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Where do we stand now?
Big success of the SM and no hints of NP =⇒ Precision physics (Higgs, flavor, etc.).

CMS Exotica Physics Group Summary – ICHEP, 2016	
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Triumphs of flavor physics

1963: concept of flavor mixing [Cabibbo].

1973: quark-flavor mixing with 3 generations incudes CP violation [KM mechanism].

1974: prediction of the charm mass from K0−K0 mixing. [Gaillard and Lee].

1987: prediction of the top mass from B0−B0 mixing observed by AUGUS (DESY) and UA1
(CERN).

2001: large CP violation in B meson decays [BaBar and Belle].

2004: direct CP violation in B meson decays [BaBar and Belle].
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Why flavor matters in the LHC era?
Indirect probe of BSM physics beyond direct reach.

I EFT parametrization of BSM physics:

L = L SM
dim4 + ∑

n>4
∑

i
zn
(i)

1
Λn−4 Q(n)

i .

I Dimension-n operator Q(n)
i is SU(3)C×SU(2)l×U(1)Y gauge invariant.

I Higher dimension operator Q(n)
i suppressed by the large scale.

I Two examples: (a) leading NP operators of D = 6 for ∆F = 2 processes

Q(6)
AB,ij =

[
q̄i ΓA qj

]
⊗
[
q̄i ΓB qj

]
,

(b) unitarity of the CKM triangles.
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Figure 2: Current constraints of neutral meson oscillation measurements on new ∆F = 2 dimension six
operator contributions, given in terms of the effective operator scale (see text for details). Bounds on the CP
conserving and CP violating contributions are shown in blue and red, respectively.

agreement of SM predictions with current experimental measurements, such procedure typically
results in severe bounds on the underlying new physics (NP) flavour breaking sources in LBSM.

Let us consider the canonical example of NP in ∆F = 2 processes associated with oscillations
of neutral mesons (for recent extended discussion see [8]). The leading (d = 6) NP operators are of
the form Q

(6)
AB ∼ zi j[q̄iΓAq j]⊗ [q̄iΓBq j], where qi denote the SM quark fields, while ΓA,B denote the

Clifford algebra generators. Assuming zi j to be generic O(1) complex numbers, z∼ exp(iφNP), the
reach of current constraints in terms the probed NP scales Λ are shown in Fig. 2. It is important to
stress that most of these constraints are currently limited by theory uncertainties, both related to SM
contributions, as well as concerning the size of NP effects. In particular, many of the observables
are already sensitive to NLO QCD effects in the NP matching procedure (2.2) [9].

The current severe flavour bounds could be interpreted as a requirement on BSM degrees
of freedom to exhibit a large mass gap with respect to the EW scale (if the NP flavour and CP
breaking sources are of order one and not aligned with Yu,d). Conversely, TeV scale NP can only
be reconciled with current experimental results, provided it exhibits sufficient flavor symmetry or
structure, such that |zi j| � 1 (the extreme case being minimal flavour violation (MFV) [10], where
one requires Yu,d to be the only sources of flavour breaking even BSM) . It is however interesting
to note that even flavour trivial NP is not completely safe from flavour constraints. An excellent
example is provided by the measurements of the first row CKM matrix elements Vui, which can be
combined to probe the corresponding CKM unitarity condition [11]

|Vud |2 + |Vus|2 + |Vub|2−1 =−0.0008
(
+7
−6

)
. (2.3)

Such constraints are significant in presence of new weak currents coupling to quark bilinears, e.g.
Q

(6)
φQ ∼ zi jQ̄i

LτaγµQ j
Lφ †τa

←→
D µφ , where τa are Pauli matrices and

←→
D µ ≡

−→
D µ −

←−
D µ . In general,

such operators generate flavour changing neutral currents (FCNCs) as well as modifications of
weak charged currents among quarks. Enforcing flavour triviality, zi j = δ i j, efficiently suppresses
FCNCs and the effect of Q

(6)
φQ is reduced to a universal contribution to quark weak charged cur-

rents. It can be parametrized as a shift in the effective Fermi constant as measured in semileptonic
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Why flavor matters in the LHC era?

Find the underlying principle for the flavor structure.
Suggestive pattern of masses and mixings.

13

Twofold role of flavor physics

(2) Test sources of flavor symmetries & their violation

Suggestive pattern of masses and mixings

Accidental? Dynamics? Symmetries?
S. Stone, 1212.6374

Why flavor matters in the LHC era?

