

The factors of 2 next to the graphs appear because we get the same contribution when the

virtual loop appears on either side of the cut.

The results up to O(%s) from eqs. (8.18), (8.21), (8.25) can be summarized as yielding

the O(%s) rapidity divergent correction to the bare soft function,

Sbare
G (q" , q#

" ) = S(0)
G (q" , q#

" ) +
%sCA

$2 w2!

(
&
2

)∫
d2k"

(!k" − !q" )2

[
S(0)

G (k" , q#
" )− !q2

"

2!k 2
"

S(0)
G (q" , q#

" )

]
.

(8.26)
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The rapidity divergence in the soft function is renormalized by a standard SCET soft

function counterterm ZSG(q⊥, q′⊥) through the convolution

SG(!q⊥, !q ′
⊥, " ) =

!
d2k⊥ ZSG(q⊥, k⊥) Sbare

G (k⊥, q′⊥) . (8.27)

To cancel the 1/ # divergence we require

ZSG (q! , k! ) = $2(!q! −!k! )− 2CA %s(µ)w2(" )
&2 #

"
1

(!k! − !q! )2
−$2(!q! −!k! )

!
d2k"

! !q2
!

2!k "2
! (!k "

! − !q! )2

#
. (8.28)

The rapidity renormalization group (RRG) equation then follows from the " -independence
of the bare soft function,

0 = "
d

d"
Sbare

G (q⊥, q′⊥) = "
d

d"

!
d2k⊥ Z−1

SG
(q⊥, k⊥)SG(k⊥, q′⊥, " ) . (8.29)

Writing out the derivatives of the two terms and inverting, we find that the renormalized

soft function obeys the RGE equation

"
d

d"
SG(q⊥, q′⊥, " ) =

!
d2k⊥ ' SG(q⊥, k⊥) SG(k⊥, q′⊥, " ) , (8.30)

where the anomalous dimension is given by

' SG(q⊥, q′⊥) = −
!

d2k⊥ZSG(q⊥, k⊥) "
d

d"
Z−1

SG
(k⊥, q′⊥) . (8.31)

Inserting the one-loop result from eq. (8.28) and using (" d/d " )w2(" ) = −# w2(" ) then

sending w2(" )→ 1 this gives

' SG(q⊥, q′⊥) =
2CA %s(µ)

&2

"
1

(!q⊥ − !q ′
⊥)

2
− $2(!q⊥ − !q ′

⊥)

!
d2k⊥

!q2
⊥

2!k 2
⊥(

!k⊥ − !q⊥)2

#
. (8.32)

Note that this anomalous dimension is not just a function of the di! erence q⊥ − q′⊥, but it
is easy to see from eq. (8.32) that it is symmetric,

' SG(q⊥, q′⊥) = ' SG(q
′
⊥, q⊥) . (8.33)

The anomalous dimension ' SG yields an RGE for SG(q⊥, q′⊥, " ) which is precisely the

leading logarithmic BFKL equation,

"
d

d"
SG(q⊥, q′⊥, " ) =

2CA %s(µ)
&2

!
d2k⊥

"
SG(k⊥, q′⊥, " )

(!k⊥ − !q⊥)2
−

!q2
⊥ SG(q⊥, q′⊥, " )

2!k2
⊥(

!k⊥ − !q⊥)2

#
. (8.34)

The BFKL equation is often [106–108] written in terms of the derivative of a rapidity,

Y = ln(" 2/µ 2) ∼ ln s. The fact that ( / ( Y = (1/ 2)" d/d " explains our factor of 2 in the

prefactor on the right-hand side of eq. (8.34). Note that in our SCET calculation, the

fact that eq. (8.34) is obtained for the all orders soft function SG (rather than just the

one-loop soft function) follows immediately from the structure of the e! ective field theory

– 98 –

J
H
E
P
0
8
(
2
0
1
6
)
0
2
5

The rapidity divergence in the soft function is renormalized by a standard SCET soft
function counterterm ZSG(q⊥, q′⊥) through the convolution

SG(q⃗⊥, q⃗ ′
⊥, ν) =

∫
d2k⊥ ZSG(q⊥, k⊥) Sbare

G (k⊥, q′⊥) . (8.27)

To cancel the 1/η divergence we require

ZSG (q⊥, k⊥) = δ2(q⃗⊥− k⃗⊥)− 2CAαs(µ)w2(ν)
π2 η

[
1

(k⃗⊥− q⃗⊥)2
−δ2(q⃗⊥−k⃗⊥)

∫
d2k′⊥ q⃗ 2

⊥

2⃗k ′2
⊥ (k⃗ ′

⊥− q⃗⊥)2

]
. (8.28)

The rapidity renormalization group (RRG) equation then follows from the ν-independence
of the bare soft function,

0 = ν
d

dν
Sbare

G (q⊥, q′⊥) = ν
d

dν

∫
d2k⊥ Z−1

SG
(q⊥, k⊥) SG(k⊥, q′⊥, ν) . (8.29)

Writing out the derivatives of the two terms and inverting, we Þnd that the renormalized
soft function obeys the RGE equation

ν
d

dν
SG(q⊥, q′⊥, ν) =

∫
d2k⊥ γSG(q⊥, k⊥) SG(k⊥, q′⊥, ν) , (8.30)

where the anomalous dimension is given by

γSG(q⊥, q′⊥) = −
∫

d2k⊥ZSG(q⊥, k⊥) ν
d

dν
Z−1

SG
(k⊥, q′⊥) . (8.31)

