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Motivation



Heavy quark masses
Fundamental parameters of the Standard Model, need to be known with high precision

Play a fundamental role in flavor physics:

• Unitarity triangle
• Rare kaon decays
• Test the Standard Model at the precision frontier

Also play a role in Higgs physics (branching ratios)

In this talk we focus only on Bottom and Charm



Heavy quark masses
Fundamental parameters of the Standard Model, need to be known with high precision

But… quarks are confined particles, therefore their mass is not observable!

The mass of a heavy quark needs to be defined within perturbation theory…

… as any other parameter in the QCD Lagrangian (renormalization, " -dependence)

Only indirect measurements of quark masses possible.

Play a fundamental role in flavor physics:

• Unitarity triangle
• Rare kaon decays
• Test the Standard Model at the precision frontier

Also play a role in Higgs physics (branching ratios)

In this talk we focus only on Bottom and Charm



Quarkonium

SLAC and BNL (1974), J/#  bound state Fermilab (1977), $ bound state

Charm and Bottom quarks discovered as QQ bound states



Quarkonium

SLAC and BNL (1974), J/#  bound state Fermilab (1977), $ bound state
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Charm and Bottom quarks discovered as QQ bound states



Quarkonium

Theoretical description in early days in terms of a very simple non-relativistic 
description, the Cornell Model, with only three parameters:

• Quark mass: mQ

• Coulomb-type interaction: ! s

• Linear raising potential: “string tension” %.

Interplay between perturbative and 
non-perturbative is crucial
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[Eichten et. al. PRL 
34:369Ð372 (1975)]

SLAC and BNL (1974), J/#  bound state Fermilab (1977), $ bound state
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Charm and Bottom quarks discovered as QQ bound states

confinement



Cornell model and the 
static QCD potential



Cornell Model
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“static potential”
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these terms yield dependence 
on (n,l) quantum numbers

Solved numerically (Numerov)

“static potential”

Cornell Model
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these terms give dependence 
on (s,j) quantum numbers

Use perturbation theory

these terms yield dependence 
on (n,l) quantum numbers

Solved numerically (Numerov)

“static potential”
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spin-dependent 1/m2 corrections

these terms give dependence 
on (s,j) quantum numbers

Use perturbation theory

these terms yield dependence 
on (n,l) quantum numbers

Solved numerically (Numerov)

“static potential”
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Cornell Model



0.0 0.1 0.2 0.3 0.4 0.5

-2.0

-1.5

-1.0

-0.5

0.0

0.5

r [fm]

VCornell(r) [GeV]

! r
<latexit sha1_base64="98xC7lwx4V1DZsCbyvenLXH7ss8=">AAACP3icbZC7TsMwFIYdrqXcWhhZDBUSA6oSVAnGChbGItGL1EbVieOkps5FtlNaRX0JVngZHoMnYEOsbLhNBmh7JEuf/t/HPud3Ys6kMs0PY219Y3Nru7BT3N3bPzgslY9aMkoEoU0S8Uh0HJCUs5A2FVOcdmJBIXA4bTvDu5nfHlEhWRQ+qklM7QD8kHmMgNJSpyeZHwAW/VLFrJrzwstg5VBBeTX6ZeO050YkCWioCAcpu5YZKzsFoRjhdFrsJZLGQIbg067GEAIq7XQ+8BSfa8XFXiT0CRWeqys7Lt0Ri2WGcuRnoEBvZ6fj7LG/fSmMI1fAc+1pQQ6knASO/jgANZCL3kxc5XUT5d3YKQvjRNGQZHN7CccqwrMwscsEJYpPNAARTK+OyQAEEKUjL+pQrcUIl6F1VbXMqvVQq9Rv83gL6ASdoQtkoWtUR/eogZqIII5e0Ct6M96NT+PL+M6urhl5zzH6V8bPL/0UsAY=</latexit><latexit sha1_base64="98xC7lwx4V1DZsCbyvenLXH7ss8=">AAACP3icbZC7TsMwFIYdrqXcWhhZDBUSA6oSVAnGChbGItGL1EbVieOkps5FtlNaRX0JVngZHoMnYEOsbLhNBmh7JEuf/t/HPud3Ys6kMs0PY219Y3Nru7BT3N3bPzgslY9aMkoEoU0S8Uh0HJCUs5A2FVOcdmJBIXA4bTvDu5nfHlEhWRQ+qklM7QD8kHmMgNJSpyeZHwAW/VLFrJrzwstg5VBBeTX6ZeO050YkCWioCAcpu5YZKzsFoRjhdFrsJZLGQIbg067GEAIq7XQ+8BSfa8XFXiT0CRWeqys7Lt0Ri2WGcuRnoEBvZ6fj7LG/fSmMI1fAc+1pQQ6knASO/jgANZCL3kxc5XUT5d3YKQvjRNGQZHN7CccqwrMwscsEJYpPNAARTK+OyQAEEKUjL+pQrcUIl6F1VbXMqvVQq9Rv83gL6ASdoQtkoWtUR/eogZqIII5e0Ct6M96NT+PL+M6urhl5zzH6V8bPL/0UsAY=</latexit><latexit sha1_base64="98xC7lwx4V1DZsCbyvenLXH7ss8=">AAACP3icbZC7TsMwFIYdrqXcWhhZDBUSA6oSVAnGChbGItGL1EbVieOkps5FtlNaRX0JVngZHoMnYEOsbLhNBmh7JEuf/t/HPud3Ys6kMs0PY219Y3Nru7BT3N3bPzgslY9aMkoEoU0S8Uh0HJCUs5A2FVOcdmJBIXA4bTvDu5nfHlEhWRQ+qklM7QD8kHmMgNJSpyeZHwAW/VLFrJrzwstg5VBBeTX6ZeO050YkCWioCAcpu5YZKzsFoRjhdFrsJZLGQIbg067GEAIq7XQ+8BSfa8XFXiT0CRWeqys7Lt0Ri2WGcuRnoEBvZ6fj7LG/fSmMI1fAc+1pQQ6knASO/jgANZCL3kxc5XUT5d3YKQvjRNGQZHN7CccqwrMwscsEJYpPNAARTK+OyQAEEKUjL+pQrcUIl6F1VbXMqvVQq9Rv83gL6ASdoQtkoWtUR/eogZqIII5e0Ct6M96NT+PL+M6urhl5zzH6V8bPL/0UsAY=</latexit><latexit sha1_base64="98xC7lwx4V1DZsCbyvenLXH7ss8=">AAACP3icbZC7TsMwFIYdrqXcWhhZDBUSA6oSVAnGChbGItGL1EbVieOkps5FtlNaRX0JVngZHoMnYEOsbLhNBmh7JEuf/t/HPud3Ys6kMs0PY219Y3Nru7BT3N3bPzgslY9aMkoEoU0S8Uh0HJCUs5A2FVOcdmJBIXA4bTvDu5nfHlEhWRQ+qklM7QD8kHmMgNJSpyeZHwAW/VLFrJrzwstg5VBBeTX6ZeO050YkCWioCAcpu5YZKzsFoRjhdFrsJZLGQIbg067GEAIq7XQ+8BSfa8XFXiT0CRWeqys7Lt0Ri2WGcuRnoEBvZ6fj7LG/fSmMI1fAc+1pQQ6knASO/jgANZCL3kxc5XUT5d3YKQvjRNGQZHN7CccqwrMwscsEJYpPNAARTK+OyQAEEKUjL+pQrcUIl6F1VbXMqvVQq9Rv83gL6ASdoQtkoWtUR/eogZqIII5e0Ct6M96NT+PL+M6urhl5zzH6V8bPL/0UsAY=</latexit>

�CF
1

r
<latexit sha1_base64="LL7AeMeQc3TH8WrhhguA7DjBf9s="></latexit><latexit sha1_base64="LL7AeMeQc3TH8WrhhguA7DjBf9s="></latexit><latexit sha1_base64="LL7AeMeQc3TH8WrhhguA7DjBf9s="></latexit><latexit sha1_base64="LL7AeMeQc3TH8WrhhguA7DjBf9s="></latexit>

! ! ! "#$"%" &#&'& ()*

�� ! &#+&+" &#&&, ()* "
�� # ! &#%,%" &#&&-

! ! " ! ! # ! ! $

�� !
!!

!
S

"
"

��
!!

!
S

!
"

��
!
!!

#
P

"
"

��
!
!!

#
P

!
"

h !
!!

!
P

!
"

��
!
!!

#
P

$
"

�� !
!"

!
S

"
"

��
!"

#
S

!
"

��
!!

#
D

$
"

��
!
!"

#
P

"
"

��
!
!"

#
P

!
"

h !
!"

!
P

!
"

��
!
!"

#
P

$
"

��
!#

#
S

$
"%&#'

%&'(

%&)'

"(&((

"(&#'

"(&'(

"(&)'

""&((
! !"#"$

! !
_

"*+, #- ./0+1 23 +45+678+!923 :;<

+ VLS + VSS + VT
<latexit sha1_base64="IRsv2J7fSRJJtY1GZVRxK9nkqcM="></latexit><latexit sha1_base64="IRsv2J7fSRJJtY1GZVRxK9nkqcM="></latexit><latexit sha1_base64="IRsv2J7fSRJJtY1GZVRxK9nkqcM="></latexit><latexit sha1_base64="IRsv2J7fSRJJtY1GZVRxK9nkqcM="></latexit>

VCornell (r ) = ! CF
! s

r
+ " r

<latexit sha1_base64="NlqD4kO4+QVFvstK05so6kxY6ng="></latexit><latexit sha1_base64="NlqD4kO4+QVFvstK05so6kxY6ng="></latexit><latexit sha1_base64="NlqD4kO4+QVFvstK05so6kxY6ng="></latexit><latexit sha1_base64="NlqD4kO4+QVFvstK05so6kxY6ng="></latexit>

spin-dependent 1/m2 corrections

these terms give dependence 
on (s,j) quantum numbers

Use perturbation theory

these terms yield dependence 
on (n,l) quantum numbers

Solved numerically (Numerov)

“static potential”

+ nothing

need string 
breaking

Cornell Model



EFT treatment

Modern method to deal with problems widely separated scales

For quarkonium such theory is called NRQCD:

RGE-improved versions of NRQCD are called

pNRQCD

vNRQCD

Can be also used for other processes, such as t-t production at threshold

[Pineda, Soto; Brambilla, Pineda, Soto, Vairo NPB 566 (2000) 275] 
[Luke, Manohar, Rothstein, PRD 61 (2000) 074025]

[Bodwin, Braaten, Lepage, PRD 51 (1995) 1125-1171]



Static QCD potential
VQCD (r ) = Vstatic (r ) +

1
mn corrections
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r-independent u = 1/2 
renormalon

many more terms known, 
also quantum corrections

[Fischler, NPB 129 (1977) 157-174],  [Anzai et al, PRL 104 (2010) 112004 ]
[Schršder, PLB 447 (1999) 321-326], [Brambilla et al, PRD60 (1999) 091502]
[Peter, PRL 78 (1997) 602-605]       , [Lee et al, PRD 94 (2016) 054029]
[Smirnov et al, PLB 668 (2008) 293-298, PRL 104 (2010) 112003]
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r-independent u = 1/2 
renormalon

But a potential is not an observable!
Energy is an observable

has a u = 1/2 mass-
independent renormalon

E = 2 mpole
Q + Vstatic (r )
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many more terms known, 
also quantum corrections

[Pineda, PhD thesis]
[Hoang et al, PRD 59 (1999) 114014]
[Beneke et al, PLB 434 (1998) 115-125]

Vstatic (r ) = ! CF
! s(µ)

r

!
1 +

"

i =1

!
! s(µ)

4"

#i

aij logj (r µ e! E )
#

<latexit sha1_base64="fKnM3yFIuo47WE7lZZDzpo5YYHc="></latexit><latexit sha1_base64="fKnM3yFIuo47WE7lZZDzpo5YYHc="></latexit><latexit sha1_base64="fKnM3yFIuo47WE7lZZDzpo5YYHc="></latexit><latexit sha1_base64="fKnM3yFIuo47WE7lZZDzpo5YYHc="></latexit>



Static QCD potential
VQCD (r ) = Vstatic (r ) +

1
mn corrections

<latexit sha1_base64="365wDE/8p1KrcA+Soqern9fvXcY="></latexit><latexit sha1_base64="365wDE/8p1KrcA+Soqern9fvXcY="></latexit><latexit sha1_base64="365wDE/8p1KrcA+Soqern9fvXcY="></latexit><latexit sha1_base64="365wDE/8p1KrcA+Soqern9fvXcY="></latexit>

known to O(! 4
s)

<latexit sha1_base64="TsOgx+GZjYDFQzbbub2hlfwQX9Y="></latexit><latexit sha1_base64="TsOgx+GZjYDFQzbbub2hlfwQX9Y="></latexit><latexit sha1_base64="TsOgx+GZjYDFQzbbub2hlfwQX9Y="></latexit><latexit sha1_base64="TsOgx+GZjYDFQzbbub2hlfwQX9Y="></latexit>

!"!! !"!# !"$! !"$# !"%!
! &"#

! &"!

! %"#

! %"!

! $"#

! $"!

! !"#

!"!

' "() #

! !"#"$%$' % "*+, #
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But a potential is not an observable!
Energy is an observable

Same renormalon! cancels in the difference
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Q (R) + ! M (R, µ) + Vstatic (r )
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Static QCD potential
VQCD (r ) = Vstatic (r ) +

1
mn corrections
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But a potential is not an observable!
Energy is an observable

Same renormalon! cancels in the difference

E = 2 mMSR
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<latexit sha1_base64="JfNn6lYLi6jG6JUGCuJmJ0OYnEo="></latexit><latexit sha1_base64="JfNn6lYLi6jG6JUGCuJmJ0OYnEo="></latexit><latexit sha1_base64="JfNn6lYLi6jG6JUGCuJmJ0OYnEo="></latexit><latexit sha1_base64="JfNn6lYLi6jG6JUGCuJmJ0OYnEo="></latexit>!"! !"# !"$ !"% !"&
'"(

)"!

)"(

*"!

*"(

+"!

+"(

, !-. "

$ mb # V!"#"$%$,% !/01 "

MSR scheme

Important to use MSR mass because neither             nor                 should be large 

It also makes qualitative agreement with Cornell model better

log(rµ )
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E = 2 mpole
Q + Vstatic (r )
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many more terms known, 
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Master formula for 
quarkonia masses
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[Kiyo, Sumino NP B889 
(2014) 156-191]

+ non-
perturbative

[Penin, Steinhauser, PLB 538 (2002) 335-345]
[Beneke, Kiyo Schuller, PLB 714 (2005) 67-90]
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And either                                    (true for n = 1) 

or                        (possibly true for n = 2)µus ! ! QCD
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local condensates

non-local condensates

For n = 3 one seems to have perturbative and non-perturbative 
of the same order

For a recent study of non-perturbative effects, see [T. Rauh 1803.05477 (2018)]

We will estimate those by comparing fits with different datasets and by studies of 
perturbative stability
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First quantum correction is         , but static potential starts at  O(! 2
s)
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[Kiyo, Sumino NP B889 
(2014) 156-191]

bookkeeping parameter that labels the various orders in the    -expansion⌥
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Argument in logs non-trivial: explicit    dependence as well as through µ
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Dependence gets even more complex when switching to the MSR mass 
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In this formula corrections in        and      are of the same order: mQ only scale involved↵s
<latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit><latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit><latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit><latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit>

1
mQ

<latexit sha1_base64="oMkS8fUOlQbb5AFERHDQtrtPwTM=">AAACRHicbZDLTgIxFIZbvCHeQJduqsTEhSEzhkSXRDcuIZFLAhPS6XSg0umMbQchE57Drb6M7+A7uDNujYWZhSInafLl/3vac3434kxpy3qHubX1jc2t/HZhZ3dv/6BYOmypMJaENknIQ9lxsaKcCdrUTHPaiSTFgctp2x3dzv32mErFQnGvpxF1AjwQzGcEayM5PV9iktizJOg3Zv1i2apYi0L/wc6gDLKq90vwpOeFJA6o0IRjpbq2FWknwVIzwums0IsVjTAZ4QHtGhQ4oMpJFlPP0JlRPOSH0hyh0UJd2XHhjVmkUlTjQQoamxWdZJI+9rsvwZPQk/ip+rAkB0pNA9d8HGA9VMveXFzldWPtXzsJE1GsqSDp3H7MkQ7RPFHkMUmJ5lMDmEhmVkdkiE2u2uReMKHayxH+h9ZlxbYqdqNart1k8ebBMTgF58AGV6AG7kAdNAEBj+AZvIBX+AY/4Cf8Sq/mYNZzBP4U/P4B2B6ybw==</latexit><latexit sha1_base64="oMkS8fUOlQbb5AFERHDQtrtPwTM=">AAACRHicbZDLTgIxFIZbvCHeQJduqsTEhSEzhkSXRDcuIZFLAhPS6XSg0umMbQchE57Drb6M7+A7uDNujYWZhSInafLl/3vac3434kxpy3qHubX1jc2t/HZhZ3dv/6BYOmypMJaENknIQ9lxsaKcCdrUTHPaiSTFgctp2x3dzv32mErFQnGvpxF1AjwQzGcEayM5PV9iktizJOg3Zv1i2apYi0L/wc6gDLKq90vwpOeFJA6o0IRjpbq2FWknwVIzwums0IsVjTAZ4QHtGhQ4oMpJFlPP0JlRPOSH0hyh0UJd2XHhjVmkUlTjQQoamxWdZJI+9rsvwZPQk/ip+rAkB0pNA9d8HGA9VMveXFzldWPtXzsJE1GsqSDp3H7MkQ7RPFHkMUmJ5lMDmEhmVkdkiE2u2uReMKHayxH+h9ZlxbYqdqNart1k8ebBMTgF58AGV6AG7kAdNAEBj+AZvIBX+AY/4Cf8Sq/mYNZzBP4U/P4B2B6ybw==</latexit><latexit sha1_base64="oMkS8fUOlQbb5AFERHDQtrtPwTM=">AAACRHicbZDLTgIxFIZbvCHeQJduqsTEhSEzhkSXRDcuIZFLAhPS6XSg0umMbQchE57Drb6M7+A7uDNujYWZhSInafLl/3vac3434kxpy3qHubX1jc2t/HZhZ3dv/6BYOmypMJaENknIQ9lxsaKcCdrUTHPaiSTFgctp2x3dzv32mErFQnGvpxF1AjwQzGcEayM5PV9iktizJOg3Zv1i2apYi0L/wc6gDLKq90vwpOeFJA6o0IRjpbq2FWknwVIzwums0IsVjTAZ4QHtGhQ4oMpJFlPP0JlRPOSH0hyh0UJd2XHhjVmkUlTjQQoamxWdZJI+9rsvwZPQk/ip+rAkB0pNA9d8HGA9VMveXFzldWPtXzsJE1GsqSDp3H7MkQ7RPFHkMUmJ5lMDmEhmVkdkiE2u2uReMKHayxH+h9ZlxbYqdqNart1k8ebBMTgF58AGV6AG7kAdNAEBj+AZvIBX+AY/4Cf8Sq/mYNZzBP4U/P4B2B6ybw==</latexit><latexit sha1_base64="oMkS8fUOlQbb5AFERHDQtrtPwTM=">AAACRHicbZDLTgIxFIZbvCHeQJduqsTEhSEzhkSXRDcuIZFLAhPS6XSg0umMbQchE57Drb6M7+A7uDNujYWZhSInafLl/3vac3434kxpy3qHubX1jc2t/HZhZ3dv/6BYOmypMJaENknIQ9lxsaKcCdrUTHPaiSTFgctp2x3dzv32mErFQnGvpxF1AjwQzGcEayM5PV9iktizJOg3Zv1i2apYi0L/wc6gDLKq90vwpOeFJA6o0IRjpbq2FWknwVIzwums0IsVjTAZ4QHtGhQ4oMpJFlPP0JlRPOSH0hyh0UJd2XHhjVmkUlTjQQoamxWdZJI+9rsvwZPQk/ip+rAkB0pNA9d8HGA9VMveXFzldWPtXzsJE1GsqSDp3H7MkQ7RPFHkMUmJ5lMDmEhmVkdkiE2u2uReMKHayxH+h9ZlxbYqdqNart1k8ebBMTgF58AGV6AG7kAdNAEBj+AZvIBX+AY/4Cf8Sq/mYNZzBP4U/P4B2B6ybw==</latexit>

[Kiyo, Sumino NP B889 
(2014) 156-191]
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<latexit sha1_base64="5b6eJPIBQ07VEDepmYPuRrM28js="></latexit><latexit sha1_base64="5b6eJPIBQ07VEDepmYPuRrM28js="></latexit><latexit sha1_base64="5b6eJPIBQ07VEDepmYPuRrM28js="></latexit><latexit sha1_base64="5b6eJPIBQ07VEDepmYPuRrM28js="></latexit>
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<latexit sha1_base64="6oNNwGB+eRqwM80WRoox2SB3l5M="></latexit><latexit sha1_base64="6oNNwGB+eRqwM80WRoox2SB3l5M="></latexit><latexit sha1_base64="6oNNwGB+eRqwM80WRoox2SB3l5M="></latexit><latexit sha1_base64="6oNNwGB+eRqwM80WRoox2SB3l5M="></latexit>

Pi (L ) =
i!

j =0

ci,j L j

<latexit sha1_base64="dLoSjUNOv2hEjsri5FXQapeUelU="></latexit><latexit sha1_base64="dLoSjUNOv2hEjsri5FXQapeUelU="></latexit><latexit sha1_base64="dLoSjUNOv2hEjsri5FXQapeUelU="></latexit><latexit sha1_base64="dLoSjUNOv2hEjsri5FXQapeUelU="></latexit>

are known to up to i = 3,            can be computed demanding     independence ci, 0
<latexit sha1_base64="+aKRmcRxHPZmzn8PHGdcPYpyHIY=">AAACPnicbZDLTgIxFIY7eEO8gS7dVImJC0JmDIkuiW5cYiKXBCak0+lApdNO2g5CJjyEW30ZX8MXcGfcurQws1DgJE2+/H9Pe87vRYwqbdsfVm5jc2t7J79b2Ns/ODwqlo5bSsQSkyYWTMiOhxRhlJOmppqRTiQJCj1G2t7obu63x0QqKvijnkbEDdGA04BipI3Uxv2EVuxZv1i2q/ai4Co4GZRBVo1+yTrr+QLHIeEaM6RU17Ej7SZIaooZmRV6sSIRwiM0IF2DHIVEucli3hm8MIoPAyHN4Rou1LUdFX9MI5WiGg9S0Mgs5yaT9LG/fQmaCF+i59rTkhwqNQ0983GI9FAte3NxndeNdXDjJpRHsSYcp3MHMYNawHmW0KeSYM2mBhCW1KwO8RBJhLVJvGBCdZYjXIXWVdWxq85DrVy/zeLNg1NwDi6BA65BHdyDBmgCDEbgBbyCN+vd+rS+rO/0as7Kek7Av7J+fgHqma98</latexit><latexit sha1_base64="+aKRmcRxHPZmzn8PHGdcPYpyHIY=">AAACPnicbZDLTgIxFIY7eEO8gS7dVImJC0JmDIkuiW5cYiKXBCak0+lApdNO2g5CJjyEW30ZX8MXcGfcurQws1DgJE2+/H9Pe87vRYwqbdsfVm5jc2t7J79b2Ns/ODwqlo5bSsQSkyYWTMiOhxRhlJOmppqRTiQJCj1G2t7obu63x0QqKvijnkbEDdGA04BipI3Uxv2EVuxZv1i2q/ai4Co4GZRBVo1+yTrr+QLHIeEaM6RU17Ej7SZIaooZmRV6sSIRwiM0IF2DHIVEucli3hm8MIoPAyHN4Rou1LUdFX9MI5WiGg9S0Mgs5yaT9LG/fQmaCF+i59rTkhwqNQ0983GI9FAte3NxndeNdXDjJpRHsSYcp3MHMYNawHmW0KeSYM2mBhCW1KwO8RBJhLVJvGBCdZYjXIXWVdWxq85DrVy/zeLNg1NwDi6BA65BHdyDBmgCDEbgBbyCN+vd+rS+rO/0as7Kek7Av7J+fgHqma98</latexit><latexit sha1_base64="+aKRmcRxHPZmzn8PHGdcPYpyHIY=">AAACPnicbZDLTgIxFIY7eEO8gS7dVImJC0JmDIkuiW5cYiKXBCak0+lApdNO2g5CJjyEW30ZX8MXcGfcurQws1DgJE2+/H9Pe87vRYwqbdsfVm5jc2t7J79b2Ns/ODwqlo5bSsQSkyYWTMiOhxRhlJOmppqRTiQJCj1G2t7obu63x0QqKvijnkbEDdGA04BipI3Uxv2EVuxZv1i2q/ai4Co4GZRBVo1+yTrr+QLHIeEaM6RU17Ej7SZIaooZmRV6sSIRwiM0IF2DHIVEucli3hm8MIoPAyHN4Rou1LUdFX9MI5WiGg9S0Mgs5yaT9LG/fQmaCF+i59rTkhwqNQ0983GI9FAte3NxndeNdXDjJpRHsSYcp3MHMYNawHmW0KeSYM2mBhCW1KwO8RBJhLVJvGBCdZYjXIXWVdWxq85DrVy/zeLNg1NwDi6BA65BHdyDBmgCDEbgBbyCN+vd+rS+rO/0as7Kek7Av7J+fgHqma98</latexit><latexit sha1_base64="+aKRmcRxHPZmzn8PHGdcPYpyHIY=">AAACPnicbZDLTgIxFIY7eEO8gS7dVImJC0JmDIkuiW5cYiKXBCak0+lApdNO2g5CJjyEW30ZX8MXcGfcurQws1DgJE2+/H9Pe87vRYwqbdsfVm5jc2t7J79b2Ns/ODwqlo5bSsQSkyYWTMiOhxRhlJOmppqRTiQJCj1G2t7obu63x0QqKvijnkbEDdGA04BipI3Uxv2EVuxZv1i2q/ai4Co4GZRBVo1+yTrr+QLHIeEaM6RU17Ej7SZIaooZmRV6sSIRwiM0IF2DHIVEucli3hm8MIoPAyHN4Rou1LUdFX9MI5WiGg9S0Mgs5yaT9LG/fQmaCF+i59rTkhwqNQ0983GI9FAte3NxndeNdXDjJpRHsSYcp3MHMYNawHmW0KeSYM2mBhCW1KwO8RBJhLVJvGBCdZYjXIXWVdWxq85DrVy/zeLNg1NwDi6BA65BHdyDBmgCDEbgBbyCN+vd+rS+rO/0as7Kek7Av7J+fgHqma98</latexit>

ci,j> 0
<latexit sha1_base64="2TkfbT4/Ds5XZFC/SmsxWOjuQN0=">AAACQHicbZDLTgIxFIY7XhFvoEs3o8TEBSEzhkRXhujGJSZyMTAhnU6BQi+TtoOQCU/hVl/Gt/AN3Bm3rizMLBQ4SZMv/9/TnvP7ISVKO86Htba+sbm1ndnJ7u7tHxzm8kd1JSKJcA0JKmTThwpTwnFNE01xM5QYMp/ihj+8m/mNEZaKCP6oJyH2GOxx0iUIaiM9oU5MioMbZ9rJFZySMy97GdwUCiCtaidvnbYDgSKGuUYUKtVynVB7MZSaIIqn2XakcAjREPZwyyCHDCsvnk88tc+NEthdIc3h2p6rKzuKwYiEKkE16iWgoVnPi8fJY3/7YjgWgYTP5cGCzJSaMN98zKDuq0VvJq7yWpHuXnsx4WGkMUfJ3N2I2lrYszTtgEiMNJ0YgEgSs7qN+lBCpE3mWROquxjhMtQvS65Tch/KhcptGm8GnIAzcAFccAUq4B5UQQ0gwMALeAVv1rv1aX1Z38nVNSvtOQb/yvr5BW23sDg=</latexit><latexit sha1_base64="2TkfbT4/Ds5XZFC/SmsxWOjuQN0=">AAACQHicbZDLTgIxFIY7XhFvoEs3o8TEBSEzhkRXhujGJSZyMTAhnU6BQi+TtoOQCU/hVl/Gt/AN3Bm3rizMLBQ4SZMv/9/TnvP7ISVKO86Htba+sbm1ndnJ7u7tHxzm8kd1JSKJcA0JKmTThwpTwnFNE01xM5QYMp/ihj+8m/mNEZaKCP6oJyH2GOxx0iUIaiM9oU5MioMbZ9rJFZySMy97GdwUCiCtaidvnbYDgSKGuUYUKtVynVB7MZSaIIqn2XakcAjREPZwyyCHDCsvnk88tc+NEthdIc3h2p6rKzuKwYiEKkE16iWgoVnPi8fJY3/7YjgWgYTP5cGCzJSaMN98zKDuq0VvJq7yWpHuXnsx4WGkMUfJ3N2I2lrYszTtgEiMNJ0YgEgSs7qN+lBCpE3mWROquxjhMtQvS65Tch/KhcptGm8GnIAzcAFccAUq4B5UQQ0gwMALeAVv1rv1aX1Z38nVNSvtOQb/yvr5BW23sDg=</latexit><latexit sha1_base64="2TkfbT4/Ds5XZFC/SmsxWOjuQN0=">AAACQHicbZDLTgIxFIY7XhFvoEs3o8TEBSEzhkRXhujGJSZyMTAhnU6BQi+TtoOQCU/hVl/Gt/AN3Bm3rizMLBQ4SZMv/9/TnvP7ISVKO86Htba+sbm1ndnJ7u7tHxzm8kd1JSKJcA0JKmTThwpTwnFNE01xM5QYMp/ihj+8m/mNEZaKCP6oJyH2GOxx0iUIaiM9oU5MioMbZ9rJFZySMy97GdwUCiCtaidvnbYDgSKGuUYUKtVynVB7MZSaIIqn2XakcAjREPZwyyCHDCsvnk88tc+NEthdIc3h2p6rKzuKwYiEKkE16iWgoVnPi8fJY3/7YjgWgYTP5cGCzJSaMN98zKDuq0VvJq7yWpHuXnsx4WGkMUfJ3N2I2lrYszTtgEiMNJ0YgEgSs7qN+lBCpE3mWROquxjhMtQvS65Tch/KhcptGm8GnIAzcAFccAUq4B5UQQ0gwMALeAVv1rv1aX1Z38nVNSvtOQb/yvr5BW23sDg=</latexit><latexit sha1_base64="2TkfbT4/Ds5XZFC/SmsxWOjuQN0=">AAACQHicbZDLTgIxFIY7XhFvoEs3o8TEBSEzhkRXhujGJSZyMTAhnU6BQi+TtoOQCU/hVl/Gt/AN3Bm3rizMLBQ4SZMv/9/TnvP7ISVKO86Htba+sbm1ndnJ7u7tHxzm8kd1JSKJcA0JKmTThwpTwnFNE01xM5QYMp/ihj+8m/mNEZaKCP6oJyH2GOxx0iUIaiM9oU5MioMbZ9rJFZySMy97GdwUCiCtaidvnbYDgSKGuUYUKtVynVB7MZSaIIqn2XakcAjREPZwyyCHDCsvnk88tc+NEthdIc3h2p6rKzuKwYiEKkE16iWgoVnPi8fJY3/7YjgWgYTP5cGCzJSaMN98zKDuq0VvJq7yWpHuXnsx4WGkMUfJ3N2I2lrYszTtgEiMNJ0YgEgSs7qN+lBCpE3mWROquxjhMtQvS65Tch/KhcptGm8GnIAzcAFccAUq4B5UQQ0gwMALeAVv1rv1aX1Z38nVNSvtOQb/yvr5BW23sDg=</latexit>