I Why are the quark masses (except the top) so small compared with the vev?
I Why is the CKM matrix hierarchical?
I Why is CKM so different from the PMNS?
I Why do we have three families?
I Sources of flavor symmetry and violation?
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Why flavor matters in the LHC era?
Excellent opportunities to explore the strong interaction dynamics:Rich Flavor PhysicsRich Flavor Physicsyy

SM/CKM New Physics
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33QCD factorization theorems, effective field theories, resummation techniques,
non-perturbative QCD dynamics, QCD sum rules.
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Why power corrections?

Understanding the general properties power expansion in EFTs (HQET, SCET, NRQCD).

Interesting to understand the strong interaction dynamics of heavy quark decays.
I Factorization properties of the subleading-power amplitudes.
I Renormalization and asymptotic properties of higher-twist B-meson DA.
I Interplay of different QCD techniques.

Precision determinations of the CKM matrix elements |Vub| and |Vcb|.
Power corrections, QED corrections, BSM physics.

Crucial to understand the CP violation in B-meson decays.
Strong phase of A (B→M1 M2) @mb scale in the leading power.

Indispensable for understanding the flavour puzzles.
I P′5 anomaly in B→ K∗`+`−.
I Color suppressed hadronic B-meson decays.
I Polarization fractions of penguin dominated B(s)→ VV decays.
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Power corrections in SCET

Subleading soft theorems [Larkoski, Neill and Stewart, 2015]:
Generalize the tree-level Low-Burnett-Kroll theorem to the loop level.

Subleading helicity operators [Kolodrubetz, Moult and Stewart, 2016]:
Building Blocks for Subleading Helicity Operators.

Inclusive B-meson decays:
I B→ Xu`ν̄(Xsγ), [Beneke, Campanario, Mannel and Pecjak, 2004].
I B→ Xsγ , [Benzke, Lee, Neubert and Paz, 2010].

Exclusive B-meson decays:
I Soft contribution in B→ γ ` ν .
I Non-factorizable charm loop in B→ K∗``.
I a6 in B→ PP,VP.

Yu-Ming Wang (UW) B→ γ`ν Vienna, 04. 10. 2016 8/32



General aspects of B→ γ ` ν
Tree diagrams:

Kinematics:

pB ≡ p+q = mB v , p =
n ·p

2
n̄ , q =

n ·q
2

n̄+
n̄ ·q

2
n .

Decay amplitude:

M (B−→ γ ` ν) =
GF Vub√

2
(igem ε∗ν )

{
Tνµ (p,q)`γµ (1− γ5)ν +Q` fB `γν (1− γ5)ν

}
.

Hadronic tensor:

Tνµ (p,q) ≡
∫

d4xeip·x 〈0|T{jν ,em(x),
[
ūγµ (1− γ5)b

]
(0)}|B−(p+q)〉 ,

= v ·p
[
−iεµνρσ nρ vσ FV (n ·p)+gµν F̂A(n ·p)

]
+ vν pµ F1(n ·p)

+vµ pν F2(n ·p)+ v ·p vµ vν F3(n ·p)+
pµ pν

v ·p F4(n ·p) .
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General aspects of B→ γ ` ν
Ward identity [Grinstein and Pirjol, 2000; Khodjamirian and Wyler, 2001]:

pν Tνµ (p,q) =−(Qb−Qu) fB pµ
B .

⇓

F̂A(v ·p) =−F1(v ·p) , F3(v ·p) =−
(Qb−Qu) fB mB

(v ·p)2 .

Reduced parametrization:

Tνµ (p,q) = −i v ·pεµνρσ nρ vσ FV (n ·p)+
[
gµν v ·p− vν pµ

]
F̂A(n ·p)

− (Qb−Qu) fB mB

v ·p vµ vν
︸ ︷︷ ︸

.

contact term

Absorb the photon emission off the lepton [Beneke and Rohrwild, 2011]:

[
gµν v ·p− vν pµ

]
F̂A(n ·p) = −Q` fB gµν +

[
gµν v ·p− vν pµ

] [
F̂A(n ·p)+

Q` fB
v ·p

]

︸ ︷︷ ︸
+

vν pµ

v ·p Q` fB
︸ ︷︷ ︸

FA(n ·p) .

irrelevant after the contraction with ε∗ν
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Current status of B→ γ ` ν

Factorization properties at leading power [Korchemsky, Pirjol and Yan, 2000; Descotes-Genon and
Sachrajda, 2002; Lunghi, Pirjol and Wyler, 2003; Bosch, Hill, Lange and Neubert, 2003].