Inserting the one-loop result from eq. (8.28) and using (νd/dν)w2(ν) = −ηw2(ν) then
sendingw2(ν) → 1 this gives

γSG(q⊥, q′⊥) =
2CAαs(µ)

π2

[
1

(q⃗⊥ − q⃗ ′
⊥)2
− δ2(q⃗⊥ − q⃗ ′

⊥)
∫
d2k⊥

q⃗ 2
⊥

2⃗k 2
⊥(k⃗⊥ − q⃗⊥)2

]
. (8.32)

Note that this anomalous dimension is not just a function of the differenceq⊥ − q′⊥, but it
is easy to see from eq. (8.32) that it is symmetric,

γSG(q⊥, q′⊥) = γSG(q′⊥, q⊥) . (8.33)

The anomalous dimensionγSG yields an RGE for SG(q⊥, q′⊥, ν) which is precisely the
leading logarithmic BFKL equation,

ν
d

dν
SG(q⊥, q′⊥, ν) =

2CAαs(µ)
π2

∫
d2k⊥

[
SG(k⊥, q′⊥, ν)

(k⃗⊥ − q⃗⊥)2
−

q⃗ 2
⊥ SG(q⊥, q′⊥, ν)

2⃗k2⊥(k⃗⊥ − q⃗⊥)2

]
. (8.34)

The BFKL equation is often [106Ð108] written in terms of the derivative of a rapidity,
Y = ln( ν2/µ2) ∼ ln s. The fact that ∂/∂Y = (1 /2)νd/dν explains our factor of 2 in the
prefactor on the right-hand side of eq. (8.34). Note that in our SCET calculation, the
fact that eq. (8.34) is obtained for the all orders soft function SG (rather than just the
one-loop soft function) follows immediately from the structure of the effective Þeld theory
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The rapidity divergence in the soft function is renormalized by a standard SCET soft
function counterterm ZSG (q⊥, q′⊥) through the convolution

SG(!q⊥, !q ′
⊥, " ) =

!
d2k⊥ ZSG (q⊥, k⊥) Sbare

G (k⊥, q′⊥) . (8.27)

To cancel the 1/ # divergence we require

ZSG (q! , k! ) = $2(!q! ! !k! ) !
2CA %s(µ)w2(" )

&2 #

"
1

(!k! ! !q! )2
! $2(!q! ! !k! )

!
d2k"

! !q2
!

2!k "2
! (!k "

! ! !q! )2

#
. (8.28)

The rapidity renormalization group (RRG) equation then follows from the " -independence
of the bare soft function,

0 = "
d

d"
Sbare

G (q⊥, q′⊥) = "
d

d"

!
d2k⊥ Z−1

SG
(q⊥, k⊥) SG(k⊥, q′⊥, " ) . (8.29)

Writing out the derivatives of the two terms and inverting, we Þnd that the renormalized
soft function obeys the RGE equation

"
d

d"
SG(q⊥, q′⊥, " ) =

!
d2k⊥ ' SG (q⊥, k⊥) SG(k⊥, q′⊥, " ) , (8.30)

where the anomalous dimension is given by

' SG (q⊥, q′⊥) = !
!

d2k⊥ZSG (q⊥, k⊥) "
d

d"
Z−1

SG
(k⊥, q′⊥) . (8.31)

Inserting the one-loop result from eq. (8.28) and using (" d/d " )w2(" ) = ! # w2(" ) then
sendingw2(" ) " 1 this gives

' SG (q⊥, q′⊥) =
2CA %s(µ)

&2

"
1

(!q⊥ ! !q ′
⊥)2 ! $2(!q⊥ ! !q ′

⊥)
!

d2k⊥
!q2
⊥

2!k 2
⊥(!k⊥ ! !q⊥)2

#
. (8.32)

Note that this anomalous dimension is not just a function of the di! erenceq⊥ ! q′⊥, but it
is easy to see from eq. (8.32) that it is symmetric,

' SG (q⊥, q′⊥) = ' SG (q′⊥, q⊥) . (8.33)

The anomalous dimension' SG yields an RGE for SG(q⊥, q′⊥, " ) which is precisely the
leading logarithmic BFKL equation,

"
d

d"
SG(q⊥, q′⊥, " ) =

2CA %s(µ)
&2

!
d2k⊥

"
SG(k⊥, q′⊥, " )

(!k⊥ ! !q⊥)2
!

!q2
⊥ SG(q⊥, q′⊥, " )

2!k2
⊥(!k⊥ ! !q⊥)2

#
. (8.34)

The BFKL equation is often [106Ð108] written in terms of the derivative of a rapidity,
Y = ln( " 2/µ 2) # ln s. The fact that ( / ( Y = (1 / 2)" d/d " explains our factor of 2 in the
prefactor on the right-hand side of eq. (8.34). Note that in our SCET calculation, the
fact that eq. (8.34) is obtained for the all orders soft function SG (rather than just the
one-loop soft function) follows immediately from the structure of the e! ective Þeld theory
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The rapidity divergence in the soft function is renormalized by a standard SCET soft

function counterterm ZSG(q! , q"
! ) through the convolution

SG(!q! , !q"
! , " ) =

!
d2k! ZSG(q! , k! ) Sbare

G (k! , q"
! ) . (8.27)

To cancel the 1/ # divergence we require

ZSG (q! , k! ) = $2(!q! ! !k! ) !
2CA %s(µ)w2(" )

&2 #

"
1

(!k! ! !q! )2
! $2(!q! ! !k! )

!
d2k"

! !q2
!