µ
<latexit sha1_base64="x6pnI+PF8YCM7jChaiSdPtmLIdg=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYpRLAhPS6XSg0mknbQchEx7Brb6ML+LWnXHrA1iYWShwkiZf/r+nPef3IkaVtu0PmFtb39jcym8Xdnb39g+KpcOmErHEpIEFE7LtIUUY5aShqWakHUmCQo+Rlje8nfmtEZGKCv6oJxFxQ9TnNKAYaSM9dMO4VyzbFXte1jI4GZRBVvVeCZ50fYHjkHCNGVKq49iRdhMkNcWMTAvdWJEI4SHqk45BjkKi3GQ+69Q6M4pvBUKaw7U1V1d2XPgjGqkU1aifgkZmMTcZp4/97UvQWPgSPVefFuRQqUnomY9DpAdq0ZuJq7xOrINrN6E8ijXhOJ07iJmlhTXL0fKpJFiziQGEJTWrW3iAJMLapF0woTqLES5D87Li2BXnvlqu3WTx5sExOAXnwAFXoAbuQB00AAZ98AJewRt8h5/wC36nV3Mw6zkC/wr+/AIEBK4T</latexit><latexit sha1_base64="x6pnI+PF8YCM7jChaiSdPtmLIdg=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYpRLAhPS6XSg0mknbQchEx7Brb6ML+LWnXHrA1iYWShwkiZf/r+nPef3IkaVtu0PmFtb39jcym8Xdnb39g+KpcOmErHEpIEFE7LtIUUY5aShqWakHUmCQo+Rlje8nfmtEZGKCv6oJxFxQ9TnNKAYaSM9dMO4VyzbFXte1jI4GZRBVvVeCZ50fYHjkHCNGVKq49iRdhMkNcWMTAvdWJEI4SHqk45BjkKi3GQ+69Q6M4pvBUKaw7U1V1d2XPgjGqkU1aifgkZmMTcZp4/97UvQWPgSPVefFuRQqUnomY9DpAdq0ZuJq7xOrINrN6E8ijXhOJ07iJmlhTXL0fKpJFiziQGEJTWrW3iAJMLapF0woTqLES5D87Li2BXnvlqu3WTx5sExOAXnwAFXoAbuQB00AAZ98AJewRt8h5/wC36nV3Mw6zkC/wr+/AIEBK4T</latexit><latexit sha1_base64="x6pnI+PF8YCM7jChaiSdPtmLIdg=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYpRLAhPS6XSg0mknbQchEx7Brb6ML+LWnXHrA1iYWShwkiZf/r+nPef3IkaVtu0PmFtb39jcym8Xdnb39g+KpcOmErHEpIEFE7LtIUUY5aShqWakHUmCQo+Rlje8nfmtEZGKCv6oJxFxQ9TnNKAYaSM9dMO4VyzbFXte1jI4GZRBVvVeCZ50fYHjkHCNGVKq49iRdhMkNcWMTAvdWJEI4SHqk45BjkKi3GQ+69Q6M4pvBUKaw7U1V1d2XPgjGqkU1aifgkZmMTcZp4/97UvQWPgSPVefFuRQqUnomY9DpAdq0ZuJq7xOrINrN6E8ijXhOJ07iJmlhTXL0fKpJFiziQGEJTWrW3iAJMLapF0woTqLES5D87Li2BXnvlqu3WTx5sExOAXnwAFXoAbuQB00AAZ98AJewRt8h5/wC36nV3Mw6zkC/wr+/AIEBK4T</latexit><latexit sha1_base64="x6pnI+PF8YCM7jChaiSdPtmLIdg=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYpRLAhPS6XSg0mknbQchEx7Brb6ML+LWnXHrA1iYWShwkiZf/r+nPef3IkaVtu0PmFtb39jcym8Xdnb39g+KpcOmErHEpIEFE7LtIUUY5aShqWakHUmCQo+Rlje8nfmtEZGKCv6oJxFxQ9TnNKAYaSM9dMO4VyzbFXte1jI4GZRBVvVeCZ50fYHjkHCNGVKq49iRdhMkNcWMTAvdWJEI4SHqk45BjkKi3GQ+69Q6M4pvBUKaw7U1V1d2XPgjGqkU1aifgkZmMTcZp4/97UvQWPgSPVefFuRQqUnomY9DpAdq0ZuJq7xOrINrN6E8ijXhOJ07iJmlhTXL0fKpJFiziQGEJTWrW3iAJMLapF0woTqLES5D87Li2BXnvlqu3WTx5sExOAXnwAFXoAbuQB00AAZ98AJewRt8h5/wC36nV3Mw6zkC/wr+/AIEBK4T</latexit>
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<latexit sha1_base64="1t8sg96C4IWbCyGLoDS8hHRU27A="></latexit><latexit sha1_base64="1t8sg96C4IWbCyGLoDS8hHRU27A="></latexit><latexit sha1_base64="1t8sg96C4IWbCyGLoDS8hHRU27A="></latexit><latexit sha1_base64="1t8sg96C4IWbCyGLoDS8hHRU27A="></latexit>

[Kiyo, Sumino NP B889 
(2014) 156-191]

+ non-
perturbative

In this formula corrections in        and      are of the same order: mQ only scale involved↵s
<latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit><latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit><latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit><latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit>

1
mQ

<latexit sha1_base64="oMkS8fUOlQbb5AFERHDQtrtPwTM=">AAACRHicbZDLTgIxFIZbvCHeQJduqsTEhSEzhkSXRDcuIZFLAhPS6XSg0umMbQchE57Drb6M7+A7uDNujYWZhSInafLl/3vac3434kxpy3qHubX1jc2t/HZhZ3dv/6BYOmypMJaENknIQ9lxsaKcCdrUTHPaiSTFgctp2x3dzv32mErFQnGvpxF1AjwQzGcEayM5PV9iktizJOg3Zv1i2apYi0L/wc6gDLKq90vwpOeFJA6o0IRjpbq2FWknwVIzwums0IsVjTAZ4QHtGhQ4oMpJFlPP0JlRPOSH0hyh0UJd2XHhjVmkUlTjQQoamxWdZJI+9rsvwZPQk/ip+rAkB0pNA9d8HGA9VMveXFzldWPtXzsJE1GsqSDp3H7MkQ7RPFHkMUmJ5lMDmEhmVkdkiE2u2uReMKHayxH+h9ZlxbYqdqNart1k8ebBMTgF58AGV6AG7kAdNAEBj+AZvIBX+AY/4Cf8Sq/mYNZzBP4U/P4B2B6ybw==</latexit><latexit sha1_base64="oMkS8fUOlQbb5AFERHDQtrtPwTM=">AAACRHicbZDLTgIxFIZbvCHeQJduqsTEhSEzhkSXRDcuIZFLAhPS6XSg0umMbQchE57Drb6M7+A7uDNujYWZhSInafLl/3vac3434kxpy3qHubX1jc2t/HZhZ3dv/6BYOmypMJaENknIQ9lxsaKcCdrUTHPaiSTFgctp2x3dzv32mErFQnGvpxF1AjwQzGcEayM5PV9iktizJOg3Zv1i2apYi0L/wc6gDLKq90vwpOeFJA6o0IRjpbq2FWknwVIzwums0IsVjTAZ4QHtGhQ4oMpJFlPP0JlRPOSH0hyh0UJd2XHhjVmkUlTjQQoamxWdZJI+9rsvwZPQk/ip+rAkB0pNA9d8HGA9VMveXFzldWPtXzsJE1GsqSDp3H7MkQ7RPFHkMUmJ5lMDmEhmVkdkiE2u2uReMKHayxH+h9ZlxbYqdqNart1k8ebBMTgF58AGV6AG7kAdNAEBj+AZvIBX+AY/4Cf8Sq/mYNZzBP4U/P4B2B6ybw==</latexit><latexit sha1_base64="oMkS8fUOlQbb5AFERHDQtrtPwTM=">AAACRHicbZDLTgIxFIZbvCHeQJduqsTEhSEzhkSXRDcuIZFLAhPS6XSg0umMbQchE57Drb6M7+A7uDNujYWZhSInafLl/3vac3434kxpy3qHubX1jc2t/HZhZ3dv/6BYOmypMJaENknIQ9lxsaKcCdrUTHPaiSTFgctp2x3dzv32mErFQnGvpxF1AjwQzGcEayM5PV9iktizJOg3Zv1i2apYi0L/wc6gDLKq90vwpOeFJA6o0IRjpbq2FWknwVIzwums0IsVjTAZ4QHtGhQ4oMpJFlPP0JlRPOSH0hyh0UJd2XHhjVmkUlTjQQoamxWdZJI+9rsvwZPQk/ip+rAkB0pNA9d8HGA9VMveXFzldWPtXzsJE1GsqSDp3H7MkQ7RPFHkMUmJ5lMDmEhmVkdkiE2u2uReMKHayxH+h9ZlxbYqdqNart1k8ebBMTgF58AGV6AG7kAdNAEBj+AZvIBX+AY/4Cf8Sq/mYNZzBP4U/P4B2B6ybw==</latexit><latexit sha1_base64="oMkS8fUOlQbb5AFERHDQtrtPwTM=">AAACRHicbZDLTgIxFIZbvCHeQJduqsTEhSEzhkSXRDcuIZFLAhPS6XSg0umMbQchE57Drb6M7+A7uDNujYWZhSInafLl/3vac3434kxpy3qHubX1jc2t/HZhZ3dv/6BYOmypMJaENknIQ9lxsaKcCdrUTHPaiSTFgctp2x3dzv32mErFQnGvpxF1AjwQzGcEayM5PV9iktizJOg3Zv1i2apYi0L/wc6gDLKq90vwpOeFJA6o0IRjpbq2FWknwVIzwums0IsVjTAZ4QHtGhQ4oMpJFlPP0JlRPOSH0hyh0UJd2XHhjVmkUlTjQQoamxWdZJI+9rsvwZPQk/ip+rAkB0pNA9d8HGA9VMveXFzldWPtXzsJE1GsqSDp3H7MkQ7RPFHkMUmJ5lMDmEhmVkdkiE2u2uReMKHayxH+h9ZlxbYqdqNart1k8ebBMTgF58AGV6AG7kAdNAEBj+AZvIBX+AY/4Cf8Sq/mYNZzBP4U/P4B2B6ybw==</latexit>
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<latexit sha1_base64="5b6eJPIBQ07VEDepmYPuRrM28js="></latexit><latexit sha1_base64="5b6eJPIBQ07VEDepmYPuRrM28js="></latexit><latexit sha1_base64="5b6eJPIBQ07VEDepmYPuRrM28js="></latexit><latexit sha1_base64="5b6eJPIBQ07VEDepmYPuRrM28js="></latexit>

ci,j
<latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit><latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit><latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit><latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit>

depend on the bound-state quantum numbers: (n, l, j, s)

c3,0
<latexit sha1_base64="MmWo5KhnB+9SuwHT/CbQzExJhXI=">AAACPnicbZDLTgIxFIZbr4g30KWbKjFxQciMkuiS6MYlJnJJYEI6nQ5UOtNJ20HIhIdwqy/ja/gC7oxblxZmFgqcpMmX/+9pz/ndiDOlLesDrq1vbG5t53byu3v7B4eF4lFTiVgS2iCCC9l2saKchbShmea0HUmKA5fTlju8m/mtEZWKifBRTyLqBLgfMp8RrI3UIr3kqmxNe4WSVbHmhZbBzqAEsqr3ivC06wkSBzTUhGOlOrYVaSfBUjPC6TTfjRWNMBniPu0YDHFAlZPM552ic6N4yBfSnFCjubqyo+yNWKRSVKN+Chqb5ZxknD72ty/BY+FJ/Fx9WpADpSaBaz4OsB6oRW8mrvI6sfZvnISFUaxpSNK5/ZgjLdAsS+QxSYnmEwOYSGZWR2SAJSbaJJ43odqLES5D87JiWxX7oVqq3Wbx5sAJOAMXwAbXoAbuQR00AAFD8AJewRt8h5/wC36nV9dg1nMM/hX8+QWHP69G</latexit><latexit sha1_base64="MmWo5KhnB+9SuwHT/CbQzExJhXI=">AAACPnicbZDLTgIxFIZbr4g30KWbKjFxQciMkuiS6MYlJnJJYEI6nQ5UOtNJ20HIhIdwqy/ja/gC7oxblxZmFgqcpMmX/+9pz/ndiDOlLesDrq1vbG5t53byu3v7B4eF4lFTiVgS2iCCC9l2saKchbShmea0HUmKA5fTlju8m/mtEZWKifBRTyLqBLgfMp8RrI3UIr3kqmxNe4WSVbHmhZbBzqAEsqr3ivC06wkSBzTUhGOlOrYVaSfBUjPC6TTfjRWNMBniPu0YDHFAlZPM552ic6N4yBfSnFCjubqyo+yNWKRSVKN+Chqb5ZxknD72ty/BY+FJ/Fx9WpADpSaBaz4OsB6oRW8mrvI6sfZvnISFUaxpSNK5/ZgjLdAsS+QxSYnmEwOYSGZWR2SAJSbaJJ43odqLES5D87JiWxX7oVqq3Wbx5sAJOAMXwAbXoAbuQR00AAFD8AJewRt8h5/wC36nV9dg1nMM/hX8+QWHP69G</latexit><latexit sha1_base64="MmWo5KhnB+9SuwHT/CbQzExJhXI=">AAACPnicbZDLTgIxFIZbr4g30KWbKjFxQciMkuiS6MYlJnJJYEI6nQ5UOtNJ20HIhIdwqy/ja/gC7oxblxZmFgqcpMmX/+9pz/ndiDOlLesDrq1vbG5t53byu3v7B4eF4lFTiVgS2iCCC9l2saKchbShmea0HUmKA5fTlju8m/mtEZWKifBRTyLqBLgfMp8RrI3UIr3kqmxNe4WSVbHmhZbBzqAEsqr3ivC06wkSBzTUhGOlOrYVaSfBUjPC6TTfjRWNMBniPu0YDHFAlZPM552ic6N4yBfSnFCjubqyo+yNWKRSVKN+Chqb5ZxknD72ty/BY+FJ/Fx9WpADpSaBaz4OsB6oRW8mrvI6sfZvnISFUaxpSNK5/ZgjLdAsS+QxSYnmEwOYSGZWR2SAJSbaJJ43odqLES5D87JiWxX7oVqq3Wbx5sAJOAMXwAbXoAbuQR00AAFD8AJewRt8h5/wC36nV9dg1nMM/hX8+QWHP69G</latexit><latexit sha1_base64="MmWo5KhnB+9SuwHT/CbQzExJhXI=">AAACPnicbZDLTgIxFIZbr4g30KWbKjFxQciMkuiS6MYlJnJJYEI6nQ5UOtNJ20HIhIdwqy/ja/gC7oxblxZmFgqcpMmX/+9pz/ndiDOlLesDrq1vbG5t53byu3v7B4eF4lFTiVgS2iCCC9l2saKchbShmea0HUmKA5fTlju8m/mtEZWKifBRTyLqBLgfMp8RrI3UIr3kqmxNe4WSVbHmhZbBzqAEsqr3ivC06wkSBzTUhGOlOrYVaSfBUjPC6TTfjRWNMBniPu0YDHFAlZPM552ic6N4yBfSnFCjubqyo+yNWKRSVKN+Chqb5ZxknD72ty/BY+FJ/Fx9WpADpSaBaz4OsB6oRW8mrvI6sfZvnISFUaxpSNK5/ZgjLdAsS+QxSYnmEwOYSGZWR2SAJSbaJJ43odqLES5D87JiWxX7oVqq3Wbx5sAJOAMXwAbXoAbuQR00AAFD8AJewRt8h5/wC36nV9dg1nMM/hX8+QWHP69G</latexit>

depends on            : first hint of ultra-soft effects. Could be resumed within EFTs. log(! s)
<latexit sha1_base64="W02fbYBv6vK7tVY0lfHCusjXpws=">AAACRXicbZDLTsJAFIaneEO8gS7dVIkJJoa0hkSXRDcuMZFLApWcTqcwMu00M1OENLyHW30Zn8GHcGfc6kBZKHCSSb78/5yZc343YlQqy/owMmvrG5tb2e3czu7e/kG+cNiQPBaY1DFnXLRckITRkNQVVYy0IkEgcBlpuoPbqd8cEiEpDx/UOCJOAL2Q+hSD0tJjh/FeqQMs6kNXnnfzRatszcpcBnsORTSvWrdgnHQ8juOAhAozkLJtW5FyEhCKYkYmuU4sSQR4AD3S1hhCQKSTzMaemGda8UyfC31CZc7UlR0X3pBGMkU57KWgQO/oJKP0sb99CYy4J+C58rQgB1KOA1d/HIDqy0VvKq7y2rHyr52EhlGsSIjTuf2YmYqb00hNjwqCFRtrACyoXt3EfRCAlQ4+p0O1FyNchsZl2bbK9n2lWL2Zx5tFx+gUlZCNrlAV3aEaqiOMBHpBr+jNeDc+jS/jO72aMeY9R+hfGT+/3fOyZg==</latexit><latexit sha1_base64="W02fbYBv6vK7tVY0lfHCusjXpws=">AAACRXicbZDLTsJAFIaneEO8gS7dVIkJJoa0hkSXRDcuMZFLApWcTqcwMu00M1OENLyHW30Zn8GHcGfc6kBZKHCSSb78/5yZc343YlQqy/owMmvrG5tb2e3czu7e/kG+cNiQPBaY1DFnXLRckITRkNQVVYy0IkEgcBlpuoPbqd8cEiEpDx/UOCJOAL2Q+hSD0tJjh/FeqQMs6kNXnnfzRatszcpcBnsORTSvWrdgnHQ8juOAhAozkLJtW5FyEhCKYkYmuU4sSQR4AD3S1hhCQKSTzMaemGda8UyfC31CZc7UlR0X3pBGMkU57KWgQO/oJKP0sb99CYy4J+C58rQgB1KOA1d/HIDqy0VvKq7y2rHyr52EhlGsSIjTuf2YmYqb00hNjwqCFRtrACyoXt3EfRCAlQ4+p0O1FyNchsZl2bbK9n2lWL2Zx5tFx+gUlZCNrlAV3aEaqiOMBHpBr+jNeDc+jS/jO72aMeY9R+hfGT+/3fOyZg==</latexit><latexit sha1_base64="W02fbYBv6vK7tVY0lfHCusjXpws=">AAACRXicbZDLTsJAFIaneEO8gS7dVIkJJoa0hkSXRDcuMZFLApWcTqcwMu00M1OENLyHW30Zn8GHcGfc6kBZKHCSSb78/5yZc343YlQqy/owMmvrG5tb2e3czu7e/kG+cNiQPBaY1DFnXLRckITRkNQVVYy0IkEgcBlpuoPbqd8cEiEpDx/UOCJOAL2Q+hSD0tJjh/FeqQMs6kNXnnfzRatszcpcBnsORTSvWrdgnHQ8juOAhAozkLJtW5FyEhCKYkYmuU4sSQR4AD3S1hhCQKSTzMaemGda8UyfC31CZc7UlR0X3pBGMkU57KWgQO/oJKP0sb99CYy4J+C58rQgB1KOA1d/HIDqy0VvKq7y2rHyr52EhlGsSIjTuf2YmYqb00hNjwqCFRtrACyoXt3EfRCAlQ4+p0O1FyNchsZl2bbK9n2lWL2Zx5tFx+gUlZCNrlAV3aEaqiOMBHpBr+jNeDc+jS/jO72aMeY9R+hfGT+/3fOyZg==</latexit><latexit sha1_base64="W02fbYBv6vK7tVY0lfHCusjXpws=">AAACRXicbZDLTsJAFIaneEO8gS7dVIkJJoa0hkSXRDcuMZFLApWcTqcwMu00M1OENLyHW30Zn8GHcGfc6kBZKHCSSb78/5yZc343YlQqy/owMmvrG5tb2e3czu7e/kG+cNiQPBaY1DFnXLRckITRkNQVVYy0IkEgcBlpuoPbqd8cEiEpDx/UOCJOAL2Q+hSD0tJjh/FeqQMs6kNXnnfzRatszcpcBnsORTSvWrdgnHQ8juOAhAozkLJtW5FyEhCKYkYmuU4sSQR4AD3S1hhCQKSTzMaemGda8UyfC31CZc7UlR0X3pBGMkU57KWgQO/oJKP0sb99CYy4J+C58rQgB1KOA1d/HIDqy0VvKq7y2rHyr52EhlGsSIjTuf2YmYqb00hNjwqCFRtrACyoXt3EfRCAlQ4+p0O1FyNchsZl2bbK9n2lWL2Zx5tFx+gUlZCNrlAV3aEaqiOMBHpBr+jNeDc+jS/jO72aMeY9R+hfGT+/3fOyZg==</latexit>

[Kiyo, Sumino NP B889 
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<latexit sha1_base64="6oNNwGB+eRqwM80WRoox2SB3l5M="></latexit><latexit sha1_base64="6oNNwGB+eRqwM80WRoox2SB3l5M="></latexit><latexit sha1_base64="6oNNwGB+eRqwM80WRoox2SB3l5M="></latexit><latexit sha1_base64="6oNNwGB+eRqwM80WRoox2SB3l5M="></latexit>

Pi (L ) =
i!

j =0

ci,j L j

<latexit sha1_base64="dLoSjUNOv2hEjsri5FXQapeUelU="></latexit><latexit sha1_base64="dLoSjUNOv2hEjsri5FXQapeUelU="></latexit><latexit sha1_base64="dLoSjUNOv2hEjsri5FXQapeUelU="></latexit><latexit sha1_base64="dLoSjUNOv2hEjsri5FXQapeUelU="></latexit>

are known to up to i = 3,            can be computed demanding     independence ci, 0
<latexit sha1_base64="+aKRmcRxHPZmzn8PHGdcPYpyHIY=">AAACPnicbZDLTgIxFIY7eEO8gS7dVImJC0JmDIkuiW5cYiKXBCak0+lApdNO2g5CJjyEW30ZX8MXcGfcurQws1DgJE2+/H9Pe87vRYwqbdsfVm5jc2t7J79b2Ns/ODwqlo5bSsQSkyYWTMiOhxRhlJOmppqRTiQJCj1G2t7obu63x0QqKvijnkbEDdGA04BipI3Uxv2EVuxZv1i2q/ai4Co4GZRBVo1+yTrr+QLHIeEaM6RU17Ej7SZIaooZmRV6sSIRwiM0IF2DHIVEucli3hm8MIoPAyHN4Rou1LUdFX9MI5WiGg9S0Mgs5yaT9LG/fQmaCF+i59rTkhwqNQ0983GI9FAte3NxndeNdXDjJpRHsSYcp3MHMYNawHmW0KeSYM2mBhCW1KwO8RBJhLVJvGBCdZYjXIXWVdWxq85DrVy/zeLNg1NwDi6BA65BHdyDBmgCDEbgBbyCN+vd+rS+rO/0as7Kek7Av7J+fgHqma98</latexit><latexit sha1_base64="+aKRmcRxHPZmzn8PHGdcPYpyHIY=">AAACPnicbZDLTgIxFIY7eEO8gS7dVImJC0JmDIkuiW5cYiKXBCak0+lApdNO2g5CJjyEW30ZX8MXcGfcurQws1DgJE2+/H9Pe87vRYwqbdsfVm5jc2t7J79b2Ns/ODwqlo5bSsQSkyYWTMiOhxRhlJOmppqRTiQJCj1G2t7obu63x0QqKvijnkbEDdGA04BipI3Uxv2EVuxZv1i2q/ai4Co4GZRBVo1+yTrr+QLHIeEaM6RU17Ej7SZIaooZmRV6sSIRwiM0IF2DHIVEucli3hm8MIoPAyHN4Rou1LUdFX9MI5WiGg9S0Mgs5yaT9LG/fQmaCF+i59rTkhwqNQ0983GI9FAte3NxndeNdXDjJpRHsSYcp3MHMYNawHmW0KeSYM2mBhCW1KwO8RBJhLVJvGBCdZYjXIXWVdWxq85DrVy/zeLNg1NwDi6BA65BHdyDBmgCDEbgBbyCN+vd+rS+rO/0as7Kek7Av7J+fgHqma98</latexit><latexit sha1_base64="+aKRmcRxHPZmzn8PHGdcPYpyHIY=">AAACPnicbZDLTgIxFIY7eEO8gS7dVImJC0JmDIkuiW5cYiKXBCak0+lApdNO2g5CJjyEW30ZX8MXcGfcurQws1DgJE2+/H9Pe87vRYwqbdsfVm5jc2t7J79b2Ns/ODwqlo5bSsQSkyYWTMiOhxRhlJOmppqRTiQJCj1G2t7obu63x0QqKvijnkbEDdGA04BipI3Uxv2EVuxZv1i2q/ai4Co4GZRBVo1+yTrr+QLHIeEaM6RU17Ej7SZIaooZmRV6sSIRwiM0IF2DHIVEucli3hm8MIoPAyHN4Rou1LUdFX9MI5WiGg9S0Mgs5yaT9LG/fQmaCF+i59rTkhwqNQ0983GI9FAte3NxndeNdXDjJpRHsSYcp3MHMYNawHmW0KeSYM2mBhCW1KwO8RBJhLVJvGBCdZYjXIXWVdWxq85DrVy/zeLNg1NwDi6BA65BHdyDBmgCDEbgBbyCN+vd+rS+rO/0as7Kek7Av7J+fgHqma98</latexit><latexit sha1_base64="+aKRmcRxHPZmzn8PHGdcPYpyHIY=">AAACPnicbZDLTgIxFIY7eEO8gS7dVImJC0JmDIkuiW5cYiKXBCak0+lApdNO2g5CJjyEW30ZX8MXcGfcurQws1DgJE2+/H9Pe87vRYwqbdsfVm5jc2t7J79b2Ns/ODwqlo5bSsQSkyYWTMiOhxRhlJOmppqRTiQJCj1G2t7obu63x0QqKvijnkbEDdGA04BipI3Uxv2EVuxZv1i2q/ai4Co4GZRBVo1+yTrr+QLHIeEaM6RU17Ej7SZIaooZmRV6sSIRwiM0IF2DHIVEucli3hm8MIoPAyHN4Rou1LUdFX9MI5WiGg9S0Mgs5yaT9LG/fQmaCF+i59rTkhwqNQ0983GI9FAte3NxndeNdXDjJpRHsSYcp3MHMYNawHmW0KeSYM2mBhCW1KwO8RBJhLVJvGBCdZYjXIXWVdWxq85DrVy/zeLNg1NwDi6BA65BHdyDBmgCDEbgBbyCN+vd+rS+rO/0as7Kek7Av7J+fgHqma98</latexit>

ci,j> 0
<latexit sha1_base64="2TkfbT4/Ds5XZFC/SmsxWOjuQN0=">AAACQHicbZDLTgIxFIY7XhFvoEs3o8TEBSEzhkRXhujGJSZyMTAhnU6BQi+TtoOQCU/hVl/Gt/AN3Bm3rizMLBQ4SZMv/9/TnvP7ISVKO86Htba+sbm1ndnJ7u7tHxzm8kd1JSKJcA0JKmTThwpTwnFNE01xM5QYMp/ihj+8m/mNEZaKCP6oJyH2GOxx0iUIaiM9oU5MioMbZ9rJFZySMy97GdwUCiCtaidvnbYDgSKGuUYUKtVynVB7MZSaIIqn2XakcAjREPZwyyCHDCsvnk88tc+NEthdIc3h2p6rKzuKwYiEKkE16iWgoVnPi8fJY3/7YjgWgYTP5cGCzJSaMN98zKDuq0VvJq7yWpHuXnsx4WGkMUfJ3N2I2lrYszTtgEiMNJ0YgEgSs7qN+lBCpE3mWROquxjhMtQvS65Tch/KhcptGm8GnIAzcAFccAUq4B5UQQ0gwMALeAVv1rv1aX1Z38nVNSvtOQb/yvr5BW23sDg=</latexit><latexit sha1_base64="2TkfbT4/Ds5XZFC/SmsxWOjuQN0=">AAACQHicbZDLTgIxFIY7XhFvoEs3o8TEBSEzhkRXhujGJSZyMTAhnU6BQi+TtoOQCU/hVl/Gt/AN3Bm3rizMLBQ4SZMv/9/TnvP7ISVKO86Htba+sbm1ndnJ7u7tHxzm8kd1JSKJcA0JKmTThwpTwnFNE01xM5QYMp/ihj+8m/mNEZaKCP6oJyH2GOxx0iUIaiM9oU5MioMbZ9rJFZySMy97GdwUCiCtaidvnbYDgSKGuUYUKtVynVB7MZSaIIqn2XakcAjREPZwyyCHDCsvnk88tc+NEthdIc3h2p6rKzuKwYiEKkE16iWgoVnPi8fJY3/7YjgWgYTP5cGCzJSaMN98zKDuq0VvJq7yWpHuXnsx4WGkMUfJ3N2I2lrYszTtgEiMNJ0YgEgSs7qN+lBCpE3mWROquxjhMtQvS65Tch/KhcptGm8GnIAzcAFccAUq4B5UQQ0gwMALeAVv1rv1aX1Z38nVNSvtOQb/yvr5BW23sDg=</latexit><latexit sha1_base64="2TkfbT4/Ds5XZFC/SmsxWOjuQN0=">AAACQHicbZDLTgIxFIY7XhFvoEs3o8TEBSEzhkRXhujGJSZyMTAhnU6BQi+TtoOQCU/hVl/Gt/AN3Bm3rizMLBQ4SZMv/9/TnvP7ISVKO86Htba+sbm1ndnJ7u7tHxzm8kd1JSKJcA0JKmTThwpTwnFNE01xM5QYMp/ihj+8m/mNEZaKCP6oJyH2GOxx0iUIaiM9oU5MioMbZ9rJFZySMy97GdwUCiCtaidvnbYDgSKGuUYUKtVynVB7MZSaIIqn2XakcAjREPZwyyCHDCsvnk88tc+NEthdIc3h2p6rKzuKwYiEKkE16iWgoVnPi8fJY3/7YjgWgYTP5cGCzJSaMN98zKDuq0VvJq7yWpHuXnsx4WGkMUfJ3N2I2lrYszTtgEiMNJ0YgEgSs7qN+lBCpE3mWROquxjhMtQvS65Tch/KhcptGm8GnIAzcAFccAUq4B5UQQ0gwMALeAVv1rv1aX1Z38nVNSvtOQb/yvr5BW23sDg=</latexit><latexit sha1_base64="2TkfbT4/Ds5XZFC/SmsxWOjuQN0=">AAACQHicbZDLTgIxFIY7XhFvoEs3o8TEBSEzhkRXhujGJSZyMTAhnU6BQi+TtoOQCU/hVl/Gt/AN3Bm3rizMLBQ4SZMv/9/TnvP7ISVKO86Htba+sbm1ndnJ7u7tHxzm8kd1JSKJcA0JKmTThwpTwnFNE01xM5QYMp/ihj+8m/mNEZaKCP6oJyH2GOxx0iUIaiM9oU5MioMbZ9rJFZySMy97GdwUCiCtaidvnbYDgSKGuUYUKtVynVB7MZSaIIqn2XakcAjREPZwyyCHDCsvnk88tc+NEthdIc3h2p6rKzuKwYiEKkE16iWgoVnPi8fJY3/7YjgWgYTP5cGCzJSaMN98zKDuq0VvJq7yWpHuXnsx4WGkMUfJ3N2I2lrYszTtgEiMNJ0YgEgSs7qN+lBCpE3mWROquxjhMtQvS65Tch/KhcptGm8GnIAzcAFccAUq4B5UQQ0gwMALeAVv1rv1aX1Z38nVNSvtOQb/yvr5BW23sDg=</latexit>

µ
<latexit sha1_base64="x6pnI+PF8YCM7jChaiSdPtmLIdg=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYpRLAhPS6XSg0mknbQchEx7Brb6ML+LWnXHrA1iYWShwkiZf/r+nPef3IkaVtu0PmFtb39jcym8Xdnb39g+KpcOmErHEpIEFE7LtIUUY5aShqWakHUmCQo+Rlje8nfmtEZGKCv6oJxFxQ9TnNKAYaSM9dMO4VyzbFXte1jI4GZRBVvVeCZ50fYHjkHCNGVKq49iRdhMkNcWMTAvdWJEI4SHqk45BjkKi3GQ+69Q6M4pvBUKaw7U1V1d2XPgjGqkU1aifgkZmMTcZp4/97UvQWPgSPVefFuRQqUnomY9DpAdq0ZuJq7xOrINrN6E8ijXhOJ07iJmlhTXL0fKpJFiziQGEJTWrW3iAJMLapF0woTqLES5D87Li2BXnvlqu3WTx5sExOAXnwAFXoAbuQB00AAZ98AJewRt8h5/wC36nV3Mw6zkC/wr+/AIEBK4T</latexit><latexit sha1_base64="x6pnI+PF8YCM7jChaiSdPtmLIdg=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYpRLAhPS6XSg0mknbQchEx7Brb6ML+LWnXHrA1iYWShwkiZf/r+nPef3IkaVtu0PmFtb39jcym8Xdnb39g+KpcOmErHEpIEFE7LtIUUY5aShqWakHUmCQo+Rlje8nfmtEZGKCv6oJxFxQ9TnNKAYaSM9dMO4VyzbFXte1jI4GZRBVvVeCZ50fYHjkHCNGVKq49iRdhMkNcWMTAvdWJEI4SHqk45BjkKi3GQ+69Q6M4pvBUKaw7U1V1d2XPgjGqkU1aifgkZmMTcZp4/97UvQWPgSPVefFuRQqUnomY9DpAdq0ZuJq7xOrINrN6E8ijXhOJ07iJmlhTXL0fKpJFiziQGEJTWrW3iAJMLapF0woTqLES5D87Li2BXnvlqu3WTx5sExOAXnwAFXoAbuQB00AAZ98AJewRt8h5/wC36nV3Mw6zkC/wr+/AIEBK4T</latexit><latexit sha1_base64="x6pnI+PF8YCM7jChaiSdPtmLIdg=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYpRLAhPS6XSg0mknbQchEx7Brb6ML+LWnXHrA1iYWShwkiZf/r+nPef3IkaVtu0PmFtb39jcym8Xdnb39g+KpcOmErHEpIEFE7LtIUUY5aShqWakHUmCQo+Rlje8nfmtEZGKCv6oJxFxQ9TnNKAYaSM9dMO4VyzbFXte1jI4GZRBVvVeCZ50fYHjkHCNGVKq49iRdhMkNcWMTAvdWJEI4SHqk45BjkKi3GQ+69Q6M4pvBUKaw7U1V1d2XPgjGqkU1aifgkZmMTcZp4/97UvQWPgSPVefFuRQqUnomY9DpAdq0ZuJq7xOrINrN6E8ijXhOJ07iJmlhTXL0fKpJFiziQGEJTWrW3iAJMLapF0woTqLES5D87Li2BXnvlqu3WTx5sExOAXnwAFXoAbuQB00AAZ98AJewRt8h5/wC36nV3Mw6zkC/wr+/AIEBK4T</latexit><latexit sha1_base64="x6pnI+PF8YCM7jChaiSdPtmLIdg=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYpRLAhPS6XSg0mknbQchEx7Brb6ML+LWnXHrA1iYWShwkiZf/r+nPef3IkaVtu0PmFtb39jcym8Xdnb39g+KpcOmErHEpIEFE7LtIUUY5aShqWakHUmCQo+Rlje8nfmtEZGKCv6oJxFxQ9TnNKAYaSM9dMO4VyzbFXte1jI4GZRBVvVeCZ50fYHjkHCNGVKq49iRdhMkNcWMTAvdWJEI4SHqk45BjkKi3GQ+69Q6M4pvBUKaw7U1V1d2XPgjGqkU1aifgkZmMTcZp4/97UvQWPgSPVefFuRQqUnomY9DpAdq0ZuJq7xOrINrN6E8ijXhOJ07iJmlhTXL0fKpJFiziQGEJTWrW3iAJMLapF0woTqLES5D87Li2BXnvlqu3WTx5sExOAXnwAFXoAbuQB00AAZ98AJewRt8h5/wC36nV3Mw6zkC/wr+/AIEBK4T</latexit>
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2
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<latexit sha1_base64="1t8sg96C4IWbCyGLoDS8hHRU27A="></latexit><latexit sha1_base64="1t8sg96C4IWbCyGLoDS8hHRU27A="></latexit><latexit sha1_base64="1t8sg96C4IWbCyGLoDS8hHRU27A="></latexit><latexit sha1_base64="1t8sg96C4IWbCyGLoDS8hHRU27A="></latexit>