Leading power contributions at NLL and subleading power corrections at tree level [Beneke and
Rohrwild, 2011].

Subleading power soft two-particle correction at tree level [Braun and Khodjamirian, 2013].

Subleading power soft two-particle correction at one loop [this talk!].

Three-particle B-meson DA’s contribution at tree level [this talk!].
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Dispersion approach
Basic idea [Khodjamirian, 1999]:

T̃νµ (p,q) ≡
∫

d4xeip·x 〈0|T{jν ,em(x),
[
ūγµ (1− γ5)b

]
(0)}|B−(p+q)〉

∣∣
p2<0 ,

= v ·p
[
−iεµνρσ nρ vσ FB→γ∗

V (n ·p, n̄ ·p)+g⊥µν F̂B→γ∗
A (n ·p, n̄ ·p)

]
+ ...

Power counting: n ·p∼O(mb) , n̄ ·p∼O(Λ) .

Dispersion relations:

FB→γ∗
V (n ·p, n̄ ·p) =

2
3

fρ mρ

m2
ρ −p2− i0

2mB

mB +mρ
V(q2)+

1
π

∫ ∞

ωs
dω ′

Imω ′ F
B→γ∗
V (n ·p,ω ′)

ω ′− n̄ ·p− i0
,

F̂B→γ∗
A (n ·p, n̄ ·p) =

2
3

fρ mρ

m2
ρ −p2− i0

2
(
mB +mρ

)

n ·p A1(q2)+
1
π

∫ ∞

ωs
dω ′

Imω ′ F̂
B→γ∗
A (n ·p,ω ′)

ω ′− n̄ ·p− i0
.

LCSR for the B→ ρ form factors:

2
3

fρ mρ

n ·p Exp

[
−

m2
ρ

n ·pωM

]
2mB

mB +mρ
V(q2) =

1
π

∫ ωs

0
dω ′ e−ω ′/ωM

[
Imω ′ F

B→γ∗
V (n ·p,ω ′)

]
,

2
3

fρ mρ

n ·p Exp

[
−

m2
ρ

n ·pωM

]
2
(
mB +mρ

)

n ·p A1(q2) =
1
π

∫ ωs

0
dω ′ e−ω ′/ωM

[
Imω ′ F̂

B→γ∗
A (n ·p,ω ′)

]
.
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Dispersion approach
Improved dispersion relations (setting n̄ ·p = 0) [Master formula I]:

FV (n ·p) =
1
π

∫ ωs

0
dω ′

n ·p
m2

ρ
Exp

[
m2

ρ −ω ′ n ·p
n ·pωM

] [
Imω ′ F

B→γ∗
V (n ·p,ω ′)

]

︸ ︷︷ ︸
,

nonperturbative modification

+
1
π

∫ ∞

ωs
dω ′

1
ω ′
[
Imω ′ F

B→γ∗
V (n ·p,ω ′)

]
.

Comparison with the HQE result [Master formula II]:

FV (n ·p) =
1
π

∫ ∞

0
dω ′

1
ω ′
[
Imω ′ F

B→γ∗
V (n ·p,ω ′)

]

︸ ︷︷ ︸
HQE expression, not always well defined

+
1
π

∫ ωs

0
dω ′

{
n ·p
m2

ρ
Exp

[
m2

ρ −ω ′ n ·p
n ·pωM

]
− 1

ω ′

}

︸ ︷︷ ︸

[
Imω ′ F

B→γ∗
V (n ·p,ω ′)

]
.

O(1)Spectral density at tree level:

1
π

Imω ′ F
B→γ∗
V (n ·p,ω ′) =

Qu fB mB

n ·p φ+
B (ω ′,µ)︸ ︷︷ ︸+O(αs,Λ/mb) .

of O(1/Λ)[O(1/mb)] for ω ′ ∼ O(Λ)[ω ′ ∼ O(Λ2/mb)]

Power suppressed soft contribution!
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Power suppressed soft contributions at one loop
Perturbative QCD corrections to T̃νµ (p,q):

FB→γ∗
V,2P (n ·p, n̄ ·p) = F̂B→γ∗

A,2P (n ·p, n̄ ·p)

=
Qu f̃B(µ)mB

n ·p C⊥(n ·p,µ)
∫ ∞

0
dω

φ+
B (ω,µ)

ω− n̄ ·p J⊥(n ·p, n̄ ·p,ω,µ) .