2!k "2
! (!k "

! ! !q! )2

#
. (8.28)

The rapidity renormalization group (RRG) equation then follows from the " -independence
of the bare soft function,

0 = "
d

d"
Sbare
G (q! , q"

! ) = "
d

d"

!
d2k! Z # 1

SG
(q! , k! )SG(k! , q"

! , " ) . (8.29)

Writing out the derivatives of the two terms and inverting, we find that the renormalized

soft function obeys the RGE equation

"
d

d"
SG(q! , q"

! , " ) =
!

d2k! ' SG(q! , k! ) SG(k! , q"
! , " ) , (8.30)

where the anomalous dimension is given by

' SG(q! , q"
! ) = !

!
d2k! ZSG(q! , k! ) "

d
d"

Z # 1
SG

(k! , q"
! ) . (8.31)

Inserting the one-loop result from eq. (8.28) and using (" d/d " )w2(" ) = ! # w2(" ) then

sending w2(" ) " 1 this gives

' SG(q! , q"
! ) =

2CA%s(µ)
&2

"
1

(!q! ! !q"
! )

2 ! $2(!q! ! !q"
! )

!
d2k!

!q2
!

2!k 2
! (

!k! ! !q! )2

#
. (8.32)

Note that this anomalous dimension is not just a function of the di! erence q! ! q"
! , but it

is easy to see from eq. (8.32) that it is symmetric,

' SG(q! , q"
! ) = ' SG(q

"
! , q! ) . (8.33)

The anomalous dimension ' SG yields an RGE for SG(q! , q"
! , " ) which is precisely the

leading logarithmic BFKL equation,

"
d

d"
SG(q! , q"

! , " ) =
2CA%s(µ)

&2

!
d2k!

"
SG(k! , q"

! , " )

(!k! ! !q! )2
!

!q2
! SG(q! , q"

! , " )

2!k2
! (

!k! ! !q! )2

#
. (8.34)

The BFKL equation is often [106–108] written in terms of the derivative of a rapidity,

Y = ln(" 2/µ 2) # ln s. The fact that ( / ( Y = (1/ 2)" d/d " explains our factor of 2 in the

prefactor on the right-hand side of eq. (8.34). Note that in our SCET calculation, the

fact that eq. (8.34) is obtained for the all orders soft function SG (rather than just the

one-loop soft function) follows immediately from the structure of the e! ective field theory
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Putting the pieces together we get:

The bare soft function is then renormalized:

This now allows us to derive an RG equation for the soft function in rapidity space É
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The rapidity divergence in the soft function is renormalized by a standard SCET soft
function counterterm ZSG (q! , q"

! ) through the convolution

SG(!q! , !q"
! , " ) =

!
d2k! ZSG (q! , k! ) Sbare

G (k! , q"
! ) . (8.27)

To cancel the 1/ # divergence we require

ZSG (q! , k! ) = $2(!q! ! !k! ) !
2CA %s(µ)w2(" )

&2 #

"
1

(!k! ! !q! )2
! $2(!q! ! !k! )

!
d2k"

! !q2
!

2!k "2
! (!k "

! ! !q! )2

#
. (8.28)

The rapidity renormalization group (RRG) equation then follows from the " -independence
of the bare soft function,

0 = "
d

d"
Sbare

G (q! , q"
! ) = "

d
d"

!
d2k! Z # 1

SG
(q! , k! ) SG(k! , q"

! , " ) . (8.29)

Writing out the derivatives of the two terms and inverting, we Þnd that the renormalized
soft function obeys the RGE equation

"
d

d"
SG(q! , q"

! , " ) =
!

d2k! ' SG (q! , k! ) SG(k! , q"
! , " ) , (8.30)

where the anomalous dimension is given by

' SG (q! , q"
! ) = !

!
d2k! ZSG (q! , k! ) "

d
d"

Z # 1
SG

(k! , q"
! ) . (8.31)

Inserting the one-loop result from eq. (8.28) and using (" d/d " )w2(" ) = ! # w2(" ) then
sendingw2(" ) " 1 this gives

' SG (q! , q"
! ) =

2CA %s(µ)
&2

"
1

(!q! ! !q"
! )2 ! $2(!q! ! !q"
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2!k 2
! (!k! ! !q! )2

#
. (8.32)

Note that this anomalous dimension is not just a function of the di! erenceq! ! q"
! , but it

is easy to see from eq. (8.32) that it is symmetric,

' SG (q! , q"
! ) = ' SG (q"

! , q! ) . (8.33)

The anomalous dimension' SG yields an RGE for SG(q! , q"
! , " ) which is precisely the

leading logarithmic BFKL equation,
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! , " ) =
2CA %s(µ)
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. (8.34)

The BFKL equation is often [106Ð108] written in terms of the derivative of a rapidity,
Y = ln( " 2/µ 2) # ln s. The fact that ( / ( Y = (1 / 2)" d/d " explains our factor of 2 in the
prefactor on the right-hand side of eq. (8.34). Note that in our SCET calculation, the
fact that eq. (8.34) is obtained for the all orders soft function SG (rather than just the
one-loop soft function) follows immediately from the structure of the e! ective Þeld theory
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dimensions cannot involve convolutions in the large conserved collinear momenta, and hence
are independent ofn and øn. To exploit eq. (8.35) it is useful to write the RGE for the soft
function in a symmetric form. As noted in section 8.2, both SG and ! SG are symmetric in
their two arguments, so the BFKL equation for the soft function can be written as

"
d

d"
SG(q! , q"

! , " ) =
1
2
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d
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SG(q! , q"

! , " ) +
1
2
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d
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#
.

