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HVP contribution to (g - 2),
from lattice QCD

including electromagnetic corrections

* motivations

* application of the RM123 approach to the evaluation of the e.m. and isospin breaking
corrections to a,HVP

* results for the strange and charm contributions (connected diagrams only) and preliminary
results for the light contribution
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motivations

* the muon magnetic anomaly a, = (g - 2) / 2 1s measured to 0.5 ppm [Muon G-2 Coll. ’06]
* within the SM a,, is known to 0.4 ppm [PDG ’16]
* tension with SM prediction at ~ 3.5 standard deviations:

a;®—a," =(27.6+80)-10" [Muon G-2 Coll. '06]
=(28.8+8.0)-10™"° [PDG '16]

* future experiments at FermilLab [E989] and J-PARC (E34) aim at a target precision of ~ 2 10-10

ultra cold muon beam (JPARC)
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HVP:

H o

-_)"\j'\_, —~— )

HLbL:
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* largest uncertainties from Hadronic Vacuum Polarization (HVP) and Hadronic Light by Light (HLbL)

dispersion theory combined
with data on e*e- — hadrons

HVP (.2
a" (ol,)

(6923+42)-10™"° [Davieretal.'11]
=(694.9+4.3)-10™"° [Hagiwaraetal.'l1]

HLbL __

w1 =(105£2.6)-10"" [Hagiwaraetal.'l1, PDG '16]

0 /
. . )
1mportant processes like ‘v y 1151

.
&
> >

* dispersion formalism much more involved for HLbL
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A /@ A =—>> §a"" ~(39£0.1)-10™"

estimate in scalar QED [Melnikov *01]
self-energy exchange

HVP( ) but taken into account in the experimental determination of aHVP (oc2 )

em

usually not included in a

[mainly e'e” > w7 7y]

™ (02,)" =(-9.84£0.07)-107"
NOTE: HLbL -10
(10.5+2.6)-10

u

(0.7£2.6)-107"° [Hagiwaraetal.'ll,PDG '16]
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wiek Jattice QCD calculations of a,, (afm) and da,"are mandatory **#*

* several lattice QCD calculations of a)'* (o2, ) are available: RBC/UKQCD, HPQCD, ETMC, ..

u

* no lattice results available for the e.m. corrections to the HVP oa, VP

* during the last few years the issue of the electromagnetic corrections to hadron observables has been
addressed on the lattice:

- hadron spectrum [BMW, RM123, RBC/UKQCD]: no IR divergencies (various techniques)

- leptonic hadron decays [RM123 + Soton PRD ’15]: presence of IR divergencies

*EEEE first application of the RM123 approach to the IB corrections for a, HVP ¥

the RM 123 approach is based on a double expansion in the “small” parameters Qlem and (md - mu)
~ 1% [JHEP ’12, PRD ’13]

only isospin-symmetric QCD gauge configurations are required
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master formula

o =aai Jag L & |[ne?) o]

u u

O = Euclidean 4-momentum

1\/ s (Va+s—+s
445\ Ja+s+s

H(Q2 ) = HVP form factor appearing in the covariant decomposition of the HVP tensor:

2
kinematical kernel:  f(s) ] peaked at s =/5 -2 =0.24

A

M,,(0)= [d'x¢? (1,(x)7,(0))=[6,0°-0,0,]11(0")

f=u.d,s,c,.. [Bernecker&Meyer EPJA ’11]

vit)= % )3 J‘df (J,(%,¢)J,(0)) = vector correlator \
i=1,2,3 .

calculable on
the lattice
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* hybrid method: lattice evaluation of the HVP form factor I1(Q?) as FT (periodic momenta)
- low QZ2: parameterization using lattice data (Padé approximants, conformal polynomials, VMD, ...)

- mid Q?Z: direct integration of the lattice data in Q2 ETMC ’14, RBC/UKQCD 16,
HPQCD ’14 and ’16, CLS ’17...

- high Q2: matching with pQCD

* alternatively, the sine-cardinal method: direct FT at arbitrary Q [exp. suppressed finite-T effects]
RBC/UKQCD 16

* time moments [HPQCD ’14]

- HVP form factor I1(Q?) reconstructed from the time behavior of the vector correlator V(t)
2 2j
11(?)-11(0)= 3 11, 0*
j=1

V2j+2
(2j+2)!

V, ., =a* Y V(1)

. =(-)"

J

- few moments (j<4) and Padé€ approximants
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time-momentum representation

aﬁvp = 4OCe2m Jdt ];(t ) V(t ) [Bernecker&Meyer EPJA °11]
0
1 . _ . _

V=1 3 [ <2wf<x,r>yiwf<x,r> zwf,<o>y,.wf,<o>>

i=12.3 f f
f(t)= ZTsz S o ){COS(Q”‘H#}

) mfl mi Q2 2

2
f(s)= %\/4 i - [://j%;ﬁ] = kinematical kernel peaked at s = J5-2=024

f(t) is proportional to t* at small t and to ¢* at large t
g 1 N
f(t):gmit4+0(t4), ft)—— =1

* enhancement of the large time distance behavior of the vector correlator V(t)
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- we will limit ourselves to connected diagrams only (each quark flavor f contributes separately)

- the vector correlator V(t) can be calculated at discretized values of t betweent=0andt=T /2

t < Taata < T/2 (to avoid backward signals)

t > Tdata > tmin (ground-state dominance)