B-meson light-cone distribution amplitude [Grozin and Neubert, 1997; Beneke and Feldmann,
2001]:

iFstat(µ)φ+
B (ω,µ) =

1
2π

∫
dt eiω t 〈0|(q̄s Ys)(t n̄) n̄/γ5 (Y†

s bv)(0)|B(v)〉 .

I One-loop renormalization of φ+
B (ω,µ) [Lange and Neubert, 2003].

I Renormalization of [q̄s(t n̄)Γbv(0)] does not commute with the shot-distance expansion
[Braun, Ivanov and Korchemsky, 2004].

[(q̄s Ys)(t n̄)n̄/Γ(Y†
s bv)(0)]R =/ ∑

p=0

tp

p!

[
q̄s(0)(n ·

←−
D )p n̄/Γbv(0)

]
R
.

I Eigenfunctions of the Lange-Neubert renormalization kernel [Bell, Feldmann, YMW and
Yip, 2013].

Evaluating the hard and jet functions using the method of regions [Beneke and Smirnov, 1997].
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Power suppressed soft contributions at one loop
Weak vertex correction:

I Hard function only from the weak vertex
diagram and the wavefunction renormalization
of the external b-quark field:

C⊥(n ·p,µ) = 1− αs(µ)CF

4π

[
2 ln2 µ

n ·p +5 ln
µ

mb

−2Li2

(
1− 1

r

)
− ln2 r+

3r−2
1− r

lnr+
π2

12
+6
]
.

I Hard-collinear contributions obtained from the
NLO corrections to the vacuum-to-B-meson
correlation function for B→ π form factors
[or replacing n̄ · k→ n̄ · (k−p) in B→ γ`ν].

Expansion by regions:

T̃weak
νµ (p,q) = −ig2

s CF µ2ε
∫ dD l

(2π)D
1

[(pb + l)2−m2
b + i0][(p− k+ l)2 + i0][l2 + i0]

×
{

n · l [(D−2) n̄ · l+2mb]+2n ·p(n̄ · l+mb)+(D−4) l2⊥
}

T̃ tree
νµ (p,q) ,

hc⇒ −ig2
s CF µ2ε

∫ dD l
(2π)D

2mb n · (p+ l) T̃ tree
νµ (p,q)

[mb n · l+ i0][n · (p+ l) n̄ · (p− k+ l)+ l2⊥+ i0][l2 + i0]
.
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Power suppressed soft contributions at one loop
Electromagnetic vertex correction:

I Only contributes to the jet function.

I Partonic amplitude:

T̃em
νµ (p,q) =

Qu g2
s CF

n ·p n̄ · (k−p)
µ2ε

∫ dDl
(2π)D

1
[l2 + i0][(p− l)2 + i0][(l− k)2 + i0]

ū(k) γρ l/ γ⊥ν (p/−l/) γρ (p/−k/) γ⊥µ (1− γ5) b(pb) .

The scaling behavior of the scalar integral is mb/Λ.
The Dirac algebra must induce a power-suppression factor.

The resulting jet function:

J⊥,em =
αs(µ)CF

4π





ln(1+η)

η

[
2 ln

µ2

−p2 − ln(1+η)+3
]
− ln

µ2

n ·pn̄ · (k−p)
−4

︸ ︷︷ ︸



 ,

η = −n̄ · k/n̄ ·p consistent with B→ γ`ν

Can be also obtained in SCET, but more complicated [Pirjol and Wyler, 2003].
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Power suppressed soft contributions at one loop
Renormalization of the internal quark propagator:

I Only contributes to the jet function:

J⊥,wfc =
αs(µ)CF

4π

[
ln

µ2

n ·pn̄ · (k−p)
+1
]
.

Free of soft and collinear divergences.

Box diagram:
No leading-power hard-collinear contribution:

T̃box
νµ (p,q) =−Qu g2

s CF µ2ε
∫ dDl

(2π)D

1
[(pb + l)2−m2

b][(p− k+ l)2][(k− l)2][l2]

ū(k) γρ (k/−l/) γ⊥ν (p/−k/+l/) γ⊥µ (1− γ5)

(p/b +l/+mb) γρ b(pb) .