Plugging eqs. (8.36) and (8.37) into eq. (8.35) we then have
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%

.

Swapping the integration variables k! ! q! in the third line, and k! ! q"
! in the fourth

line, we see that this equation can only be satisÞed for arbitraryCn, SG, and Cøn functions
if ! C (q! , k! ) = " 1

2! SG (k! , q! ) and ! C (q"
! , k! ) = " 1

2! SG (q"
! , k! ), which implies that ! C is

also symmetric in its two arguments and given by

! C (q! , q"
! ) = "

1
2

! SG (q! , q"
! ) . (8.39)

Therefore the RGE equations forCn and Cøn are also given by a BFKL equation. Writing
this out explicitly we have

"
d
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, (8.40)

and we will also have the same BFKL equation forCøn(q! , p"+ , " ). Note that there is a
factor of (" 1/ 2) for these BFKL equations for the collinear functions as compared to the
soft function in eq. (8.34). The sign comes from the fact that the collinear functions run in
the opposite direction in rapidity space, from " # p# =

$
s down to " #

$
t, and the 1/ 2

comes from the fact that two collinear functions must balance against a single soft function.
Again both virtual and real collinear diagrams contribute if we compute the diagrams
needed to directly determine these collinear RGE equations. The direct computation for
the virtual contributions was carried out in section 7.2 and agrees with the factor of (" 1/ 2)
that we determined here by the renormalization group consistency argument.

9 Glauber exponentiation and (non-)eikonalization

Below in section 9.1 we carry out the all order resummation of Glauber boxes in for-
ward scattering, demonstrating that the rapidity regulator yields an eikonal phase. In
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This is an important result since the same collinear function 
appears in the DIS cross section in the small-x limit.

!
d

d!

!
d2q! d2q"

! Cøn (q"
! , p"+ )SG (q! , q"

! )Cn (q"
! , p# ) = 0

É and the RG equation is precisely the Leading Log BFKL equation:

Through the consistency relation one can determine the RG for the collinear sectors:

BFKL for the Collinear Function from consistency



Application
Small-x Deep Inelastic Scattering



¥ We have the same scaling for 
the momenta to give us the 
forward scattering conÞguration 
Q2 << s.  

¥ The Photon is treated without 
expanding. We have two QCD 
rapidity sectors now. 

¥ The more interesting piece 
has a soft sector at the scale 
Q. 

¥ BFKL arises between the Soft 
and collinear sector. 

¥ Even the direct piece has 
BFKL between soft and 
collinear sectors, but it is at 
the scale ~$ QCD, not at Q

DIS Kinematics

e(Pe) + p(P ) ! e(P 0
e) + p(PX )

P µ = P ! nµ

2

s = (Pe + P)2

q2 = ! Q2 = (P 0
e ! Pe)

2

n

øn

n

øn
Pe

Pµ

qµ qµ

P!
e

Pµ
n-collinear

P!
e

PX n

Soft

n-collinear

PX s

PX n

qµ

q!µ

Pe P !
e Pe

Pµ

qµ

q!µ

Pµ



Fixing x and Q2 implies:
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Q2 = x y s

Power counting:
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Here we sketch a quick derivation of the factorization of the Hadronic tensor:

W µ! (x, Q2) =
!

avg . spin

!

X
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d4x!! ex !! áq!P |J µ

QCD (0)|X "! X |J !
QCD (x!! )|P"
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dxdQ2 =
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I,I ! = V,A

L II !

µ ! (x, Q2)W II ! µ ! (x, Q2)

Focus on the hadronic part:

To be able to factorize the matrix 
element strip out the O(! 0) momentum 
from JQCD so that it only has O(!) soft 
momenta left:
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Small-x Factorization of Hadronic Tensor
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Steps that follow:  

¥ Power counting allows us to drop the soft momenta label on the collinear 

operators. 

¥ O(! 2) residual momenta can be dropped everywhere 

¥ The k- label on the soft momenta can then be made continuous 

¥ Apply momentum conservation

Small-x Factorization of Hadronic Tensor
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Here the logs of x are related to 
rapidity divergence and are 
resummed by BFKL.

F2 also has a contribution from a direct 
piece that is shown later.
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μ-Factorization of the Collinear Function

We assume that l ~ Q is a perturbative scale 
and hence we need to resum the large logs in 
the collinear function
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Here U does the DGLAP % resummation 
between the matching coefÞcient and the pdf.

The arguments are Þxed by noting that all the objects 
appearing in this equation are dimensionless, and 
hence can depend only on ratios of various energy 
scales and dimensionless parameters
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We note that for the choice of #C = P-, the logs of x on the left hand side are 
resummed, but we are still left with logs of & and &Õ. 
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This requires a further factorization 
in rapidity for the H and the pdf.
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BFKL at the scale of the pdf



The Direct Piece for F2

F2 also gets contribution from a direct photon exchange with 
Glauber scaling. This piece has no soft modes at scale Q by 
deÞnition. We denote this piece as 'F(x,Q 2)
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The logs of z in the pdf are resummed by a 
rapidity factorization at the $ QCD scale:

One can see that the bottom part of the diagram is same as before - hence get the 
same C, but this time it is non-perturbative. We are here mainly interested in the RG 
running for % and # of the pdf.
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Solution to the BFKL equation

One solves BFKL by Þnding eigenfunctions of its integral kernel:

3.3 The BFKL evolution equation 95

k1 ! , y1

k2 ! , y2

k3 ! , y3

kn ! , yn

kn" 1 ! , yn" 1

P+

P"

Fig. 3.13. A scattering amplitude the square of which gives the BFKL ladder diagram of
Fig. 3.12. The produced gluons have multi-Regge kinematics.

of Eqs. (3.60) imply in terms of rapidities that

Y ≫ y1 ≫ y2 ≫ á á á≫ yn ≫ 0, (3.61)

whereyi , the rapidity of thei th produced gluon, is deÞned in Eq. (3.38), we see that the
multi-Regge kinematics corresponds to the situation where the produced gluons uniformly
cover the whole available rapidity interval. Note that owing to this property, the BFKL
approach gives us the possibility to calculate the exclusive production cross section for any
given number of gluons in the multi-Regge kinematics.