In this formula corrections in        and      are of the same order: mQ only scale involved↵s
<latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit><latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit><latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit><latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit>

1
mQ

<latexit sha1_base64="oMkS8fUOlQbb5AFERHDQtrtPwTM=">AAACRHicbZDLTgIxFIZbvCHeQJduqsTEhSEzhkSXRDcuIZFLAhPS6XSg0umMbQchE57Drb6M7+A7uDNujYWZhSInafLl/3vac3434kxpy3qHubX1jc2t/HZhZ3dv/6BYOmypMJaENknIQ9lxsaKcCdrUTHPaiSTFgctp2x3dzv32mErFQnGvpxF1AjwQzGcEayM5PV9iktizJOg3Zv1i2apYi0L/wc6gDLKq90vwpOeFJA6o0IRjpbq2FWknwVIzwums0IsVjTAZ4QHtGhQ4oMpJFlPP0JlRPOSH0hyh0UJd2XHhjVmkUlTjQQoamxWdZJI+9rsvwZPQk/ip+rAkB0pNA9d8HGA9VMveXFzldWPtXzsJE1GsqSDp3H7MkQ7RPFHkMUmJ5lMDmEhmVkdkiE2u2uReMKHayxH+h9ZlxbYqdqNart1k8ebBMTgF58AGV6AG7kAdNAEBj+AZvIBX+AY/4Cf8Sq/mYNZzBP4U/P4B2B6ybw==</latexit><latexit sha1_base64="oMkS8fUOlQbb5AFERHDQtrtPwTM=">AAACRHicbZDLTgIxFIZbvCHeQJduqsTEhSEzhkSXRDcuIZFLAhPS6XSg0umMbQchE57Drb6M7+A7uDNujYWZhSInafLl/3vac3434kxpy3qHubX1jc2t/HZhZ3dv/6BYOmypMJaENknIQ9lxsaKcCdrUTHPaiSTFgctp2x3dzv32mErFQnGvpxF1AjwQzGcEayM5PV9iktizJOg3Zv1i2apYi0L/wc6gDLKq90vwpOeFJA6o0IRjpbq2FWknwVIzwums0IsVjTAZ4QHtGhQ4oMpJFlPP0JlRPOSH0hyh0UJd2XHhjVmkUlTjQQoamxWdZJI+9rsvwZPQk/ip+rAkB0pNA9d8HGA9VMveXFzldWPtXzsJE1GsqSDp3H7MkQ7RPFHkMUmJ5lMDmEhmVkdkiE2u2uReMKHayxH+h9ZlxbYqdqNart1k8ebBMTgF58AGV6AG7kAdNAEBj+AZvIBX+AY/4Cf8Sq/mYNZzBP4U/P4B2B6ybw==</latexit><latexit sha1_base64="oMkS8fUOlQbb5AFERHDQtrtPwTM=">AAACRHicbZDLTgIxFIZbvCHeQJduqsTEhSEzhkSXRDcuIZFLAhPS6XSg0umMbQchE57Drb6M7+A7uDNujYWZhSInafLl/3vac3434kxpy3qHubX1jc2t/HZhZ3dv/6BYOmypMJaENknIQ9lxsaKcCdrUTHPaiSTFgctp2x3dzv32mErFQnGvpxF1AjwQzGcEayM5PV9iktizJOg3Zv1i2apYi0L/wc6gDLKq90vwpOeFJA6o0IRjpbq2FWknwVIzwums0IsVjTAZ4QHtGhQ4oMpJFlPP0JlRPOSH0hyh0UJd2XHhjVmkUlTjQQoamxWdZJI+9rsvwZPQk/ip+rAkB0pNA9d8HGA9VMveXFzldWPtXzsJE1GsqSDp3H7MkQ7RPFHkMUmJ5lMDmEhmVkdkiE2u2uReMKHayxH+h9ZlxbYqdqNart1k8ebBMTgF58AGV6AG7kAdNAEBj+AZvIBX+AY/4Cf8Sq/mYNZzBP4U/P4B2B6ybw==</latexit><latexit sha1_base64="oMkS8fUOlQbb5AFERHDQtrtPwTM=">AAACRHicbZDLTgIxFIZbvCHeQJduqsTEhSEzhkSXRDcuIZFLAhPS6XSg0umMbQchE57Drb6M7+A7uDNujYWZhSInafLl/3vac3434kxpy3qHubX1jc2t/HZhZ3dv/6BYOmypMJaENknIQ9lxsaKcCdrUTHPaiSTFgctp2x3dzv32mErFQnGvpxF1AjwQzGcEayM5PV9iktizJOg3Zv1i2apYi0L/wc6gDLKq90vwpOeFJA6o0IRjpbq2FWknwVIzwums0IsVjTAZ4QHtGhQ4oMpJFlPP0JlRPOSH0hyh0UJd2XHhjVmkUlTjQQoamxWdZJI+9rsvwZPQk/ip+rAkB0pNA9d8HGA9VMveXFzldWPtXzsJE1GsqSDp3H7MkQ7RPFHkMUmJ5lMDmEhmVkdkiE2u2uReMKHayxH+h9ZlxbYqdqNart1k8ebBMTgF58AGV6AG7kAdNAEBj+AZvIBX+AY/4Cf8Sq/mYNZzBP4U/P4B2B6ybw==</latexit>
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<latexit sha1_base64="5b6eJPIBQ07VEDepmYPuRrM28js="></latexit><latexit sha1_base64="5b6eJPIBQ07VEDepmYPuRrM28js="></latexit><latexit sha1_base64="5b6eJPIBQ07VEDepmYPuRrM28js="></latexit><latexit sha1_base64="5b6eJPIBQ07VEDepmYPuRrM28js="></latexit>
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✓
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<latexit sha1_base64="6oNNwGB+eRqwM80WRoox2SB3l5M="></latexit><latexit sha1_base64="6oNNwGB+eRqwM80WRoox2SB3l5M="></latexit><latexit sha1_base64="6oNNwGB+eRqwM80WRoox2SB3l5M="></latexit><latexit sha1_base64="6oNNwGB+eRqwM80WRoox2SB3l5M="></latexit>

Pi (L ) =
i!

j =0

ci,j L j

<latexit sha1_base64="dLoSjUNOv2hEjsri5FXQapeUelU="></latexit><latexit sha1_base64="dLoSjUNOv2hEjsri5FXQapeUelU="></latexit><latexit sha1_base64="dLoSjUNOv2hEjsri5FXQapeUelU="></latexit><latexit sha1_base64="dLoSjUNOv2hEjsri5FXQapeUelU="></latexit>

are known to up to i = 3,            can be computed demanding     independence ci, 0
<latexit sha1_base64="+aKRmcRxHPZmzn8PHGdcPYpyHIY=">AAACPnicbZDLTgIxFIY7eEO8gS7dVImJC0JmDIkuiW5cYiKXBCak0+lApdNO2g5CJjyEW30ZX8MXcGfcurQws1DgJE2+/H9Pe87vRYwqbdsfVm5jc2t7J79b2Ns/ODwqlo5bSsQSkyYWTMiOhxRhlJOmppqRTiQJCj1G2t7obu63x0QqKvijnkbEDdGA04BipI3Uxv2EVuxZv1i2q/ai4Co4GZRBVo1+yTrr+QLHIeEaM6RU17Ej7SZIaooZmRV6sSIRwiM0IF2DHIVEucli3hm8MIoPAyHN4Rou1LUdFX9MI5WiGg9S0Mgs5yaT9LG/fQmaCF+i59rTkhwqNQ0983GI9FAte3NxndeNdXDjJpRHsSYcp3MHMYNawHmW0KeSYM2mBhCW1KwO8RBJhLVJvGBCdZYjXIXWVdWxq85DrVy/zeLNg1NwDi6BA65BHdyDBmgCDEbgBbyCN+vd+rS+rO/0as7Kek7Av7J+fgHqma98</latexit><latexit sha1_base64="+aKRmcRxHPZmzn8PHGdcPYpyHIY=">AAACPnicbZDLTgIxFIY7eEO8gS7dVImJC0JmDIkuiW5cYiKXBCak0+lApdNO2g5CJjyEW30ZX8MXcGfcurQws1DgJE2+/H9Pe87vRYwqbdsfVm5jc2t7J79b2Ns/ODwqlo5bSsQSkyYWTMiOhxRhlJOmppqRTiQJCj1G2t7obu63x0QqKvijnkbEDdGA04BipI3Uxv2EVuxZv1i2q/ai4Co4GZRBVo1+yTrr+QLHIeEaM6RU17Ej7SZIaooZmRV6sSIRwiM0IF2DHIVEucli3hm8MIoPAyHN4Rou1LUdFX9MI5WiGg9S0Mgs5yaT9LG/fQmaCF+i59rTkhwqNQ0983GI9FAte3NxndeNdXDjJpRHsSYcp3MHMYNawHmW0KeSYM2mBhCW1KwO8RBJhLVJvGBCdZYjXIXWVdWxq85DrVy/zeLNg1NwDi6BA65BHdyDBmgCDEbgBbyCN+vd+rS+rO/0as7Kek7Av7J+fgHqma98</latexit><latexit sha1_base64="+aKRmcRxHPZmzn8PHGdcPYpyHIY=">AAACPnicbZDLTgIxFIY7eEO8gS7dVImJC0JmDIkuiW5cYiKXBCak0+lApdNO2g5CJjyEW30ZX8MXcGfcurQws1DgJE2+/H9Pe87vRYwqbdsfVm5jc2t7J79b2Ns/ODwqlo5bSsQSkyYWTMiOhxRhlJOmppqRTiQJCj1G2t7obu63x0QqKvijnkbEDdGA04BipI3Uxv2EVuxZv1i2q/ai4Co4GZRBVo1+yTrr+QLHIeEaM6RU17Ej7SZIaooZmRV6sSIRwiM0IF2DHIVEucli3hm8MIoPAyHN4Rou1LUdFX9MI5WiGg9S0Mgs5yaT9LG/fQmaCF+i59rTkhwqNQ0983GI9FAte3NxndeNdXDjJpRHsSYcp3MHMYNawHmW0KeSYM2mBhCW1KwO8RBJhLVJvGBCdZYjXIXWVdWxq85DrVy/zeLNg1NwDi6BA65BHdyDBmgCDEbgBbyCN+vd+rS+rO/0as7Kek7Av7J+fgHqma98</latexit><latexit sha1_base64="+aKRmcRxHPZmzn8PHGdcPYpyHIY=">AAACPnicbZDLTgIxFIY7eEO8gS7dVImJC0JmDIkuiW5cYiKXBCak0+lApdNO2g5CJjyEW30ZX8MXcGfcurQws1DgJE2+/H9Pe87vRYwqbdsfVm5jc2t7J79b2Ns/ODwqlo5bSsQSkyYWTMiOhxRhlJOmppqRTiQJCj1G2t7obu63x0QqKvijnkbEDdGA04BipI3Uxv2EVuxZv1i2q/ai4Co4GZRBVo1+yTrr+QLHIeEaM6RU17Ej7SZIaooZmRV6sSIRwiM0IF2DHIVEucli3hm8MIoPAyHN4Rou1LUdFX9MI5WiGg9S0Mgs5yaT9LG/fQmaCF+i59rTkhwqNQ0983GI9FAte3NxndeNdXDjJpRHsSYcp3MHMYNawHmW0KeSYM2mBhCW1KwO8RBJhLVJvGBCdZYjXIXWVdWxq85DrVy/zeLNg1NwDi6BA65BHdyDBmgCDEbgBbyCN+vd+rS+rO/0as7Kek7Av7J+fgHqma98</latexit>

ci,j> 0
<latexit sha1_base64="2TkfbT4/Ds5XZFC/SmsxWOjuQN0=">AAACQHicbZDLTgIxFIY7XhFvoEs3o8TEBSEzhkRXhujGJSZyMTAhnU6BQi+TtoOQCU/hVl/Gt/AN3Bm3rizMLBQ4SZMv/9/TnvP7ISVKO86Htba+sbm1ndnJ7u7tHxzm8kd1JSKJcA0JKmTThwpTwnFNE01xM5QYMp/ihj+8m/mNEZaKCP6oJyH2GOxx0iUIaiM9oU5MioMbZ9rJFZySMy97GdwUCiCtaidvnbYDgSKGuUYUKtVynVB7MZSaIIqn2XakcAjREPZwyyCHDCsvnk88tc+NEthdIc3h2p6rKzuKwYiEKkE16iWgoVnPi8fJY3/7YjgWgYTP5cGCzJSaMN98zKDuq0VvJq7yWpHuXnsx4WGkMUfJ3N2I2lrYszTtgEiMNJ0YgEgSs7qN+lBCpE3mWROquxjhMtQvS65Tch/KhcptGm8GnIAzcAFccAUq4B5UQQ0gwMALeAVv1rv1aX1Z38nVNSvtOQb/yvr5BW23sDg=</latexit><latexit sha1_base64="2TkfbT4/Ds5XZFC/SmsxWOjuQN0=">AAACQHicbZDLTgIxFIY7XhFvoEs3o8TEBSEzhkRXhujGJSZyMTAhnU6BQi+TtoOQCU/hVl/Gt/AN3Bm3rizMLBQ4SZMv/9/TnvP7ISVKO86Htba+sbm1ndnJ7u7tHxzm8kd1JSKJcA0JKmTThwpTwnFNE01xM5QYMp/ihj+8m/mNEZaKCP6oJyH2GOxx0iUIaiM9oU5MioMbZ9rJFZySMy97GdwUCiCtaidvnbYDgSKGuUYUKtVynVB7MZSaIIqn2XakcAjREPZwyyCHDCsvnk88tc+NEthdIc3h2p6rKzuKwYiEKkE16iWgoVnPi8fJY3/7YjgWgYTP5cGCzJSaMN98zKDuq0VvJq7yWpHuXnsx4WGkMUfJ3N2I2lrYszTtgEiMNJ0YgEgSs7qN+lBCpE3mWROquxjhMtQvS65Tch/KhcptGm8GnIAzcAFccAUq4B5UQQ0gwMALeAVv1rv1aX1Z38nVNSvtOQb/yvr5BW23sDg=</latexit><latexit sha1_base64="2TkfbT4/Ds5XZFC/SmsxWOjuQN0=">AAACQHicbZDLTgIxFIY7XhFvoEs3o8TEBSEzhkRXhujGJSZyMTAhnU6BQi+TtoOQCU/hVl/Gt/AN3Bm3rizMLBQ4SZMv/9/TnvP7ISVKO86Htba+sbm1ndnJ7u7tHxzm8kd1JSKJcA0JKmTThwpTwnFNE01xM5QYMp/ihj+8m/mNEZaKCP6oJyH2GOxx0iUIaiM9oU5MioMbZ9rJFZySMy97GdwUCiCtaidvnbYDgSKGuUYUKtVynVB7MZSaIIqn2XakcAjREPZwyyCHDCsvnk88tc+NEthdIc3h2p6rKzuKwYiEKkE16iWgoVnPi8fJY3/7YjgWgYTP5cGCzJSaMN98zKDuq0VvJq7yWpHuXnsx4WGkMUfJ3N2I2lrYszTtgEiMNJ0YgEgSs7qN+lBCpE3mWROquxjhMtQvS65Tch/KhcptGm8GnIAzcAFccAUq4B5UQQ0gwMALeAVv1rv1aX1Z38nVNSvtOQb/yvr5BW23sDg=</latexit><latexit sha1_base64="2TkfbT4/Ds5XZFC/SmsxWOjuQN0=">AAACQHicbZDLTgIxFIY7XhFvoEs3o8TEBSEzhkRXhujGJSZyMTAhnU6BQi+TtoOQCU/hVl/Gt/AN3Bm3rizMLBQ4SZMv/9/TnvP7ISVKO86Htba+sbm1ndnJ7u7tHxzm8kd1JSKJcA0JKmTThwpTwnFNE01xM5QYMp/ihj+8m/mNEZaKCP6oJyH2GOxx0iUIaiM9oU5MioMbZ9rJFZySMy97GdwUCiCtaidvnbYDgSKGuUYUKtVynVB7MZSaIIqn2XakcAjREPZwyyCHDCsvnk88tc+NEthdIc3h2p6rKzuKwYiEKkE16iWgoVnPi8fJY3/7YjgWgYTP5cGCzJSaMN98zKDuq0VvJq7yWpHuXnsx4WGkMUfJ3N2I2lrYszTtgEiMNJ0YgEgSs7qN+lBCpE3mWROquxjhMtQvS65Tch/KhcptGm8GnIAzcAFccAUq4B5UQQ0gwMALeAVv1rv1aX1Z38nVNSvtOQb/yvr5BW23sDg=</latexit>

µ
<latexit sha1_base64="x6pnI+PF8YCM7jChaiSdPtmLIdg=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYpRLAhPS6XSg0mknbQchEx7Brb6ML+LWnXHrA1iYWShwkiZf/r+nPef3IkaVtu0PmFtb39jcym8Xdnb39g+KpcOmErHEpIEFE7LtIUUY5aShqWakHUmCQo+Rlje8nfmtEZGKCv6oJxFxQ9TnNKAYaSM9dMO4VyzbFXte1jI4GZRBVvVeCZ50fYHjkHCNGVKq49iRdhMkNcWMTAvdWJEI4SHqk45BjkKi3GQ+69Q6M4pvBUKaw7U1V1d2XPgjGqkU1aifgkZmMTcZp4/97UvQWPgSPVefFuRQqUnomY9DpAdq0ZuJq7xOrINrN6E8ijXhOJ07iJmlhTXL0fKpJFiziQGEJTWrW3iAJMLapF0woTqLES5D87Li2BXnvlqu3WTx5sExOAXnwAFXoAbuQB00AAZ98AJewRt8h5/wC36nV3Mw6zkC/wr+/AIEBK4T</latexit><latexit sha1_base64="x6pnI+PF8YCM7jChaiSdPtmLIdg=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYpRLAhPS6XSg0mknbQchEx7Brb6ML+LWnXHrA1iYWShwkiZf/r+nPef3IkaVtu0PmFtb39jcym8Xdnb39g+KpcOmErHEpIEFE7LtIUUY5aShqWakHUmCQo+Rlje8nfmtEZGKCv6oJxFxQ9TnNKAYaSM9dMO4VyzbFXte1jI4GZRBVvVeCZ50fYHjkHCNGVKq49iRdhMkNcWMTAvdWJEI4SHqk45BjkKi3GQ+69Q6M4pvBUKaw7U1V1d2XPgjGqkU1aifgkZmMTcZp4/97UvQWPgSPVefFuRQqUnomY9DpAdq0ZuJq7xOrINrN6E8ijXhOJ07iJmlhTXL0fKpJFiziQGEJTWrW3iAJMLapF0woTqLES5D87Li2BXnvlqu3WTx5sExOAXnwAFXoAbuQB00AAZ98AJewRt8h5/wC36nV3Mw6zkC/wr+/AIEBK4T</latexit><latexit sha1_base64="x6pnI+PF8YCM7jChaiSdPtmLIdg=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYpRLAhPS6XSg0mknbQchEx7Brb6ML+LWnXHrA1iYWShwkiZf/r+nPef3IkaVtu0PmFtb39jcym8Xdnb39g+KpcOmErHEpIEFE7LtIUUY5aShqWakHUmCQo+Rlje8nfmtEZGKCv6oJxFxQ9TnNKAYaSM9dMO4VyzbFXte1jI4GZRBVvVeCZ50fYHjkHCNGVKq49iRdhMkNcWMTAvdWJEI4SHqk45BjkKi3GQ+69Q6M4pvBUKaw7U1V1d2XPgjGqkU1aifgkZmMTcZp4/97UvQWPgSPVefFuRQqUnomY9DpAdq0ZuJq7xOrINrN6E8ijXhOJ07iJmlhTXL0fKpJFiziQGEJTWrW3iAJMLapF0woTqLES5D87Li2BXnvlqu3WTx5sExOAXnwAFXoAbuQB00AAZ98AJewRt8h5/wC36nV3Mw6zkC/wr+/AIEBK4T</latexit><latexit sha1_base64="x6pnI+PF8YCM7jChaiSdPtmLIdg=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYpRLAhPS6XSg0mknbQchEx7Brb6ML+LWnXHrA1iYWShwkiZf/r+nPef3IkaVtu0PmFtb39jcym8Xdnb39g+KpcOmErHEpIEFE7LtIUUY5aShqWakHUmCQo+Rlje8nfmtEZGKCv6oJxFxQ9TnNKAYaSM9dMO4VyzbFXte1jI4GZRBVvVeCZ50fYHjkHCNGVKq49iRdhMkNcWMTAvdWJEI4SHqk45BjkKi3GQ+69Q6M4pvBUKaw7U1V1d2XPgjGqkU1aifgkZmMTcZp4/97UvQWPgSPVefFuRQqUnomY9DpAdq0ZuJq7xOrINrN6E8ijXhOJ07iJmlhTXL0fKpJFiziQGEJTWrW3iAJMLapF0woTqLES5D87Li2BXnvlqu3WTx5sExOAXnwAFXoAbuQB00AAZ98AJewRt8h5/wC36nV3Mw6zkC/wr+/AIEBK4T</latexit>
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<latexit sha1_base64="1t8sg96C4IWbCyGLoDS8hHRU27A="></latexit><latexit sha1_base64="1t8sg96C4IWbCyGLoDS8hHRU27A="></latexit><latexit sha1_base64="1t8sg96C4IWbCyGLoDS8hHRU27A="></latexit><latexit sha1_base64="1t8sg96C4IWbCyGLoDS8hHRU27A="></latexit>

ci,j
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depend on the bound-state quantum numbers: (n, l, j, s)

c3,0
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depends on            : first hint of ultra-soft effects. Could be resumed within EFTs. log(! s)
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This formula has an mQ-independent renormalon equal to that of ! 2mpole
Q
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(2014) 156-191]

+ non-
perturbative

In this formula corrections in        and      are of the same order: mQ only scale involved↵s
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inherited from the QCD static potential



Master formula in short-
distance scheme and finite 
charm quark mass effects
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<latexit sha1_base64="XCg8d6G8yyLnITkB9Sv2QWSVY/M=">AAACP3icbZDNTgIxFIVbfxH/QJduRomJC0NmDIkuiW5cYuIACUxIp9OBSqedtB2ETHgJt/oyPoZP4M64dWdhZqHATZp8Oae3vff4MaNK2/YHXFvf2NzaLuwUd/f2Dw5L5aOmEonExMWCCdn2kSKMcuJqqhlpx5KgyGek5Q/vZn5rRKSigj/qSUy8CPU5DSlG2kjtrhsrygTvlSp21Z6XtQxODhWQV6NXhqfdQOAkIlxjhpTqOHasvRRJTTEj02I3USRGeIj6pGOQo4goL50PPLXOjRJYoZDmcG3N1ZUdl8GIxipDNepnoJHZzkvH2WN/+1I0FoFEz7WnBTlSahL55uMI6YFa9GbiKq+T6PDGSymPE004zuYOE2ZpYc3CtAIqCdZsYgBhSc3qFh4gibA2kRdNqM5ihMvQvKo6dtV5qFXqt3m8BXACzsAFcMA1qIN70AAuwICBF/AK3uA7/IRf8Du7ugbznmPwr+DPL37nsE0=</latexit><latexit sha1_base64="XCg8d6G8yyLnITkB9Sv2QWSVY/M=">AAACP3icbZDNTgIxFIVbfxH/QJduRomJC0NmDIkuiW5cYuIACUxIp9OBSqedtB2ETHgJt/oyPoZP4M64dWdhZqHATZp8Oae3vff4MaNK2/YHXFvf2NzaLuwUd/f2Dw5L5aOmEonExMWCCdn2kSKMcuJqqhlpx5KgyGek5Q/vZn5rRKSigj/qSUy8CPU5DSlG2kjtrhsrygTvlSp21Z6XtQxODhWQV6NXhqfdQOAkIlxjhpTqOHasvRRJTTEj02I3USRGeIj6pGOQo4goL50PPLXOjRJYoZDmcG3N1ZUdl8GIxipDNepnoJHZzkvH2WN/+1I0FoFEz7WnBTlSahL55uMI6YFa9GbiKq+T6PDGSymPE004zuYOE2ZpYc3CtAIqCdZsYgBhSc3qFh4gibA2kRdNqM5ihMvQvKo6dtV5qFXqt3m8BXACzsAFcMA1qIN70AAuwICBF/AK3uA7/IRf8Du7ugbznmPwr+DPL37nsE0=</latexit><latexit sha1_base64="XCg8d6G8yyLnITkB9Sv2QWSVY/M=">AAACP3icbZDNTgIxFIVbfxH/QJduRomJC0NmDIkuiW5cYuIACUxIp9OBSqedtB2ETHgJt/oyPoZP4M64dWdhZqHATZp8Oae3vff4MaNK2/YHXFvf2NzaLuwUd/f2Dw5L5aOmEonExMWCCdn2kSKMcuJqqhlpx5KgyGek5Q/vZn5rRKSigj/qSUy8CPU5DSlG2kjtrhsrygTvlSp21Z6XtQxODhWQV6NXhqfdQOAkIlxjhpTqOHasvRRJTTEj02I3USRGeIj6pGOQo4goL50PPLXOjRJYoZDmcG3N1ZUdl8GIxipDNepnoJHZzkvH2WN/+1I0FoFEz7WnBTlSahL55uMI6YFa9GbiKq+T6PDGSymPE004zuYOE2ZpYc3CtAIqCdZsYgBhSc3qFh4gibA2kRdNqM5ihMvQvKo6dtV5qFXqt3m8BXACzsAFcMA1qIN70AAuwICBF/AK3uA7/IRf8Du7ugbznmPwr+DPL37nsE0=</latexit><latexit sha1_base64="XCg8d6G8yyLnITkB9Sv2QWSVY/M=">AAACP3icbZDNTgIxFIVbfxH/QJduRomJC0NmDIkuiW5cYuIACUxIp9OBSqedtB2ETHgJt/oyPoZP4M64dWdhZqHATZp8Oae3vff4MaNK2/YHXFvf2NzaLuwUd/f2Dw5L5aOmEonExMWCCdn2kSKMcuJqqhlpx5KgyGek5Q/vZn5rRKSigj/qSUy8CPU5DSlG2kjtrhsrygTvlSp21Z6XtQxODhWQV6NXhqfdQOAkIlxjhpTqOHasvRRJTTEj02I3USRGeIj6pGOQo4goL50PPLXOjRJYoZDmcG3N1ZUdl8GIxipDNepnoJHZzkvH2WN/+1I0FoFEz7WnBTlSahL55uMI6YFa9GbiKq+T6PDGSymPE004zuYOE2ZpYc3CtAIqCdZsYgBhSc3qFh4gibA2kRdNqM5ihMvQvKo6dtV5qFXqt3m8BXACzsAFcMA1qIN70AAuwICBF/AK3uA7/IRf8Du7ugbznmPwr+DPL37nsE0=</latexit>

- counting scheme parameter

R
mSD

Q
<latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit><latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit><latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit><latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit>

EX (µ, n! ) = 2 mSD
Q
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<latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit><latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit><latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit><latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit>

F =
⇡C2

F↵
(n`)
s (µ)

2n2
<latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit><latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit><latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit><latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit>

Different powers of      in the same    order"
<latexit sha1_base64="cVO1xE55b6Re498WlUKH9w/0uek=">AAACQnicbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0mknbWeETHgMt/oyvoSv4M64dWFhWChwkiZf/r+nPef3I0aVdpwPa219Y3NrO7eT393bPzgsFI8aSsQSkzoWTMiWD4owykldU81IK5IEQp+Rpj+8m/rNhEhFBX/U44h4IfQ57VEM2kjtTgKSRIoywbuFklN2ZmUvgzuHEppXrVu0TjuBwHFIuMYMlGq7TqS9FKSmmJFJvhMrEgEeQp+0DXIIifLS2cwT+9wogd0T0hyu7Zm6suMySGikMlRJPwMNZkEvHWWP/e1LYSQCCc+VpwU5VGoc+ubjEPRALXpTcZXXjnXvxkspj2JNOM7m7sXM1sKe5mkHVBKs2dgAYEnN6jYegASsTep5E6q7GOEyNK7KrlN2Hyql6u083hw6QWfoArnoGlXRPaqhOsJIoBf0it6sd+vT+rK+s6tr1rznGP0r6+cXcVSxxA==</latexit><latexit sha1_base64="cVO1xE55b6Re498WlUKH9w/0uek=">AAACQnicbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0mknbWeETHgMt/oyvoSv4M64dWFhWChwkiZf/r+nPef3I0aVdpwPa219Y3NrO7eT393bPzgsFI8aSsQSkzoWTMiWD4owykldU81IK5IEQp+Rpj+8m/rNhEhFBX/U44h4IfQ57VEM2kjtTgKSRIoywbuFklN2ZmUvgzuHEppXrVu0TjuBwHFIuMYMlGq7TqS9FKSmmJFJvhMrEgEeQp+0DXIIifLS2cwT+9wogd0T0hyu7Zm6suMySGikMlRJPwMNZkEvHWWP/e1LYSQCCc+VpwU5VGoc+ubjEPRALXpTcZXXjnXvxkspj2JNOM7m7sXM1sKe5mkHVBKs2dgAYEnN6jYegASsTep5E6q7GOEyNK7KrlN2Hyql6u083hw6QWfoArnoGlXRPaqhOsJIoBf0it6sd+vT+rK+s6tr1rznGP0r6+cXcVSxxA==</latexit><latexit sha1_base64="cVO1xE55b6Re498WlUKH9w/0uek=">AAACQnicbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0mknbWeETHgMt/oyvoSv4M64dWFhWChwkiZf/r+nPef3I0aVdpwPa219Y3NrO7eT393bPzgsFI8aSsQSkzoWTMiWD4owykldU81IK5IEQp+Rpj+8m/rNhEhFBX/U44h4IfQ57VEM2kjtTgKSRIoywbuFklN2ZmUvgzuHEppXrVu0TjuBwHFIuMYMlGq7TqS9FKSmmJFJvhMrEgEeQp+0DXIIifLS2cwT+9wogd0T0hyu7Zm6suMySGikMlRJPwMNZkEvHWWP/e1LYSQCCc+VpwU5VGoc+ubjEPRALXpTcZXXjnXvxkspj2JNOM7m7sXM1sKe5mkHVBKs2dgAYEnN6jYegASsTep5E6q7GOEyNK7KrlN2Hyql6u083hw6QWfoArnoGlXRPaqhOsJIoBf0it6sd+vT+rK+s6tr1rznGP0r6+cXcVSxxA==</latexit><latexit sha1_base64="cVO1xE55b6Re498WlUKH9w/0uek=">AAACQnicbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0mknbWeETHgMt/oyvoSv4M64dWFhWChwkiZf/r+nPef3I0aVdpwPa219Y3NrO7eT393bPzgsFI8aSsQSkzoWTMiWD4owykldU81IK5IEQp+Rpj+8m/rNhEhFBX/U44h4IfQ57VEM2kjtTgKSRIoywbuFklN2ZmUvgzuHEppXrVu0TjuBwHFIuMYMlGq7TqS9FKSmmJFJvhMrEgEeQp+0DXIIifLS2cwT+9wogd0T0hyu7Zm6suMySGikMlRJPwMNZkEvHWWP/e1LYSQCCc+VpwU5VGoc+ubjEPRALXpTcZXXjnXvxkspj2JNOM7m7sXM1sKe5mkHVBKs2dgAYEnN6jYegASsTep5E6q7GOEyNK7KrlN2Hyql6u083hw6QWfoArnoGlXRPaqhOsJIoBf0it6sd+vT+rK+s6tr1rznGP0r6+cXcVSxxA==</latexit>

! s
<latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit><latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit><latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit><latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit>



Master formula in short-distance scheme
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<latexit sha1_base64="xagdqzhrjKswYirnBHr4LPMJwWM="></latexit><latexit sha1_base64="xagdqzhrjKswYirnBHr4LPMJwWM="></latexit><latexit sha1_base64="xagdqzhrjKswYirnBHr4LPMJwWM="></latexit><latexit sha1_base64="xagdqzhrjKswYirnBHr4LPMJwWM="></latexit>

Depends on some scale R

Depends on powers of                and proportional to log
⇣ µ

R

⌘

<latexit sha1_base64="qsWJzZYGXqMazEMBZInUBDskLTQ="></latexit><latexit sha1_base64="qsWJzZYGXqMazEMBZInUBDskLTQ="></latexit><latexit sha1_base64="qsWJzZYGXqMazEMBZInUBDskLTQ="></latexit><latexit sha1_base64="qsWJzZYGXqMazEMBZInUBDskLTQ="></latexit>