Different from the vacuum-to-B-meson correlator for
B→ π form factors [YMW and Shen, 2015].
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Power suppressed soft contributions at one loop
Jet function at one loop:

J⊥(n ·p, n̄ ·p,ω,µ) = 1− αs(µ)CF

4π

{
ln2 µ2

n ·p(ω− n̄ ·p) −
π2

6
−1

− n̄ ·p
ω

ln
n̄ ·p−ω

n̄ ·p

[
ln

µ2

−p2 + ln
µ2

n ·p(ω− n̄ ·p) +3
]}

.

Factorization-scale independence:

d
d ln µ

FB→γ∗
V,2P (n ·p, n̄ ·p) = O(α2

s ) .

Static B-meson decay constant:

f̃B(µ) = fB K−1(µ,mb) , K(µ,mb) = 1+
αs(µ)CF

4π

[
3 ln

mb

µ
−2
]
.

Resummation for the hard functions at NLL:

d
d ln µ

C⊥(n ·p,µ) =
[
−Γcusp(µ)︸ ︷︷ ︸ ln

µ
n ·p + γh(µ)︸ ︷︷ ︸

]
C⊥(n ·p,µ) ,

three loops twoloops
d

d ln µ
f̃B(µ) = γ̃(µ)︸︷︷︸ f̃B(µ) .

twoloops
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Leading-power contributions at one loop
Leading-power HQE expression [Beneke and Rohrwild, 2011]:

FLP,NLL
V,2P (n ·p) =

Qu fB mB

n ·p C⊥,RG(n ·p,µ) K−1
RG(µ,mb)

×
∫ ∞

0
dω

φ+
B (ω,µ)

ω
J⊥(n ·p, n̄ ·p = 0,ω,µ)

︸ ︷︷ ︸
.

= λ−1
B (µ)

{
1+

αs(µ)CF

4π

[
ln2 µ2

n ·p µ0
+2 ln

µ2

n ·p µ0
σ1(µ)+σ2(µ)−

π2

6
−1
]}

Inverse-logarithmic moments:

λ−1
B (µ) =

∫ ∞

0

dω
ω

φ+
B (ω,µ) , σ (n)

B (µ) = λB(µ)
∫ ∞

0

dω
ω

lnn µ0

ω
φ+

B (ω,µ) .

λB(µ0)

λB(µ)
= 1+

αs(µ0)CF

4π
ln

µ
µ0

[
2−2 ln

µ
µ0
−4σ (1)

B (µ0)

]
+O(α2

s ) .

d
d ln µ

σ (n)
B (µ) = O(αs)⇒ No [αs(µ)]0 ln(µ/µ0) due to the evolution .

Not aiming at resummation of lnk(µ/µ0).
Resummation in the “dual" momentum space [Bell, Feldmann, YMW and Yip, 2013].
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Power suppressed soft contributions at one loop
Soft contributions at one loop [Master formula II]:

FNLP,NLL
V,2P (n ·p) =

Qu fB mB

n ·p C⊥,RG(n ·p,µ) K−1
RG(µ,mb)

×
∫ ωs

0
dω ′

{
n ·p
m2

ρ
Exp

[
m2

ρ −ω ′ n ·p
n ·pωM

]
− 1

ω ′

}
φ+

B,eff(ω
′,µ) .

Hard-collinear corrections absorbed into φ+
B,eff(ω

′,µ):

φ+
B,eff(ω

′,µ) = φ+
B (ω ′,µ)+

αs(µ)CF

4π

{∫ ω ′

0
dω
[

2
ω−ω ′

ln2 µ2

n ·p(ω ′−ω)

]

+

φ+
B (ω,µ)

−ω ′
∫ ω ′

0
dω
[

1
ω−ω ′

ln
ω ′−ω

ω

]

+

φ+
B (ω,µ)

ω

+
ω ′

2

∫ ∞

0
dω ln2

∣∣∣∣
ω−ω ′

ω ′

∣∣∣∣
d

dω

[
φ+

B (ω,µ)
ω

]

−
∫ ∞

ω ′
dω
[

ln2 µ2

n ·pω ′
− π2

2
−1
]

d
dω

φ+
B (ω,µ)

+ω ′
∫ ∞

ω ′
dω
[

ln
µ2

n ·pω ′
ln

ω−ω ′

ω ′
− 1

2
ln2 µ2

n ·p(ω−ω ′)
+

1
2

ln2 µ2

n ·pω ′

+3ln
ω−ω ′

ω ′
− 2π2

3

]
d

dω

[
φ+

B (ω,µ)
ω

]}
.