To better understand the dynamics resulting from the BFKL evolution, let us now Þnd
the solution of the BFKL equation.

3.3.4 Solution of the BFKL equation

To Þnd the general solution of Eq. (3.58) we need to Þnd eigenfunctions of its integral
kernelKBFKL, deÞned by

!
d2q⊥KBF KL (l, q )f (q⃗⊥) ≡ 1

!

!
d2q⊥

(l⃗⊥ − q⃗⊥)2

"
f (q⃗⊥) − l 2

⊥
2q2

⊥
f (l⃗⊥)

#
(3.62)

for an arbitrary functionf (q⃗⊥). The BFKL kernel (3.62) is conformally invariant. There-
fore, one would expect that its set of eigenfunctions consists of powers of the transverse
momentum times the complex exponentials of an integer number multiplying the azimuthal
angle:

l 2(" −1)
⊥ ein#l (3.63)

with " an arbitrary complex number (analogous to the DGLAP anomalous dimension).
Here#l is the angle between the vectorl⃗⊥ and some chosen axis in the transverse plane,
andn is an integer. To see that the functions in Eq. (3.63) are indeed BFKL eigenfunctions
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96 Energy evolution and leading logarithm-1/x approximation in QCD

we need to Þnd the action of the BFKL kernel on these functions, that is, we need to evaluate
!

d2q! KBF KL (l, q ) q2(! " 1)
! ein" q

=
1
#

!
d2q!

(#l! " #q! )2

"
q2(! " 1)

! ein" q "
l 2
!

2q2
!

l 2(! " 1)
! ein" l

#
. (3.64)

Note that the BFKL equation (3.58) has IR singularities both in the real (Þrst) and virtual
(second) terms on its right-hand side. Indeed, the Þrst term is singular at#q! = #l! , while
the second is singular both at#q! = #l! and at#q! = 0. As can also be seen from Eq. (3.58)
the singularities cancel each other, making the result of the integration IR-Þnite.

To evaluate (3.64) we Þrst note that6

1

q2
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q2
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! + (#l! " #q! )2
%+

1
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$
q2

! + (#l! " #q! )2
%, (3.65)

so that we obtain, using the substitution#q! $ #l! " #q! in the Þrst term,
!
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= 2
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After a little more algebra Eq. (3.64) can be written as
!

d2q! KBF KL (l, q ) q2(! " 1)
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Takingl2(! " 1)
! ein" l outside the integral we obtain

!
d2q! KBF KL (l, q )q2(! " 1)

! ein" q = $ (n, ! )l 2(! " 1)
! ein" l , (3.68)

where

$ (n, ! ) =
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*

+ 1
2#

2#!

0

d" q

1 + t " 2
&

t cos(" q " " l )
t ! " 1ein(" q" " l )

"
1
t

,
1

|t " 1|
"

1
&

4t2 + 1

-
.

/ (3.69)

with t = q2
! / l 2

! . In arriving at Eq. (3.69) we have used Eqs. (A.13) and (A.15) from
appendix section A.2 to do the angular integration of the second term in Eq. (3.67).

We see from Eq. (3.68) thatl 2(! " 1)
! ein" l is indeed an eigenfunction of the BFKL kernel

KBF KL , with $ (n, ! ) the corresponding eigenvalue.

6 Our evaluation of the BFKL eigenvalue follows the strategy outlined in the review article by Del Duca (1995).
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3.3 The BFKL evolution equation 97

To perform the remaining angular integral in Eq. (3.69) we define a new complex variable
z = ei(! q−! l ) and write the integral as

i

2"
√

t

∮
dz

t#−1z|n|

(
z −

√
t
)(

z − 1√
t

) , (3.70)

where the z-integral runs clockwise along a unit circle around the origin in the complex
z-plane. To arrive at Eq. (3.70) we also noticed that the angular integral in Eq. (3.69) is an
even function of n (and hence is a function of |n|), so that, to simplify the z-integration in
Eq. (3.70), we can replace n by |n|. Performing the z-integral in Eq. (3.70) by the method
of residues, we obtain for Eq. (3.69)

$ (n, # ) =

∞∫

0

dt

[
%(1 − t)

t#−1+| n|/2

1 − t
+ %(t − 1)

t#−1−|n|/2

t − 1
− 1

t

(
1

|t − 1|
− 1√

4t2 + 1

)]
.

(3.71)

Employing the variable substitution t → 1/t for t > 1, we can rewrite Eq. (3.71) as

$ (n, # ) =

1∫

0

dt
t#−1+| n|/2

1 − t
+

1∫

0

dt
t−#+| n|/2

1 − t
− 2

1∫

0

dt

1 − t
−

1∫

0

dt

t
+

∞∫

0

dt

t
√

4t2 + 1
.