!
<latexit sha1_base64="XCg8d6G8yyLnITkB9Sv2QWSVY/M=">AAACP3icbZDNTgIxFIVbfxH/QJduRomJC0NmDIkuiW5cYuIACUxIp9OBSqedtB2ETHgJt/oyPoZP4M64dWdhZqHATZp8Oae3vff4MaNK2/YHXFvf2NzaLuwUd/f2Dw5L5aOmEonExMWCCdn2kSKMcuJqqhlpx5KgyGek5Q/vZn5rRKSigj/qSUy8CPU5DSlG2kjtrhsrygTvlSp21Z6XtQxODhWQV6NXhqfdQOAkIlxjhpTqOHasvRRJTTEj02I3USRGeIj6pGOQo4goL50PPLXOjRJYoZDmcG3N1ZUdl8GIxipDNepnoJHZzkvH2WN/+1I0FoFEz7WnBTlSahL55uMI6YFa9GbiKq+T6PDGSymPE004zuYOE2ZpYc3CtAIqCdZsYgBhSc3qFh4gibA2kRdNqM5ihMvQvKo6dtV5qFXqt3m8BXACzsAFcMA1qIN70AAuwICBF/AK3uA7/IRf8Du7ugbznmPwr+DPL37nsE0=</latexit><latexit sha1_base64="XCg8d6G8yyLnITkB9Sv2QWSVY/M=">AAACP3icbZDNTgIxFIVbfxH/QJduRomJC0NmDIkuiW5cYuIACUxIp9OBSqedtB2ETHgJt/oyPoZP4M64dWdhZqHATZp8Oae3vff4MaNK2/YHXFvf2NzaLuwUd/f2Dw5L5aOmEonExMWCCdn2kSKMcuJqqhlpx5KgyGek5Q/vZn5rRKSigj/qSUy8CPU5DSlG2kjtrhsrygTvlSp21Z6XtQxODhWQV6NXhqfdQOAkIlxjhpTqOHasvRRJTTEj02I3USRGeIj6pGOQo4goL50PPLXOjRJYoZDmcG3N1ZUdl8GIxipDNepnoJHZzkvH2WN/+1I0FoFEz7WnBTlSahL55uMI6YFa9GbiKq+T6PDGSymPE004zuYOE2ZpYc3CtAIqCdZsYgBhSc3qFh4gibA2kRdNqM5ihMvQvKo6dtV5qFXqt3m8BXACzsAFcMA1qIN70AAuwICBF/AK3uA7/IRf8Du7ugbznmPwr+DPL37nsE0=</latexit><latexit sha1_base64="XCg8d6G8yyLnITkB9Sv2QWSVY/M=">AAACP3icbZDNTgIxFIVbfxH/QJduRomJC0NmDIkuiW5cYuIACUxIp9OBSqedtB2ETHgJt/oyPoZP4M64dWdhZqHATZp8Oae3vff4MaNK2/YHXFvf2NzaLuwUd/f2Dw5L5aOmEonExMWCCdn2kSKMcuJqqhlpx5KgyGek5Q/vZn5rRKSigj/qSUy8CPU5DSlG2kjtrhsrygTvlSp21Z6XtQxODhWQV6NXhqfdQOAkIlxjhpTqOHasvRRJTTEj02I3USRGeIj6pGOQo4goL50PPLXOjRJYoZDmcG3N1ZUdl8GIxipDNepnoJHZzkvH2WN/+1I0FoFEz7WnBTlSahL55uMI6YFa9GbiKq+T6PDGSymPE004zuYOE2ZpYc3CtAIqCdZsYgBhSc3qFh4gibA2kRdNqM5ihMvQvKo6dtV5qFXqt3m8BXACzsAFcMA1qIN70AAuwICBF/AK3uA7/IRf8Du7ugbznmPwr+DPL37nsE0=</latexit><latexit sha1_base64="XCg8d6G8yyLnITkB9Sv2QWSVY/M=">AAACP3icbZDNTgIxFIVbfxH/QJduRomJC0NmDIkuiW5cYuIACUxIp9OBSqedtB2ETHgJt/oyPoZP4M64dWdhZqHATZp8Oae3vff4MaNK2/YHXFvf2NzaLuwUd/f2Dw5L5aOmEonExMWCCdn2kSKMcuJqqhlpx5KgyGek5Q/vZn5rRKSigj/qSUy8CPU5DSlG2kjtrhsrygTvlSp21Z6XtQxODhWQV6NXhqfdQOAkIlxjhpTqOHasvRRJTTEj02I3USRGeIj6pGOQo4goL50PPLXOjRJYoZDmcG3N1ZUdl8GIxipDNepnoJHZzkvH2WN/+1I0FoFEz7WnBTlSahL55uMI6YFa9GbiKq+T6PDGSymPE004zuYOE2ZpYc3CtAIqCdZsYgBhSc3qFh4gibA2kRdNqM5ihMvQvKo6dtV5qFXqt3m8BXACzsAFcMA1qIN70AAuwICBF/AK3uA7/IRf8Du7ugbznmPwr+DPL37nsE0=</latexit>

- counting scheme parameter

R
mSD

Q
<latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit><latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit><latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit><latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit>

EX (µ, n! ) = 2 mSD
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<latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit><latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit><latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit><latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit>

F =
⇡C2

F↵
(n`)
s (µ)

2n2
<latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit><latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit><latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit><latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit>

LSD = log

✓
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<latexit sha1_base64="NKLe5xBriyOSkWqk8ymccJeL/b0="></latexit><latexit sha1_base64="NKLe5xBriyOSkWqk8ymccJeL/b0="></latexit><latexit sha1_base64="NKLe5xBriyOSkWqk8ymccJeL/b0="></latexit><latexit sha1_base64="NKLe5xBriyOSkWqk8ymccJeL/b0="></latexit>

depend on

and       ,  ci,j
<latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit><latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit><latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit><latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit>

�SDi
<latexit sha1_base64="Ti/Tsx6HAzSARZt290fFZ8JJjWs="></latexit><latexit sha1_base64="Ti/Tsx6HAzSARZt290fFZ8JJjWs="></latexit><latexit sha1_base64="Ti/Tsx6HAzSARZt290fFZ8JJjWs="></latexit><latexit sha1_base64="Ti/Tsx6HAzSARZt290fFZ8JJjWs="></latexit>

Different powers of      in the same    order"
<latexit sha1_base64="cVO1xE55b6Re498WlUKH9w/0uek=">AAACQnicbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0mknbWeETHgMt/oyvoSv4M64dWFhWChwkiZf/r+nPef3I0aVdpwPa219Y3NrO7eT393bPzgsFI8aSsQSkzoWTMiWD4owykldU81IK5IEQp+Rpj+8m/rNhEhFBX/U44h4IfQ57VEM2kjtTgKSRIoywbuFklN2ZmUvgzuHEppXrVu0TjuBwHFIuMYMlGq7TqS9FKSmmJFJvhMrEgEeQp+0DXIIifLS2cwT+9wogd0T0hyu7Zm6suMySGikMlRJPwMNZkEvHWWP/e1LYSQCCc+VpwU5VGoc+ubjEPRALXpTcZXXjnXvxkspj2JNOM7m7sXM1sKe5mkHVBKs2dgAYEnN6jYegASsTep5E6q7GOEyNK7KrlN2Hyql6u083hw6QWfoArnoGlXRPaqhOsJIoBf0it6sd+vT+rK+s6tr1rznGP0r6+cXcVSxxA==</latexit><latexit sha1_base64="cVO1xE55b6Re498WlUKH9w/0uek=">AAACQnicbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0mknbWeETHgMt/oyvoSv4M64dWFhWChwkiZf/r+nPef3I0aVdpwPa219Y3NrO7eT393bPzgsFI8aSsQSkzoWTMiWD4owykldU81IK5IEQp+Rpj+8m/rNhEhFBX/U44h4IfQ57VEM2kjtTgKSRIoywbuFklN2ZmUvgzuHEppXrVu0TjuBwHFIuMYMlGq7TqS9FKSmmJFJvhMrEgEeQp+0DXIIifLS2cwT+9wogd0T0hyu7Zm6suMySGikMlRJPwMNZkEvHWWP/e1LYSQCCc+VpwU5VGoc+ubjEPRALXpTcZXXjnXvxkspj2JNOM7m7sXM1sKe5mkHVBKs2dgAYEnN6jYegASsTep5E6q7GOEyNK7KrlN2Hyql6u083hw6QWfoArnoGlXRPaqhOsJIoBf0it6sd+vT+rK+s6tr1rznGP0r6+cXcVSxxA==</latexit><latexit sha1_base64="cVO1xE55b6Re498WlUKH9w/0uek=">AAACQnicbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0mknbWeETHgMt/oyvoSv4M64dWFhWChwkiZf/r+nPef3I0aVdpwPa219Y3NrO7eT393bPzgsFI8aSsQSkzoWTMiWD4owykldU81IK5IEQp+Rpj+8m/rNhEhFBX/U44h4IfQ57VEM2kjtTgKSRIoywbuFklN2ZmUvgzuHEppXrVu0TjuBwHFIuMYMlGq7TqS9FKSmmJFJvhMrEgEeQp+0DXIIifLS2cwT+9wogd0T0hyu7Zm6suMySGikMlRJPwMNZkEvHWWP/e1LYSQCCc+VpwU5VGoc+ubjEPRALXpTcZXXjnXvxkspj2JNOM7m7sXM1sKe5mkHVBKs2dgAYEnN6jYegASsTep5E6q7GOEyNK7KrlN2Hyql6u083hw6QWfoArnoGlXRPaqhOsJIoBf0it6sd+vT+rK+s6tr1rznGP0r6+cXcVSxxA==</latexit><latexit sha1_base64="cVO1xE55b6Re498WlUKH9w/0uek=">AAACQnicbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0mknbWeETHgMt/oyvoSv4M64dWFhWChwkiZf/r+nPef3I0aVdpwPa219Y3NrO7eT393bPzgsFI8aSsQSkzoWTMiWD4owykldU81IK5IEQp+Rpj+8m/rNhEhFBX/U44h4IfQ57VEM2kjtTgKSRIoywbuFklN2ZmUvgzuHEppXrVu0TjuBwHFIuMYMlGq7TqS9FKSmmJFJvhMrEgEeQp+0DXIIifLS2cwT+9wogd0T0hyu7Zm6suMySGikMlRJPwMNZkEvHWWP/e1LYSQCCc+VpwU5VGoc+ubjEPRALXpTcZXXjnXvxkspj2JNOM7m7sXM1sKe5mkHVBKs2dgAYEnN6jYegASsTep5E6q7GOEyNK7KrlN2Hyql6u083hw6QWfoArnoGlXRPaqhOsJIoBf0it6sd+vT+rK+s6tr1rznGP0r6+cXcVSxxA==</latexit>

! s
<latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit><latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit><latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit><latexit sha1_base64="lrTz6KGCCMJReRXZ1SjK6c+H4MY=">AAACP3icbZDLTgIxFIY7XhFvoEs3o8TEhSEzhkSXRDcuMZFLAhNyplOg0uk0bQchE17Crb6Mj+ETuDNu3VmYWShwkiZf/r+nPef3BaNKO86Htba+sbm1ndvJ7+7tHxwWikcNFcUSkzqOWCRbPijCKCd1TTUjLSEJhD4jTX94N/ObIyIVjfijngjihdDntEcxaCO1OsDEALqqWyg5ZWde9jK4GZRQVrVu0TrtBBGOQ8I1ZqBU23WE9hKQmmJGpvlOrIgAPIQ+aRvkEBLlJfOBp/a5UQK7F0lzuLbn6sqOy2BEhUpRjfopaDDbeck4fexvXwLjKJDwXHlakEOlJqFvPg5BD9SiNxNXee1Y9268hHIRa8JxOncvZraO7FmYdkAlwZpNDACW1Kxu4wFIwNpEnjehuosRLkPjquw6ZfehUqreZvHm0Ak6QxfIRdeoiu5RDdURRgy9oFf0Zr1bn9aX9Z1eXbOynmP0r6yfX13+sDs=</latexit>



Master formula in short-distance scheme
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<latexit sha1_base64="xagdqzhrjKswYirnBHr4LPMJwWM="></latexit><latexit sha1_base64="xagdqzhrjKswYirnBHr4LPMJwWM="></latexit><latexit sha1_base64="xagdqzhrjKswYirnBHr4LPMJwWM="></latexit><latexit sha1_base64="xagdqzhrjKswYirnBHr4LPMJwWM="></latexit>

Depends on powers of                and proportional to log
⇣ µ

R

⌘

<latexit sha1_base64="qsWJzZYGXqMazEMBZInUBDskLTQ="></latexit><latexit sha1_base64="qsWJzZYGXqMazEMBZInUBDskLTQ="></latexit><latexit sha1_base64="qsWJzZYGXqMazEMBZInUBDskLTQ="></latexit><latexit sha1_base64="qsWJzZYGXqMazEMBZInUBDskLTQ="></latexit>
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<latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit><latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit><latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit><latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit>
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<latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit><latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit><latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit><latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit>
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<latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit><latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit><latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit><latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit>
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<latexit sha1_base64="NKLe5xBriyOSkWqk8ymccJeL/b0="></latexit><latexit sha1_base64="NKLe5xBriyOSkWqk8ymccJeL/b0="></latexit><latexit sha1_base64="NKLe5xBriyOSkWqk8ymccJeL/b0="></latexit><latexit sha1_base64="NKLe5xBriyOSkWqk8ymccJeL/b0="></latexit>

depend on

and       ,  ci,j
<latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit><latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit><latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit><latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit>

�SDi
<latexit sha1_base64="Ti/Tsx6HAzSARZt290fFZ8JJjWs="></latexit><latexit sha1_base64="Ti/Tsx6HAzSARZt290fFZ8JJjWs="></latexit><latexit sha1_base64="Ti/Tsx6HAzSARZt290fFZ8JJjWs="></latexit><latexit sha1_base64="Ti/Tsx6HAzSARZt290fFZ8JJjWs="></latexit>

Depends on some scale R

The scale that minimizes these logs will be denoted generically µS
<latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit><latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit><latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit><latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit>
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<latexit sha1_base64="xagdqzhrjKswYirnBHr4LPMJwWM="></latexit><latexit sha1_base64="xagdqzhrjKswYirnBHr4LPMJwWM="></latexit><latexit sha1_base64="xagdqzhrjKswYirnBHr4LPMJwWM="></latexit><latexit sha1_base64="xagdqzhrjKswYirnBHr4LPMJwWM="></latexit>

Depends on powers of                and proportional to log
⇣ µ

R

⌘

<latexit sha1_base64="qsWJzZYGXqMazEMBZInUBDskLTQ="></latexit><latexit sha1_base64="qsWJzZYGXqMazEMBZInUBDskLTQ="></latexit><latexit sha1_base64="qsWJzZYGXqMazEMBZInUBDskLTQ="></latexit><latexit sha1_base64="qsWJzZYGXqMazEMBZInUBDskLTQ="></latexit>

R
mSD

Q
<latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit><latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit><latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit><latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit>
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<latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit><latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit><latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit><latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit>

F =
⇡C2
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2n2
<latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit><latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit><latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit><latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit>
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<latexit sha1_base64="NKLe5xBriyOSkWqk8ymccJeL/b0="></latexit><latexit sha1_base64="NKLe5xBriyOSkWqk8ymccJeL/b0="></latexit><latexit sha1_base64="NKLe5xBriyOSkWqk8ymccJeL/b0="></latexit><latexit sha1_base64="NKLe5xBriyOSkWqk8ymccJeL/b0="></latexit>

depend on

and       ,  ci,j
<latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit><latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit><latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit><latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit>

�SDi
<latexit sha1_base64="Ti/Tsx6HAzSARZt290fFZ8JJjWs="></latexit><latexit sha1_base64="Ti/Tsx6HAzSARZt290fFZ8JJjWs="></latexit><latexit sha1_base64="Ti/Tsx6HAzSARZt290fFZ8JJjWs="></latexit><latexit sha1_base64="Ti/Tsx6HAzSARZt290fFZ8JJjWs="></latexit>

Depends on some scale R

µS
<latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit><latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit><latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit><latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit>

The scale that minimizes these logs will be denoted generically µS
<latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit><latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit><latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit><latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit>

Two kinds of logs if short-distance mass is used. To minimize both of the them 
simultaneously one either has a tunable scale R, or a fixed scale R ~ 
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<latexit sha1_base64="xagdqzhrjKswYirnBHr4LPMJwWM="></latexit><latexit sha1_base64="xagdqzhrjKswYirnBHr4LPMJwWM="></latexit><latexit sha1_base64="xagdqzhrjKswYirnBHr4LPMJwWM="></latexit><latexit sha1_base64="xagdqzhrjKswYirnBHr4LPMJwWM="></latexit>

Depends on powers of                and proportional to log
⇣ µ

R

⌘

<latexit sha1_base64="qsWJzZYGXqMazEMBZInUBDskLTQ="></latexit><latexit sha1_base64="qsWJzZYGXqMazEMBZInUBDskLTQ="></latexit><latexit sha1_base64="qsWJzZYGXqMazEMBZInUBDskLTQ="></latexit><latexit sha1_base64="qsWJzZYGXqMazEMBZInUBDskLTQ="></latexit>
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Q
<latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit><latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit><latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit><latexit sha1_base64="uZZhGnwXQfNskclLE7SYHZ2EaGs="></latexit>
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<latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit><latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit><latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit><latexit sha1_base64="G/lHN50FXBAiyE68gWPzeu/d4o0="></latexit>
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<latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit><latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit><latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit><latexit sha1_base64="dF7ntQPiltBIjLxE5I7B72i/VWw="></latexit>
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<latexit sha1_base64="NKLe5xBriyOSkWqk8ymccJeL/b0="></latexit><latexit sha1_base64="NKLe5xBriyOSkWqk8ymccJeL/b0="></latexit><latexit sha1_base64="NKLe5xBriyOSkWqk8ymccJeL/b0="></latexit><latexit sha1_base64="NKLe5xBriyOSkWqk8ymccJeL/b0="></latexit>

depend on

and       ,  ci,j
<latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit><latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit><latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit><latexit sha1_base64="gDca98sbu0Gm6KEZ/2R8ASNCZQg=">AAACPnicbZDLTgIxFIZbvCHeQJduRomJC0JmDIkuiW5cYiKXBCak0+lAodNO2g5CJjyEW30ZX8MXcGfcurQws1DwJE2+/H9Pe87vRYwqbdvvMLexubW9k98t7O0fHB4VS8ctJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW98t/DbEyIVFfxRzyLihmjAaUAx0kZq435CK6N5v1i2q/ayrHVwMiiDrBr9Ejzr+QLHIeEaM6RU17Ej7SZIaooZmRd6sSIRwmM0IF2DHIVEucly3rl1YRTfCoQ0h2trqf7bUfEnNFIpqskgBY3Mcm4yTR/73ZegqfAleqqNVuRQqVnomY9DpIdq1VuI/3ndWAc3bkJ5FGvCcTp3EDNLC2uRpeVTSbBmMwMIS2pWt/AQSYS1SbxgQnVWI1yH1lXVsavOQ61cv83izYNTcA4ugQOuQR3cgwZoAgzG4Bm8gFf4Bj/gJ/xKr+Zg1nMC/hT8/gFU6q+2</latexit>

�SDi
<latexit sha1_base64="Ti/Tsx6HAzSARZt290fFZ8JJjWs="></latexit><latexit sha1_base64="Ti/Tsx6HAzSARZt290fFZ8JJjWs="></latexit><latexit sha1_base64="Ti/Tsx6HAzSARZt290fFZ8JJjWs="></latexit><latexit sha1_base64="Ti/Tsx6HAzSARZt290fFZ8JJjWs="></latexit>

Depends on some scale R

µS
<latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit><latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit><latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit><latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit>

The scale that minimizes these logs will be denoted generically µS
<latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit><latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit><latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit><latexit sha1_base64="B5azuzZXmGmvmtmpeEx8FxRlShI=">AAACPHicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xOgACUxIp1Og0suk7SBkwjO41ZfxPdy7M25dW5hZKHCSJl/+v6c95w8iSpR2nA8rt7a+sbmV3y7s7O7tHxRLhw0lYomwhwQVshVAhSnh2NNEU9yKJIYsoLgZDG9nfnOEpSKCP+pJhH0G+5z0CILaSF6Hxd2HbrHsVJx52cvgZlAGWdW7JeukEwoUM8w1olCptutE2k+g1ARRPC10YoUjiIawj9sGOWRY+cl82ql9ZpTQ7glpDtf2XF3ZcRGOSKRSVKN+Chqa1fxknD72ty+BYxFK+Fx9WpCZUhMWmI8Z1AO16M3EVV471r1rPyE8ijXmKJ27F1NbC3uWpB0SiZGmEwMQSWJWt9EASoi0ybtgQnUXI1yGxmXFdSrufbVcu8nizYNjcArOgQuuQA3cgTrwAAIEvIBX8Ga9W5/Wl/WdXs1ZWc8R+FfWzy+WyK7Z</latexit>

MSR mass 1-S mass

Two kinds of logs if short-distance mass is used. To minimize both of the them 
simultaneously one either has a tunable scale R, or a fixed scale R ~ 



Effects from massive lighter quarks

EX (µ, n! , mpole
Q , mpole

q ) = EX (µ, n! , mpole
Q ) + ! 2"E (1)

X + ! 3"E (2)
X

<latexit sha1_base64="2YCPYefUQTRZ42JgBMiiYfzJKvQ="></latexit><latexit sha1_base64="2YCPYefUQTRZ42JgBMiiYfzJKvQ="></latexit><latexit sha1_base64="2YCPYefUQTRZ42JgBMiiYfzJKvQ="></latexit><latexit sha1_base64="2YCPYefUQTRZ42JgBMiiYfzJKvQ="></latexit>

+ á á á
<latexit sha1_base64="wAgcKZwWpoxOQwC8qADRQImi0Fc=">AAACPnicbZDLSsNAFIYn9VbrrdWlm2gRBKUkUtBl0Y3LCvYCbSiTyaQdO8mEmZPaEvoQbvVlfA1fwJ24dem0yULbHhj4+P85M+f8bsSZAsv6MHJr6xubW/ntws7u3v5BsXTYVCKWhDaI4EK2XawoZyFtAANO25GkOHA5bbnDu5nfGlGpmAgfYRJRJ8D9kPmMYNBS66JLPAGqVyxbFWte5jLYGZRRVvVeyTjpeoLEAQ2BcKxUx7YicBIsgRFOp4VurGiEyRD3aUdjiAOqnGQ+79Q804pn+kLqE4I5V1d2XHojFqkU1aifAmC9nJOM08f+9iV4LDyJn6tPC3Kg1CRw9ccBhoFa9GbiKq8Tg3/jJCyMYqAhSef2Y26CMGdZmh6TlACfaMBEMr26SQZYYgI68YIO1V6McBmaVxXbqtgP1XLtNos3j47RKTpHNrpGNXSP6qiBCBqiF/SK3ox349P4Mr7Tqzkj6zlC/8r4+QUtSK+h</latexit><latexit sha1_base64="wAgcKZwWpoxOQwC8qADRQImi0Fc=">AAACPnicbZDLSsNAFIYn9VbrrdWlm2gRBKUkUtBl0Y3LCvYCbSiTyaQdO8mEmZPaEvoQbvVlfA1fwJ24dem0yULbHhj4+P85M+f8bsSZAsv6MHJr6xubW/ntws7u3v5BsXTYVCKWhDaI4EK2XawoZyFtAANO25GkOHA5bbnDu5nfGlGpmAgfYRJRJ8D9kPmMYNBS66JLPAGqVyxbFWte5jLYGZRRVvVeyTjpeoLEAQ2BcKxUx7YicBIsgRFOp4VurGiEyRD3aUdjiAOqnGQ+79Q804pn+kLqE4I5V1d2XHojFqkU1aifAmC9nJOM08f+9iV4LDyJn6tPC3Kg1CRw9ccBhoFa9GbiKq8Tg3/jJCyMYqAhSef2Y26CMGdZmh6TlACfaMBEMr26SQZYYgI68YIO1V6McBmaVxXbqtgP1XLtNos3j47RKTpHNrpGNXSP6qiBCBqiF/SK3ox349P4Mr7Tqzkj6zlC/8r4+QUtSK+h</latexit><latexit sha1_base64="wAgcKZwWpoxOQwC8qADRQImi0Fc=">AAACPnicbZDLSsNAFIYn9VbrrdWlm2gRBKUkUtBl0Y3LCvYCbSiTyaQdO8mEmZPaEvoQbvVlfA1fwJ24dem0yULbHhj4+P85M+f8bsSZAsv6MHJr6xubW/ntws7u3v5BsXTYVCKWhDaI4EK2XawoZyFtAANO25GkOHA5bbnDu5nfGlGpmAgfYRJRJ8D9kPmMYNBS66JLPAGqVyxbFWte5jLYGZRRVvVeyTjpeoLEAQ2BcKxUx7YicBIsgRFOp4VurGiEyRD3aUdjiAOqnGQ+79Q804pn+kLqE4I5V1d2XHojFqkU1aifAmC9nJOM08f+9iV4LDyJn6tPC3Kg1CRw9ccBhoFa9GbiKq8Tg3/jJCyMYqAhSef2Y26CMGdZmh6TlACfaMBEMr26SQZYYgI68YIO1V6McBmaVxXbqtgP1XLtNos3j47RKTpHNrpGNXSP6qiBCBqiF/SK3ox349P4Mr7Tqzkj6zlC/8r4+QUtSK+h</latexit><latexit sha1_base64="wAgcKZwWpoxOQwC8qADRQImi0Fc=">AAACPnicbZDLSsNAFIYn9VbrrdWlm2gRBKUkUtBl0Y3LCvYCbSiTyaQdO8mEmZPaEvoQbvVlfA1fwJ24dem0yULbHhj4+P85M+f8bsSZAsv6MHJr6xubW/ntws7u3v5BsXTYVCKWhDaI4EK2XawoZyFtAANO25GkOHA5bbnDu5nfGlGpmAgfYRJRJ8D9kPmMYNBS66JLPAGqVyxbFWte5jLYGZRRVvVeyTjpeoLEAQ2BcKxUx7YicBIsgRFOp4VurGiEyRD3aUdjiAOqnGQ+79Q804pn+kLqE4I5V1d2XHojFqkU1aifAmC9nJOM08f+9iV4LDyJn6tPC3Kg1CRw9ccBhoFa9GbiKq8Tg3/jJCyMYqAhSef2Y26CMGdZmh6TlACfaMBEMr26SQZYYgI68YIO1V6McBmaVxXbqtgP1XLtNos3j47RKTpHNrpGNXSP6qiBCBqiF/SK3ox349P4Mr7Tqzkj6zlC/8r4+QUtSK+h</latexit>



Effects from massive lighter quarks

EX (µ, n! , mpole
Q , mpole

q ) = EX (µ, n! , mpole
Q ) + ! 2"E (1)

X + ! 3"E (2)
X

<latexit sha1_base64="2YCPYefUQTRZ42JgBMiiYfzJKvQ="></latexit><latexit sha1_base64="2YCPYefUQTRZ42JgBMiiYfzJKvQ="></latexit><latexit sha1_base64="2YCPYefUQTRZ42JgBMiiYfzJKvQ="></latexit><latexit sha1_base64="2YCPYefUQTRZ42JgBMiiYfzJKvQ="></latexit>

massive lighter quark

heavy quark

mq
<latexit sha1_base64="0Y+xiOmtZgNi4MZ+LmccbjP3MGE=">AAACOnicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xCiXBCak0+lAtZex7SBkwiO41ZfxRdy6M259AAszCwVO0uTL//e05/x+RInSjvNh5VZW19Y38puFre2d3b1iab+pRCwRbiBBhWz7UGFKOG5ooiluRxJD5lPc8h+vp35riKUigt/rcYQ9BvuchARBbaQ71nvqFctOxZmVvQhuBmWQVb1Xso66gUAxw1wjCpXquE6kvQ RKTRDFk0I3VjiC6BH2cccghwwrL5nNOrFPjBLYoZDmcG3P1KUdZ8GQRCpFNeynoKFZzEtG6WN/+xI4EoGEz9WHOZkpNWa++ZhBPVDz3lRc5nViHV56CeFRrDFH6dxhTG0t7GmOdkAkRpqODUAkiVndRgMoIdIm7YIJ1Z2PcBGa5xXXqbi31XLtKos3Dw7BMTgFLrgANXAD6qABEOiDF/AK3qx369P6sr7Tqzkr6zkA/8r6+QUCRK4S</latexit><latexit sha1_base64="0Y+xiOmtZgNi4MZ+LmccbjP3MGE=">AAACOnicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xCiXBCak0+lAtZex7SBkwiO41ZfxRdy6M259AAszCwVO0uTL//e05/x+RInSjvNh5VZW19Y38puFre2d3b1iab+pRCwRbiBBhWz7UGFKOG5ooiluRxJD5lPc8h+vp35riKUigt/rcYQ9BvuchARBbaQ71nvqFctOxZmVvQhuBmWQVb1Xso66gUAxw1wjCpXquE6kvQ RKTRDFk0I3VjiC6BH2cccghwwrL5nNOrFPjBLYoZDmcG3P1KUdZ8GQRCpFNeynoKFZzEtG6WN/+xI4EoGEz9WHOZkpNWa++ZhBPVDz3lRc5nViHV56CeFRrDFH6dxhTG0t7GmOdkAkRpqODUAkiVndRgMoIdIm7YIJ1Z2PcBGa5xXXqbi31XLtKos3Dw7BMTgFLrgANXAD6qABEOiDF/AK3qx369P6sr7Tqzkr6zkA/8r6+QUCRK4S</latexit><latexit sha1_base64="0Y+xiOmtZgNi4MZ+LmccbjP3MGE=">AAACOnicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xCiXBCak0+lAtZex7SBkwiO41ZfxRdy6M259AAszCwVO0uTL//e05/x+RInSjvNh5VZW19Y38puFre2d3b1iab+pRCwRbiBBhWz7UGFKOG5ooiluRxJD5lPc8h+vp35riKUigt/rcYQ9BvuchARBbaQ71nvqFctOxZmVvQhuBmWQVb1Xso66gUAxw1wjCpXquE6kvQ RKTRDFk0I3VjiC6BH2cccghwwrL5nNOrFPjBLYoZDmcG3P1KUdZ8GQRCpFNeynoKFZzEtG6WN/+xI4EoGEz9WHOZkpNWa++ZhBPVDz3lRc5nViHV56CeFRrDFH6dxhTG0t7GmOdkAkRpqODUAkiVndRgMoIdIm7YIJ1Z2PcBGa5xXXqbi31XLtKos3Dw7BMTgFLrgANXAD6qABEOiDF/AK3qx369P6sr7Tqzkr6zkA/8r6+QUCRK4S</latexit><latexit sha1_base64="0Y+xiOmtZgNi4MZ+LmccbjP3MGE=">AAACOnicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xCiXBCak0+lAtZex7SBkwiO41ZfxRdy6M259AAszCwVO0uTL//e05/x+RInSjvNh5VZW19Y38puFre2d3b1iab+pRCwRbiBBhWz7UGFKOG5ooiluRxJD5lPc8h+vp35riKUigt/rcYQ9BvuchARBbaQ71nvqFctOxZmVvQhuBmWQVb1Xso66gUAxw1wjCpXquE6kvQ RKTRDFk0I3VjiC6BH2cccghwwrL5nNOrFPjBLYoZDmcG3P1KUdZ8GQRCpFNeynoKFZzEtG6WN/+xI4EoGEz9WHOZkpNWa++ZhBPVDz3lRc5nViHV56CeFRrDFH6dxhTG0t7GmOdkAkRpqODUAkiVndRgMoIdIm7YIJ1Z2PcBGa5xXXqbi31XLtKos3Dw7BMTgFLrgANXAD6qABEOiDF/AK3qx369P6sr7Tqzkr6zkA/8r6+QUCRK4S</latexit>
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Effects from massive lighter quarks
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massive lighter quark
heavy quark massless result corrections from massive lighter quarks
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Computed in [Eiras, Soto PLB491 (2000), 101-110] for any state