End-point divergences in QCD factorization.
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Sub-leading power corrections in QCD factorization
Power corrections from the hard-collinear light-quark and the b-quark propagators:

FHQE
V,NLP(n ·p) = FNLC

V,NLP(n ·p)+FLC
V,NLP(n ·p) ,

FHQE
A,NLP(n ·p) = FNLC

V,NLP(n ·p)+FLC
A,NLP(n ·p) .

Subleading-power local contribution [Beneke and Rohrwild, 2011]:

FLC
V,NLP(n ·p) =

Qu fB mB

(n ·p)2 +
Qb fB mB

n ·pmb
,

FLC
A,NLP(n ·p) = −

[
Qu fB mB

(n ·p)2 +
Qb fB mB

n ·pmb

]
+

2Ql fB
n ·p .

Subleading-power non-local contribution:

FNLC
V,NLP(n ·p) = ξ (v ·p) ?

=− iQu

(n ·p)2 C⊥,NLP(n ·p,µ)

×
∫

ds

〈
0

∣∣∣∣∣[ūYs] (s n̄)
in ·←−∂
i n̄ ·←−∂

n̄/ (1− γ5) [Y†
s bv](0)

∣∣∣∣∣B
−(v)

〉
J̃NLP

(
µ2 s
v ·p

)
.

Can ξ (v ·p) be matched onto FNLP
V,2P [Braun and Khodjamirian, 2013]?
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Three-particle B-meson DA’s contributions
Subleading power corrections from higher Fock states:

I Quark propagator in the background gluon
field [Balitsky and Braun, 1988]:

〈0|T{q(x) , q̄(0)}|0〉|G

⊃− i
16π2

1
x2

∫ 1

0
du
[
x/σαβ −4 iuxα γβ

]

×Gαβ (ux)︸ ︷︷ ︸ .

≡ gs Ta Ga
µν

Three-particle B-meson DA’s contributions [Khodjamirian, Mannel and Offen, 2007]:

〈0|ūα (x) Gλ ρ (ux) bv(0)|B−(v)〉
∣∣
x2=0

=
Fstat(µ)

4

∫ ∞

0
dω

∫ ∞

0
dξ e−i(ω+uξ )v·x

[
(1+v/)

{
(vλ γρ − vρ γλ ) [ΨA(ω,ξ )−ΨV (ω,ξ )]

−iσλρ ΨV (ω,ξ )− xλ vρ − xρ vλ
v · x XA(ω,ξ )+

xλ γρ − xρ γλ
v · x YA(ω,ξ )

}
γ5

]
.

See also [Kawamura, Kodaira, Qiao and Tanaka, 2001; Geye and Witzel, 2013].

Work in the coordinate space, compute the
∫

d4xeip·x integral, and do the power counting.
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Three-particle B-meson DA’s contributions
Three-particle contributions at tree level:

FB→γ∗
V,3P (n ·p, n̄ ·p) = F̂B→γ∗

A,3P (n ·p, n̄ ·p)

=−Qu f̃B(µ)mB

(n ·p)2

∫ ∞

0
dω

∫ ∞

0
dξ
∫ 1

0
du
{

ρ(2)
3P (u,ω,ξ )

[n̄ ·p−ω−uξ ]2
+

ρ(3)
3P (u,ω,ξ )

[n̄ ·p−ω−uξ ]3

}
,

ρ(2)
3P (u,ω,ξ ) = ΨV (ω,ξ )+(1+2u)ΨA(ω,ξ ) , ρ(3)

3P (u,ω,ξ ) =−2(1+2u) X̄A(ω,ξ ) ,

X̄A(ω,ξ ) =
∫ ω

0
dη XA(η ,ξ ) , ȲA(ω,ξ ) =

∫ ω

0
dη YA(η ,ξ ) .

Small-momenta behaviours (ω → 0 ,ξ → 0) [Khodjamirian, Mannel and Offen, 2007]:

ΨV (ω,ξ )∼ΨA(ω,ξ )∼ ξ 2 , X̄A(ω,ξ )∼ ω ξ 2 , ȲA(ω,ξ )∼ ω ξ .