(3.72)

Regulating the last two integrals in Eq. (3.72) by multiplying their integrands by t&, per-
forming the integrations, and taking the limit &→ 0 one can see that they cancel each other.
For the first three integrals in (3.72) we use the integral representation of the logarithmic
derivative of the gamma function (see e.g. Gradshteyn and Ryzhik (1994), formula 8.361.7),

' (z) =
d

dz
ln ( (z) =

1∫

0

dt
tz−1 − 1
t − 1

+ ' (1), Re z > 0, (3.73)

to write (Balitsky and Lipatov 1978)

$ (n, # ) = 2' (1) − '
(

# +
|n|
2

)
− '

(
1 − # +

|n|
2

)
. (3.74)

Note that the sum of integrals in Eq. (3.72) gives a finite answer only for 0 < Re # < 1.
Therefore, strictly speaking, the functions l

2(#−1)
⊥ ein! l are the eigenfunctions of the BFKL

kernel with eigenvalues $ (n, # ), (3.74), only for 0 < Re # < 1.
Expanding the general solution of the BFKL equation (3.58) over the eigenfunc-

tions of the BFKL kernel and using the fact that the BFKL Green function is symmet-
ric, G

(
l⃗⊥, l⃗

′

⊥, Y
)

= G
(
l⃗

′

⊥, l⃗⊥, Y
)

, which follows from its definition (see Fig. 3.5 and
Eq. (3.26)), we write

G
(
l⃗⊥, l⃗

′

⊥, Y
)

=
∞∑

n= −∞

a+ i∞∫

a−i∞

d#
2" i

Cn,# (Y ) l
2(#−1)
⊥ l′

2(#∗−1)
⊥ ein(! −! ′), (3.75)
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Eigenfunctions:

For our case n = 0, since thereÕs no angular dependence. 

100 Energy evolution and leading logarithm-1/x approximation in QCD

0.4 0.2 0.2 0.4

10

10

20

30

!  (0 , " )

! i"

Fig. 3.14. The eigenvalue of the BFKL kernel! (0, " ) plotted as a function of! i " (medium-
bold line) for Re" = 0. The thin straight line is due to the linear term 2i " ln(l" / l #

" ) in the
exponent of Eq. (3.82). The boldest curve is a sum of the medium-bold line and the thin
straight line: it represents the complete expression in the exponent of Eq. (3.82). A color
version of this Þgure is available online at www.cambridge.org/9780521112574.

at " = i (|n| + 1)/ 2. However, near these saddle points thenth term in the series (3.80)
scales as

1

l2
"

!
l #2

"

l 2
"

" |n|

; (3.88)

we see that terms with|n| > 0 are suppressed by powers ofl #2
" / l 2

" $ 1 compared with the
n = 0 term (i.e., they are higher-twist corrections). Therefore then = 0 term dominates
again and, as before, we can work with Eq. (3.82).

Expanding then = 0 eigenvalue of the BFKL kernel near" = i/ 2, we Þnd that

! (0, " ) % !
i

" ! i/ 2
, (3.89)

and the saddle point of the integral in Eq. (3.82) is then given by

"DLA %
i
2

! i

#
ø#sY

ln(l 2
" /l #2

" )
. (3.90)

Distorting the" -integration contour to run through"DLA and expanding the exponent of
Eq. (3.82) up to terms of order (" ! "DLA )2, we integrate the result over" , obtaining

G
$
&l" , &l

#

" , Y
%

%
1

2$ 3/ 2l 2
"

( ø#sY)1/ 4

ln3/ 4(l 2
" /l #2

" )
exp

&
2
'

ø#sY ln(l 2
" /l #2

" )
(

. (3.91)

Comparing the exponential in Eq. (3.91) with that in Eq. (2.143) or, since here we are
assuming a Þxed coupling constant, with Eq. (2.159), we see that the DLA limit is indeed the
same when obtained from the DGLAP or the BFKL equations! IdentifyingY in Eq. (3.91)
with ln 1/x in Eq. (2.159) and the transverse logarithm ln (l2

" /l #2
" ) in Eq. (3.91) with

ln (Q2/Q 2
0) in Eq. (2.159), we see complete agreement between the exponents in the two

cases. The prefactor of Eq. (3.91) is different from what one would obtain in Eq. (2.159),
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Using Mellin's inversion theorem we deÞne ( transform as :

g(! ) =
!

d2l!
µ2

" "l 2
!

µ2

# ! " 1

g
" "l 2

!

µ2

#
, g

" "l 2
!

µ2

#
=

! 1
2 + #

1
2 " i #

d!
2#i

" "l 2
!

µ2

# " !

g(! )

Then solution for the BFKL Kernel is given by 

g

! ~l 2
?
µ2 ,

~l 02?
µ2 ,

⌫

⌫0

"
=

# 1
2 + i1

1
2�i1

d�

2⇡i

1

⇡
e! ( " ) ln !

! 0 f"

! ~l 2
?
µ2

"
f" "

! ~l 02?
µ2

"



Factorization in Moment Space

W µ!
f = P !

!

j = q,g

" 1

0
d!

" 1
2 + "

1
2 ! i "

d"
2#i

f j

#
! ,

µ
! QCD

$
U

#
" ,

$C

$S

$
Hj

#
" ,

$C

! P !

$#
%q2

#

µ2

$ "

Sµ!
#

" , q# ,
$S

xP !

$

Where we have deÞned: 
U

!
! ,

" C

" S

"
=

1
#

e
! s C A

" ! ( " ) ln # C
# S

Sµ!
!

! , q! ,
" S

xP "

"
!

#
d2q#

!