Computed in [Hoang hep-ph/0008102] for the ground state

Computed in [Beneke, Maier, Piclum, Rauch NPB891 (2015), 42-72] for any set of quantum 
numbers

higher order terms currently unknown, but …
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<latexit sha1_base64="Adtf3UkEd6n2f6mejVn8oIlhfb4=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cQpRLAhPS6XSg0nYmbQchEx7Brb6ML+LWnXHrA1iYWShykiZf/r+nPef3IkaVtu13mFtb39jcym8Xdnb39g+KpcOWCmOJSROHLJQdDynCqCBNTTUjnUgSxD1G2t7odu63x0QqGooHPY2Iy9FA0IBipI10z/uNfrFsV+xFWf/ByaAMsqr3S/Ck54c45kRozJBSXceOtJsgqSlmZFboxYpECI/QgHQNCsSJcpPFrDPrzCi+FYTSHKGthbqy48If00ilqMaDFDQyi7nJJH3sd1+CJqEv0VP1cUnmSk25Zz7mSA/VsjcXV3ndWAfXbkJFFGsicDp3EDNLh9Y8R8unkmDNpgYQltSsbuEhkghrk3bBhOosR/gfWpcVx644jWq5dpPFmwfH4BScAwdcgRq4A3XQBBgMwDN4Aa/wDX7AT/iVXs3BrOcI/Cn4/QPHta3y</latexit><latexit sha1_base64="Adtf3UkEd6n2f6mejVn8oIlhfb4=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cQpRLAhPS6XSg0nYmbQchEx7Brb6ML+LWnXHrA1iYWShykiZf/r+nPef3IkaVtu13mFtb39jcym8Xdnb39g+KpcOWCmOJSROHLJQdDynCqCBNTTUjnUgSxD1G2t7odu63x0QqGooHPY2Iy9FA0IBipI10z/uNfrFsV+xFWf/ByaAMsqr3S/Ck54c45kRozJBSXceOtJsgqSlmZFboxYpECI/QgHQNCsSJcpPFrDPrzCi+FYTSHKGthbqy48If00ilqMaDFDQyi7nJJH3sd1+CJqEv0VP1cUnmSk25Zz7mSA/VsjcXV3ndWAfXbkJFFGsicDp3EDNLh9Y8R8unkmDNpgYQltSsbuEhkghrk3bBhOosR/gfWpcVx644jWq5dpPFmwfH4BScAwdcgRq4A3XQBBgMwDN4Aa/wDX7AT/iVXs3BrOcI/Cn4/QPHta3y</latexit><latexit sha1_base64="Adtf3UkEd6n2f6mejVn8oIlhfb4=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cQpRLAhPS6XSg0nYmbQchEx7Brb6ML+LWnXHrA1iYWShykiZf/r+nPef3IkaVtu13mFtb39jcym8Xdnb39g+KpcOWCmOJSROHLJQdDynCqCBNTTUjnUgSxD1G2t7odu63x0QqGooHPY2Iy9FA0IBipI10z/uNfrFsV+xFWf/ByaAMsqr3S/Ck54c45kRozJBSXceOtJsgqSlmZFboxYpECI/QgHQNCsSJcpPFrDPrzCi+FYTSHKGthbqy48If00ilqMaDFDQyi7nJJH3sd1+CJqEv0VP1cUnmSk25Zz7mSA/VsjcXV3ndWAfXbkJFFGsicDp3EDNLh9Y8R8unkmDNpgYQltSsbuEhkghrk3bBhOosR/gfWpcVx644jWq5dpPFmwfH4BScAwdcgRq4A3XQBBgMwDN4Aa/wDX7AT/iVXs3BrOcI/Cn4/QPHta3y</latexit><latexit sha1_base64="Adtf3UkEd6n2f6mejVn8oIlhfb4=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cQpRLAhPS6XSg0nYmbQchEx7Brb6ML+LWnXHrA1iYWShykiZf/r+nPef3IkaVtu13mFtb39jcym8Xdnb39g+KpcOWCmOJSROHLJQdDynCqCBNTTUjnUgSxD1G2t7odu63x0QqGooHPY2Iy9FA0IBipI10z/uNfrFsV+xFWf/ByaAMsqr3S/Ck54c45kRozJBSXceOtJsgqSlmZFboxYpECI/QgHQNCsSJcpPFrDPrzCi+FYTSHKGthbqy48If00ilqMaDFDQyi7nJJH3sd1+CJqEv0VP1cUnmSk25Zz7mSA/VsjcXV3ndWAfXbkJFFGsicDp3EDNLh9Y8R8unkmDNpgYQltSsbuEhkghrk3bBhOosR/gfWpcVx644jWq5dpPFmwfH4BScAwdcgRq4A3XQBBgMwDN4Aa/wDX7AT/iVXs3BrOcI/Cn4/QPHta3y</latexit>
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<latexit sha1_base64="wAgcKZwWpoxOQwC8qADRQImi0Fc=">AAACPnicbZDLSsNAFIYn9VbrrdWlm2gRBKUkUtBl0Y3LCvYCbSiTyaQdO8mEmZPaEvoQbvVlfA1fwJ24dem0yULbHhj4+P85M+f8bsSZAsv6MHJr6xubW/ntws7u3v5BsXTYVCKWhDaI4EK2XawoZyFtAANO25GkOHA5bbnDu5nfGlGpmAgfYRJRJ8D9kPmMYNBS66JLPAGqVyxbFWte5jLYGZRRVvVeyTjpeoLEAQ2BcKxUx7YicBIsgRFOp4VurGiEyRD3aUdjiAOqnGQ+79Q804pn+kLqE4I5V1d2XHojFqkU1aifAmC9nJOM08f+9iV4LDyJn6tPC3Kg1CRw9ccBhoFa9GbiKq8Tg3/jJCyMYqAhSef2Y26CMGdZmh6TlACfaMBEMr26SQZYYgI68YIO1V6McBmaVxXbqtgP1XLtNos3j47RKTpHNrpGNXSP6qiBCBqiF/SK3ox349P4Mr7Tqzkj6zlC/8r4+QUtSK+h</latexit><latexit sha1_base64="wAgcKZwWpoxOQwC8qADRQImi0Fc=">AAACPnicbZDLSsNAFIYn9VbrrdWlm2gRBKUkUtBl0Y3LCvYCbSiTyaQdO8mEmZPaEvoQbvVlfA1fwJ24dem0yULbHhj4+P85M+f8bsSZAsv6MHJr6xubW/ntws7u3v5BsXTYVCKWhDaI4EK2XawoZyFtAANO25GkOHA5bbnDu5nfGlGpmAgfYRJRJ8D9kPmMYNBS66JLPAGqVyxbFWte5jLYGZRRVvVeyTjpeoLEAQ2BcKxUx7YicBIsgRFOp4VurGiEyRD3aUdjiAOqnGQ+79Q804pn+kLqE4I5V1d2XHojFqkU1aifAmC9nJOM08f+9iV4LDyJn6tPC3Kg1CRw9ccBhoFa9GbiKq8Tg3/jJCyMYqAhSef2Y26CMGdZmh6TlACfaMBEMr26SQZYYgI68YIO1V6McBmaVxXbqtgP1XLtNos3j47RKTpHNrpGNXSP6qiBCBqiF/SK3ox349P4Mr7Tqzkj6zlC/8r4+QUtSK+h</latexit><latexit sha1_base64="wAgcKZwWpoxOQwC8qADRQImi0Fc=">AAACPnicbZDLSsNAFIYn9VbrrdWlm2gRBKUkUtBl0Y3LCvYCbSiTyaQdO8mEmZPaEvoQbvVlfA1fwJ24dem0yULbHhj4+P85M+f8bsSZAsv6MHJr6xubW/ntws7u3v5BsXTYVCKWhDaI4EK2XawoZyFtAANO25GkOHA5bbnDu5nfGlGpmAgfYRJRJ8D9kPmMYNBS66JLPAGqVyxbFWte5jLYGZRRVvVeyTjpeoLEAQ2BcKxUx7YicBIsgRFOp4VurGiEyRD3aUdjiAOqnGQ+79Q804pn+kLqE4I5V1d2XHojFqkU1aifAmC9nJOM08f+9iV4LDyJn6tPC3Kg1CRw9ccBhoFa9GbiKq8Tg3/jJCyMYqAhSef2Y26CMGdZmh6TlACfaMBEMr26SQZYYgI68YIO1V6McBmaVxXbqtgP1XLtNos3j47RKTpHNrpGNXSP6qiBCBqiF/SK3ox349P4Mr7Tqzkj6zlC/8r4+QUtSK+h</latexit><latexit sha1_base64="wAgcKZwWpoxOQwC8qADRQImi0Fc=">AAACPnicbZDLSsNAFIYn9VbrrdWlm2gRBKUkUtBl0Y3LCvYCbSiTyaQdO8mEmZPaEvoQbvVlfA1fwJ24dem0yULbHhj4+P85M+f8bsSZAsv6MHJr6xubW/ntws7u3v5BsXTYVCKWhDaI4EK2XawoZyFtAANO25GkOHA5bbnDu5nfGlGpmAgfYRJRJ8D9kPmMYNBS66JLPAGqVyxbFWte5jLYGZRRVvVeyTjpeoLEAQ2BcKxUx7YicBIsgRFOp4VurGiEyRD3aUdjiAOqnGQ+79Q804pn+kLqE4I5V1d2XHojFqkU1aifAmC9nJOM08f+9iV4LDyJn6tPC3Kg1CRw9ccBhoFa9GbiKq8Tg3/jJCyMYqAhSef2Y26CMGdZmh6TlACfaMBEMr26SQZYYgI68YIO1V6McBmaVxXbqtgP1XLtNos3j47RKTpHNrpGNXSP6qiBCBqiF/SK3ox349P4Mr7Tqzkj6zlC/8r4+QUtSK+h</latexit>

higher order terms currently unknown, but …

Computed in [Eiras, Soto PLB491 (2000), 101-110] for any state

Computed in [Hoang hep-ph/0008102] for the ground state

Computed in [Beneke, Maier, Piclum, Rauch NPB891 (2015), 42-72] for any set of quantum 
numbers

scheme:       massless limit    manifest, decoupling limit not well definedn!
<latexit sha1_base64="CTQq/2Q0UYiIwsy88+4ALemd2Uc=">AAACPXicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYiKXBCak0+lAodNO2g5CJryDW30Zn8MHcGfcurUws1DgJE2+/H9Pe87vRYwqbdsfMLexubW9k98t7O0fHB4VS8dNJWKJSQMLJmTbQ4owyklDU81IO5IEhR4jLW90P/dbYyIVFfxJTyPihqjPaUAx0kZq8l6XMNYrlu2KvShrFZwMyiCreq8Ez7q+wHFIuMYMKdVx7Ei7CZKaYkZmhW6sSITwCPVJxyBHIVFushh3Zl0YxbcCIc3h2lqoazuu/DGNVIpq3E9BI7Obm0zSx/72JWgifImeq8MlOVRqGnrm4xDpgVr25uI6rxPr4NZNKI9iTThO5w5iZmlhzaO0fCoJ1mxqAGFJzeoWHiCJsDaBF0yoznKEq9C8rjh2xXmslmt3Wbx5cArOwSVwwA2ogQdQBw2AwRC8gFfwBt/hJ/yC3+nVHMx6TsC/gj+/lbevWQ==</latexit><latexit sha1_base64="CTQq/2Q0UYiIwsy88+4ALemd2Uc=">AAACPXicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYiKXBCak0+lAodNO2g5CJryDW30Zn8MHcGfcurUws1DgJE2+/H9Pe87vRYwqbdsfMLexubW9k98t7O0fHB4VS8dNJWKJSQMLJmTbQ4owyklDU81IO5IEhR4jLW90P/dbYyIVFfxJTyPihqjPaUAx0kZq8l6XMNYrlu2KvShrFZwMyiCreq8Ez7q+wHFIuMYMKdVx7Ei7CZKaYkZmhW6sSITwCPVJxyBHIVFushh3Zl0YxbcCIc3h2lqoazuu/DGNVIpq3E9BI7Obm0zSx/72JWgifImeq8MlOVRqGnrm4xDpgVr25uI6rxPr4NZNKI9iTThO5w5iZmlhzaO0fCoJ1mxqAGFJzeoWHiCJsDaBF0yoznKEq9C8rjh2xXmslmt3Wbx5cArOwSVwwA2ogQdQBw2AwRC8gFfwBt/hJ/yC3+nVHMx6TsC/gj+/lbevWQ==</latexit><latexit sha1_base64="CTQq/2Q0UYiIwsy88+4ALemd2Uc=">AAACPXicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYiKXBCak0+lAodNO2g5CJryDW30Zn8MHcGfcurUws1DgJE2+/H9Pe87vRYwqbdsfMLexubW9k98t7O0fHB4VS8dNJWKJSQMLJmTbQ4owyklDU81IO5IEhR4jLW90P/dbYyIVFfxJTyPihqjPaUAx0kZq8l6XMNYrlu2KvShrFZwMyiCreq8Ez7q+wHFIuMYMKdVx7Ei7CZKaYkZmhW6sSITwCPVJxyBHIVFushh3Zl0YxbcCIc3h2lqoazuu/DGNVIpq3E9BI7Obm0zSx/72JWgifImeq8MlOVRqGnrm4xDpgVr25uI6rxPr4NZNKI9iTThO5w5iZmlhzaO0fCoJ1mxqAGFJzeoWHiCJsDaBF0yoznKEq9C8rjh2xXmslmt3Wbx5cArOwSVwwA2ogQdQBw2AwRC8gFfwBt/hJ/yC3+nVHMx6TsC/gj+/lbevWQ==</latexit><latexit sha1_base64="CTQq/2Q0UYiIwsy88+4ALemd2Uc=">AAACPXicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYiKXBCak0+lAodNO2g5CJryDW30Zn8MHcGfcurUws1DgJE2+/H9Pe87vRYwqbdsfMLexubW9k98t7O0fHB4VS8dNJWKJSQMLJmTbQ4owyklDU81IO5IEhR4jLW90P/dbYyIVFfxJTyPihqjPaUAx0kZq8l6XMNYrlu2KvShrFZwMyiCreq8Ez7q+wHFIuMYMKdVx7Ei7CZKaYkZmhW6sSITwCPVJxyBHIVFushh3Zl0YxbcCIc3h2lqoazuu/DGNVIpq3E9BI7Obm0zSx/72JWgifImeq8MlOVRqGnrm4xDpgVr25uI6rxPr4NZNKI9iTThO5w5iZmlhzaO0fCoJ1mxqAGFJzeoWHiCJsDaBF0yoznKEq9C8rjh2xXmslmt3Wbx5cArOwSVwwA2ogQdQBw2AwRC8gFfwBt/hJ/yC3+nVHMx6TsC/gj+/lbevWQ==</latexit>

n` � 1
<latexit sha1_base64="FmOew0XB+t9JSvlEK6s1ymnpOX0=">AAACQXicbZDLTgIxFIY7XhFvoEs3VWLiQsmMIdEl0Y1LTOQSYUI6nQ5UOu2k7SBkwlu41ZfxKXwEd8atGwszCwVO0uTL//e05/xexKjStv1hrayurW9s5rby2zu7e/uF4kFDiVhiUseCCdnykCKMclLXVDPSiiRBocdI0xvcTv3mkEhFBX/Q44i4IepxGlCMtJEeebdDGIMX0OkWSnbZnhVcBCeDEsiq1i1axx1f4DgkXGOGlGo7dqTdBElNMSOTfCdWJEJ4gHqkbZCjkCg3mY08gadG8WEgpDlcw5m6tOPcH9JIpaiGvRQ0Mvu5ySh97G9fgkbCl+i58jQnh0qNQ898HCLdV/PeVFzmtWMdXLsJ5VGsCcfp3EHMoBZwGif0qSRYs7EBhCU1q0PcRxJhbULPm1Cd+QgXoXFZduyyc18pVW+yeHPgCJyAM+CAK1AFd6AG6gADDl7AK3iz3q1P68v6Tq+uWFnPIfhX1s8vViOwHw==</latexit><latexit sha1_base64="FmOew0XB+t9JSvlEK6s1ymnpOX0=">AAACQXicbZDLTgIxFIY7XhFvoEs3VWLiQsmMIdEl0Y1LTOQSYUI6nQ5UOu2k7SBkwlu41ZfxKXwEd8atGwszCwVO0uTL//e05/xexKjStv1hrayurW9s5rby2zu7e/uF4kFDiVhiUseCCdnykCKMclLXVDPSiiRBocdI0xvcTv3mkEhFBX/Q44i4IepxGlCMtJEeebdDGIMX0OkWSnbZnhVcBCeDEsiq1i1axx1f4DgkXGOGlGo7dqTdBElNMSOTfCdWJEJ4gHqkbZCjkCg3mY08gadG8WEgpDlcw5m6tOPcH9JIpaiGvRQ0Mvu5ySh97G9fgkbCl+i58jQnh0qNQ898HCLdV/PeVFzmtWMdXLsJ5VGsCcfp3EHMoBZwGif0qSRYs7EBhCU1q0PcRxJhbULPm1Cd+QgXoXFZduyyc18pVW+yeHPgCJyAM+CAK1AFd6AG6gADDl7AK3iz3q1P68v6Tq+uWFnPIfhX1s8vViOwHw==</latexit><latexit sha1_base64="FmOew0XB+t9JSvlEK6s1ymnpOX0=">AAACQXicbZDLTgIxFIY7XhFvoEs3VWLiQsmMIdEl0Y1LTOQSYUI6nQ5UOu2k7SBkwlu41ZfxKXwEd8atGwszCwVO0uTL//e05/xexKjStv1hrayurW9s5rby2zu7e/uF4kFDiVhiUseCCdnykCKMclLXVDPSiiRBocdI0xvcTv3mkEhFBX/Q44i4IepxGlCMtJEeebdDGIMX0OkWSnbZnhVcBCeDEsiq1i1axx1f4DgkXGOGlGo7dqTdBElNMSOTfCdWJEJ4gHqkbZCjkCg3mY08gadG8WEgpDlcw5m6tOPcH9JIpaiGvRQ0Mvu5ySh97G9fgkbCl+i58jQnh0qNQ898HCLdV/PeVFzmtWMdXLsJ5VGsCcfp3EHMoBZwGif0qSRYs7EBhCU1q0PcRxJhbULPm1Cd+QgXoXFZduyyc18pVW+yeHPgCJyAM+CAK1AFd6AG6gADDl7AK3iz3q1P68v6Tq+uWFnPIfhX1s8vViOwHw==</latexit><latexit sha1_base64="FmOew0XB+t9JSvlEK6s1ymnpOX0=">AAACQXicbZDLTgIxFIY7XhFvoEs3VWLiQsmMIdEl0Y1LTOQSYUI6nQ5UOu2k7SBkwlu41ZfxKXwEd8atGwszCwVO0uTL//e05/xexKjStv1hrayurW9s5rby2zu7e/uF4kFDiVhiUseCCdnykCKMclLXVDPSiiRBocdI0xvcTv3mkEhFBX/Q44i4IepxGlCMtJEeebdDGIMX0OkWSnbZnhVcBCeDEsiq1i1axx1f4DgkXGOGlGo7dqTdBElNMSOTfCdWJEJ4gHqkbZCjkCg3mY08gadG8WEgpDlcw5m6tOPcH9JIpaiGvRQ0Mvu5ySh97G9fgkbCl+i58jQnh0qNQ898HCLdV/PeVFzmtWMdXLsJ5VGsCcfp3EHMoBZwGif0qSRYs7EBhCU1q0PcRxJhbULPm1Cd+QgXoXFZduyyc18pVW+yeHPgCJyAM+CAK1AFd6AG6gADDl7AK3iz3q1P68v6Tq+uWFnPIfhX1s8vViOwHw==</latexit>

scheme: decoupling limit manifest, massless limit    not well defined



Effects from massive lighter quarks

EX (µ, n! , mpole
Q , mpole

q ) = EX (µ, n! , mpole
Q ) + ! 2"E (1)

X + ! 3"E (2)
X

<latexit sha1_base64="2YCPYefUQTRZ42JgBMiiYfzJKvQ="></latexit><latexit sha1_base64="2YCPYefUQTRZ42JgBMiiYfzJKvQ="></latexit><latexit sha1_base64="2YCPYefUQTRZ42JgBMiiYfzJKvQ="></latexit><latexit sha1_base64="2YCPYefUQTRZ42JgBMiiYfzJKvQ="></latexit>

massive lighter quark
heavy quark massless result corrections from massive lighter quarks

mq
<latexit sha1_base64="0Y+xiOmtZgNi4MZ+LmccbjP3MGE=">AAACOnicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xCiXBCak0+lAtZex7SBkwiO41ZfxRdy6M259AAszCwVO0uTL//e05/x+RInSjvNh5VZW19Y38puFre2d3b1iab+pRCwRbiBBhWz7UGFKOG5ooiluRxJD5lPc8h+vp35riKUigt/rcYQ9BvuchARBbaQ71nvqFctOxZmVvQhuBmWQVb1Xso66gUAxw1wjCpXquE6kvQ RKTRDFk0I3VjiC6BH2cccghwwrL5nNOrFPjBLYoZDmcG3P1KUdZ8GQRCpFNeynoKFZzEtG6WN/+xI4EoGEz9WHOZkpNWa++ZhBPVDz3lRc5nViHV56CeFRrDFH6dxhTG0t7GmOdkAkRpqODUAkiVndRgMoIdIm7YIJ1Z2PcBGa5xXXqbi31XLtKos3Dw7BMTgFLrgANXAD6qABEOiDF/AK3qx369P6sr7Tqzkr6zkA/8r6+QUCRK4S</latexit><latexit sha1_base64="0Y+xiOmtZgNi4MZ+LmccbjP3MGE=">AAACOnicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xCiXBCak0+lAtZex7SBkwiO41ZfxRdy6M259AAszCwVO0uTL//e05/x+RInSjvNh5VZW19Y38puFre2d3b1iab+pRCwRbiBBhWz7UGFKOG5ooiluRxJD5lPc8h+vp35riKUigt/rcYQ9BvuchARBbaQ71nvqFctOxZmVvQhuBmWQVb1Xso66gUAxw1wjCpXquE6kvQ RKTRDFk0I3VjiC6BH2cccghwwrL5nNOrFPjBLYoZDmcG3P1KUdZ8GQRCpFNeynoKFZzEtG6WN/+xI4EoGEz9WHOZkpNWa++ZhBPVDz3lRc5nViHV56CeFRrDFH6dxhTG0t7GmOdkAkRpqODUAkiVndRgMoIdIm7YIJ1Z2PcBGa5xXXqbi31XLtKos3Dw7BMTgFLrgANXAD6qABEOiDF/AK3qx369P6sr7Tqzkr6zkA/8r6+QUCRK4S</latexit><latexit sha1_base64="0Y+xiOmtZgNi4MZ+LmccbjP3MGE=">AAACOnicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xCiXBCak0+lAtZex7SBkwiO41ZfxRdy6M259AAszCwVO0uTL//e05/x+RInSjvNh5VZW19Y38puFre2d3b1iab+pRCwRbiBBhWz7UGFKOG5ooiluRxJD5lPc8h+vp35riKUigt/rcYQ9BvuchARBbaQ71nvqFctOxZmVvQhuBmWQVb1Xso66gUAxw1wjCpXquE6kvQ RKTRDFk0I3VjiC6BH2cccghwwrL5nNOrFPjBLYoZDmcG3P1KUdZ8GQRCpFNeynoKFZzEtG6WN/+xI4EoGEz9WHOZkpNWa++ZhBPVDz3lRc5nViHV56CeFRrDFH6dxhTG0t7GmOdkAkRpqODUAkiVndRgMoIdIm7YIJ1Z2PcBGa5xXXqbi31XLtKos3Dw7BMTgFLrgANXAD6qABEOiDF/AK3qx369P6sr7Tqzkr6zkA/8r6+QUCRK4S</latexit><latexit sha1_base64="0Y+xiOmtZgNi4MZ+LmccbjP3MGE=">AAACOnicbZDLTgIxFIY7eEO8gS7djBITF4bMGBJdEt24xCiXBCak0+lAtZex7SBkwiO41ZfxRdy6M259AAszCwVO0uTL//e05/x+RInSjvNh5VZW19Y38puFre2d3b1iab+pRCwRbiBBhWz7UGFKOG5ooiluRxJD5lPc8h+vp35riKUigt/rcYQ9BvuchARBbaQ71nvqFctOxZmVvQhuBmWQVb1Xso66gUAxw1wjCpXquE6kvQ RKTRDFk0I3VjiC6BH2cccghwwrL5nNOrFPjBLYoZDmcG3P1KUdZ8GQRCpFNeynoKFZzEtG6WN/+xI4EoGEz9WHOZkpNWa++ZhBPVDz3lRc5nViHV56CeFRrDFH6dxhTG0t7GmOdkAkRpqODUAkiVndRgMoIdIm7YIJ1Z2PcBGa5xXXqbi31XLtKos3Dw7BMTgFLrgANXAD6qABEOiDF/AK3qx369P6sr7Tqzkr6zkA/8r6+QUCRK4S</latexit>

mQ
<latexit sha1_base64="Adtf3UkEd6n2f6mejVn8oIlhfb4=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cQpRLAhPS6XSg0nYmbQchEx7Brb6ML+LWnXHrA1iYWShykiZf/r+nPef3IkaVtu13mFtb39jcym8Xdnb39g+KpcOWCmOJSROHLJQdDynCqCBNTTUjnUgSxD1G2t7odu63x0QqGooHPY2Iy9FA0IBipI10z/uNfrFsV+xFWf/ByaAMsqr3S/Ck54c45kRozJBSXceOtJsgqSlmZFboxYpECI/QgHQNCsSJcpPFrDPrzCi+FYTSHKGthbqy48If00ilqMaDFDQyi7nJJH3sd1+CJqEv0VP1cUnmSk25Zz7mSA/VsjcXV3ndWAfXbkJFFGsicDp3EDNLh9Y8R8unkmDNpgYQltSsbuEhkghrk3bBhOosR/gfWpcVx644jWq5dpPFmwfH4BScAwdcgRq4A3XQBBgMwDN4Aa/wDX7AT/iVXs3BrOcI/Cn4/QPHta3y</latexit><latexit sha1_base64="Adtf3UkEd6n2f6mejVn8oIlhfb4=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cQpRLAhPS6XSg0nYmbQchEx7Brb6ML+LWnXHrA1iYWShykiZf/r+nPef3IkaVtu13mFtb39jcym8Xdnb39g+KpcOWCmOJSROHLJQdDynCqCBNTTUjnUgSxD1G2t7odu63x0QqGooHPY2Iy9FA0IBipI10z/uNfrFsV+xFWf/ByaAMsqr3S/Ck54c45kRozJBSXceOtJsgqSlmZFboxYpECI/QgHQNCsSJcpPFrDPrzCi+FYTSHKGthbqy48If00ilqMaDFDQyi7nJJH3sd1+CJqEv0VP1cUnmSk25Zz7mSA/VsjcXV3ndWAfXbkJFFGsicDp3EDNLh9Y8R8unkmDNpgYQltSsbuEhkghrk3bBhOosR/gfWpcVx644jWq5dpPFmwfH4BScAwdcgRq4A3XQBBgMwDN4Aa/wDX7AT/iVXs3BrOcI/Cn4/QPHta3y</latexit><latexit sha1_base64="Adtf3UkEd6n2f6mejVn8oIlhfb4=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cQpRLAhPS6XSg0nYmbQchEx7Brb6ML+LWnXHrA1iYWShykiZf/r+nPef3IkaVtu13mFtb39jcym8Xdnb39g+KpcOWCmOJSROHLJQdDynCqCBNTTUjnUgSxD1G2t7odu63x0QqGooHPY2Iy9FA0IBipI10z/uNfrFsV+xFWf/ByaAMsqr3S/Ck54c45kRozJBSXceOtJsgqSlmZFboxYpECI/QgHQNCsSJcpPFrDPrzCi+FYTSHKGthbqy48If00ilqMaDFDQyi7nJJH3sd1+CJqEv0VP1cUnmSk25Zz7mSA/VsjcXV3ndWAfXbkJFFGsicDp3EDNLh9Y8R8unkmDNpgYQltSsbuEhkghrk3bBhOosR/gfWpcVx644jWq5dpPFmwfH4BScAwdcgRq4A3XQBBgMwDN4Aa/wDX7AT/iVXs3BrOcI/Cn4/QPHta3y</latexit><latexit sha1_base64="Adtf3UkEd6n2f6mejVn8oIlhfb4=">AAACOnicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cQpRLAhPS6XSg0nYmbQchEx7Brb6ML+LWnXHrA1iYWShykiZf/r+nPef3IkaVtu13mFtb39jcym8Xdnb39g+KpcOWCmOJSROHLJQdDynCqCBNTTUjnUgSxD1G2t7odu63x0QqGooHPY2Iy9FA0IBipI10z/uNfrFsV+xFWf/ByaAMsqr3S/Ck54c45kRozJBSXceOtJsgqSlmZFboxYpECI/QgHQNCsSJcpPFrDPrzCi+FYTSHKGthbqy48If00ilqMaDFDQyi7nJJH3sd1+CJqEv0VP1cUnmSk25Zz7mSA/VsjcXV3ndWAfXbkJFFGsicDp3EDNLh9Y8R8unkmDNpgYQltSsbuEhkghrk3bBhOosR/gfWpcVx644jWq5dpPFmwfH4BScAwdcgRq4A3XQBBgMwDN4Aa/wDX7AT/iVXs3BrOcI/Cn4/QPHta3y</latexit>

+ á á á
<latexit sha1_base64="wAgcKZwWpoxOQwC8qADRQImi0Fc=">AAACPnicbZDLSsNAFIYn9VbrrdWlm2gRBKUkUtBl0Y3LCvYCbSiTyaQdO8mEmZPaEvoQbvVlfA1fwJ24dem0yULbHhj4+P85M+f8bsSZAsv6MHJr6xubW/ntws7u3v5BsXTYVCKWhDaI4EK2XawoZyFtAANO25GkOHA5bbnDu5nfGlGpmAgfYRJRJ8D9kPmMYNBS66JLPAGqVyxbFWte5jLYGZRRVvVeyTjpeoLEAQ2BcKxUx7YicBIsgRFOp4VurGiEyRD3aUdjiAOqnGQ+79Q804pn+kLqE4I5V1d2XHojFqkU1aifAmC9nJOM08f+9iV4LDyJn6tPC3Kg1CRw9ccBhoFa9GbiKq8Tg3/jJCyMYqAhSef2Y26CMGdZmh6TlACfaMBEMr26SQZYYgI68YIO1V6McBmaVxXbqtgP1XLtNos3j47RKTpHNrpGNXSP6qiBCBqiF/SK3ox349P4Mr7Tqzkj6zlC/8r4+QUtSK+h</latexit><latexit sha1_base64="wAgcKZwWpoxOQwC8qADRQImi0Fc=">AAACPnicbZDLSsNAFIYn9VbrrdWlm2gRBKUkUtBl0Y3LCvYCbSiTyaQdO8mEmZPaEvoQbvVlfA1fwJ24dem0yULbHhj4+P85M+f8bsSZAsv6MHJr6xubW/ntws7u3v5BsXTYVCKWhDaI4EK2XawoZyFtAANO25GkOHA5bbnDu5nfGlGpmAgfYRJRJ8D9kPmMYNBS66JLPAGqVyxbFWte5jLYGZRRVvVeyTjpeoLEAQ2BcKxUx7YicBIsgRFOp4VurGiEyRD3aUdjiAOqnGQ+79Q804pn+kLqE4I5V1d2XHojFqkU1aifAmC9nJOM08f+9iV4LDyJn6tPC3Kg1CRw9ccBhoFa9GbiKq8Tg3/jJCyMYqAhSef2Y26CMGdZmh6TlACfaMBEMr26SQZYYgI68YIO1V6McBmaVxXbqtgP1XLtNos3j47RKTpHNrpGNXSP6qiBCBqiF/SK3ox349P4Mr7Tqzkj6zlC/8r4+QUtSK+h</latexit><latexit sha1_base64="wAgcKZwWpoxOQwC8qADRQImi0Fc=">AAACPnicbZDLSsNAFIYn9VbrrdWlm2gRBKUkUtBl0Y3LCvYCbSiTyaQdO8mEmZPaEvoQbvVlfA1fwJ24dem0yULbHhj4+P85M+f8bsSZAsv6MHJr6xubW/ntws7u3v5BsXTYVCKWhDaI4EK2XawoZyFtAANO25GkOHA5bbnDu5nfGlGpmAgfYRJRJ8D9kPmMYNBS66JLPAGqVyxbFWte5jLYGZRRVvVeyTjpeoLEAQ2BcKxUx7YicBIsgRFOp4VurGiEyRD3aUdjiAOqnGQ+79Q804pn+kLqE4I5V1d2XHojFqkU1aifAmC9nJOM08f+9iV4LDyJn6tPC3Kg1CRw9ccBhoFa9GbiKq8Tg3/jJCyMYqAhSef2Y26CMGdZmh6TlACfaMBEMr26SQZYYgI68YIO1V6McBmaVxXbqtgP1XLtNos3j47RKTpHNrpGNXSP6qiBCBqiF/SK3ox349P4Mr7Tqzkj6zlC/8r4+QUtSK+h</latexit><latexit sha1_base64="wAgcKZwWpoxOQwC8qADRQImi0Fc=">AAACPnicbZDLSsNAFIYn9VbrrdWlm2gRBKUkUtBl0Y3LCvYCbSiTyaQdO8mEmZPaEvoQbvVlfA1fwJ24dem0yULbHhj4+P85M+f8bsSZAsv6MHJr6xubW/ntws7u3v5BsXTYVCKWhDaI4EK2XawoZyFtAANO25GkOHA5bbnDu5nfGlGpmAgfYRJRJ8D9kPmMYNBS66JLPAGqVyxbFWte5jLYGZRRVvVeyTjpeoLEAQ2BcKxUx7YicBIsgRFOp4VurGiEyRD3aUdjiAOqnGQ+79Q804pn+kLqE4I5V1d2XHojFqkU1aifAmC9nJOM08f+9iV4LDyJn6tPC3Kg1CRw9ccBhoFa9GbiKq8Tg3/jJCyMYqAhSef2Y26CMGdZmh6TlACfaMBEMr26SQZYYgI68YIO1V6McBmaVxXbqtgP1XLtNos3j47RKTpHNrpGNXSP6qiBCBqiF/SK3ox349P4Mr7Tqzkj6zlC/8r4+QUtSK+h</latexit>

higher order terms currently unknown, but …

Computed in [Eiras, Soto PLB491 (2000), 101-110] for any state

Computed in [Hoang hep-ph/0008102] for the ground state

Computed in [Beneke, Maier, Piclum, Rauch NPB891 (2015), 42-72] for any set of quantum 
numbers