LO QCD sum rule analysis, assume the “true" behaviors reproduced by the perturbative analysis.
HQE result for the three-particle DA’s effect:

FHQE
V,3P(n ·p) =−

Qu f̃B(µ)mB

(n ·p)2

∫ ∞

0
dω

∫ ∞

0
dξ
{

1
ω(ω +ξ )

ΨV (ω,ξ )

+

[
1

ω(ω +ξ )
− 2

ξ (ω +ξ )
+

2
ξ 2 ln

ω +ξ
ω

]
ΨA(ω,ξ )+

4ω +ξ
ω2 (ω +ξ )2 X̄A(ω,ξ )

}
.

End-point divergences in QCD factorization (speculated in [Braun and Khodjamirian, 2013])!
⇒ Three-particle contributions cannot be written as a “pure" HQE expression plus a correction.
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Three-particle B-meson DA’s contributions
Nonperturbative modification [Master formula I]:

FV,3P(n ·p) = F3P,soft(n ·p)︸ ︷︷ ︸+ F3P,hard(n ·p) ,

IR cutoff : ωM .

F3P,soft(n ·p) =
1
π

∫ ωs

0
dω ′

n ·p
m2

ρ
Exp

[
m2

ρ −ω ′ n ·p
n ·pωM

] [
Imω ′ F

B→γ∗
V,3P (n ·p,ω ′)

]
,

F3P,hard(n ·p) =
1
π

∫ ∞

ωs
dω ′

1
ω ′
[
Imω ′ F

B→γ∗
V,3P (n ·p,ω ′)

]
.

Power counting.
Leading power contributions [Beneke and Feldmann, 2003]:

FHQE
V,LP(n ·p)∼ 〈γ(p)|q̄sA/⊥(γ)

1

i n̄ ·←−D s

n̄/
2

Γbv |B(p+q)〉 ∼
(

Λ
mb

)1/2

,

Three-particle contributions:

ωs ∼ ωM ∼ Λ2/mb ⇒ F3P,soft(n ·p)∼ F3P,hard(n ·p)∼
(

Λ
mb

)3/2

.

I Three-particle contributions power suppressed.

I But both the “soft" and “hard" effects from the three-particle DA are of the same power.

I Can be speculated from the rapidity divergences of the HQE result.
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Final expressions of the B→ γ form factors
Adding up the leading and subleading power contributions:

FV (n ·p) = FLP,NLL
V,2P (n ·p)+FNLP,NLL

V,2P (n ·p)+FV,3P(n ·p)+FLC
V,NLP(n ·p) ,

FA(n ·p) = F̂LP,NLL
A,2P (n ·p)+ F̂NLP,NLL

A,2P (n ·p)+ F̂A,3P(n ·p)+FLC
A,NLP(n ·p) .

Breakdown of various contributions [λB = 354MeV]:

Numerics with central inputs:

FLP,LL
V,2P (mB) = 0.35 ,

FLP,NLO
V,2P (mB) = 0.29 ,

FLP,NLL
V,2P (mB) = 0.31 ,

FNLP,LL
V,2P (mB) = −0.027 ,

FNLP,NLL
V,2P (mB) = −0.022 ,

FLC
V,NLP(mB) = 0.013 ,

FLC
A,NLP(mB) = −0.093 ,

FV,3P(mB) = −0.0031 .

Fixed-order corrections dominant. Resummation effect comparable to the power corrections.
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λB dependence of the B→ γ form factors
Sizeable soft two-particle correction at small λB:

I For λB(µ0) = 100MeV, O (45 %) [O (100 %)] correction at n ·p = mB [ 2 GeV].
I NLL correction to the soft two-particle correction around O (20∼ 40) %.

Power counting analysis:

FLP
V,2P ∼ FNLP

V,2P ∼
(mb

Λ

)1/2
, for λB(µ0)∼ Λ2/mb ,

FLP
V,2P ∼

(
Λ
mb

)1/2

, FNLP
V,2P ∼

(
Λ
mb

)3/2

, for λB(µ0)∼ Λ .

Only consider λB(µ0)≥ 200MeV.
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φ+
B (ω,µ) dependence of the B→ γ form factors

Two models of φ+
B (ω,µ) from QCD sum rules:

φ+
B,I(ω,µ0) =

ω
ω2

0
e−ω/ω0 ,

φ+
B,II(ω,µ0) =

1
4π ω0

k
k2 +1

[
1

k2 +1
− 2(σ1(µ0)−1)

π2 lnk
]
, k =

ω
1 GeV

.

Constructing the models of φ+
B (ω,µ) with OPE constraints [Feldmann, Lange and YMW, 2014].