#q#2
!

!
#q#2

!

#q2
!

" "

Sµ !
!

q#
! , q! ,

" S

xP "

"

H j

!
! ,

" C

#P!

"
!

#
d2l"
µ2

!
l 2
"

µ2

" ! ! ! 1

H j

!
l"
µ

,
" C

#P!

"

H j

!
l"
µ

,
" C

#P!

"
=

# 1
2 + #

1
2 ! i #

d!
2$i

!
l 2
"

µ2

" !

H j

!
! ,

" C

#P!

"

Using the solution of the BFKL equation we now have 

g(N ) =
! 1

0
dx xN ! 1g(x) , g(x) =

! c+ i "

c! i "

dN
2! i

x! N g(N )

Now deÞne N-Mellin moments with respect to x as: 

c is in the region on x axis 
where g(x) is analytic.F̄2(N, Q2) =

Z 1

0
dx xN �1F2(x, Q2)

=

Z
d�
2⇡i

1

⇡

✓
Q2

µ

◆! X

j

H j (�, 1)S2(�, 1)

N ! " sCA
# �(�)

f̄ j

✓
1 +

↵sCA

⇡
�(�),

µ
⇤QCD

◆

+ H̄ 0
j

✓
N,

µ
Q

◆
f̄ j

✓
N + 1,

µ
⇤QCD
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Consistency between μ and ν RGE

BFKL for H gives

DGLAP for H gives

µ2 d
dµ2 Hj

!
l !
µ

,
! C

"P"

"
= !

# 1

0

d" #

" # Hk

!
l !
µ

,
! C

"" #P"

"
Pkj (" #)

H j

!
l !
µ

,
! C

"P"

"
=

# 1
2 + #

1
2 " i #

d#
2$i

U
!

#,
! $

S

! C

"! %l 2
!

µ2

" ! #
d2l $2

!

µ2

!
l $2
!

µ2

" " ! " 1

H j

!
l$
!

µ
,
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S

"P"

"

=
# 1

2 + #

1
2 " i #

d#
2$i

" " ! s C A
" " ( ! )

! %l 2
!

µ2

" !

H j

!
#,

! $
S

"P"

"

Combining these two equations and taking N Mellin moment we get

!
d!
2" i

1
"

"

k

Hk (! , 1)
#
!# kj ! øPkj

$
! s CA

" $(! )
%

&

N ! ! s CA
" $(! )

$
µ

Q2

%! #

= 0

N !
! sCA

"
#($N )This deÞnes N as follows: 

!

k

Hk (! N , 1)
"
! N ! øPkj (N )

#
= 0%-# consistency equation:



LL
! "# $
øPgg(N )

! N

LL
! "# $
Sf

g (! N , 1) +

LL
! "# $
øPgq(N )

! N

NLL
! "# $
Sf

q (! N , 1) =

LL
! "# $
Sf

g (! N , 1)

NLL
! "# $
øPqg(N )

! N

LL
! "# $
Sf

g (! N , 1) +

! s! "# $
øPqq(N )

! N

NLL ,O ( ! s )
! "# $
Sf

q (! N , 1) =

NLL
! "# $
Sf

q (! N , 1)

Hg(! N , 1)
!
! N ! øPgg(N )

"
+ Hq(! N , 1)

!
! øPqg(N )

"
= 0

Hg(! N , 1)
!

! øPgq(N )
"

+ Hq(! N , 1)
!
! N ! øPqq(N )

"
= 0

Hence at Leading Log accuracy we obtain resummed gluon anomalous dimension:

Following similar steps for the direct piece ' F yields: 

P̄gg(N) = �N , Sf
q (�N ) =

P̄qg

�N
(N)Sf

g (�N )

The Þrst is same as we derived for H. The second 
proves that at the lowest order in small-x the quark pdf 
is directly related to the gluon pdf.

! F2 = !
øPgq(N )

! N
f g(N )

Consistency between μ and ν RGE



Final results for structure functions

Hence having resummed the leading small-x logs we now have 
following relations for the coefÞcient functions:

øF2(N ) = Cg
2 (N ) øf g(N ) , øFL (N ) = Cg

L (N ) øf g(N )

Where the coefÞcient functions are given by:

Cg
L(N ) = SL(! N )R(! N )H (! N , 1)

Cg
2 (N ) = S2(! N )R(! N )H (! N , 1)� 2nf P̄qg(N )

! N

SL(( N) and S2(( N) are the moments of our soft 
function. nf is the number of quark ßavors



¥ This problem has been long under 
investigation. First resummation for the 
coefÞcient function: Catani-Hautmann, 1994 

¥ Diagrammatic approach. 

¥ Their approach involved solving the n=4+2!  
dimensional BFKL eqn. to keep track of the 
IR divergences, as they deal with the small-
x resummation. 

¥ Not gauge invariant (at least not clear a 
priori). 

¥ Deals with bare quantities, unlike our 
factorization theorem where the functions in 
our factorization formulae have been 
renormalized. 

¥ Our results for S2 and SL in the "  space 
agree with theirs. We get the same 
consistency equations.