7=0 overlined quantites are
- in lattice units

a™ (>)=40> g° w(t) F(T) e
u ( ) em4 s __2 ( )f( ) M amu,t_zt/a,l\_/lv=aMV,--.

|
~
§I
Q
+
)
<
3|
I

(0]J,(0)] V>|2 = coupling constant with the ground-state

W(?) = weights of the (cubic) Simpson formula (dropped in what follows for the sake of simplicity)
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the kernel function f(t)

0
10 T 1 IIIIIII 1 1 IE|IIII|

—a ~ 0.089 fm

o' L |—a~0082fm
F |—a ~0.062 fm
107 £
T+ ;
~ 5
1= - m = 105.7 MeV
= 107 g

10" .
i@=48§ ]
10° T R S R
1 10 100 1000
t=t/a
f@) 1, G 1
?(2):36m‘2‘t2+0(t4)’ 7(2) =

* some sensitivity to the lattice spacing

0.5 T T T TTTT] T T T TTTT] T T T T TTII
- Iepton=mlu o
[ |—m =2m ]
B lepton u
0.4 — | ——m =3m A
= lepton n i
- | T m =5m i
B lepton u i
0.3 | ]
N
1+ B i
~ - a~0.062 fm .
= :
" o2 | _
0.1 F ]
0.0 | = L1l L
1 10 100 1000

t=t/a

* sensitivity to the mass of the lepton:

enhancement of the large time distances
for light leptons
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ETMC ensembles with Nf = 2+1+1

ensemble | S V/a* flseq = Qg | Qlly aps | Negg ajls ajle

A30.32 | 1.90 | 323 x 64 0.0030 0.15 0.19 150 | 0.02363 | 0.27903

A40.32 0.0040 100

A50.32 0.0050 150

A40.24 243 x 48 0.0040 150

A60.24 0.0060 150

A80.24 0.0080 150 a={0.0885,0.0815,0.0619} fm
A100.24 0.0100 150 at

A40.20 203 x 48 0.0040 150 B={190,1.95,2.10}
B25.32 | 1.95 | 323 x 64 0.0025 0.135 | 0.170 150 | 0.02094 | 0.24725

B35.32 0.0035 150 pion masses in the range
B55.32 0.0055 150 210 - 450 MeV
B75.32 0.0075 80

B&5.24 243 x 48 0.0085 150

D15.48 | 2.10 | 483 x 96 0.0015 0.1200 | 0.1385 | 100 | 0.01612 | 0.19037

D20.48 0.0020 100

D30.48 0.0030 100

Table 1: Values of the simulated sea and valence quark bare masses for the 16 ETMC
gauge ensembles with Ny = 24141 dynamical quarks adopted in this work (see Ref. [3]).
The wvalues of the strange and charm quark bare masses aus and api., given for each

gauge ensemble, correspond to the physical strange and charm quark masses determined
in Ref. [3].

* correlators calculated in the PRACE project on “QED corrections to meson decay rates in LQCD”

* number of stochastic sources per gauge configuration not optimal for the vector correlator
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local e.m. current

at maximal twist:  J "(x)=q, Z, ¥ (x)7,w,(x) Z, = vector RC
thanks to the findings of Burger et al. [ETMC] JHEP 15

1 Sz

j d*x e <JL(x)JL(O)> =11,,(0)+6,,Z, (—2—56 +?5)+5Wme2
! a

u

+68,,2,0°+6,,2,(5,,0°-0,0,)+0(a*)

I1,,(Q)= transverse polarization tensor
s(6) = V€.V of dim-5(6) terms of Symanzik expansion of twisted-mass action

S
Z,,, . r =non-perturbative mixing coefficients
[aix(e%-1) <Jj (x)J"(0))=T1,,(0)+8,,2,0°+6,,2,(8,,0* - 0,0,)+0(a’)
| n@-.0-0e]ne)

o-{od) [ =N fed 3 (15100110}, ) 0l

i=1,2,3

2Idz (Cos(gf)_l +%t2jV(Z) =11(0*)-11(0)+0(a?)
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matching with pQCD

Q2 had
127 3 s(s+Q2)R (s

once-subtracted dispersion relation: TT, (Q2 ) = I—I(Q2 ) ~T1(0) =

2

droc, Rhad (S)
S

0

e"e”—hadrons
(s)=

_[dQ e O, (0 Js €V R (s)+ [ 8(2), 87(t)...]

27r

4M2

pQCD behavior @ LO:  R"™"(s)=gq;N 1’1 _dm [1 2&]6[_? —4m* |+0(a,) m = on-shell quark mass
s

A

2
N,
VpQCD() __ qy : 13 —me(1+2ml‘+2mt +4m dey { 1— iz(l"‘ 12]_1:|82myt
6w |t y 2—y
2
N qf 1 3
mr<<] 271_2 l__3+0(m )

/

massless limit
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O A30.32
[J B25.32
<> D20.48

==0.57°t* (pQCD)
——pQCD (m_= 1.253 GeV)