Numerics of the B→ γ form factors:

Solid curves for φ+
B,I(ω,µ0), dashed curves for φ+

B,II(ω,µ0).
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Photon-energy dependence of the B→ γ form factors

Including power suppressed two-particle and three-particle corrections:

Dominant uncertainties from λB(µ0),
σ1(µ0), σ2(µ0) and µ .

FA−FV depends only on fB:

FA(n ·p)−FV (n ·p)

=
2 fB
n ·p

[
Q`−

Qu mB

n ·p −
Qb mB

mb

]
.

Only local symmetry-breaking effect!

Faster growing FV than FA with the
decrease of Eγ .
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Partial branching fractions of B→ γ`ν
Integrated decay rate ∆BR(Ecut):

∆BR(Ecut) = τB

∫ mB/2

Ecut
d Eγ

d Γ
d Eγ

(B→ γ`ν) .

λB(µ0) dependence of ∆BR(Ecut):

Belle 2015 data: ∆BR(1GeV)< 3.5×10−6 ⇒
I No interesting bound on λB(µ0) for the model φ+

B,I(ω,µ0).
I λB(µ0)> 214MeV for the model φ+

B,II(ω,µ0).
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Photon emission at large distance
Long-distance photon contribution:

B

s c

hc

c

B

hc

s c

hc

c

γγ

I “Hadronic" photon effect power suppressed [Beneke and Feldmann, 2003].
I Can be described by the photon DA [Ball, Braun and Kivel, 2002]:

〈0|q̄(z)σαβ q(−z)|γ(q)〉= Qq gem χ(µ)︸ ︷︷ ︸〈q̄q〉
[
qβ εα −qα εβ

] ∫ 1

0
du ei(2u−1)q·z φγ (u,µ)︸ ︷︷ ︸ .

magnetic susceptibility, χVMD ≈ 2/m2
ρ , φ asy

γ (u,µ) = 6u(1−u) .

I Long-distance photon contribution divergent for γ∗π → γ in QCD factorization.
“Hadronic" photon effect in B→ γ`ν calculable in HQE?

I Double counting when adding the “hadronic" photon effect and F2P,soft [F3P,soft] together?

“Hadronic" photon effect from LCSR with photon DAs and jB [Ball and Kou, 2003].
I Twist-2 photon DA’s contribution: Ftwist−2

V,γ (n ·p) = F̂twist−2
A,γ (n ·p).

I Higher-twist phton DA’s contribution: Fhigher−twist
V,γ (n ·p) =/F̂higher−twist

A,γ (n ·p).
I FV,γ (mB) = 0.09±0.02 , F̂A,γ (mB) = 0.07±0.02. ⇒ 30 % hadronic photon corrections.
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Future Work
Yet higher-twist contributions:

Two-gluon-field-strength terms and the covariant derivative of Gµν terms [Balitsky and Braun,
1988]:

Dµ Gµν (x) =−gs ∑
q

q̄(x)γν Ta q(x) .

Can factorization of four-particle DA be trusted?

Why is it interesting?
Lesson from the pion-photon form factor [Agaev, Braun, Offen and Porkert, 2011]:
Soft dominant⇒ Correspondence between power expansion and twist counting lost.
⇒ Contributions of all higher twists yield the power corrections suppressed by one power of Q2.
True for the B-meson-to-photon form factor [Braun and Khodjamirian, 2013]?
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Concluding Remarks

Understanding power corrections in B→ γ`ν important for precision flavour physics.

Power suppressed contributions in the dispersion approach.
I NLL two-particle soft correction approximately (10∼ 30)% at λB = 354MeV.
I NLO correction to the soft two-particle contribution around (10∼ 20)%.
I Soft two-particle correction grows rapidly with the decrease of λB(µ0).
I Three-particle contributions (soft ⊕ hard) of order O(1)%.
I “Soft" and “hard" three-particle contributions are of the same power.
I Rapidity divergences of three-particle contributions in QCD factorization.

The inverse moment λB(µ0) not sufficient to describe B→ γ`ν in general.

Can the power suppressed soft contributions be identified as ξ (Eγ ) in QCD factorization?
Non-local subleading power corrections in SCET.

Understanding the symmetry breaking effects due to the yet higher-twist photon DA.
Mismatch of the power expansion and the twist expansion.

Perturbative corrections to the three-particle contribution in the dispersion approach.
Renormalization properties of the three-particle B-meson DAs.
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