scheme:       massless limit    manifest, decoupling limit not well definedn!
<latexit sha1_base64="CTQq/2Q0UYiIwsy88+4ALemd2Uc=">AAACPXicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYiKXBCak0+lAodNO2g5CJryDW30Zn8MHcGfcurUws1DgJE2+/H9Pe87vRYwqbdsfMLexubW9k98t7O0fHB4VS8dNJWKJSQMLJmTbQ4owyklDU81IO5IEhR4jLW90P/dbYyIVFfxJTyPihqjPaUAx0kZq8l6XMNYrlu2KvShrFZwMyiCreq8Ez7q+wHFIuMYMKdVx7Ei7CZKaYkZmhW6sSITwCPVJxyBHIVFushh3Zl0YxbcCIc3h2lqoazuu/DGNVIpq3E9BI7Obm0zSx/72JWgifImeq8MlOVRqGnrm4xDpgVr25uI6rxPr4NZNKI9iTThO5w5iZmlhzaO0fCoJ1mxqAGFJzeoWHiCJsDaBF0yoznKEq9C8rjh2xXmslmt3Wbx5cArOwSVwwA2ogQdQBw2AwRC8gFfwBt/hJ/yC3+nVHMx6TsC/gj+/lbevWQ==</latexit><latexit sha1_base64="CTQq/2Q0UYiIwsy88+4ALemd2Uc=">AAACPXicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYiKXBCak0+lAodNO2g5CJryDW30Zn8MHcGfcurUws1DgJE2+/H9Pe87vRYwqbdsfMLexubW9k98t7O0fHB4VS8dNJWKJSQMLJmTbQ4owyklDU81IO5IEhR4jLW90P/dbYyIVFfxJTyPihqjPaUAx0kZq8l6XMNYrlu2KvShrFZwMyiCreq8Ez7q+wHFIuMYMKdVx7Ei7CZKaYkZmhW6sSITwCPVJxyBHIVFushh3Zl0YxbcCIc3h2lqoazuu/DGNVIpq3E9BI7Obm0zSx/72JWgifImeq8MlOVRqGnrm4xDpgVr25uI6rxPr4NZNKI9iTThO5w5iZmlhzaO0fCoJ1mxqAGFJzeoWHiCJsDaBF0yoznKEq9C8rjh2xXmslmt3Wbx5cArOwSVwwA2ogQdQBw2AwRC8gFfwBt/hJ/yC3+nVHMx6TsC/gj+/lbevWQ==</latexit><latexit sha1_base64="CTQq/2Q0UYiIwsy88+4ALemd2Uc=">AAACPXicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYiKXBCak0+lAodNO2g5CJryDW30Zn8MHcGfcurUws1DgJE2+/H9Pe87vRYwqbdsfMLexubW9k98t7O0fHB4VS8dNJWKJSQMLJmTbQ4owyklDU81IO5IEhR4jLW90P/dbYyIVFfxJTyPihqjPaUAx0kZq8l6XMNYrlu2KvShrFZwMyiCreq8Ez7q+wHFIuMYMKdVx7Ei7CZKaYkZmhW6sSITwCPVJxyBHIVFushh3Zl0YxbcCIc3h2lqoazuu/DGNVIpq3E9BI7Obm0zSx/72JWgifImeq8MlOVRqGnrm4xDpgVr25uI6rxPr4NZNKI9iTThO5w5iZmlhzaO0fCoJ1mxqAGFJzeoWHiCJsDaBF0yoznKEq9C8rjh2xXmslmt3Wbx5cArOwSVwwA2ogQdQBw2AwRC8gFfwBt/hJ/yC3+nVHMx6TsC/gj+/lbevWQ==</latexit><latexit sha1_base64="CTQq/2Q0UYiIwsy88+4ALemd2Uc=">AAACPXicbZDLTgIxFIZbvCHeQJduRomJC0NmDIkuiW5cYiKXBCak0+lAodNO2g5CJryDW30Zn8MHcGfcurUws1DgJE2+/H9Pe87vRYwqbdsfMLexubW9k98t7O0fHB4VS8dNJWKJSQMLJmTbQ4owyklDU81IO5IEhR4jLW90P/dbYyIVFfxJTyPihqjPaUAx0kZq8l6XMNYrlu2KvShrFZwMyiCreq8Ez7q+wHFIuMYMKdVx7Ei7CZKaYkZmhW6sSITwCPVJxyBHIVFushh3Zl0YxbcCIc3h2lqoazuu/DGNVIpq3E9BI7Obm0zSx/72JWgifImeq8MlOVRqGnrm4xDpgVr25uI6rxPr4NZNKI9iTThO5w5iZmlhzaO0fCoJ1mxqAGFJzeoWHiCJsDaBF0yoznKEq9C8rjh2xXmslmt3Wbx5cArOwSVwwA2ogQdQBw2AwRC8gFfwBt/hJ/yC3+nVHMx6TsC/gj+/lbevWQ==</latexit>

n` � 1
<latexit sha1_base64="FmOew0XB+t9JSvlEK6s1ymnpOX0=">AAACQXicbZDLTgIxFIY7XhFvoEs3VWLiQsmMIdEl0Y1LTOQSYUI6nQ5UOu2k7SBkwlu41ZfxKXwEd8atGwszCwVO0uTL//e05/xexKjStv1hrayurW9s5rby2zu7e/uF4kFDiVhiUseCCdnykCKMclLXVDPSiiRBocdI0xvcTv3mkEhFBX/Q44i4IepxGlCMtJEeebdDGIMX0OkWSnbZnhVcBCeDEsiq1i1axx1f4DgkXGOGlGo7dqTdBElNMSOTfCdWJEJ4gHqkbZCjkCg3mY08gadG8WEgpDlcw5m6tOPcH9JIpaiGvRQ0Mvu5ySh97G9fgkbCl+i58jQnh0qNQ898HCLdV/PeVFzmtWMdXLsJ5VGsCcfp3EHMoBZwGif0qSRYs7EBhCU1q0PcRxJhbULPm1Cd+QgXoXFZduyyc18pVW+yeHPgCJyAM+CAK1AFd6AG6gADDl7AK3iz3q1P68v6Tq+uWFnPIfhX1s8vViOwHw==</latexit><latexit sha1_base64="FmOew0XB+t9JSvlEK6s1ymnpOX0=">AAACQXicbZDLTgIxFIY7XhFvoEs3VWLiQsmMIdEl0Y1LTOQSYUI6nQ5UOu2k7SBkwlu41ZfxKXwEd8atGwszCwVO0uTL//e05/xexKjStv1hrayurW9s5rby2zu7e/uF4kFDiVhiUseCCdnykCKMclLXVDPSiiRBocdI0xvcTv3mkEhFBX/Q44i4IepxGlCMtJEeebdDGIMX0OkWSnbZnhVcBCeDEsiq1i1axx1f4DgkXGOGlGo7dqTdBElNMSOTfCdWJEJ4gHqkbZCjkCg3mY08gadG8WEgpDlcw5m6tOPcH9JIpaiGvRQ0Mvu5ySh97G9fgkbCl+i58jQnh0qNQ898HCLdV/PeVFzmtWMdXLsJ5VGsCcfp3EHMoBZwGif0qSRYs7EBhCU1q0PcRxJhbULPm1Cd+QgXoXFZduyyc18pVW+yeHPgCJyAM+CAK1AFd6AG6gADDl7AK3iz3q1P68v6Tq+uWFnPIfhX1s8vViOwHw==</latexit><latexit sha1_base64="FmOew0XB+t9JSvlEK6s1ymnpOX0=">AAACQXicbZDLTgIxFIY7XhFvoEs3VWLiQsmMIdEl0Y1LTOQSYUI6nQ5UOu2k7SBkwlu41ZfxKXwEd8atGwszCwVO0uTL//e05/xexKjStv1hrayurW9s5rby2zu7e/uF4kFDiVhiUseCCdnykCKMclLXVDPSiiRBocdI0xvcTv3mkEhFBX/Q44i4IepxGlCMtJEeebdDGIMX0OkWSnbZnhVcBCeDEsiq1i1axx1f4DgkXGOGlGo7dqTdBElNMSOTfCdWJEJ4gHqkbZCjkCg3mY08gadG8WEgpDlcw5m6tOPcH9JIpaiGvRQ0Mvu5ySh97G9fgkbCl+i58jQnh0qNQ898HCLdV/PeVFzmtWMdXLsJ5VGsCcfp3EHMoBZwGif0qSRYs7EBhCU1q0PcRxJhbULPm1Cd+QgXoXFZduyyc18pVW+yeHPgCJyAM+CAK1AFd6AG6gADDl7AK3iz3q1P68v6Tq+uWFnPIfhX1s8vViOwHw==</latexit><latexit sha1_base64="FmOew0XB+t9JSvlEK6s1ymnpOX0=">AAACQXicbZDLTgIxFIY7XhFvoEs3VWLiQsmMIdEl0Y1LTOQSYUI6nQ5UOu2k7SBkwlu41ZfxKXwEd8atGwszCwVO0uTL//e05/xexKjStv1hrayurW9s5rby2zu7e/uF4kFDiVhiUseCCdnykCKMclLXVDPSiiRBocdI0xvcTv3mkEhFBX/Q44i4IepxGlCMtJEeebdDGIMX0OkWSnbZnhVcBCeDEsiq1i1axx1f4DgkXGOGlGo7dqTdBElNMSOTfCdWJEJ4gHqkbZCjkCg3mY08gadG8WEgpDlcw5m6tOPcH9JIpaiGvRQ0Mvu5ySh97G9fgkbCl+i58jQnh0qNQ898HCLdV/PeVFzmtWMdXLsJ5VGsCcfp3EHMoBZwGif0qSRYs7EBhCU1q0PcRxJhbULPm1Cd+QgXoXFZduyyc18pVW+yeHPgCJyAM+CAK1AFd6AG6gADDl7AK3iz3q1P68v6Tq+uWFnPIfhX1s8vViOwHw==</latexit>

scheme: decoupling limit manifest, massless limit    not well defined

Observation made in [Brambilla, Sumino, Vairo PRD65 (2002) 043001]: true answer very 
very close to decoupling limit:

Use decoupling limit plus trick to parametrize 

Use            scheme plus corrections to incorporate          charm quark mass effects  n` � 1
<latexit sha1_base64="FmOew0XB+t9JSvlEK6s1ymnpOX0=">AAACQXicbZDLTgIxFIY7XhFvoEs3VWLiQsmMIdEl0Y1LTOQSYUI6nQ5UOu2k7SBkwlu41ZfxKXwEd8atGwszCwVO0uTL//e05/xexKjStv1hrayurW9s5rby2zu7e/uF4kFDiVhiUseCCdnykCKMclLXVDPSiiRBocdI0xvcTv3mkEhFBX/Q44i4IepxGlCMtJEeebdDGIMX0OkWSnbZnhVcBCeDEsiq1i1axx1f4DgkXGOGlGo7dqTdBElNMSOTfCdWJEJ4gHqkbZCjkCg3mY08gadG8WEgpDlcw5m6tOPcH9JIpaiGvRQ0Mvu5ySh97G9fgkbCl+i58jQnh0qNQ898HCLdV/PeVFzmtWMdXLsJ5VGsCcfp3EHMoBZwGif0qSRYs7EBhCU1q0PcRxJhbULPm1Cd+QgXoXFZduyyc18pVW+yeHPgCJyAM+CAK1AFd6AG6gADDl7AK3iz3q1P68v6Tq+uWFnPIfhX1s8vViOwHw==</latexit><latexit sha1_base64="FmOew0XB+t9JSvlEK6s1ymnpOX0=">AAACQXicbZDLTgIxFIY7XhFvoEs3VWLiQsmMIdEl0Y1LTOQSYUI6nQ5UOu2k7SBkwlu41ZfxKXwEd8atGwszCwVO0uTL//e05/xexKjStv1hrayurW9s5rby2zu7e/uF4kFDiVhiUseCCdnykCKMclLXVDPSiiRBocdI0xvcTv3mkEhFBX/Q44i4IepxGlCMtJEeebdDGIMX0OkWSnbZnhVcBCeDEsiq1i1axx1f4DgkXGOGlGo7dqTdBElNMSOTfCdWJEJ4gHqkbZCjkCg3mY08gadG8WEgpDlcw5m6tOPcH9JIpaiGvRQ0Mvu5ySh97G9fgkbCl+i58jQnh0qNQ898HCLdV/PeVFzmtWMdXLsJ5VGsCcfp3EHMoBZwGif0qSRYs7EBhCU1q0PcRxJhbULPm1Cd+QgXoXFZduyyc18pVW+yeHPgCJyAM+CAK1AFd6AG6gADDl7AK3iz3q1P68v6Tq+uWFnPIfhX1s8vViOwHw==</latexit><latexit sha1_base64="FmOew0XB+t9JSvlEK6s1ymnpOX0=">AAACQXicbZDLTgIxFIY7XhFvoEs3VWLiQsmMIdEl0Y1LTOQSYUI6nQ5UOu2k7SBkwlu41ZfxKXwEd8atGwszCwVO0uTL//e05/xexKjStv1hrayurW9s5rby2zu7e/uF4kFDiVhiUseCCdnykCKMclLXVDPSiiRBocdI0xvcTv3mkEhFBX/Q44i4IepxGlCMtJEeebdDGIMX0OkWSnbZnhVcBCeDEsiq1i1axx1f4DgkXGOGlGo7dqTdBElNMSOTfCdWJEJ4gHqkbZCjkCg3mY08gadG8WEgpDlcw5m6tOPcH9JIpaiGvRQ0Mvu5ySh97G9fgkbCl+i58jQnh0qNQ898HCLdV/PeVFzmtWMdXLsJ5VGsCcfp3EHMoBZwGif0qSRYs7EBhCU1q0PcRxJhbULPm1Cd+QgXoXFZduyyc18pVW+yeHPgCJyAM+CAK1AFd6AG6gADDl7AK3iz3q1P68v6Tq+uWFnPIfhX1s8vViOwHw==</latexit><latexit sha1_base64="FmOew0XB+t9JSvlEK6s1ymnpOX0=">AAACQXicbZDLTgIxFIY7XhFvoEs3VWLiQsmMIdEl0Y1LTOQSYUI6nQ5UOu2k7SBkwlu41ZfxKXwEd8atGwszCwVO0uTL//e05/xexKjStv1hrayurW9s5rby2zu7e/uF4kFDiVhiUseCCdnykCKMclLXVDPSiiRBocdI0xvcTv3mkEhFBX/Q44i4IepxGlCMtJEeebdDGIMX0OkWSnbZnhVcBCeDEsiq1i1axx1f4DgkXGOGlGo7dqTdBElNMSOTfCdWJEJ4gHqkbZCjkCg3mY08gadG8WEgpDlcw5m6tOPcH9JIpaiGvRQ0Mvu5ySh97G9fgkbCl+i58jQnh0qNQ898HCLdV/PeVFzmtWMdXLsJ5VGsCcfp3EHMoBZwGif0qSRYs7EBhCU1q0PcRxJhbULPm1Cd+QgXoXFZduyyc18pVW+yeHPgCJyAM+CAK1AFd6AG6gADDl7AK3iz3q1P68v6Tq+uWFnPIfhX1s8vViOwHw==</latexit>
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c

<latexit sha1_base64="FxFhT/5z0jMP3+WUC4qDNv4URUM=">AAACPHicbZDNTgIxFIU7/iL+gS7dVImJMYbMGBJdEt24xMQBEhhJp1Og0mknbQchE57Brb6M7+HenXHr2sLMQoGbNPlyTm977/EjRpW27Q9rZXVtfWMzt5Xf3tnd2y8UD+pKxBITFwsmZNNHijDKiaupZqQZSYJCn5GGP7id+o0hkYoK/qDHEfFC1OO0SzHSRnLDDn487xRKdtmeFVwEJ4MSyKrWKVrH7UDgOCRcY4aUajl2pL0ESU0xI5N8O1YkQniAeqRlkKOQKC+ZTTuBp0YJYFdIc7iGM3Vpx0UwpJFKUQ17KWhkVvOSUfrY374EjUQg0XPlaU4OlRqHvvk4RLqv5r2puMxrxbp77SWUR7EmHKdzd2MGtYDTJGFAJcGajQ0gLKlZHeI+kghrk3fehOrMR7gI9cuyY5ed+0qpepPFmwNH4AScAQdcgSq4AzXgAgwoeAGv4M16tz6tL+s7vbpiZT2H4F9ZP78uia6g</latexit><latexit sha1_base64="FxFhT/5z0jMP3+WUC4qDNv4URUM=">AAACPHicbZDNTgIxFIU7/iL+gS7dVImJMYbMGBJdEt24xMQBEhhJp1Og0mknbQchE57Brb6M7+HenXHr2sLMQoGbNPlyTm977/EjRpW27Q9rZXVtfWMzt5Xf3tnd2y8UD+pKxBITFwsmZNNHijDKiaupZqQZSYJCn5GGP7id+o0hkYoK/qDHEfFC1OO0SzHSRnLDDn487xRKdtmeFVwEJ4MSyKrWKVrH7UDgOCRcY4aUajl2pL0ESU0xI5N8O1YkQniAeqRlkKOQKC+ZTTuBp0YJYFdIc7iGM3Vpx0UwpJFKUQ17KWhkVvOSUfrY374EjUQg0XPlaU4OlRqHvvk4RLqv5r2puMxrxbp77SWUR7EmHKdzd2MGtYDTJGFAJcGajQ0gLKlZHeI+kghrk3fehOrMR7gI9cuyY5ed+0qpepPFmwNH4AScAQdcgSq4AzXgAgwoeAGv4M16tz6tL+s7vbpiZT2H4F9ZP78uia6g</latexit><latexit sha1_base64="FxFhT/5z0jMP3+WUC4qDNv4URUM=">AAACPHicbZDNTgIxFIU7/iL+gS7dVImJMYbMGBJdEt24xMQBEhhJp1Og0mknbQchE57Brb6M7+HenXHr2sLMQoGbNPlyTm977/EjRpW27Q9rZXVtfWMzt5Xf3tnd2y8UD+pKxBITFwsmZNNHijDKiaupZqQZSYJCn5GGP7id+o0hkYoK/qDHEfFC1OO0SzHSRnLDDn487xRKdtmeFVwEJ4MSyKrWKVrH7UDgOCRcY4aUajl2pL0ESU0xI5N8O1YkQniAeqRlkKOQKC+ZTTuBp0YJYFdIc7iGM3Vpx0UwpJFKUQ17KWhkVvOSUfrY374EjUQg0XPlaU4OlRqHvvk4RLqv5r2puMxrxbp77SWUR7EmHKdzd2MGtYDTJGFAJcGajQ0gLKlZHeI+kghrk3fehOrMR7gI9cuyY5ed+0qpepPFmwNH4AScAQdcgSq4AzXgAgwoeAGv4M16tz6tL+s7vbpiZT2H4F9ZP78uia6g</latexit><latexit sha1_base64="FxFhT/5z0jMP3+WUC4qDNv4URUM=">AAACPHicbZDNTgIxFIU7/iL+gS7dVImJMYbMGBJdEt24xMQBEhhJp1Og0mknbQchE57Brb6M7+HenXHr2sLMQoGbNPlyTm977/EjRpW27Q9rZXVtfWMzt5Xf3tnd2y8UD+pKxBITFwsmZNNHijDKiaupZqQZSYJCn5GGP7id+o0hkYoK/qDHEfFC1OO0SzHSRnLDDn487xRKdtmeFVwEJ4MSyKrWKVrH7UDgOCRcY4aUajl2pL0ESU0xI5N8O1YkQniAeqRlkKOQKC+ZTTuBp0YJYFdIc7iGM3Vpx0UwpJFKUQ17KWhkVvOSUfrY374EjUQg0XPlaU4OlRqHvvk4RLqv5r2puMxrxbp77SWUR7EmHKdzd2MGtYDTJGFAJcGajQ0gLKlZHeI+kghrk3fehOrMR7gI9cuyY5ed+0qpepPFmwNH4AScAQdcgSq4AzXgAgwoeAGv4M16tz6tL+s7vbpiZT2H4F9ZP78uia6g</latexit>

above use decoupling limit

demand smooth junction

m!
c(n) = (1 GeV) /

!
n
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It appears clear we will be in need of massive lighter quarks effect on the short-distance 
mass as well
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=+ + … 1
/p ! m0 !

m0 = bare mass

quark mass defined in context of perturbation theory

Pole scheme : propagator has a pole for /p ! mp

mp = m0 + ! (mp, m0) pole mass is µ - independent

The pole mass

! (p, m0)

- independent
has divergences

Linear sensitivity to infrared momenta: factorially 
growing coefficients in perturbation theory 

Sensitivity to non-perturbative regime

Absorbs into mass parameter UV fluctuations from scales > 0

µ

! (m, m) ⇠ m
!

n

! n +1
s (2" 0)n n!

The whole diagram at 
p2 = m2 is absorbed 
into the mass definition

renormalon
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The       mass
MS scheme : propagator is finite, subtract only     in dimensional regularization

1
!

m(µ) = m0 + ! (mp, m0)| 1
!

no renormalon problem mp ! m(µ) = ! (mp, m0)|Þnite

µ - dependent

! ! m(µ)

This series contains the renormalon

This equations encodes the " -anomalous dimension of the MS mass

Let us define                     :

Absorbs into mass parameter UV fluctuations from scales > m(m)

The MS mass is very far from a kinetic or threshold mass, resembles a coupling constant

Cannot be used in processes for which the quark mass is no longer a dynamical scale

MS mass is " -dependent 
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Based on the observation that the B-meson mass                          is renormalon free
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sum of these two terms



Pole mass ambiguity

Based on the observation that the B-meson mass                          is renormalon free

therefore the ambiguity in the 
pole mass is mass-independent

mb-independent

[Beneke Phys. Lett. B344 (1995) 
341-347] 



Pole mass ambiguity

Based on the observation that the B-meson mass                          is renormalon free

Wilson coefficient is 1 to all orders
No anomalous dimension

therefore the ambiguity in the pole 
mass is scheme and scale independent

[Beneke Phys. Lett. B344 (1995) 
341-347] 



Status of perturbative coefficients
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Steinhauser (2007)]
• 4-loop: [Marquard, Smirnov, Smirnov, Steinhauser (2015), Marquard, Smirnov, Smirnov, Steinhauser, Wellmann (2016)] 

Considering all lighter quarks massless, coefficients known up to 
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• 3-loop: [Chetyrkin, Steinhauser (1999), Chetyrkin, Steinhauser (2000), Melnikov, Ritbergen (2000), Marquard, Mihaila, Piclum, 

Steinhauser (2007)]
• 4-loop: [Marquard, Smirnov, Smirnov, Steinhauser (2015), Marquard, Smirnov, Smirnov, Steinhauser, Wellmann (2016)] 

Asymptotic form known for all orders from renormalon behavior

Corrections from massive lighter quarks known up to 

• 2-loop: [Gray, Broadhurst, Grafe, Schilcher (1990)]
• 3-loop: [Bekavac, Grozin, Seidel, Steinhauser (2007)] 

4-loop and higher can be estimated within a few percent

[Lepenik, Hoang, Preisser (2017)], [VM, P.G. Ortega (2017), this talk]

Considering all lighter quarks massless, coefficients known up to 



The MSR mass

Since the renormalon only sees light flavors, express the series in terms of ! (n`)
s

[Hoang, Jain, Scimemi, Stewart (2008)]

We exploit the fact that the ambiguity is mass-independent

Either by setting nh = 0                                    (Natural MSR mass or MSRn)

Or expressing                  in terms of               (Practical MSR mass or MSRp)  ! (n ! +1)
s (mQ ) ! (n ! )

s (mQ )

[Hoang, Jain, Lepenik, Mateu, Preisser 
Scimemi, Stewart (2008)]



The MSR mass

Or expressing                  in terms of               (Practical MSR mass or MSRp)  ! (n ! +1)
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s (mQ )

mpole
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Q (R) = R
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[Hoang, Jain, Scimemi, Stewart (2008)]

R = mQThe MSRn mass can be easily matched to the MS mass at 

By construction                                 to all orders

We exploit the fact that the ambiguity is mass-independent

same ambiguity as 
MS to pole relation

Either by setting nh = 0                                    (Natural MSR mass or MSRn)

Since the renormalon only sees light flavors, express the series in terms of ! (n`)
s

[Hoang, Jain, Lepenik, Mateu, Preisser 
Scimemi, Stewart (2008)]
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Difference of masses is renormalon-free 
as long as series expressed in terms of

at the same scale! s

Last statement true for any series

[Hoang, Jain, Scimemi, Stewart (2008)]
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By construction                                 to all orders

We exploit the fact that the ambiguity is mass-independent

Or expressing                  in terms of               (Practical MSR mass or MSRp)  ! (n ! +1)
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s (mQ )

same ambiguity as 
MS to pole relation

Either by setting nh = 0                                    (Natural MSR mass or MSRn)

Since the renormalon only sees light flavors, express the series in terms of ! (n`)
s

[Hoang, Jain, Lepenik, Mateu, Preisser 
Scimemi, Stewart (2008)]



R-evolution [Hoang, Jain, Scimemi, Stewart (2008)]

In a given physical situation one has a perturbative expansion in terms of  ↵s(µ)

Therefore we have to choose µ ! R

The value of "  is in general much smaller than         for the cases we caremQ

R
d

dR
mMSR

Q (R) = ! R ! R [" s(R)] = ! R
1!

n =0

! R
n

"
" s(R)

4#

#n +1

Therefore there are large logs of             that need to be summed up: 
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pole mass is R-independent

ambiguity R-independent 

R-anomalous dimension from MSR definition

! R
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Q (R1) =
! R 2

R 1

dR ! R
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s (R)]Solution to RGE equation:

Sums up large logs of R2/R1 associated to the renormalon to all orders in pert. theory

These logs are also summed up e.g. in [Pineda (2001)] for the Renormalon Subtracted mass

In a given physical situation one has a perturbative expansion in terms of  ↵s(µ)

Therefore we have to choose µ ! R

The value of "  is in general much smaller than         for the cases we caremQ

R-anomalous dimension renormalon-free

Therefore there are large logs of             that need to be summed up: 



Massive lighter quarks

Figure 1: Sample Feynman diagrams contributing to! S and ! V at one-, two-, three- and
four-loop order. The solid lines represent quarks and the curly linesgluons.

2 Technicalities

2.1 Mass relations

The relation between the bare (m0) and renormalized mass in theMS scheme (m) is given
by

m0 = Z MS
m m , (2)

where Z MS
m only contains poles in! . It is obtained by requiring that the renormalized

propagator is Þnite. Note that in QCD the fermion propagator contains two Lorenz
structures (scalar and vector). Thus next toZ MS

m also the MS wave function renormal-
ization constant is determined. Z MS

m has been computed to Þve-loop order in Ref. [23];
for our calculation only four-loop corrections [24Ð26] are needed.We useZ MS

m expressed
for generic SU(Nc) colour factors which can be extracted from the anomalous dimension
given in [25]. For convenience we present the result forZ MS

m in Appendix F. Note that
the MS-renormalized massm depends on the renormalization scaleµ which is suppressed
in Eq. (2). Z MS

m depends onµ via the strong coupling constant" s(µ).

In the on-shell renormalization scheme one requires that the quark two-point function
vanishes at the position of the on-shell massM which Þxes the renormalization constant
Z OS

m introduced via

m0 = Z OS
m M . (3)

Note that m0 and M are µ-independent andZ OS
m contains " s(µ) and log(µ/M ) terms.

The on-shell wave function renormalization constant is determinedfrom the requirement
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Massive lighter quarks 
effects on the MSR mass

8 terms of the expansion for small! , which can be combined with the! = 1 constraint in a
Pad• parametrization to provide an approximation which is accurate to 8 signiÞcant digits
across the range0 ! ! ! 1, which is enough for our purposes. Our parametrizations are
explicitly shown in Eq. (A.3). In Fig. 3(a) ! MS

3 (! )(n! = 4 , nh = 0 , ! ) is shown, together
with the approximation given in Eq. ( 3.25).

3.3 MSR mass with light active fermion masses

When implementing Þnite mass e! ects from lighter quarks we will use an approach that
exactly satisÞes Heavy Quark Symmetry (HQS for short). HQS states that in the limit of
an inÞnitely heavy quark, low-energy QCD e! ects are ßavor independent. This limit has to
be taken only in the virtual e! ects, as only quantum ßuctuations are integrated out. If one
looks into mpole

Q " mMS
Q in this limit, nh becomes0, what e! ectively converts this series to

the MSRn scheme, andmq/m Q tends to 0, what makes the lighter q quark massless. For
mpole

q " mMS
q one has that mq # 0 in the virtual e ! ects impliesnh # 0 and n! " 1 # n! .

Therefore in this limit mpole
Q " mMSRn

Q (mq) = mpole
q " mMS

q . With our deÞnition this equality
will be satisÞed even for Þnite values of the heavy quark mass. Although the impact of
this feature in the Þnal results is small it has theoretical advantages, as it ensures a smooth
transition to an MSR mass in which the lither quark q is also integrated out.

Our deÞnition of the MSR mass including non-zero lighter quark masses reads :9

"mMSR
Q (R, mq) = "mMSR

Q (R) + R ! mq (R, ! R) , (3.20)

! mc (R, ! R) =
!

k=2

! (k)
mc

(! R)

"
#(n! )

s (R)
4$

#k

,

where ! R = mq/R . In the MSRn scheme one has! (n)
mq

= ! MS
n |nh =0 . For the MSRp

scheme, at two loops one has! (2)
mq

= ! MS
2 and at three loops! (3)

mq
= ! MS

3 |nh =1 (nontrivial
modiÞcations in the MSRp scheme start at4 loops). The nice property of Eq. (3.20) is that
in the case of the MSRn scheme one has exact Heavy Quark Symmetry :

mpole
Q " mMSRn

Q (mq) = mq

!

n=1

$
aMS

n (n! , 0) + ! MS
n (n! , 0, 1)

%
"

#(n! )
s (mq)

4$

#n

(3.21)

= mq

!

n=1

aMS
n (n! " 1, 1)

"
#(n! )

s (mq)
4$

#n

= mpole
q " mq ,

where we have used the! = 1 constraint. For the MSRp scheme HQS is not exact, but the
correction is calculable in perturbation theory and thanks to the ! = 1 constraint happens

9In Ref. [42] the MSR mass with light massive quarks was implemented di ! erently : ! mMSR
Q (R, mc) =

! mMSR
Q (R) + mQ ! m q (mQ , mq/ mQ ), which is well suited to study the large-order behavior of the series.

With this deÞnition the R-evolution equation is the same as for massless lighter quarks, but one might have
potentially large logs of the form log(R/ mQ ) when implementing the MSR scheme in a perturbative series.
Moreover, this deÞnition implements Heavy Quark Symmetry in an approximate way only, while our MSRn
scheme fulÞlls HQS exactly.
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n (n! " 1, 1)

"
#(n! )

s (mq)
4$

#n

= mpole
q " mq ,

where we have used the! = 1 constraint. For the MSRp scheme HQS is not exact, but the
correction is calculable in perturbation theory and thanks to the ! = 1 constraint happens

9In Ref. [42] the MSR mass with light massive quarks was implemented di ! erently : ! mMSR
Q (R, mc) =

! mMSR
Q (R) + mQ ! m q (mQ , mq/ mQ ), which is well suited to study the large-order behavior of the series.

With this deÞnition the R-evolution equation is the same as for massless lighter quarks, but one might have
potentially large logs of the form log(R/ mQ ) when implementing the MSR scheme in a perturbative series.
Moreover, this deÞnition implements Heavy Quark Symmetry in an approximate way only, while our MSRn
scheme fulÞlls HQS exactly.
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Figure 2 . Finite lighter quark mass corrections to the R-anomalous dimension at two and three
loops. The various pieces in which!" R

2 (left panel) and !" R
3 (right panel) are decomposed are shown

separately. These pieces correspond to the terms shown in Eq. (3.23).

to be identical to the MSRn to MS matching condition :

mpole
Q ! mMSRp

Q (mq) !
!
mpole

q ! mq
"

= HQS( mq, n! ! 1, 2) . (3.22)

Therefore HQS corrections can be calculated even if the lighter quark Þnite mass e! ects have
not been computed yet, as long as the massless corrections are known. The R-anomalous
dimension is modiÞed as a consequence of the Þnite lighter quark mass :

!
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mMSR

Q (R) = " R[#(n! )
s (R)] + !" R[$R, #(n! )

s (R)] , (3.23)
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,

!" R
n ($R) = ! n ($R) ! $R

d! n($R)
d$R

! 2
n! 2#

j =0

(n ! j ) &j ! n! j ($R).

This equation can be integrated either numerically as it stands, or recast into a form that
factors our " QCD , as explained in Ref. [57]. Given that the O(#4

s) Þnite lighter quark mass
corrections are unknown, we will cut the sum of the second term strictly atn = 3 , even if
there are lower order! terms that contribute at n = 4 in the sum over j . Such decision
is adopted because the inclusion of such terms could overestimate the real size of that
correction if large cancellations happen. These cancellations are indeed expected since! n

are a" icted by a renormalon but !" n
R are not. In Fig. 2 this is graphically depicted at two

and three loops, where it is seen that the e! ect is larger at smaller$. Since the cancellations
are expected to be larger for high values ofn (where the renormalon dominates), we can
estimate ! 4(r ) by requiring that !" R

3 ($) = 0 . In general one would have :

! n ($) " $! n (1) + 2 $
n! 2#

j =0

(n ! j ) &j

& 1

"
dx

! n! j (x)
x2 , (3.24)
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MSR with Massive lighter quarks

8 terms of the expansion for small! , which can be combined with the! = 1 constraint in a
Pad• parametrization to provide an approximation which is accurate to 8 signiÞcant digits
across the range0 ! ! ! 1, which is enough for our purposes. Our parametrizations are
explicitly shown in Eq. (A.3). In Fig. 3(a) ! MS

3 (! )(n! = 4 , nh = 0 , ! ) is shown, together
with the approximation given in Eq. ( 3.25).

3.3 MSR mass with light active fermion masses

When implementing Þnite mass e! ects from lighter quarks we will use an approach that
exactly satisÞes Heavy Quark Symmetry (HQS for short). HQS states that in the limit of
an inÞnitely heavy quark, low-energy QCD e! ects are ßavor independent. This limit has to
be taken only in the virtual e! ects, as only quantum ßuctuations are integrated out. If one
looks into mpole

Q " mMS
Q in this limit, nh becomes0, what e! ectively converts this series to

the MSRn scheme, andmq/m Q tends to 0, what makes the lighter q quark massless. For
mpole

q " mMS
q one has that mq # 0 in the virtual e ! ects impliesnh # 0 and n! " 1 # n! .

Therefore in this limit mpole
Q " mMSRn

Q (mq) = mpole
q " mMS

q . With our deÞnition this equality
will be satisÞed even for Þnite values of the heavy quark mass. Although the impact of
this feature in the Þnal results is small it has theoretical advantages, as it ensures a smooth
transition to an MSR mass in which the lither quark q is also integrated out.

Our deÞnition of the MSR mass including non-zero lighter quark masses reads :9

"mMSR
Q (R, mq) = "mMSR

Q (R) + R ! mq (R, ! R) , (3.20)

! mq (R, ! R) =
!
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! (k)
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(! R)

"
#(n! )

s (R)
4$

#k

,

where ! R = mq/R . In the MSRn scheme one has! (n)
mq

= ! MS
n |nh =0 . For the MSRp

scheme, at two loops one has! (2)
mq

= ! MS
2 and at three loops! (3)

mq
= ! MS

3 |nh =1 (nontrivial
modiÞcations in the MSRp scheme start at4 loops). The nice property of Eq. (3.20) is that
in the case of the MSRn scheme one has exact Heavy Quark Symmetry :

mpole
Q " mMSRn

Q (mq) = mq
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4$
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= mpole
q " mq ,

where we have used the! = 1 constraint. For the MSRp scheme HQS is not exact, but the
correction is calculable in perturbation theory and thanks to the ! = 1 constraint happens

9In Ref. [42] the MSR mass with light massive quarks was implemented di ! erently : ! mMSR
Q (R, mc) =

! mMSR
Q (R) + mQ ! m q (mQ , mq/ mQ ), which is well suited to study the large-order behavior of the series.