\ \ r
O A30.32 O A30.32
o L& o | & T b
100 F ] B25.32 E 100 ¢ ] B25.32 E 10 &
- @{ <> D20.48 1 F @% < D20.48 ] 3
~ S ==0.572 ¢ (pQCD) | ] ~ E X ==0.5 72t (pQCD) : ~ 10° |
R T % : - S 0" b % : - > -
() = = [) E = ()] o
e 5 1 < z ] <
- ] ~ E ] ~ 10° L
S S S T S Y IR
~ 107 B \% E > 107 b E ~ 3
~ E E + E E ) 7 F
NG F ] o i ] To 100 F
> C %@% ] > C o ] > 3
10° L light contribution % . 10° | strange contribution %\‘ . 10° i
3 @%- 7 3 T
C ml ~ 12 MeV 3 [ m=m phys m(sea) ~ 12 MeV % p E
r r s s ’ | 3 F

10_4 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 10_4 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 |@ 1011 E
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0

t (fm)

A30.32, B25.32, D20.48 share a common value of the light-quark mass (m; ~ 12 MeV) and differ in the value of the

t (fm)

lattice spacing (a ~ 0.089, 0.082, 0.062 fm)

dashed green lines: massless pQCD behavior (~ 1/ t3)

solid green line: massive pQCD behavior for the charm case

quark-hadron duality @ work: uptot~1fm>> 1/ Aqgcp

* possible issue: contributions from t < a (or equivalently Q2> 1/ a?)

thanks to our values of the lattice spacing, which correspond to Q% = 5 GeV?2, the contribution from t < a turns

out always to be well within the uncertainties

0.5

t

(fm)
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FIG. 4: The vector correlator V(t)/q? (in physical units) in the case of the light (left panel) and strange (right
panel) quarks for the ETMC gauge ensembles specified in the inset, which share an approximate common

value of the light-quark mass my ~ 12 MeV and differ in the values of the lattice spacing.

0 — 1.6 . . .
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A O A60.24 ; O A40.24| 1
L 1.5 —
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. I ] « 13 . OK for the charm contribution
s® 05 L i s° - .
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FIG. 5: Effective mass of the vector correlator V () in the case of the strange (left panel) and charm (right

panel) contributions for the ETMC gauge ensembles specified in the insets.
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strange contribution

stat. errors only

ensemble A40.24

in units of 10-10

5s (Fmin +2) | Gmin +tmaz)/2 | Emaz —2) | (T/2 —4)
ah®l(<)|| 38.03 (28) 38.65 (29) 39.10 (29) | 39.67 (30)
ar®(>)|l  1.97 (13) 1.41 (10) 1.00 (8) 0.49 (5)

ar®® |l 40.00 (32) 40.06 (31) 40.10 (31) | 40.16 (31)
ensemble A30.32

5s (Emin +2) | Emin Ftmaz)/2 | Emaz —2) | (T/2 —4)
ah®l(<)|| 40.44 (19) 42.77 (23) 43.26 (25) | 43.32 (25)
ah®(>)|l  3.15 (18) 0.63 (5) 0.11 (1) 0.05 (1)

ahe® I 43.59 (30) 43.40 (25) 43.37 (25) | 43.37 (25)
ensemble B25.32

§s (zm'm + 2) (Zmzn + Zmowc)/2 (Zma$ - 2) (T/Q - 4)
ah®l(<)|| 40.83 (14) 43.18 (17) 44.05 (18) | 44.16 (19)
ah®d(>)|l  3.52 (14) 1.11 (6) 0.23 (1) 0.11 (1)

aned |l 44.35 (22) 44.29 (19) 44.28 (19) | 44.27 (19)
ensemble D15.48

§s (zmzn + 2) (Zmzn + Zmaw)/Q (Zmaw - 2) (T/2 - 4)
ah®d(<)|| 42.34 (17) 45.86 (19) 46.50 (20) | 46.58 (20)
ah®d(>)|l  4.27 (18) 0.75 (5) 0.10 (1) 0.02 (1)

ared |l 46.61 (24) 46.61 (20) 46.60 (20) | 46.60 (20)

g = ™ (<)+a™ (>)

()=t} ST V()

t=0
a""(>)=4a,q; ) f(t_) (_;_V e MV
g o 1=T gy +1 2MV

(tmm , tmax) = ground-state dominance

four choices:

— (t_min +2)’(t_min +t_rnax)/2?
o —2),(T 12— 4)

max

data ~ (

* the sum 1s independent on Tqata

in what follows T, =T/2—4

aﬁvp (>)/a5vp < 1%

and within the statistical errors

Saturday, May 20, 17



instead of am,

Effective Lepton Mass (ELM) procedure

phys .

ELM mphys
am, =aM,—-
M M phys
Vv

[ETMC JHEP ’14]

- no need of the value of the lattice spacing (no sensitivity to the lattice scale setting)

- sensitivity to the precision of the vector meson mass aMy

1010

a X

strange contribution M= 1.095 GeV

65 rm O B=1.90,L/a=20 @ 5=1.90,L/a=20 (ELM) [T
[ | [ p=1.90,L/a=24 B 5-1.90 L/a=24 (EM)| ]
| < B=1.90,L/a=32 @ B=1.90,L/a=32 (ELM)| ]
60 | [ p=1.951L/a=24 B p=1.95 L/a=24 (ELM) |
i > B=1.951/a=32 @ B=1.95 L/a=32 (ELM) ]
L | & p=2.10,L/a=48 @ B=2.10,1/a=48 (ELM)| 4
55 —
: $ RN
- 1 o
50 * * + + — <
I T (@)
L - =
i ] ©
45 % % % -
40 [ [}] [}]E}] ]
35 i lllllllllllllll{ 1.1 l 11 11 l 11 1.1 l 1111 l 1111 l 111 ]
0.00 0.01 0.02 0.03 0.04
m (GeV)