Comparison with previous work

Fi g. 1. Fact or i zat i on of t he physi cal cr oss sect i on Fi n t er ms of par t oni c cr oss sect i ons ( F( o) , Fa( o) ,

 

and

par t on di st r i but i ons ( f ( o) , f 4o) , . . . ) . I n t he case of on- shel l par t ons ( p? = 0) , t he f i r st t er mon t he r. h. s . and
t hose i n par ent hesi s r epr esent r espect i vel y t he l eadi ng- and hi gher - t wi st cont r i but i ons .
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Fi g. 2. Expansi on of t he par t oni c cr oss sect i on F( O) i n t wo- par t i cl e i r r educi bl e ( 2PI ) ker nel s.

r egul ar i zat i on scal e i s denot ed by , t a . Once Fl ol has been r enor mal i zed ( usi ng, f or
i nst ance, t he MS r enor mal i zat i on scheme) , col l i near si ngul ar i t i es ar e aut omat i cal l y r eg-
ul ar i zed and show up as si ngl e pol es i n 11s . The f act or i zat i on t heor em al l ows one t o
subt r act t hese pol es f r omF( O) and f act or i ze t hem ( t o al l or der s i n as) i nt o pr ocess-
i ndependent t r ansi t i on f unct i ons I ' , accor di ng t o

FÇÈ= CI ' , ( 2 . l 5)

wher e t he coef f i ci ent f unct i on Ci s f i ni t e f or e - > 0. Usi ng t he t r ansi t i on f unct i ons I ' t o
def i ne t he ` physi cal ' par t on densi t i es f

( 2. 16)

one t hen r ecover s t he f act or i zat i on f or mul a ( 2. 8) by per f or mi ng t he l i mi t s - - > 0.
The f act or i zat i on pr ocedur e l eadi ng t o Eq. ( 2. 15) i s si mpl i f i ed i f we eval uat e t he

gauge- i nvar i ant par t oni c cr oss sect i on F( o) i n a physi cal gauge. Denot i ng by p~ =
P( 1, 0, 1) t he i ncomi ng par t on moment um( Fi g. 2) , we i nt r oduce t he f ol l owi ng Sudakov
par amet r i zat i on f or any ot her moment umk

kl ' =zp~' ' +k1+
k2+k2 p

g

 

,

 

ki =( O, k, O) , p~=P( 1, 0, - 1) ,

 

( 2. l 7)
z 2p- p

486

 

S. Cat ani , F. Haut mann/ Nucl ear Physi cs B427( 1994) 475- 524

b=q, q

P

b=q. q

P

2. 3. Power count i ng andf act or i zat i on at hi gh ener gy

Fi g. 4. Expansi on i n t wo- gl uon i r r educi bl e ( 2GI ) ker nel s at hi gh ener gy f or ( a) t he par t oni c cr oss sect i on
F( ¡ ) and ( b) t he ( si ngl et ) quar k Gr een f unct i ons Cj ga, gqa,

consi der ed t he case of a f i xed coupl i ng const ant as . As shown i n t he f ol l owi ng, t hi s
si mpl i f i cat i on i s suf f i ci ent f or t he pur poses of t he pr esent paper .

The expansi on i n 2PI ker nel s i nt r oduced i n t he pr evi ous subsect i on i s par t i cul ar l y
usef ul t o di scuss t he hi gh- ener gy behavi our . Hi gh- ener gy ( or smal l - z) l ogar i t hmi c con-
t r i but i ons ar e i ndeed gener at ed by mul t i pl e gl uon exchanges i n t he t - channel . Ther ef or e
we ar e l ed t o consi der ker nel s whi ch ar e t wo- gl uon i r r educi bl e ( 2GI ) .

For t he par t on cr oss sect i on F, , ( ¡1 ( a = qt , qt , g) , we si ngl e out t he par t whi ch i s
2GI by sel ect i ng t he f i r st ( st ar t i ng f r om above i n Fi g. 4a) t wo- gl uon i nt er medi at e
st at e . Consi der i ng t he smal l - N l i mi t i n N- moment space, t he 2GI ker nel behaves as
as ( 1 + as + . . . ) , wher e t he f i r st t er mcor r esponds t o t he t r ee- appr oxi mat i on and t he
r emai ni ng t er ms st and f or cor r ect i ons whi ch ar e subl eadi ng at hi gh ener gy. The l ar ge
per t ur bat i ve cont r i but i ons ( as/ N) k ar e t hus gener at ed pr eci sel y by k- i nt egr at i on f r om
t he ones i n t he gl uon Gr een f unct i ons 9‰0) ( a = qi , qi , g) . I n par t i cul ar , si nce f l avour
non- si ngl et par t on cr oss sect i ons ( Appendi x A) get no cont r i but i on f r om pur e- gl uon
i nt er medi at e st at es, we can i mmedi at el y concl ude t hat non- si ngl et anomal ous di mensi ons
and coef f i ci ent f unct i ons ar e r egul ar f or N- - > 0 or der by or der i n as .

A decomposi t i on si mi l ar t o t hat f or F‰¡) can be per f or med al so f or t he ( f l avour
si ngl et ) quar k Gr een f unct i on ( Fi g. 4b) . Si nce t he 2GI ker nel behaves i n t hi s case as
as ( 1 + as + . . . ) , we see t hat t he quar k anomal ous di mensi ons cont r i but e t o next - t o-
l eadi ng t er ms as ( asI N) k i n t he hi gh- ener gy l i mi t .

2PI Kernels for collinear singularities:

2GI Kernels for high energy limit:
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F (0)

N (!q! )

#
BFKL in 4+2)  dimensions:



Summary

¥ Forward Scattering formalism in Effective Field theory 
gives a very unique understanding of the underlying 
physics. 

¥ Rich phenomenology of Glauber exchanges  

¥ Use of #-$ space RGEs for DGLAP and BFKL 
evolutions. 

¥ Our goal is to get further understanding of NLL small-x 
resummation using this new forward scattering 
formalism in SCET.
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