With this deÞnition the R-evolution equation is the same as for massless lighter quarks, but one might have
potentially large logs of the form log(R/ mQ ) when implementing the MSR scheme in a perturbative series.
Moreover, this deÞnition implements Heavy Quark Symmetry in an approximate way only, while our MSRn
scheme fulÞlls HQS exactly.
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Figure 2 . Finite lighter quark mass corrections to the R-anomalous dimension at two and three
loops. The various pieces in which!" R

2 (left panel) and !" R
3 (right panel) are decomposed are shown

separately. These pieces correspond to the terms shown in Eq. (3.23).

to be identical to the MSRn to MS matching condition :

mpole
Q ! mMSRp

Q (mq) !
!
mpole

q ! mq
"

= HQS( mq, n! ! 1, 2) . (3.22)

Therefore HQS corrections can be calculated even if the lighter quark Þnite mass e! ects have
not been computed yet, as long as the massless corrections are known. The R-anomalous
dimension is modiÞed as a consequence of the Þnite lighter quark mass :

!
d

dR
mMSR

Q (R) = " R[#(n! )
s (R)] + !" R[$R, #(n! )

s (R)] , (3.23)

!" R[$R, #(n! )
s (R)] =

#

n=1

!" R
n ($R)

$
#(n! )

s (R)
4%

%n+1

,

!" R
n ($R) = ! n ($R) ! $R

d! n($R)
d$R

! 2
n! 2#

j =0

(n ! j ) &j ! n! j ($R).

This equation can be integrated either numerically as it stands, or recast into a form that
factors our " QCD , as explained in Ref. [57]. Given that the O(#4

s) Þnite lighter quark mass
corrections are unknown, we will cut the sum of the second term strictly atn = 3 , even if
there are lower order! terms that contribute at n = 4 in the sum over j . Such decision
is adopted because the inclusion of such terms could overestimate the real size of that
correction if large cancellations happen. These cancellations are indeed expected since! n

are a" icted by a renormalon but !" n
R are not. In Fig. 2 this is graphically depicted at two

and three loops, where it is seen that the e! ect is larger at smaller$. Since the cancellations
are expected to be larger for high values ofn (where the renormalon dominates), we can
estimate ! 4(r ) by requiring that !" R

3 ($) = 0 . In general one would have :

! n ($) " $! n (1) + 2 $
n! 2#

j =0

(n ! j ) &j

& 1

"
dx

! n! j (x)
x2 , (3.24)
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Figure 2 . Finite lighter quark mass corrections to the R-anomalous dimension at two and three
loops. The various pieces in which!" R

2 (left panel) and !" R
3 (right panel) are decomposed are shown

separately. These pieces correspond to the terms shown in Eq. (3.23).

to be identical to the MSRn to MS matching condition :

mpole
Q ! mMSRp

Q (mq) !
!
mpole

q ! mq
"

= HQS( mq, n! ! 1, 2) . (3.22)

Therefore HQS corrections can be calculated even if the lighter quark Þnite mass e! ects have
not been computed yet, as long as the massless corrections are known. The R-anomalous
dimension is modiÞed as a consequence of the Þnite lighter quark mass :

!
d

dR
mMSR

Q (R) = " R[#(n! )
s (R)] + !" R[$R, #(n! )

s (R)] , (3.23)

!" R[$R, #(n! )
s (R)] =

#

n=1

!" R
n ($R)
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#(n! )

s (R)
4%

%n+1

,

!" R
n ($R) = ! n ($R) ! $R

d! n($R)
d$R

! 2
n! 2#

j =0

(n ! j ) &j ! n! j ($R).

This equation can be integrated either numerically as it stands, or recast into a form that
factors our " QCD , as explained in Ref. [57]. Given that the O(#4

s) Þnite lighter quark mass
corrections are unknown, we will cut the sum of the second term strictly atn = 3 , even if
there are lower order! terms that contribute at n = 4 in the sum over j . Such decision
is adopted because the inclusion of such terms could overestimate the real size of that
correction if large cancellations happen. These cancellations are indeed expected since! n

are a" icted by a renormalon but !" n
R are not. In Fig. 2 this is graphically depicted at two

and three loops, where it is seen that the e! ect is larger at smaller$. Since the cancellations
are expected to be larger for high values ofn (where the renormalon dominates), we can
estimate ! 4(r ) by requiring that !" R

3 ($) = 0 . In general one would have :

! n ($) " $! n (1) + 2 $
n! 2#

j =0

(n ! j ) &j

& 1

"
dx

! n! j (x)
x2 , (3.24)
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MSR with Massive lighter quarks

8 terms of the expansion for small! , which can be combined with the! = 1 constraint in a
Pad• parametrization to provide an approximation which is accurate to 8 signiÞcant digits
across the range0 ! ! ! 1, which is enough for our purposes. Our parametrizations are
explicitly shown in Eq. (A.3). In Fig. 3(a) ! MS

3 (! )(n! = 4 , nh = 0 , ! ) is shown, together
with the approximation given in Eq. ( 3.25).

3.3 MSR mass with light active fermion masses

When implementing Þnite mass e! ects from lighter quarks we will use an approach that
exactly satisÞes Heavy Quark Symmetry (HQS for short). HQS states that in the limit of
an inÞnitely heavy quark, low-energy QCD e! ects are ßavor independent. This limit has to
be taken only in the virtual e! ects, as only quantum ßuctuations are integrated out. If one
looks into mpole

Q " mMS
Q in this limit, nh becomes0, what e! ectively converts this series to

the MSRn scheme, andmq/m Q tends to 0, what makes the lighter q quark massless. For
mpole

q " mMS
q one has that mq # 0 in the virtual e ! ects impliesnh # 0 and n! " 1 # n! .

Therefore in this limit mpole
Q " mMSRn

Q (mq) = mpole
q " mMS

q . With our deÞnition this equality
will be satisÞed even for Þnite values of the heavy quark mass. Although the impact of
this feature in the Þnal results is small it has theoretical advantages, as it ensures a smooth
transition to an MSR mass in which the lither quark q is also integrated out.

Our deÞnition of the MSR mass including non-zero lighter quark masses reads :9

"mMSR
Q (R, mq) = "mMSR

Q (R) + R ! mq (R, ! R) , (3.20)

! mq (R, ! R) =
!

k=2

! (k)
mq

(! R)

"
#(n! )

s (R)
4$

#k

,

where ! R = mq/R . In the MSRn scheme one has! (n)
mq

= ! MS
n |nh =0 . For the MSRp

scheme, at two loops one has! (2)
mq

= ! MS
2 and at three loops! (3)

mq
= ! MS

3 |nh =1 (nontrivial
modiÞcations in the MSRp scheme start at4 loops). The nice property of Eq. (3.20) is that
in the case of the MSRn scheme one has exact Heavy Quark Symmetry :

mpole
Q " mMSRn

Q (mq) = mq

!

n=1

$
aMS

n (n! , 0) + ! MS
n (n! , 0, 1)

%
"

#(n! )
s (mq)

4$

#n

(3.21)

= mq

!

n=1

aMS
n (n! " 1, 1)

"
#(n! )

s (mq)
4$

#n

= mpole
q " mq ,

where we have used the! = 1 constraint. For the MSRp scheme HQS is not exact, but the
correction is calculable in perturbation theory and thanks to the ! = 1 constraint happens

9In Ref. [42] the MSR mass with light massive quarks was implemented di ! erently : ! mMSR
Q (R, mc) =

! mMSR
Q (R) + mQ ! m q (mQ , mq/ mQ ), which is well suited to study the large-order behavior of the series.

With this deÞnition the R-evolution equation is the same as for massless lighter quarks, but one might have
potentially large logs of the form log(R/ mQ ) when implementing the MSR scheme in a perturbative series.
Moreover, this deÞnition implements Heavy Quark Symmetry in an approximate way only, while our MSRn
scheme fulÞlls HQS exactly.
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Figure 2 . Finite lighter quark mass corrections to the R-anomalous dimension at two and three
loops. The various pieces in which!" R

2 (left panel) and !" R
3 (right panel) are decomposed are shown

separately. These pieces correspond to the terms shown in Eq. (3.23).

to be identical to the MSRn to MS matching condition :

mpole
Q ! mMSRp

Q (mq) !
!
mpole

q ! mq
"

= HQS( mq, n! ! 1, 2) . (3.22)

Therefore HQS corrections can be calculated even if the lighter quark Þnite mass e! ects have
not been computed yet, as long as the massless corrections are known. The R-anomalous
dimension is modiÞed as a consequence of the Þnite lighter quark mass :

!
d

dR
mMSR

Q (R) = " R[#(n! )
s (R)] + !" R[$R, #(n! )

s (R)] , (3.23)

!" R[$R, #(n! )
s (R)] =

#

n=1
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n ($R)

$
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s (R)
4%

%n+1

,

!" R
n ($R) = ! n ($R) ! $R

d! n($R)
d$R

! 2
n! 2#

j =0

(n ! j ) &j ! n! j ($R).

This equation can be integrated either numerically as it stands, or recast into a form that
factors our " QCD , as explained in Ref. [57]. Given that the O(#4

s) Þnite lighter quark mass
corrections are unknown, we will cut the sum of the second term strictly atn = 3 , even if
there are lower order! terms that contribute at n = 4 in the sum over j . Such decision
is adopted because the inclusion of such terms could overestimate the real size of that
correction if large cancellations happen. These cancellations are indeed expected since! n

are a" icted by a renormalon but !" n
R are not. In Fig. 2 this is graphically depicted at two

and three loops, where it is seen that the e! ect is larger at smaller$. Since the cancellations
are expected to be larger for high values ofn (where the renormalon dominates), we can
estimate ! 4(r ) by requiring that !" R

3 ($) = 0 . In general one would have :

! n ($) " $! n (1) + 2 $
n! 2#

j =0

(n ! j ) &j

& 1

"
dx

! n! j (x)
x2 , (3.24)
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Figure 2 . Finite lighter quark mass corrections to the R-anomalous dimension at two and three
loops. The various pieces in which!" R

2 (left panel) and !" R
3 (right panel) are decomposed are shown

separately. These pieces correspond to the terms shown in Eq. (3.23).

to be identical to the MSRn to MS matching condition :

mpole
Q ! mMSRp

Q (mq) !
!
mpole

q ! mq
"

= HQS( mq, n! ! 1, 2) . (3.22)

Therefore HQS corrections can be calculated even if the lighter quark Þnite mass e! ects have
not been computed yet, as long as the massless corrections are known. The R-anomalous
dimension is modiÞed as a consequence of the Þnite lighter quark mass :
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,
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d! n($R)
d$R

! 2
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j =0

(n ! j ) &j ! n! j ($R).

This equation can be integrated either numerically as it stands, or recast into a form that
factors our " QCD , as explained in Ref. [57]. Given that the O(#4

s) Þnite lighter quark mass
corrections are unknown, we will cut the sum of the second term strictly atn = 3 , even if
there are lower order! terms that contribute at n = 4 in the sum over j . Such decision
is adopted because the inclusion of such terms could overestimate the real size of that
correction if large cancellations happen. These cancellations are indeed expected since! n

are a" icted by a renormalon but !" n
R are not. In Fig. 2 this is graphically depicted at two

and three loops, where it is seen that the e! ect is larger at smaller$. Since the cancellations
are expected to be larger for high values ofn (where the renormalon dominates), we can
estimate ! 4(r ) by requiring that !" R

3 ($) = 0 . In general one would have :

! n ($) " $! n (1) + 2 $
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j =0

(n ! j ) &j
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loops. The various pieces in which!" R
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to be identical to the MSRn to MS matching condition :

mpole
Q ! mMSRp

Q (mq) !
!
mpole

q ! mq
"

= HQS( mq, n! ! 1, 2) . (3.22)

Therefore HQS corrections can be calculated even if the lighter quark Þnite mass e! ects have
not been computed yet, as long as the massless corrections are known. The R-anomalous
dimension is modiÞed as a consequence of the Þnite lighter quark mass :
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d! n($R)
d$R

! 2
n! 2#

j =0

(n ! j ) &j ! n! j ($R).

This equation can be integrated either numerically as it stands, or recast into a form that
factors our " QCD , as explained in Ref. [57]. Given that the O(#4

s) Þnite lighter quark mass
corrections are unknown, we will cut the sum of the second term strictly atn = 3 , even if
there are lower order! terms that contribute at n = 4 in the sum over j . Such decision
is adopted because the inclusion of such terms could overestimate the real size of that
correction if large cancellations happen. These cancellations are indeed expected since! n

are a" icted by a renormalon but !" n
R are not. In Fig. 2 this is graphically depicted at two

and three loops, where it is seen that the e! ect is larger at smaller$. Since the cancellations
are expected to be larger for high values ofn (where the renormalon dominates), we can
estimate ! 4(r ) by requiring that !" R

3 ($) = 0 . In general one would have :

! n ($) " $! n (1) + 2 $
n! 2#

j =0

(n ! j ) &j

& 1

"
dx

! n! j (x)
x2 , (3.24)
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MSR with Massive lighter quarks

8 terms of the expansion for small! , which can be combined with the! = 1 constraint in a
Pad• parametrization to provide an approximation which is accurate to 8 signiÞcant digits
across the range0 ! ! ! 1, which is enough for our purposes. Our parametrizations are
explicitly shown in Eq. (A.3). In Fig. 3(a) ! MS

3 (! )(n! = 4 , nh = 0 , ! ) is shown, together
with the approximation given in Eq. ( 3.25).

3.3 MSR mass with light active fermion masses

When implementing Þnite mass e! ects from lighter quarks we will use an approach that
exactly satisÞes Heavy Quark Symmetry (HQS for short). HQS states that in the limit of
an inÞnitely heavy quark, low-energy QCD e! ects are ßavor independent. This limit has to
be taken only in the virtual e! ects, as only quantum ßuctuations are integrated out. If one
looks into mpole

Q " mMS
Q in this limit, nh becomes0, what e! ectively converts this series to

the MSRn scheme, andmq/m Q tends to 0, what makes the lighter q quark massless. For
mpole

q " mMS
q one has that mq # 0 in the virtual e ! ects impliesnh # 0 and n! " 1 # n! .

Therefore in this limit mpole
Q " mMSRn

Q (mq) = mpole
q " mMS

q . With our deÞnition this equality
will be satisÞed even for Þnite values of the heavy quark mass. Although the impact of
this feature in the Þnal results is small it has theoretical advantages, as it ensures a smooth
transition to an MSR mass in which the lither quark q is also integrated out.

Our deÞnition of the MSR mass including non-zero lighter quark masses reads :9

"mMSR
Q (R, mq) = "mMSR

Q (R) + R ! mq (R, ! R) , (3.20)

! mq (R, ! R) =
!

k=2

! (k)
mq

(! R)

"
#(n! )

s (R)
4$

#k

,

where ! R = mq/R . In the MSRn scheme one has! (n)
mq

= ! MS
n |nh =0 . For the MSRp

scheme, at two loops one has! (2)
mq

= ! MS
2 and at three loops! (3)

mq
= ! MS

3 |nh =1 (nontrivial
modiÞcations in the MSRp scheme start at4 loops). The nice property of Eq. (3.20) is that
in the case of the MSRn scheme one has exact Heavy Quark Symmetry :

mpole
Q " mMSRn

Q (mq) = mq

!

n=1

$
aMS

n (n! , 0) + ! MS
n (n! , 0, 1)

%
"

#(n! )
s (mq)

4$

#n

(3.21)

= mq

!

n=1

aMS
n (n! " 1, 1)

"
#(n! )

s (mq)
4$

#n

= mpole
q " mq ,

where we have used the! = 1 constraint. For the MSRp scheme HQS is not exact, but the
correction is calculable in perturbation theory and thanks to the ! = 1 constraint happens

9In Ref. [42] the MSR mass with light massive quarks was implemented di ! erently : ! mMSR
Q (R, mc) =

! mMSR
Q (R) + mQ ! m q (mQ , mq/ mQ ), which is well suited to study the large-order behavior of the series.

With this deÞnition the R-evolution equation is the same as for massless lighter quarks, but one might have
potentially large logs of the form log(R/ mQ ) when implementing the MSR scheme in a perturbative series.
Moreover, this deÞnition implements Heavy Quark Symmetry in an approximate way only, while our MSRn
scheme fulÞlls HQS exactly.
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Figure 2 . Finite lighter quark mass corrections to the R-anomalous dimension at two and three
loops. The various pieces in which!" R

2 (left panel) and !" R
3 (right panel) are decomposed are shown

separately. These pieces correspond to the terms shown in Eq. (3.23).

to be identical to the MSRn to MS matching condition :

mpole
Q ! mMSRp

Q (mq) !
!
mpole

q ! mq
"

= HQS( mq, n! ! 1, 2) . (3.22)

Therefore HQS corrections can be calculated even if the lighter quark Þnite mass e! ects have
not been computed yet, as long as the massless corrections are known. The R-anomalous
dimension is modiÞed as a consequence of the Þnite lighter quark mass :

!
d

dR
mMSR

Q (R) = " R[#(n! )
s (R)] + !" R[$R, #(n! )

s (R)] , (3.23)

!" R[$R, #(n! )
s (R)] =

#

n=1

!" R
n ($R)

$
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s (R)
4%

%n+1

,

!" R
n ($R) = ! n ($R) ! $R

d! n($R)
d$R

! 2
n! 2#

j =0

(n ! j ) &j ! n! j ($R).

This equation can be integrated either numerically as it stands, or recast into a form that
factors our " QCD , as explained in Ref. [57]. Given that the O(#4

s) Þnite lighter quark mass
corrections are unknown, we will cut the sum of the second term strictly atn = 3 , even if
there are lower order! terms that contribute at n = 4 in the sum over j . Such decision
is adopted because the inclusion of such terms could overestimate the real size of that
correction if large cancellations happen. These cancellations are indeed expected since! n

are a" icted by a renormalon but !" n
R are not. In Fig. 2 this is graphically depicted at two

and three loops, where it is seen that the e! ect is larger at smaller$. Since the cancellations
are expected to be larger for high values ofn (where the renormalon dominates), we can
estimate ! 4(r ) by requiring that !" R

3 ($) = 0 . In general one would have :

! n ($) " $! n (1) + 2 $
n! 2#

j =0

(n ! j ) &j

& 1

"
dx

! n! j (x)
x2 , (3.24)
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separately. These pieces correspond to the terms shown in Eq. (3.23).

to be identical to the MSRn to MS matching condition :

mpole
Q ! mMSRp

Q (mq) !
!
mpole

q ! mq
"

= HQS( mq, n! ! 1, 2) . (3.22)

Therefore HQS corrections can be calculated even if the lighter quark Þnite mass e! ects have
not been computed yet, as long as the massless corrections are known. The R-anomalous
dimension is modiÞed as a consequence of the Þnite lighter quark mass :
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,
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n ($R) = ! n ($R) ! $R

d! n($R)
d$R

! 2
n! 2#

j =0

(n ! j ) &j ! n! j ($R).

This equation can be integrated either numerically as it stands, or recast into a form that
factors our " QCD , as explained in Ref. [57]. Given that the O(#4

s) Þnite lighter quark mass
corrections are unknown, we will cut the sum of the second term strictly atn = 3 , even if
there are lower order! terms that contribute at n = 4 in the sum over j . Such decision
is adopted because the inclusion of such terms could overestimate the real size of that
correction if large cancellations happen. These cancellations are indeed expected since! n

are a" icted by a renormalon but !" n
R are not. In Fig. 2 this is graphically depicted at two

and three loops, where it is seen that the e! ect is larger at smaller$. Since the cancellations
are expected to be larger for high values ofn (where the renormalon dominates), we can
estimate ! 4(r ) by requiring that !" R

3 ($) = 0 . In general one would have :

! n ($) " $! n (1) + 2 $
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j =0

(n ! j ) &j

& 1

"
dx

! n! j (x)
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to be identical to the MSRn to MS matching condition :

mpole
Q ! mMSRp

Q (mq) !
!
mpole

q ! mq
"

= HQS( mq, n! ! 1, 2) . (3.22)

Therefore HQS corrections can be calculated even if the lighter quark Þnite mass e! ects have
not been computed yet, as long as the massless corrections are known. The R-anomalous
dimension is modiÞed as a consequence of the Þnite lighter quark mass :
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Q (R) = " R[#(n! )
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,

!" R
n ($R) = ! n ($R) ! $R

d! n($R)
d$R

! 2
n! 2#

j =0

(n ! j ) &j ! n! j ($R).

This equation can be integrated either numerically as it stands, or recast into a form that
factors our " QCD , as explained in Ref. [57]. Given that the O(#4

s) Þnite lighter quark mass
corrections are unknown, we will cut the sum of the second term strictly atn = 3 , even if
there are lower order! terms that contribute at n = 4 in the sum over j . Such decision
is adopted because the inclusion of such terms could overestimate the real size of that
correction if large cancellations happen. These cancellations are indeed expected since! n

are a" icted by a renormalon but !" n
R are not. In Fig. 2 this is graphically depicted at two

and three loops, where it is seen that the e! ect is larger at smaller$. Since the cancellations
are expected to be larger for high values ofn (where the renormalon dominates), we can
estimate ! 4(r ) by requiring that !" R

3 ($) = 0 . In general one would have :

! n ($) " $! n (1) + 2 $
n! 2#

j =0

(n ! j ) &j

& 1

"
dx

! n! j (x)
x2 , (3.24)
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MSR with Massive lighter quarks

8 terms of the expansion for small! , which can be combined with the! = 1 constraint in a
Pad• parametrization to provide an approximation which is accurate to 8 signiÞcant digits
across the range0 ! ! ! 1, which is enough for our purposes. Our parametrizations are
explicitly shown in Eq. (A.3). In Fig. 3(a) ! MS

3 (! )(n! = 4 , nh = 0 , ! ) is shown, together
with the approximation given in Eq. ( 3.25).

3.3 MSR mass with light active fermion masses

When implementing Þnite mass e! ects from lighter quarks we will use an approach that
exactly satisÞes Heavy Quark Symmetry (HQS for short). HQS states that in the limit of
an inÞnitely heavy quark, low-energy QCD e! ects are ßavor independent. This limit has to
be taken only in the virtual e! ects, as only quantum ßuctuations are integrated out. If one
looks into mpole

Q " mMS
Q in this limit, nh becomes0, what e! ectively converts this series to

the MSRn scheme, andmq/m Q tends to 0, what makes the lighter q quark massless. For
mpole

q " mMS
q one has that mq # 0 in the virtual e ! ects impliesnh # 0 and n! " 1 # n! .

Therefore in this limit mpole
Q " mMSRn

Q (mq) = mpole
q " mMS

q . With our deÞnition this equality
will be satisÞed even for Þnite values of the heavy quark mass. Although the impact of
this feature in the Þnal results is small it has theoretical advantages, as it ensures a smooth
transition to an MSR mass in which the lither quark q is also integrated out.

Our deÞnition of the MSR mass including non-zero lighter quark masses reads :9

"mMSR
Q (R, mq) = "mMSR

Q (R) + R ! mq (R, ! R) , (3.20)

! mq (R, ! R) =
!

k=2

! (k)
mq

(! R)

"
#(n! )

s (R)
4$

#k

,

where ! R = mq/R . In the MSRn scheme one has! (n)
mq

= ! MS
n |nh =0 . For the MSRp

scheme, at two loops one has! (2)
mq

= ! MS
2 and at three loops! (3)

mq
= ! MS

3 |nh =1 (nontrivial
modiÞcations in the MSRp scheme start at4 loops). The nice property of Eq. (3.20) is that
in the case of the MSRn scheme one has exact Heavy Quark Symmetry :

mpole
Q " mMSRn

Q (mq) = mq

!

n=1

$
aMS

n (n! , 0) + ! MS
n (n! , 0, 1)

%
"

#(n! )
s (mq)

4$

#n

(3.21)

= mq

!

n=1

aMS
n (n! " 1, 1)

"
#(n! )

s (mq)
4$

#n

= mpole
q " mq ,

where we have used the! = 1 constraint. For the MSRp scheme HQS is not exact, but the
correction is calculable in perturbation theory and thanks to the ! = 1 constraint happens

9In Ref. [42] the MSR mass with light massive quarks was implemented di ! erently : ! mMSR
Q (R, mc) =

! mMSR
Q (R) + mQ ! m q (mQ , mq/ mQ ), which is well suited to study the large-order behavior of the series.

With this deÞnition the R-evolution equation is the same as for massless lighter quarks, but one might have
potentially large logs of the form log(R/ mQ ) when implementing the MSR scheme in a perturbative series.
Moreover, this deÞnition implements Heavy Quark Symmetry in an approximate way only, while our MSRn
scheme fulÞlls HQS exactly.
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Figure 2 . Finite lighter quark mass corrections to the R-anomalous dimension at two and three
loops. The various pieces in which!" R

2 (left panel) and !" R
3 (right panel) are decomposed are shown

separately. These pieces correspond to the terms shown in Eq. (3.23).

to be identical to the MSRn to MS matching condition :

mpole
Q ! mMSRp

Q (mq) !
!
mpole

q ! mq
"

= HQS( mq, n! ! 1, 2) . (3.22)

Therefore HQS corrections can be calculated even if the lighter quark Þnite mass e! ects have
not been computed yet, as long as the massless corrections are known. The R-anomalous
dimension is modiÞed as a consequence of the Þnite lighter quark mass :

!
d

dR
mMSR

Q (R) = " R[#(n! )
s (R)] + !" R[$R, #(n! )

s (R)] , (3.23)

!" R[$R, #(n! )
s (R)] =

#

n=1

!" R
n ($R)

$
#(n! )

s (R)
4%

%n+1

,

!" R
n ($R) = ! n ($R) ! $R

d! n($R)
d$R

! 2
n! 2#

j =0

(n ! j ) &j ! n! j ($R).

This equation can be integrated either numerically as it stands, or recast into a form that
factors our " QCD , as explained in Ref. [57]. Given that the O(#4

s) Þnite lighter quark mass
corrections are unknown, we will cut the sum of the second term strictly atn = 3 , even if
there are lower order! terms that contribute at n = 4 in the sum over j . Such decision
is adopted because the inclusion of such terms could overestimate the real size of that
correction if large cancellations happen. These cancellations are indeed expected since! n

are a" icted by a renormalon but !" n
R are not. In Fig. 2 this is graphically depicted at two

and three loops, where it is seen that the e! ect is larger at smaller$. Since the cancellations
are expected to be larger for high values ofn (where the renormalon dominates), we can
estimate ! 4(r ) by requiring that !" R

3 ($) = 0 . In general one would have :

! n ($) " $! n (1) + 2 $
n! 2#

j =0

(n ! j ) &j

& 1

"
dx

! n! j (x)
x2 , (3.24)
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Figure 2 . Finite lighter quark mass corrections to the R-anomalous dimension at two and three
loops. The various pieces in which!" R

2 (left panel) and !" R
3 (right panel) are decomposed are shown

separately. These pieces correspond to the terms shown in Eq. (3.23).

to be identical to the MSRn to MS matching condition :

mpole
Q ! mMSRp

Q (mq) !
!
mpole

q ! mq
"

= HQS( mq, n! ! 1, 2) . (3.22)

Therefore HQS corrections can be calculated even if the lighter quark Þnite mass e! ects have
not been computed yet, as long as the massless corrections are known. The R-anomalous
dimension is modiÞed as a consequence of the Þnite lighter quark mass :
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Q (R) = " R[#(n! )
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s (R)] , (3.23)
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,
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n ($R) = ! n ($R) ! $R

d! n($R)
d$R

! 2
n! 2#

j =0

(n ! j ) &j ! n! j ($R).

This equation can be integrated either numerically as it stands, or recast into a form that
factors our " QCD , as explained in Ref. [57]. Given that the O(#4

s) Þnite lighter quark mass
corrections are unknown, we will cut the sum of the second term strictly atn = 3 , even if
there are lower order! terms that contribute at n = 4 in the sum over j . Such decision
is adopted because the inclusion of such terms could overestimate the real size of that
correction if large cancellations happen. These cancellations are indeed expected since! n

are a" icted by a renormalon but !" n
R are not. In Fig. 2 this is graphically depicted at two

and three loops, where it is seen that the e! ect is larger at smaller$. Since the cancellations
are expected to be larger for high values ofn (where the renormalon dominates), we can
estimate ! 4(r ) by requiring that !" R

3 ($) = 0 . In general one would have :

! n ($) " $! n (1) + 2 $
n! 2#

j =0

(n ! j ) &j

& 1
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dx
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Figure 2 . Finite lighter quark mass corrections to the R-anomalous dimension at two and three
loops. The various pieces in which!" R

2 (left panel) and !" R
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separately. These pieces correspond to the terms shown in Eq. (3.23).

to be identical to the MSRn to MS matching condition :

mpole
Q ! mMSRp

Q (mq) !
!
mpole

q ! mq
"

= HQS( mq, n! ! 1, 2) . (3.22)

Therefore HQS corrections can be calculated even if the lighter quark Þnite mass e! ects have
not been computed yet, as long as the massless corrections are known. The R-anomalous
dimension is modiÞed as a consequence of the Þnite lighter quark mass :
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d! n($R)
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! 2
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j =0

(n ! j ) &j ! n! j ($R).

This equation can be integrated either numerically as it stands, or recast into a form that
factors our " QCD , as explained in Ref. [57]. Given that the O(#4

s) Þnite lighter quark mass
corrections are unknown, we will cut the sum of the second term strictly atn = 3 , even if
there are lower order! terms that contribute at n = 4 in the sum over j . Such decision
is adopted because the inclusion of such terms could overestimate the real size of that
correction if large cancellations happen. These cancellations are indeed expected since! n

are a" icted by a renormalon but !" n
R are not. In Fig. 2 this is graphically depicted at two

and three loops, where it is seen that the e! ect is larger at smaller$. Since the cancellations
are expected to be larger for high values ofn (where the renormalon dominates), we can
estimate ! 4(r ) by requiring that !" R

3 ($) = 0 . In general one would have :

! n ($) " $! n (1) + 2 $
n! 2#

j =0

(n ! j ) &j

& 1

"
dx

! n! j (x)
x2 , (3.24)
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requiring exactly

prediction for 
higher orders

satisfies           and

constraints

[VM, P.G. Ortega (2017)]

renormalon cancels among these terms

huge cancelations 
among the various 
contributions!
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MSR with          active flavors

Therefore we must integrate the quark q in the MSR mass as well

We define the                 mass as

It is smoothly matched with the               mass at 

R = mc(mc)

mMSRn (n ! =3)
b (R)

mMSRn (n ! =4)
b [R, mc(mc)]

m (n ! =5)
b (µ)

charm R-evolution

bottom R-evolution 
with charm-mass 
e! ects

MS evolution

integrate out m b

integrate out m c

µ, R = mb(mb)

VFNS-like sequence of running and matching

nc=3

nb=4

nt=5

nt+1=6

t

b

c

t

b

t

R/��

mt
pole mt

MSR(R)

mc<R<mb

mt
MSR(R)

mb<R<mt

mt(mt) mt(��)

m(��)>mt

�� QCD

mc

mb

��>mt

mt

Figure 1 . Graphical illustration of the physical contributions contained in the pole, MSR and MS
mass schemes coming from the di! erent momentum scales for the case of the top quark. The quark
loops stand for the contributions of the virtual massive quark loops contained in the masses.

Eqs. (2.4) and (2.9)). Furthermore the MSR mass depends on the arbitrary scaleR ! mQ

to describe contributions in the mass from the momenta below the scalemQ, and therefore
represents the natural extension of the concept of theMS mass for scales belowmQ.

Assuming that q1, . . . , qn are the massive quarks lighter thanQ in the order of decreas-
ing mass (i.e.mQ > m q1 > . . . > m qn > " QCD with n < n Q and n! = nQ ! n), the MSR
massmMSR

Q (R) is deÞnedby the relation

mpole
Q = mMSR

Q (R) + R
!!

n=1

an(nQ, 0)

"
! (nQ )

s (R)
4"

# n

+ mQ

$
#(q1,...,qn )

Q (r q1Q, . . . , r qn Q) + á á á+ #(qn )
Q (r qn Q)

%
, (2.12)

where the coe# cients an are given in Eqs. (2.5) and the perturbative expansion is in powers
of the strong coupling in the nQ-ßavor scheme since the quarkQ is integrated out. The
R-dependence of the strong coupling entails that the scaleR has to be chosen su# ciently
larger than " QCD to stay away from the Landau pole. The deÞnition generalizes the one
already provided in Ref. [24], which only considerednQ massless quarks.

The notation used for the virtual quark mass corrections involving the functions
#(q,q! ,... )

Q (r qQ, r q! Q, . . . ) is the same as the one for theMS mass described above, and their
sum is by construction RG-invariant. Their perturbative expansion has the form

#(q,q! ,... )
Q (r qQ, r q! Q, . . . ) = #2(r qQ)

"
! (nQ )

s (mQ)
4"

# 2

+
!!

n=3

#(q,q! ,... )
Q,n (r qQ, r q! Q, . . . )

"
! (nQ )

s (mQ)
4"

# n

, (2.13)
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Figure 4 . (a) Prediction for the O(! 4
s) virtual quark mass correction " (q)

Q, 4(r qQ) for mq ! µ ! mQ

(green bands) fornQ = n! + 1 = 5 (lower band) and nQ = n! + 1 = 4 (upper band). The black
dashed lines show the prediction forµ = mQ which gives the simple approximation formula in
Eq. (3.14). (b) The O(! 3

s) virtual quark mass correction " (q)
Q, 3(r qQ) for nQ = n! + 1 = 5 (red curve).

The green band is the prediction for " (q)
Q, 3(r qQ) using the method of panel (a) for mq ! µ ! mQ

showing excellent agreement to the exact result within errors.

in Fig. 3) thus conÞrms that the known O(! 2
s) and O(! 3

s) self energy corrections coming
from virtual quark masses are already dominated by their large order asymptotic behavior.

From the observations that the series for"m(t! b)
b,c (mb, mc) and "m(b! c)

c (mc) converge
very well and that their O(! 3

s) corrections amount to only about 1 MeV, we can therefore
expect that the two types of corrections that enter "m(t! b)

b,c (mb, mc) as well as"m(b! c)
c (mc)

agree to even better than 1 MeV atO(! 4
s) and beyond. This allows us to make an approx-

imate prediction for the yet uncalculated O(! 4
s) Þnite mass corrections from virtual loops

of quark q in the pole-MS mass relations of quarkQ of Eqs. (2.4) and (2.9) by setting the
O(! 4

s) correction in "m(Q! q)
q (mq) to zero:

" (q)
Q,4(r qQ) (3.12)

" r qQ

!