charm contribution Mjqy= 3.0969 GeV

O B=1.90,L/a=20 B =1.90, L/a = 20 (ELM) [
r [] Bp=1.90,L/a =24 l B=1.90,L/a =24 (ELM) |
22 -| < B=1.90,L/a=32 @ 5-1.90, L/a =32 (ELM) |
r| [ p=1.95L/a=24 B p=1.95L/a=24(EM)| T
| & p=1.95L/a=32 @ B=1.951/a=32(ELM)| T
| & p=2.10,L/a=48 @ B=2.10,1/a=48 (ELM)| 7|
20 —
18 —
16 % —
14 + —
11 11 l 111 1 l 1111 l 1111 l 11 1.1 l 1111 l 11 11 l 11 11 l 1111
0.00 0.01 0.02 0.03 0.04
m (GeV)

much better precision with the ELM procedure
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strange contribution

65 @ p=1.90L/a=20
B p=190,L/a=24
@ 5-19,1/a-32
W p-1951L/a=24
60 | @ 5-1951/a-32
| @ p=210,1/a=-48

A physical point

= = fitp=1.90 (L -> )
= = fit p=1.95 (L -> )
= = fitp=2.10 (L -> )

fit a? ->0,L->w

1010

55 (2

a X

50 ===~ 7C -

45 IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
0.00 0.01 0.02 0.03 0.04
m (GeV)

65 O p=1.90L/a=20 /\ physical point m
L | O p=1.90 L/a=24 — = fitB=1.90 (L-> )| ]
[ | © p=1.90,1/a=32 — —fitB=1.95(L->ew)| ]

60| O p=1.95L/a=24 — —fitp=2.10 (L-> ) |
i O p-1951/a=-32 — a0 Lse | ]
| © p=210,1/a=48 g

55+ -

50

a X

10'°
T T T Ii Ii!l T

A
e

A

a0 7T Sk ___[}I -
35-IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII-
0.00 0.01 0.02 0.03 0.04
m (GeV)

1010

a X

10'°

a X

charm contribution

rm @ p=1.90,L/a=20
W 5-1.90,L/a=24
@® 5-19,1/a-32
W p-1.95L/a=24
@ 5-1951/a-32

20| @ p-2.10,1/a-48

22

A physical point M
— = fit p=1.90 (L -> )
— = fit p=1.95(L->w)| |
— = fit p=2.10 (L -> )

—fita’->0, L -> w i

16

ARl o L e L
18 ------ * - -—-0--—-¢-0-

14

%5; i
B f’f’f’fﬁfﬁfﬁfﬁfﬁfﬁfﬁfﬁfﬁ-

0.00 0.01 0.02 0.03 0.04
m (GeV)

rm O B=1.90,L/a=20
| O p=1.90,L/a=24
22 - O p-190,1/a=32
O p=1.951/a=24
O p-1951/a=32
20 | © B-210,L/a=48

A physical point T
— —fitp=1.90 (L->w) |
— —fitp=1.95(L->w)| |
— —fitB=2.10 (L -> )

fit a® ->0,L-> o 4

18 -

14 |

16_—____ — B ——— . __:
% i fffiffffffff

. porri:
e

0.00 0.01 0.02 0.03 0.04
m (GeV)

with ELM

fitting functions:

s, __ s,C s,C s,c 2 s,C
ay, =A |1+ A E+D" a”+F"* ¢

without ELM

o Ml

M_L

T
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-M,L 5

" : e M
fitting functions: a, = A"|1+A™E+D" a® +F" & } g=—"=
0 1 M L

T

error budget: a?: with/without the ELM procedure
FSE:F=0o0orF#0
chir: A1 =0 or A; 20

input: uncertainties due to the scale setting, to the physical quark masses, ...
stat+fit: statistical + fitting procedure errors

strange contribution: a' (phys)= (53.1 +1.6,,, %15, +13,£02,,+0.1,,, ) 107"
=(53.1+2.5)-10™"

a,(phys)=(53.41£0.59)-10" | HPQCD '14,N, =2+1+1]
=(53.1+£0.9'0})-10™ [RBC/UKQCD'16,N, =2 +1]
=(51.1+1.7£04)-10™" | CLS/Mainz'17,N , = 2
f
charm contribution: a‘ (phys)=(1475£042,,,,, +036,,,+0.10 , £0.03,;, £0.01,,)-10™"
= (14.75+0.56)-10™"°
a,(phys)=(14.42+0.39)-10"" |HPQCD'14,N, =2+1+1]

(143£0.2£0.1)-107"" [ CLS/Mainz'17,N, =2 |
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leading-order e.m. corrections

For each quark flavor f one has : % %? %
SV (t)=8V*" (t)+ V" (t)+ 6V (t)+ V™ (t)+8V°(¢) E : g
(a) (b) () (d) ()

had .

FIG. 8: Fermionic connected diagrams contributing to the e.m. corrections to a,*®: exchange (a), self energy

(b), tadpole (c), pseudoscalar (d) and scalar (e) insertions. Solid lines represent quark propagators.

4 em
SV (t) 4 sV ereh(t) = ”g‘ >y (T {JT Z,t) Z I (y1)J i(O)} 0) ,
1=1,2,3 Z,y1,y2
4 em
svted(y) = “g‘ >y OT{JT ZT }0> :

1=1,2,3 Zy

5mcmt
SV PS(1) = > ST {I@ ) i sely) Ji(0)} 10}
1=1,2,3 Zy
oVE(t) = OIT LI1 (@) D () (y) Ji(0)} 10)
3Z zf 4. xzy { f }
lattice conserved current
1 ,
JE () = a5 5 5 (1 (2) (v = i7°95) U (@) (x + aj) om;" o (xemq; = e.m. shift of the critical mass (breaking of chiral symmetry)
+ y(a+ af) (g + i) U (@)4(2)]
ZL =7, (VS, ,LL) — mass RC (maximal twist LQCD)
tadpole operator !
1. - 2
T(y) = df 3 [Pr@)w =77 Vu()¥s (y + a?) Zi(Ms,u): —;’"qf [ 61og(ap)—22.596 ] — mass RC (LO in QED)
T
f

— sy + ab)(y + i) UL ()b ()
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* separation of QCD and QED effects is prescription dependent [see Gasser et al. EPJC *03]

- mass anomalous dimensions in QCD and QCD+QED are different

- matching possible only at a given renormalization scale pu*

ﬁif(MS,,LL*)me(MS,/,L*) our choice: u* =2 GeV
renormalized mass in QCD+QED — T~ renormalized mass in QCD only
- ~ m, m; :
- bare mass difference: (i, — U, = 2— 7 Z» =mass RC in QCD
m,f m
1 1 - 1 N ,LAL " 1 ( N )+ 1
— = — U, =—\m,—m m
f f f f f

Z,, Z,\ z, Z, Z,Z,

™S 0(a,)
A . . . m 3 Jve
( i, -u, ) x ( insertion of scalar densﬂy) N / — @ for details see arXiv:1704.06561
?; i Z Z fZ,'”aC (to appear in PRD)

, 1 — W O . .
LO in QED: Z—f(MS, w)= ﬁ[&og(a,u )- 22.596] [Aoki et al. PRD 98]

Z’{I “—14+02 —> “factorization approximation” between QED and QCD vertex corrections
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* lattice formulations of QCD which break chiral symmetry — additive mass renormalization

(twisted) Wilson term = power-divergent (1/a) mass counterterm =—> critical mass mcrit

QED contribution: 0 m]‘;”" = e.m. shift of the critical mass

o oV, [5Vf’ (1)+oV/ (t)]
vector WT identity: om|" =— 7
Vo0V, (1)
0.245 T T T I T T T I T T T
l _ 190, /a=20] ] 1 o . _
i O p=1:90,L/2=20 i 5ij (t)ZE 2 <O|T{1//f(x,t)y0y/f(x,t)15 ()’1)‘]5(Yz)le(O)75Wf(O)}|O>
i O p=1.90,L/a=24]| ] XY
0240 LA A - , 1 _ _ ._
- O p=190,a=32 4 8V (t)=— X (O (7, (R.0)yow, (2.0)T (»)i7 (075w, (0)}{0)
N i 'S
- O p=1.95L/a=24]| - . ’
"ot 0.235 O B=1.95L/a=32| 5VfPf(t):EZ<O|T{V7f(X’t)’YOWf(x’t)ilpf(y)YSI//f(y)ilpf(o)’}/Sl//f(O)}|0>
~ B — X,y
£ I /\ B=2.10,L/a=48 ]
£ I ]
S 0230 ©@® o onpg .
0.225 | °@°Em BH 3
o220l v oo ] for details see arXiv:1704.06561 (to appear in PRD)
0.000 0.004 0.008 0.012

ap
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* e.m. corrections to the renormalization of the (local) e.m. current:

we have adopted a maximally twisted-mass setup with quarks and anti-quarks regularized with opposite
values of the Wilson r-parameter: the vector current renormalizes multiplicatively with Za

z,=2, +a,z\'+0(a?,)=2, (1-251406 o, 22" )+ O(c:2,)

T~

perturbative estimate at LO

4 -//:‘“'T =1+02 ——— ‘“factorization approximation” between QED and QCD vertex corrections
with violations at 20% level (preliminary estimate)

* addition of a further contribution:

SV (1)=0V*Y (t)+oVa"(t)+ 0V (r)+6V™(t)+8V° () +6V* (1)

oV (r)=-251406 at,,.q; Z)" V(1)
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quenched QED

* neglect of the electric sea-quark charges: ¢, =0

- in the RM 123 approach — neglect of (noisy) fermionic disconnected diagrams

6, QuvQ

sea
q q ’ sea sea sea sea
f; ! qu' qy qul qy,
s fifs
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master formula

5a£’vp = 5a5vp (<) + 5a5vp (>)

Ndata
HVP 3 4 (T
SCZ“ (<) = 4OCemqf 2 f(t ) 5V(l‘) > directly from lattice data
=0
oo _ (—; o
BCIHVP (>) = 4-0(3 q4 2 f(l‘ ) o V e_M"t —>  analytic representation
g i 2M
1=N,,+1 1%
S —,— G, | 6G, M — | i
gt S 7| 80 My g 5y |
et oM,| G, M Y
t_szam‘l‘l V V V
0-05_""|'"'|""|""|""|""|_ 0.0 P
O A80.24| - i O A80.24| ]
O A50.32| | o5 B 0 B35.32|
@®® 0.5 E®®
0.00 @@%§®®®®® < D30.48 —_ :*@@T;@@@ & D30.48 RM123 appI'OEICh
= [ Mg e a0l [JHEP '12, PRD '13]
1> - ‘ 1> -
~ -0.05 |- ~
cha! o B B
E iz as| 5G, oM,  _ -
>>1 ? (_; o M (1+Mvt)
0.10 |- I v y
2.0 F
_0.15-||||||||||||||||||||||||||||||_ _2.5_|||||||||| | i | |
15 20 25 30 35 40 15 20 25 30 35 40
t T
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a s (t)*10'"°