" (q)
q,4(1) +

"
6#(nQ )

0 " (q)
q,3(1) + 4 #(nQ )

1 "2(1)
#

ln
$

µ
mq

%
+ 12 "2(1)

$
#(nQ )

0 ln
$

µ
mq

%%2
&

#
"

6#(nQ )
0 " (q)

Q,3(r qQ) + 4 #(nQ )
1 "2(r qQ)

#
ln

$
µ

mQ

%
# 12"2(r qQ)

$
#(nQ )

0 ln
$

µ
mQ

%%2

.

The prediction has a residualµ-dependence, which would vanish in the formal limit that
the virtual quark q mass corrections are entirely dominated by their large order asymptotic
behavior. Therefore the dependence on the scaleµ can be used as an uncertainty estimate
of our approximation.

In Fig. 4(a) we show the prediction for " (q)
Q,4(r qQ) for mq ! µ ! mQ (green bands) for

nQ = nq + 1 = n! + 1 = 5 (lower band) and nQ = nq + 1 = n! + 1 = 4 (upper band). The
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agree to even better than 1 MeV atO(! 4
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of quark q in the pole-MS mass relations of quarkQ of Eqs. (2.4) and (2.9) by setting the
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s) correction in "m(Q! q)
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the virtual quark q mass corrections are entirely dominated by their large order asymptotic
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of our approximation.
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Different aims lead to slightly different versions of the MSR mass

For all practical purposes can be considered identical
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Identical matching to MS mass at 
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Analysis



Scale variation and 
charm mass dependence



Scale dependence investigation
“Popular” scheme choices in the literature MS
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RS mass (Pineda): no smooth transition to 
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[Ayala, Czvetic, Pineda (2016)]
Our choice: MSR mass (either version)
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“Popular” scale variations in the literature: Independent scale variation (one at a time) 
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[Brambilla, Vairo, Sumino]Principle of minimal sensitivity

Independent scale variation (one at a time) 
[Ayala, Czvetic, Pineda (2016)]

Take the scale at maximum or minimum, double that scale to estimate uncertainties

Results in ranges that cover relativistic scales. Renders small perturbative uncertainties.
Not defined at all orders. Large dependence on order and quantum numbers other than n. 

Our choice: MSR mass (either version)



Scale variation should (only) depend on the principal quantum number n, since the 
argument of perturbative logs depends on n (but not on other numbers)

It should also depend on bottomonium vs charmonium

Should not depend on the perturbative order

Scale dependence investigation



(µnat ± ! µ) !
2± ! CF ! (n ! )

s (µ)mQ

n
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Scale dependence investigation

Our criterion: argument of logs 
should vary between 2± !
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We take              but extend the upper limit to 4 GeV (similar to scale variation in 
relativistic sum rules [Dehnadi, Hoang, Mateu (2013, 2015)]

Scale variation should (only) depend on the principal quantum number n, since the 
argument of perturbative logs depends on n (but not on other numbers)

It should also depend on bottomonium vs charmonium

Should not depend on the perturbative order
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Scale dependence investigation

Our criterion: argument of logs 
should vary between 2± !
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µn =1 ! 1.9+1 .6
! 0.4 GeV
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µn =2 ! 1.25± 0.25 GeV
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We take              but extend the upper limit to 4 GeV (similar to scale variation in 
relativistic sum rules [Dehnadi, Hoang, Mateu (2013, 2015)]
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Scale variation should (only) depend on the principal quantum number n, since the 
argument of perturbative logs depends on n (but not on other numbers)

It should also depend on bottomonium vs charmonium

Should not depend on the perturbative order
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Scale dependence investigation

Our criterion: argument of logs 
should vary between 2± !
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For n = 3 one gets a lower scale below 1GeV.  It seems no scale choice can make the 
perturbative series both convergent and compatible.
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<latexit sha1_base64="FQ+bBvQ8mpuHKjqsVwReRzbT8GY=">AAACQXicbZC7TsMwFIadcivl1sLIYqiQGFCUoCJYkCpYGItEL6KNKsdxWlPHiWyntIr6FqzwMjwFj8CGWFlwmwzQ9kiWPv2/j33O70aMSmVZH0ZuZXVtfSO/Wdja3tndK5b2GzKMBSZ1HLJQtFwkCaOc1BVVjLQiQVDgMtJ0B7dTvzkkQtKQP6hxRJwA9Tj1KUZKS4+dqE/hNbTMi26xbJnWrOAi2BmUQVa1bsk46nghjgPCFWZIyrZtRcpJkFAUMzIpdGJJIoQHqEfaGjkKiHSS2cgTeKIVD/qh0IcrOFOXdpx5QxrJFOWwl4JCej8nGaWP/e1L0Cj0BHquPM3JgZTjwNUfB0j15bw3FZd57Vj5V05CeRQrwnE6tx8zqEI4jRN6VBCs2FgDwoLq1SHuI4Gw0qEXdKj2fISL0Dg3bcu07yvl6k0Wbx4cgmNwCmxwCargDtRAHWDAwQt4BW/Gu/FpfBnf6dWckfUcgH9l/PwCtTavyA==</latexit><latexit sha1_base64="FQ+bBvQ8mpuHKjqsVwReRzbT8GY=">AAACQXicbZC7TsMwFIadcivl1sLIYqiQGFCUoCJYkCpYGItEL6KNKsdxWlPHiWyntIr6FqzwMjwFj8CGWFlwmwzQ9kiWPv2/j33O70aMSmVZH0ZuZXVtfSO/Wdja3tndK5b2GzKMBSZ1HLJQtFwkCaOc1BVVjLQiQVDgMtJ0B7dTvzkkQtKQP6hxRJwA9Tj1KUZKS4+dqE/hNbTMi26xbJnWrOAi2BmUQVa1bsk46nghjgPCFWZIyrZtRcpJkFAUMzIpdGJJIoQHqEfaGjkKiHSS2cgTeKIVD/qh0IcrOFOXdpx5QxrJFOWwl4JCej8nGaWP/e1L0Cj0BHquPM3JgZTjwNUfB0j15bw3FZd57Vj5V05CeRQrwnE6tx8zqEI4jRN6VBCs2FgDwoLq1SHuI4Gw0qEXdKj2fISL0Dg3bcu07yvl6k0Wbx4cgmNwCmxwCargDtRAHWDAwQt4BW/Gu/FpfBnf6dWckfUcgH9l/PwCtTavyA==</latexit><latexit sha1_base64="FQ+bBvQ8mpuHKjqsVwReRzbT8GY=">AAACQXicbZC7TsMwFIadcivl1sLIYqiQGFCUoCJYkCpYGItEL6KNKsdxWlPHiWyntIr6FqzwMjwFj8CGWFlwmwzQ9kiWPv2/j33O70aMSmVZH0ZuZXVtfSO/Wdja3tndK5b2GzKMBSZ1HLJQtFwkCaOc1BVVjLQiQVDgMtJ0B7dTvzkkQtKQP6hxRJwA9Tj1KUZKS4+dqE/hNbTMi26xbJnWrOAi2BmUQVa1bsk46nghjgPCFWZIyrZtRcpJkFAUMzIpdGJJIoQHqEfaGjkKiHSS2cgTeKIVD/qh0IcrOFOXdpx5QxrJFOWwl4JCej8nGaWP/e1L0Cj0BHquPM3JgZTjwNUfB0j15bw3FZd57Vj5V05CeRQrwnE6tx8zqEI4jRN6VBCs2FgDwoLq1SHuI4Gw0qEXdKj2fISL0Dg3bcu07yvl6k0Wbx4cgmNwCmxwCargDtRAHWDAwQt4BW/Gu/FpfBnf6dWckfUcgH9l/PwCtTavyA==</latexit><latexit sha1_base64="FQ+bBvQ8mpuHKjqsVwReRzbT8GY=">AAACQXicbZC7TsMwFIadcivl1sLIYqiQGFCUoCJYkCpYGItEL6KNKsdxWlPHiWyntIr6FqzwMjwFj8CGWFlwmwzQ9kiWPv2/j33O70aMSmVZH0ZuZXVtfSO/Wdja3tndK5b2GzKMBSZ1HLJQtFwkCaOc1BVVjLQiQVDgMtJ0B7dTvzkkQtKQP6hxRJwA9Tj1KUZKS4+dqE/hNbTMi26xbJnWrOAi2BmUQVa1bsk46nghjgPCFWZIyrZtRcpJkFAUMzIpdGJJIoQHqEfaGjkKiHSS2cgTeKIVD/qh0IcrOFOXdpx5QxrJFOWwl4JCej8nGaWP/e1L0Cj0BHquPM3JgZTjwNUfB0j15bw3FZd57Vj5V05CeRQrwnE6tx8zqEI4jRN6VBCs2FgDwoLq1SHuI4Gw0qEXdKj2fISL0Dg3bcu07yvl6k0Wbx4cgmNwCmxwCargDtRAHWDAwQt4BW/Gu/FpfBnf6dWckfUcgH9l/PwCtTavyA==</latexit>

We take              but extend the upper limit to 4 GeV (similar to scale variation in 
relativistic sum rules [Dehnadi, Hoang, Mateu (2013, 2015)]

Scale variation should (only) depend on the principal quantum number n, since the 
argument of perturbative logs depends on n (but not on other numbers)

It should also depend on bottomonium vs charmonium

Should not depend on the perturbative order
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n
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Scale dependence investigation

Our criterion: argument of logs 
should vary between 2± !
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1.2 GeV ! µcharm ! 4 GeV
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For charm this criterion renders the lower scale below 1GeV. However the following 
choice                                    makes for a convergent and compatible perturbative series
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We take              but extend the upper limit to 4 GeV (similar to scale variation in 
relativistic sum rules [Dehnadi, Hoang, Mateu (2013, 2015)]

! = 0 .5
<latexit sha1_base64="FQ+bBvQ8mpuHKjqsVwReRzbT8GY=">AAACQXicbZC7TsMwFIadcivl1sLIYqiQGFCUoCJYkCpYGItEL6KNKsdxWlPHiWyntIr6FqzwMjwFj8CGWFlwmwzQ9kiWPv2/j33O70aMSmVZH0ZuZXVtfSO/Wdja3tndK5b2GzKMBSZ1HLJQtFwkCaOc1BVVjLQiQVDgMtJ0B7dTvzkkQtKQP6hxRJwA9Tj1KUZKS4+dqE/hNbTMi26xbJnWrOAi2BmUQVa1bsk46nghjgPCFWZIyrZtRcpJkFAUMzIpdGJJIoQHqEfaGjkKiHSS2cgTeKIVD/qh0IcrOFOXdpx5QxrJFOWwl4JCej8nGaWP/e1L0Cj0BHquPM3JgZTjwNUfB0j15bw3FZd57Vj5V05CeRQrwnE6tx8zqEI4jRN6VBCs2FgDwoLq1SHuI4Gw0qEXdKj2fISL0Dg3bcu07yvl6k0Wbx4cgmNwCmxwCargDtRAHWDAwQt4BW/Gu/FpfBnf6dWckfUcgH9l/PwCtTavyA==</latexit><latexit sha1_base64="FQ+bBvQ8mpuHKjqsVwReRzbT8GY=">AAACQXicbZC7TsMwFIadcivl1sLIYqiQGFCUoCJYkCpYGItEL6KNKsdxWlPHiWyntIr6FqzwMjwFj8CGWFlwmwzQ9kiWPv2/j33O70aMSmVZH0ZuZXVtfSO/Wdja3tndK5b2GzKMBSZ1HLJQtFwkCaOc1BVVjLQiQVDgMtJ0B7dTvzkkQtKQP6hxRJwA9Tj1KUZKS4+dqE/hNbTMi26xbJnWrOAi2BmUQVa1bsk46nghjgPCFWZIyrZtRcpJkFAUMzIpdGJJIoQHqEfaGjkKiHSS2cgTeKIVD/qh0IcrOFOXdpx5QxrJFOWwl4JCej8nGaWP/e1L0Cj0BHquPM3JgZTjwNUfB0j15bw3FZd57Vj5V05CeRQrwnE6tx8zqEI4jRN6VBCs2FgDwoLq1SHuI4Gw0qEXdKj2fISL0Dg3bcu07yvl6k0Wbx4cgmNwCmxwCargDtRAHWDAwQt4BW/Gu/FpfBnf6dWckfUcgH9l/PwCtTavyA==</latexit><latexit sha1_base64="FQ+bBvQ8mpuHKjqsVwReRzbT8GY=">AAACQXicbZC7TsMwFIadcivl1sLIYqiQGFCUoCJYkCpYGItEL6KNKsdxWlPHiWyntIr6FqzwMjwFj8CGWFlwmwzQ9kiWPv2/j33O70aMSmVZH0ZuZXVtfSO/Wdja3tndK5b2GzKMBSZ1HLJQtFwkCaOc1BVVjLQiQVDgMtJ0B7dTvzkkQtKQP6hxRJwA9Tj1KUZKS4+dqE/hNbTMi26xbJnWrOAi2BmUQVa1bsk46nghjgPCFWZIyrZtRcpJkFAUMzIpdGJJIoQHqEfaGjkKiHSS2cgTeKIVD/qh0IcrOFOXdpx5QxrJFOWwl4JCej8nGaWP/e1L0Cj0BHquPM3JgZTjwNUfB0j15bw3FZd57Vj5V05CeRQrwnE6tx8zqEI4jRN6VBCs2FgDwoLq1SHuI4Gw0qEXdKj2fISL0Dg3bcu07yvl6k0Wbx4cgmNwCmxwCargDtRAHWDAwQt4BW/Gu/FpfBnf6dWckfUcgH9l/PwCtTavyA==</latexit><latexit sha1_base64="FQ+bBvQ8mpuHKjqsVwReRzbT8GY=">AAACQXicbZC7TsMwFIadcivl1sLIYqiQGFCUoCJYkCpYGItEL6KNKsdxWlPHiWyntIr6FqzwMjwFj8CGWFlwmwzQ9kiWPv2/j33O70aMSmVZH0ZuZXVtfSO/Wdja3tndK5b2GzKMBSZ1HLJQtFwkCaOc1BVVjLQiQVDgMtJ0B7dTvzkkQtKQP6hxRJwA9Tj1KUZKS4+dqE/hNbTMi26xbJnWrOAi2BmUQVa1bsk46nghjgPCFWZIyrZtRcpJkFAUMzIpdGJJIoQHqEfaGjkKiHSS2cgTeKIVD/qh0IcrOFOXdpx5QxrJFOWwl4JCej8nGaWP/e1L0Cj0BHquPM3JgZTjwNUfB0j15bw3FZd57Vj5V05CeRQrwnE6tx8zqEI4jRN6VBCs2FgDwoLq1SHuI4Gw0qEXdKj2fISL0Dg3bcu07yvl6k0Wbx4cgmNwCmxwCargDtRAHWDAwQt4BW/Gu/FpfBnf6dWckfUcgH9l/PwCtTavyA==</latexit>

Scale variation should (only) depend on the principal quantum number n, since the 
argument of perturbative logs depends on n (but not on other numbers)

It should also depend on bottomonium vs charmonium

Should not depend on the perturbative order



Charm mass dependence
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This confirms that the (nl - 1) scheme is the most 
accurate to describe finite charm quark mass effect

non-infinite charm 
quark mass correction

non-zero charm quark mass correction



Perturbative 
correlations



Perturbative correlations
Perturbative uncertainties highly correlate quarkonium masses, since

1. All masses are determined from the same static potential ("  dependence)
2. Same quark mass for all bound sates (R dependence)



Perturbative correlations
Perturbative uncertainties highly correlate quarkonium masses, since

1. All masses are determined from the same static potential ("  dependence)
2. Same quark mass for all bound sates (R dependence)

But for different values of n we use different scale variation           linear rescaling

µ2(µ) = µ, R2(R) = R
<latexit sha1_base64="r128Kg1G0JATmRIV+1VqWB+GzMA="></latexit><latexit sha1_base64="r128Kg1G0JATmRIV+1VqWB+GzMA="></latexit><latexit sha1_base64="r128Kg1G0JATmRIV+1VqWB+GzMA="></latexit><latexit sha1_base64="r128Kg1G0JATmRIV+1VqWB+GzMA="></latexit>

µ1,3(µ) = 1 .5 GeV + 2.5 (µ ! 1 GeV)/ 3
<latexit sha1_base64="XpnpGVmnqUMtx8E1v/Dx5/rxsNE="></latexit><latexit sha1_base64="XpnpGVmnqUMtx8E1v/Dx5/rxsNE="></latexit><latexit sha1_base64="XpnpGVmnqUMtx8E1v/Dx5/rxsNE="></latexit><latexit sha1_base64="XpnpGVmnqUMtx8E1v/Dx5/rxsNE="></latexit>

R1,3(µ) = 1 .5 GeV + 2.5 (R ! 1 GeV)/ 3
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,

1 GeV ! µ, R ! 4 GeV
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Perturbative correlations

Perturbative covariance matrix approach: severely affected by D’Agostini bias

We make our      function depend on (" , R) and scan on the range shown above 

Perturbative uncertainties highly correlate quarkonium masses, since

1. All masses are determined from the same static potential ("  dependence)
2. Same quark mass for all bound sates (R dependence)

But for different values of n we use different scale variation           linear rescaling

µ2(µ) = µ, R2(R) = R
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µ1,3(µ) = 1 .5 GeV + 2.5 (µ ! 1 GeV)/ 3
<latexit sha1_base64="XpnpGVmnqUMtx8E1v/Dx5/rxsNE="></latexit><latexit sha1_base64="XpnpGVmnqUMtx8E1v/Dx5/rxsNE="></latexit><latexit sha1_base64="XpnpGVmnqUMtx8E1v/Dx5/rxsNE="></latexit><latexit sha1_base64="XpnpGVmnqUMtx8E1v/Dx5/rxsNE="></latexit>

R1,3(µ) = 1 .5 GeV + 2.5 (R ! 1 GeV)/ 3
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,

1 GeV ! µ, R ! 4 GeV
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! 2
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! 2(mQ , µ, R) =
!

i

"
M exp

i ! M pert
i (µ, R, mQ )
" exp

i
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Perturbative correlations

Perturbative covariance matrix approach: severely affected by D’Agostini bias

We make our      function depend on (" , R) and scan on the range shown above 

Perturbative uncertainties highly correlate quarkonium masses, since

1. All masses are determined from the same static potential ("  dependence)
2. Same quark mass for all bound sates (R dependence)

But for different values of n we use different scale variation           linear rescaling

µ2(µ) = µ, R2(R) = R
<latexit sha1_base64="r128Kg1G0JATmRIV+1VqWB+GzMA="></latexit><latexit sha1_base64="r128Kg1G0JATmRIV+1VqWB+GzMA="></latexit><latexit sha1_base64="r128Kg1G0JATmRIV+1VqWB+GzMA="></latexit><latexit sha1_base64="r128Kg1G0JATmRIV+1VqWB+GzMA="></latexit>

µ1,3(µ) = 1 .5 GeV + 2.5 (µ ! 1 GeV)/ 3
<latexit sha1_base64="XpnpGVmnqUMtx8E1v/Dx5/rxsNE="></latexit><latexit sha1_base64="XpnpGVmnqUMtx8E1v/Dx5/rxsNE="></latexit><latexit sha1_base64="XpnpGVmnqUMtx8E1v/Dx5/rxsNE="></latexit><latexit sha1_base64="XpnpGVmnqUMtx8E1v/Dx5/rxsNE="></latexit>

R1,3(µ) = 1 .5 GeV + 2.5 (R ! 1 GeV)/ 3
<latexit sha1_base64="eiCZXCxje8wsxcuMsZcvSkroMgE="></latexit><latexit sha1_base64="eiCZXCxje8wsxcuMsZcvSkroMgE="></latexit><latexit sha1_base64="eiCZXCxje8wsxcuMsZcvSkroMgE="></latexit><latexit sha1_base64="eiCZXCxje8wsxcuMsZcvSkroMgE="></latexit>

,

1 GeV ! µ, R ! 4 GeV
<latexit sha1_base64="mMYGkRdckn27laEujShqMDjDxnM="></latexit><latexit sha1_base64="mMYGkRdckn27laEujShqMDjDxnM="></latexit><latexit sha1_base64="mMYGkRdckn27laEujShqMDjDxnM="></latexit><latexit sha1_base64="mMYGkRdckn27laEujShqMDjDxnM="></latexit>

! 2
<latexit sha1_base64="3rLaen0y69XV5mvDe8wMt03bkYg=">AAACPXicbZDLTgIxFIZbvCHeQJduqsTEhSEzhESXRDcuMZFLAiPpdAoUOp1J20HIhHdwqy/jc/gA7oxbtxZmFgqcpMmX/+9pz/ndkDOlLesDZjY2t7Z3sru5vf2Dw6N84bihgkgSWicBD2TLxYpyJmhdM81pK5QU+y6nTXd0N/ebYyoVC8SjnobU8XFfsB4jWBup0SED9lTu5otWyVoUWgU7hSJIq9YtwLOOF5DIp0ITjpVq21aonRhLzQins1wnUjTEZIT7tG1QYJ8qJ16MO0MXRvFQL5DmCI0W6tqOK2/MQpWgGvcT0Njs5sST5LG/fTGeBJ7Ez5XhkuwrNfVd87GP9UAte3NxndeOdO/GiZkII00FSebuRRzpAM2jRB6TlGg+NYCJZGZ1RAZYYqJN4DkTqr0c4So0yiXbKtkPlWL1No03C07BObgENrgGVXAPaqAOCBiCF/AK3uA7/IRf8Du5moFpzwn4V/DnFxWTrxM=</latexit><latexit sha1_base64="3rLaen0y69XV5mvDe8wMt03bkYg=">AAACPXicbZDLTgIxFIZbvCHeQJduqsTEhSEzhESXRDcuMZFLAiPpdAoUOp1J20HIhHdwqy/jc/gA7oxbtxZmFgqcpMmX/+9pz/ndkDOlLesDZjY2t7Z3sru5vf2Dw6N84bihgkgSWicBD2TLxYpyJmhdM81pK5QU+y6nTXd0N/ebYyoVC8SjnobU8XFfsB4jWBup0SED9lTu5otWyVoUWgU7hSJIq9YtwLOOF5DIp0ITjpVq21aonRhLzQins1wnUjTEZIT7tG1QYJ8qJ16MO0MXRvFQL5DmCI0W6tqOK2/MQpWgGvcT0Njs5sST5LG/fTGeBJ7Ez5XhkuwrNfVd87GP9UAte3NxndeOdO/GiZkII00FSebuRRzpAM2jRB6TlGg+NYCJZGZ1RAZYYqJN4DkTqr0c4So0yiXbKtkPlWL1No03C07BObgENrgGVXAPaqAOCBiCF/AK3uA7/IRf8Du5moFpzwn4V/DnFxWTrxM=</latexit><latexit sha1_base64="3rLaen0y69XV5mvDe8wMt03bkYg=">AAACPXicbZDLTgIxFIZbvCHeQJduqsTEhSEzhESXRDcuMZFLAiPpdAoUOp1J20HIhHdwqy/jc/gA7oxbtxZmFgqcpMmX/+9pz/ndkDOlLesDZjY2t7Z3sru5vf2Dw6N84bihgkgSWicBD2TLxYpyJmhdM81pK5QU+y6nTXd0N/ebYyoVC8SjnobU8XFfsB4jWBup0SED9lTu5otWyVoUWgU7hSJIq9YtwLOOF5DIp0ITjpVq21aonRhLzQins1wnUjTEZIT7tG1QYJ8qJ16MO0MXRvFQL5DmCI0W6tqOK2/MQpWgGvcT0Njs5sST5LG/fTGeBJ7Ez5XhkuwrNfVd87GP9UAte3NxndeOdO/GiZkII00FSebuRRzpAM2jRB6TlGg+NYCJZGZ1RAZYYqJN4DkTqr0c4So0yiXbKtkPlWL1No03C07BObgENrgGVXAPaqAOCBiCF/AK3uA7/IRf8Du5moFpzwn4V/DnFxWTrxM=</latexit><latexit sha1_base64="3rLaen0y69XV5mvDe8wMt03bkYg=">AAACPXicbZDLTgIxFIZbvCHeQJduqsTEhSEzhESXRDcuMZFLAiPpdAoUOp1J20HIhHdwqy/jc/gA7oxbtxZmFgqcpMmX/+9pz/ndkDOlLesDZjY2t7Z3sru5vf2Dw6N84bihgkgSWicBD2TLxYpyJmhdM81pK5QU+y6nTXd0N/ebYyoVC8SjnobU8XFfsB4jWBup0SED9lTu5otWyVoUWgU7hSJIq9YtwLOOF5DIp0ITjpVq21aonRhLzQins1wnUjTEZIT7tG1QYJ8qJ16MO0MXRvFQL5DmCI0W6tqOK2/MQpWgGvcT0Njs5sST5LG/fTGeBJ7Ez5XhkuwrNfVd87GP9UAte3NxndeOdO/GiZkII00FSebuRRzpAM2jRB6TlGg+NYCJZGZ1RAZYYqJN4DkTqr0c4So0yiXbKtkPlWL1No03C07BObgENrgGVXAPaqAOCBiCF/AK3uA7/IRf8Du5moFpzwn4V/DnFxWTrxM=</latexit>

! 2(mQ , µ, R) =
!

i

"
M exp

i ! M pert
i (µ, R, mQ )
" exp

i

# 2

<latexit sha1_base64="KRuV7pL/YlA51KWyv6LCq2RkQ1c="></latexit><latexit sha1_base64="KRuV7pL/YlA51KWyv6LCq2RkQ1c="></latexit><latexit sha1_base64="KRuV7pL/YlA51KWyv6LCq2RkQ1c="></latexit><latexit sha1_base64="KRuV7pL/YlA51KWyv6LCq2RkQ1c="></latexit>

This approach correctly propagates the theoretical correlations and avoids de bias

We also vary the strong coupling constant and the charm (bottom) mass for 
bottomonium (charmonium)



Fits to data



Different data sets
Bottomonium

1. Setn =1 = { ! b(1S), ! (1S) } .

2. Setn =2 = { " b0(1P), " b1(1P), hb(1P), " b2(1P), ! b(2S), ! (2S) } .

3. Setn =3 = { ! (1D), " b0(2P), " b1(2P), hb(2P), " b2(2P), ! (3S) } .

4. SetL = P = { " b0(1P), " b1(1P), hb(1P), " b2(1P) } .

5. Setn ! 2 = Setn =1 ! Setn =2 .

6. Setn ! 3 = Setn =1 ! Setn =2 ! Setn =3 .
<latexit sha1_base64="0zlgmXL3hp30y1iI9e48XxN7h8U="></latexit><latexit sha1_base64="0zlgmXL3hp30y1iI9e48XxN7h8U="></latexit><latexit sha1_base64="0zlgmXL3hp30y1iI9e48XxN7h8U="></latexit><latexit sha1_base64="0zlgmXL3hp30y1iI9e48XxN7h8U="></latexit>

+ determinations from individual states



Different data sets
Bottomonium

1. Setn =1 = { ! b(1S), ! (1S) } .

2. Setn =2 = { " b0(1P), " b1(1P), hb(1P), " b2(1P), ! b(2S), ! (2S) } .

3. Setn =3 = { ! (1D), " b0(2P), " b1(2P), hb(2P), " b2(2P), ! (3S) } .

4. SetL = P = { " b0(1P), " b1(1P), hb(1P), " b2(1P) } .

5. Setn ! 2 = Setn =1 ! Setn =2 .

6. Setn ! 3 = Setn =1 ! Setn =2 ! Setn =3 .
<latexit sha1_base64="0zlgmXL3hp30y1iI9e48XxN7h8U="></latexit><latexit sha1_base64="0zlgmXL3hp30y1iI9e48XxN7h8U="></latexit><latexit sha1_base64="0zlgmXL3hp30y1iI9e48XxN7h8U="></latexit><latexit sha1_base64="0zlgmXL3hp30y1iI9e48XxN7h8U="></latexit>

Charmonium

! c(1S), J/ " (1S)
<latexit sha1_base64="bkk6g5ARgF1e1i5WtFL2FW5qz5A="></latexit><latexit sha1_base64="bkk6g5ARgF1e1i5WtFL2FW5qz5A="></latexit><latexit sha1_base64="bkk6g5ARgF1e1i5WtFL2FW5qz5A="></latexit><latexit sha1_base64="bkk6g5ARgF1e1i5WtFL2FW5qz5A="></latexit>

+ determinations from individual states

+ determinations from individual states
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Results for bottom and charm



Dependence with ! s
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Results for bottom and charm
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Comparison to data



Final results

mc(mc) = 1 .273± 0.0005exp ± 0.054pert ± 0.006! s ± 0.0001m b GeV

= 1 .273± 0.054 GeV,
<latexit sha1_base64="+wPAF+Z3IMBMEa/aGinUl0UdWoI="></latexit><latexit sha1_base64="+wPAF+Z3IMBMEa/aGinUl0UdWoI="></latexit><latexit sha1_base64="+wPAF+Z3IMBMEa/aGinUl0UdWoI="></latexit><latexit sha1_base64="+wPAF+Z3IMBMEa/aGinUl0UdWoI="></latexit>

mb(mb) = 4 .216± 0.009exp ± 0.034pert ± 0.017! s ± 0.0008m c GeV

= 4 .216± 0.039 GeV
<latexit sha1_base64="P6kJ/lnW6LvIhfwPzTxWorXE+FI="></latexit><latexit sha1_base64="P6kJ/lnW6LvIhfwPzTxWorXE+FI="></latexit><latexit sha1_base64="P6kJ/lnW6LvIhfwPzTxWorXE+FI="></latexit><latexit sha1_base64="P6kJ/lnW6LvIhfwPzTxWorXE+FI="></latexit>

Estimate uncertainty from non-perturbative corrections comparing fits from various 
datasets

Estimate uncertainty from missing finite charm mass effects by comparing fits in nl 
and nl - 1 schemes

Results in MSRn and MSRp schemes nearly identical



Final results

mc(mc) = 1 .273± 0.0005exp ± 0.054pert ± 0.006! s ± 0.0001m b GeV

= 1 .273± 0.054 GeV,
<latexit sha1_base64="+wPAF+Z3IMBMEa/aGinUl0UdWoI="></latexit><latexit sha1_base64="+wPAF+Z3IMBMEa/aGinUl0UdWoI="></latexit><latexit sha1_base64="+wPAF+Z3IMBMEa/aGinUl0UdWoI="></latexit><latexit sha1_base64="+wPAF+Z3IMBMEa/aGinUl0UdWoI="></latexit>

mb(mb) = 4 .216± 0.009exp ± 0.034pert ± 0.017! s ± 0.0008m c GeV

= 4 .216± 0.039 GeV
<latexit sha1_base64="P6kJ/lnW6LvIhfwPzTxWorXE+FI="></latexit><latexit sha1_base64="P6kJ/lnW6LvIhfwPzTxWorXE+FI="></latexit><latexit sha1_base64="P6kJ/lnW6LvIhfwPzTxWorXE+FI="></latexit><latexit sha1_base64="P6kJ/lnW6LvIhfwPzTxWorXE+FI="></latexit>

mb(mb) = 4 .219 ± 0.0002exp ± 0.062pert GeV ,

! (n f =5)
s (mZ ) = 0 .1178± 0.00001exp ± 0.0050pert .

<latexit sha1_base64="/+jqRg1O7mOJdMVhqtmOXcgauIc="></latexit><latexit sha1_base64="/+jqRg1O7mOJdMVhqtmOXcgauIc="></latexit><latexit sha1_base64="/+jqRg1O7mOJdMVhqtmOXcgauIc="></latexit><latexit sha1_base64="/+jqRg1O7mOJdMVhqtmOXcgauIc="></latexit>

Simultaneous determination

Very strong correlation between these two parameters
If correlation broken, competitive ! s possible

Estimate uncertainty from non-perturbative corrections comparing fits from various 
datasets

Estimate uncertainty from missing finite charm mass effects by comparing fits in nl 
and nl - 1 schemes

Results in MSRn and MSRp schemes nearly identical
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It appears that non-relativistic analyses yield 
large values for the bottom mass as compared 
to the world average

Same statement does not hold true 
for charm mass

Comparison to other determinations
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the bottom mass for a wide range. We keep mc = 0 and ! s(1.3 GeV) fixed.

The relation between the MSR mass at any R value and 
the Cornell mass parameter is linear with slope = 1.

We generate perturbative uncertainties adapting 
our scale variation to a variable bottom mass

The Cornell model parameters are fit to the QCD 
predictions. Perturbative uncertainties propagated 
with a scan on scales

Cornell model is solved numerically with the 
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Simple idea: can I relate the Cornell model parameters with QCD parameters?

Strategy: generate QCD predictions for bottomonium masses up to n = 2 and scan over 
the bottom mass for a wide range. We keep mc = 0 and ! s(1.3 GeV) fixed.

We generate perturbative uncertainties adapting 
our scale variation to a variable bottom mass

The Cornell model parameters are fit to the QCD 
predictions. Perturbative uncertainties propagated 
with a scan on scales

Cornell model is solved numerically with the 
Numerov algorithm

The relation between the MSR mass at any R value and 
the Cornell mass parameter is linear with slope = 1.

If we choose R = 1GeV the intersect is very close to 
zero, and fully compatible with zero within errors.
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Conclusions



Conclusions
Quarkonia masses are a good place to determine the quark 

masses with high precision. 

Employing a low-scale short-distance mass as the MSR is 

crucial to cancel de renormalon and avoid large logs. 

Charm mass effects in bottomonium are close to the decoupling 

limit: integrate out charm and add power corrections 

Effects from massive lighter quarks must then be incorporated 

into MSR mass, and the lighter quark can be integrated out. 

Very precise bottom mass determination, charm also good. 

This setup can be used to calibrate quark models such as 

Cornell