0.008

0.004

0.000

= -0.004

-0.008

-0.012

- contributions with different signs

directly from lattice data

HVP _ 3 4 T(7\ ST
Say"" (<)=40,q7 D, f(T)oV(r)
=0
SV (1)=6V* (T)+V ™ (1)+6V7(7)+

T T T T I T T T T I T T T T I T T T T I T T T T 0-03
- e, D20.48 .
B _,-’ strange contribution

0.01
©
N A S 0.00
L @ ~~
i % 1 éff Eéf —=—total | Ut)’ -0.01
| — =.
I % & F?ij - self i S
&

- @Eﬁg --¢--tad + PS| - -0.02
B X ; --®-exch i
- -=m-=gcalar - -0.03
N <=7 -
B A .

PN SN NN T N TN TN TN TN NN TN WO WO T N TN TN TN TN AN M N A _004
0 10 20 30 40 50

t/a

- partial cancellations among the various terms

LSV (7)) 87 (7Y

L

:." . D20.48
e "
:‘! o N charm contribution
LY
F: ;-‘. ..". "I.
. * ‘o .

—=—total
=— self

--#-tad + PS

--®-exch

--E--gcalar
-7
A

o

N
o

stat. errors only

Z}{fd — Zi;act :1

Saturday, May 20, 17



strange contribution

stat. errors only

ensemble A40.24

in units of 10-12

5s (Emin +2) | Fmin +tmaz)/2 | (Emaz —2) | (T/2-4)
dal t(<)|| —2.05 (22) —2.13 (23) —2.17 (24) | —2.24 (27)
dalet(>)|| —0.25 (14) —0.17 (11) —0.13 (10) | —0.05 (6)

daje® || —2.30 (31) —2.30 (30) —2.29 (30) | —2.29 (30)
ensemble A30.32

55 Emin +2) | Emin +Tmae)/2 | Emas —2) | (T/2-4)
dalet(<)|| —2.13 (15) —2.45 (20) —2.52 (25) | —2.52 (26)
dalet(>)|| —0.36 (18) —0.07 (8) —0.01 (2) | —0.01 (1)

danet || —2.49 (30) —2.52 (27) —2.53 (26) | —2.53 (26)
ensemble B25.32

55 (Emin +2) | (Emin + tmaz)/2 2) | (T/2—4)
daled(<)|| —2.78 (18) —3.26 (20) —3.54 (24) | —3.55 (25)
daled(>)|| —0.76 (20) —0.28 (12) —0.05 (4) | —0.03 (2)

danet || —3.54 (29) —3.54 (27) —3.59 (26) | —3.58 (26)
ensemble D15.48

35 (Emin +2) | Cmin + tmac)/2 | (Fmaz —2) | (T/2—4)
dalhed(<)|| —2.44 (24) —3.17 (41) —3.31 (44) | —3.30 (43)
all(>)|| —0.82 (21) —0.14 (7) —0.02 (2) | —0.01 (1)

daj® || —3.26 (41) —3.30 (44) —3.33 (44) | —3.31 (43)

HVP
Bau

= 5a™ (<)+8a™ (>)

sl (<)=da2,q> 3, F(7)6V(7)
t=0
HVP 2 2 N (7 (_;v -Mt
saf" () =40 3 T8 e
t =T, +1 \%

(tmin , tmax) = ground-state dominance

four choices:

3 _{(mm”)(mm max)/z}
(e —2), (T 12— 4)

* the sum is independent on Tdata

in what follows T, =T /2—4

§a™ (>)/8a"™ < 2%

and well within the statistical errors
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strange contribution charm contribution

0-0005 1 .i 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 1 .I 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1
(| O p=1.90,1/a=20 <> p=2.10,L/a=48| ] - | O B=1.90,L/a=20 < p=2.10,L/a=48| A
: ] B=1.90,L/a=24 fit p=1.90 : 0.002 + [] B=1.90,L/a=24 fit p=1.90 —
L | < p=1.90,L/a=32 fit g = 1.95 i - | <O B=1.90,L/a=32 fit p=1.95 .
0.0000 -| 7 o195 L/a=24 fit p=2.10 - - | [ B=1.951/a=24 fit p=2.10 7
: > B=1.95L/a=32 continuum limit : i > Bp=1.95L/a=32 continuum limit ]
0 L o 0.000 | : ___ . i
= - - : .
© L . - - - © B % | ’7_‘ 7
[ . - - —‘

»>_ -0.0005 |- I ~ 4 o, C i i .
© - H T . © | N s i
N = i T 0002 R

: NiiRaimi pal [T _
-0.0010 |- ' L " s : :

B I -0.004 |- .

i : phys. point : | phys. point i
_OOO‘I 5 1 ; PR S T N WO NN AN T TR MO TR A T TR N TN N T NN P AT BT A BT A B

0.1 0.2 0.3 0.4 0.5 0.6 0.1 0.2 0.3 0.4 0.5 0.6
M (GeV) M (GeV)
T

H

- in the ratios 8a;"" /a;""" various systematics cancel out

fitting functions:
} . .. . fact fact
errors dominated by the uncertainties in Z/* and Z% Sai =A™ [1 +SAM 21§D a2]

- the ELM procedure does not improve the precision

. need of a non-perturbative determination of Z/*' and Z/*
- no FSEs are visible p m A
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* at the physical pion mass and in the continuum limit:

oa’ oa
“=-0.07(3)% -=-0.30(7) %

c

a’ a
i i

using our lowest order results

a' =(531£25)-107" a =(14.75+0.56)-10™°

we have

5’ =~(39+14)-10°" S =—(44£10)-10°"

* for the strange and charm contributions: e.m. corrections << uncertainties of the lowest order
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light (u, d) contribution

* number of stochastic sources / gauge configuration

T -2 ||||II|||IIIIIIIIIIIIIIIIIIIIIIIIII _2 T
102 b g l - 107 Fa . 3 107 ko :
: O 4 sources § F o : O 4 sources 3 £ o : O 4 sources
g 3 | ] 3 |
, &8 : O 40 sources R 107 ¢ EE : O 40 sources E 10 = & : O 40 sources
10° | _ : | E 2 3 |
E EE | | © 160 sources| 3 4 | < 160 sources| 1 a4 T | © 160 sources
| - | ] r |
-4 < | 4 L |
iz 10 F EE | 3 |2 107 E i 4 2 107 '
g N ] 5 | 1 & : '
|> 5 Q - |> 10-6 L | . > 10-6 L |
10° |k & . ! 3 3 !
o | 8 E | . r |
I gg ] 7 | : i 7 [ |
A40.24 : & $ 10 A40.32 | 3 107 £ D3048 |
10° L | %‘H"P ] 5 | 5 5 |
£ M ~320MeV 1 E 10 [ M ~320 MeVi i 108 LM ~310MeV
- kg | . g n | E g n I
I : tmin i+ ] L : tmin E E : tmin
10'7|||||||||||I|||||||| | I 10'9 METENENEN BN A SV BN ST | I I B 10'9||||||||||||||| 1118
0 5 10 15 20 25 0 5 10 15 20 25 30 35 0 10 20 30 40 50
t t t
1005””"”"””"”"””"”6@””'OU”?
OO 5 :
00000 &0 ]
. . —2M ¢t 100 ¢ o° oo E
variance: oc e 0000° I:||:|':I O T 3
2 o | 1
>£—” OO DDD M slope between (20 - 40) h
. . . (MP—M”)I Z o oo <><><><> ~017~a(M -M)
noise / signal: oce S 07 L o° oleo i
£ : (¢] I:II:I <><>
\>/_ OI:II:I<> O
© o
O|:|D<><> D30.48 O 4 sources
.. .. 10° & on o O 40 sources 5
similar to the nucleon case [Parisi, Lepage] og © M ~ 310 MeV ]
o " © 160 sources
B0
10% Lo w1 L L Ll el ey
0 5 10 15 20 25 30 35 40
t

- thanks to improvements in the Dirac inverter (DDoaAMG versus CG) we plan to reach 160 sources / gauge conf.
for all ETMC ensembles (presently only 4 out of 16)
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with physical lepton mass

00 1T T T
I [ B=1.90, L/a =24
- < B=1.90,L/a=32
600 |- ] B=1.95L/a=24
I <& B=1.95L/a=32
o i < Bp=2.10,L/a=48
‘o 500
x i <}><I>
)
o= 400 iﬁxég
I <D@Ep
_ I S
300 | T
: iphys.pion
200.:..I....I....I....I....
0.1 0.2 0.3 0.4 0.5

Mn (GeV)

- FSEs are clearly visible

700 1 Il 1 1 I 1 1 1 T I T T T T I T T T T I T T T T
B . mphys i
B am — aM 1 .
u Vv hys
600 |- M
o ' ! <1><I> ]
o 500 (% <% @ _
8‘ B =
™ 400 B [ p=1.90,L/a=24| ]
- <O B=1.90,L/a=32| -
R - o ) |
300 | B=1.95 L/a=24 |
- < B=1.95L/a=32| .
: phys. pion O B=2.10,L/a=48 :
200 1 : AR T N TR NN TR T NN TR SO TN WO AN NN S TR NN N T R N
0.1 0.2 0.3 0.4 0.5 0.6
M (GeV)
T

with effective lepton mass

- the ELM procedure makes the pion mass dependence milder, but increases the statistical uncertainty
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Finite Size Effects

* infinite volume limit of two—pion states [Meyer *11] .

St L AM, )
V,. (1) —— 247r IdeefRzn = A ds\/?(l——) eV

4M? 4M2 §

()
\

time-like pion form factor

* the case of finite volume [Meyer ’11]
W, =2\M:+k

k,L ) — 0 d11 = scattering phase shift (p-wave, T=1)

27r

- interacting pions [Luscher *91] k,: Oy (kn)"“P(

2T ¢ = known kinematic function
20, ( k 2
Al Fﬂ(a),f)zz k, i ”)+k”L¢'(knLj 3w, n
ok, 2\ 2m )| 2k,

- non-interacting pions [Francis et al *13]: &, =2n7/L

u | K| M, L2ﬁ2+4t2}
Vzﬂ(f;L)—Vzn(““):Tnthg M2(Li* +4r°) ML|n|
n#

jdy Ko| MWL+ 41 [sinh[ M, LI (y=1)]

/4

aﬁf’” (L)- aff”) (o) o (M, L)Z oM=L sizable effects expected at the physical pion
Ki(d)—; \/; ¢ for current lattice volumes [CLS/Mainz *17]
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— O B=1.90,L/a=20 @ 5-1.90,1/a=32(cor.)
B O B=1.90,L/a=24 B 5-=1.95 L/a=24 (corr.)
800 |- O - ~ ~ _
I B=1.90,L/a=32 @ 5-1951/a=32(comr)
| O p=1.95L/a=24 @ 5-2101/a=48(cor)
L | © p=1.951/a=32 ——fitp=1.90
700 | © p=2.10,1/a=48 —fitp=1.95
| @ p=1.90,L/a=20(corr.) ——fitp=2.10
o i - B=1.90, L/a =24 (corr.) fita->0,L->w
S 600 P\ -
> ]
=) i
>
~ = 500 _
© i
400 —
300  phys. pion ]
i 1 ; 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 |
0.1 0.2 0.3 0.4 0.5 0.6

M1t (GeV)

other lattice results

a " (phys)=(572£11)-10™"  [ETMC '14]
=(598+11)-107"
= (588 +36)-107"

[HPQCD '16 ]
[CLS/Mainz '17 ]

empty markers: lattice data

filled markers: data corrected by the FSE of the

fitting procedure

fitting Ansitz

leading chiral log [Golterman et al *17]

2

my,

2 2
M
= :_Mlog( ”J+AM§ +a*(D+D,M?)

H 1272

+ Pl ()=l ()]

u u

FSEs from non-interacting pions
[Francis et al *13]

A,D,D |F: {ree parameters

m?

* impact of finite size + a? effects ~ 15 % *

D (phys)=(589+21,,,,) 107"

u

a stat+ fit )
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* light (u, d) contribution: @ % % Q @ also a contribution
—>  proportional to
(a) (b) () () (e)

(mg - my)

Figure 1: Fermionic connected diagrams contributing at O(e?) and O(mg — m,,)
to the IB corrections to meson masses: exchange (a), self energy (b), tadpole (c),
pseudoscalar insertion (d) and scalar insertion (e).

0-02 1 ll 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1
- O B=1.90,L/a=24]| -
| O B=1.90,L/a=32] |
" O g=1.95L/a=24]| | 5.0
s 001 O p-1.951/a=-32| | 5 (phys)~0.5%0.5 %
) ; O p=2.10,1L/a=48 )
o - i
~ : -
3 E %#' &q]q] 5a(”’d)(phys)~(3i3).10_10
vcci B 7 '
) .
0.00 -=----- L2 03(5)5/
5 A\
o ' 4\{‘(\\ .
| Q&\ ]
: “( * more statistics 1s needed *
phys. pion ]
_OO‘I 1 ; [ T [ TR N NN A AN TR WA TN N NN SO T NN SN NN NN NN N
0.1 0.2 0.3 0.4 0.5 0.6

M1t (GeV)
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CONCLUSIONS

* the HVP contribution to the muon (g-2), a,HVP, is presently one of the major sources of the theoretical
uncertainty

* 1n the past few years several lattice results have been obtained and many more are expected in the next
future

* no lattice results are currently available for the e.m. and strong isospin-breaking corrections to a,mVF¥

* the RM123 approach is based on a double expansion in the “small”” parameters Olem and (mg - my), and
has been already applied successfully to the calculation of the charged meson masses and to the
leptonic decay rates of pseudoscalar mesons

* using the time-momentum representation of the HVP form factor both the lowest-order ay(tem?) and
the e.m. and strong isospin-breaking corrections au(tem?) have been determined with good precision
in the case of the strange and charm contributions:

a'(o,)=(53.1£25)-10™" a‘(a?,)=(14.7540.56)-107"

K M

a'(a),)=-(39+14)-10™" a‘(a),)=—(44+10)-10™"

em en
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* 1n the case of u- and d-quarks more statistics is required and we have reached till now only preliminary
results:

a" (a2, )=(589£21

u

)-107" a"(o?,)=(3£3)-10"

stat u em

open issues

* removal of the quenched QED approximation (effects of the sea-quark electric charges)

* non-diagonal flavor contributions to a,"¥*  J (x)J,(y)c q,V, (x)}/ul//f (x) qy (y)}/vl//f, (y)

- preliminary lattice estimates [HPQCD, RBC/UKQCD, CLS/Mainz] are in the range - (1 —2 %)

- new lattice results expected in the near future

evaluation of fermionic disconnected diagrams

work 1s in progress ...
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BACKUP SLIDES
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- plateaux for dm
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* local vector current with maximally twisted-mass setup

V —Z — (56, l’) (5(:. Z‘) mf,sz Same mass
no I//f AN quf ’ q,=q, same electric charge
rp=r, L=17,
* two choices of the Wilson r-parameters:
rp=—r, L=172,

55 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1

-
-—
-—
—-—
-
-—
-—
—
-—
—
—
—
-—
-—
—
-—

50

-
-
-
-
—
-—
paliC

- .
- -
-—

a (s)

phys
| m ~m
45 s s

| | @ opposite r-parameters

- same r-parameters

40 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1
0.00 0.01 0.02 0.03
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