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Jet Cross Sections



NLO result for total hadronic cross section

Real and virtual corrections suffer from soft and collinear 
infrared divergences, e.g. 

in d=4-2ε. Divergences cancel in the sum!
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Sterman-Weinberg jets ‘77

Original definition of a two-jet cross section in e+e− collisions 
with cms energy Q. Two parameters 

• Cone angle parameter δ 

• Energy fraction outside the cone β 

Infrared safe: σ(δ, β) includes for soft and collinear radiation.



NLO result for jet cross section

IR finite, but problems for small β and/or δ: 

1) Large logarithms can compensate αs suppression: 
fixed-order perturbation theory becomes unreliable. 

2) Value of μ ? μ = Q , Q β , Q δ , Q β δ ?
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Why narrow jets?
Analysis of jet substructure can provide important 
information. 

Jet substructure studies are currently based on parton 
shower. Would be important to be able to obtain 
systematically improvable predictions 

• Need higher-log resummation for narrow jets. (For LL 
results, see Dasgupta et al. ’15, ’16)



An EFT for jet processes
In the following, we will describe an effective theory which  

• separates the contributions associated with different 
scales (“factorization”) 

• allows one to resum large logarithms of scale ratios  
(“resummation”) 

Despite the fact that jet cross sections are the most 
important class of collider observables, factorization and 
resummation beyond the leading logarithms has not been 
achieved earlier. 

• Higher-log resummation was available only for global 
variables such as thrust, broadening, C-parameter, …



Soft-collinear factorization

H
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QCD made simple(r)
There are two limits where the perturbative expressions for 
the scattering of quarks and gluons simplify considerably 

• Collinear limit, where multiple particles move in a 
similar direction. 

• Soft limit, in which particles with small energy and 
momentum are emitted. 

At the same time the cross sections are enhanced in these 
regions. 

• Large logarithms ln(β) and ln(δ) in SW cross 
section arise from soft and collinear emissions!



Soft limit
When particles with small energy and momentum 
are emitted, the amplitudes simplify: 

  

Soft emission factors from the rest of the amplitude.    

Denominator                                      leads to 
logarithmic enhancements at small energy and small 
angle.
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ū(p)ε/(k,λ)
p/+ k/+m

(p + k)2 −m2
. . . (4)

≈
p · ε(k,λ)

p · k
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Wilson lines
Multiple emissions can be obtained from 

 niμ=piμ/E  is a vector in the direction of the energetic 
particle, and Tia is its color charge. P indicates that 
the color matrices are path ordered. 

Emissions are only sensitive to the total charge Ti of 
the object they radiate off.  Also, the emission of soft 
quarks is suppressed compared to gluon emission.
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Consider one-gluon matrix element of Wilson line 

Wilson line and eikonal interaction

eikonal interaction

need small imaginary  
part n·k ≣ n·k + iε
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Soft emissions in process with m energetic particles 
are obtained from the matrix elements of the operator 

  

If one considers a jet of several (nearly) collinear 
energetic particles, their soft radiation is described 
by a single Wilson line with the total color charge.

Figure 1. Definition of the parameters � and � of the dijet cross section. We use the thrust axis
~n, as the jet axis.

definiton is identical to the one in the seminal paper of Sterman and Weinberg [36]. Using

the thrust vector as the jet axis leads to a simpler form of the phase-space constraints and

will enable us to use existing two-loop results for the cone-jet soft function obtained in

[27, 28].

If we consider wide-angle jets with � ⇠ 1, the e↵ective theory contains only two mo-

mentum regions

hard: ph ⇠ Q (1, 1, 1) , (2.3)

soft: ps ⇠ Q� (1, 1, 1) .

The hard mode describes the energetic particles inside the jet. Given their momentum

scaling, these particles can never be outside the jet, in contrast to the soft partons which

can be emitted inside or outside the jet. Since there are no collinear singularities for large

cone size, the cross section is single-logarithmic, i.e. the leading logarithms have the form

↵n
s ln�.

The factorization of an amplitude with m hard partons and an arbitrary number of

soft partons is of course well known. Each of the hard partons get dressed with a Wilson

line along its direction. In analogy to factorization for amplitudes with coft particles [32],

we have

S1(n1)S2(n2) . . . Sm(nm)|Mm({p})i , (2.4)

where nµ
i = pµi /Ei and {p} = {p1, p2, . . . , pm}, but while the coft case involved quark

splitting amplitudes, we are now dealing with ordinary amplitudes |Mm({p})i. One way

to obtain this formula is to write down the SCET operator for processes with m jets,

which involves m di↵erent collinear fields, perform the decoupling transformation and then

take the matrix element with exactly one collinear particle in each sector, which gives the

amplitude |Mm({p})i. (On the amplitude level, there is no di↵erence between collinear

and hard on-shell particles. The di↵erence in scaling only matters in the expansion of the

phase-space constraints.) To get the amplitude with an arbitrary number of soft particles

in the final state, one takes the relevant matrix element of the Wilson-line operator (2.4).

Doing so, the cross section takes the form

– 5 –

hard scattering amplitude 
with m particles 

(vector in color space)

soft Wilson lines along the directions  
of the energetic particles / jets 

(color matrices)



Collinear factorization

In the limit           , where the partons become 
collinear, the n-parton amplitude factorizes into a 
product of an (n-1)-parton amplitude times a splitting 
amplitude      . Similarly for several collinear partons. 

Leading contribution to the squared amplitude does 
not involve interference with the other particles! 

…but see Almelid, Duhr, Gardi 1507.00047!

✓ ! 0

✓
Mn = Mn−1 × P (1)Mn = Mn−1 × P (1)=Mn = Mn−1 × Sp (1)

P ∼ (2)

Mn = Mn−1 × Sp (1)

P ∼ (2)

15



Soft-Collinear Factorization: 2-jet case

For M1 ~ M2 ≪Q the cross section factorizes:

Q

M1 M2

J(M2
2 , µ)J(M2

1 , µ)

S(⇤2
s, µ)

H(Q2, µ)

⇤2
s ⇠

M2
1 M2

2

Q2soft function

jet function

hard function

!



Soft-Collinear Effective Theory
In collider processes, we have an interplay of three 
momentum regions 
Hard 

Collinear 

Soft 

Correspondingly, EFT for such processes has two low-
energy modes: 
collinear fields describing the energetic partons propagating 
in each direction of large energy, and 

soft fields which mediate long range interactions among 
them.

}  high-energy

} low-energy part

Bauer, Pirjol, Stewart et al. 2001, 2002; Beneke, Diehl et al. 2002; ...



Diagrammatic Factorization
The simple structure of soft and collinear 
emissions forms the basis of the classic 
factorization proofs, which were obtained by 
analyzing Feynman diagrams. 

Advantages of the the SCET approach: 

Simpler to exploit gauge invariance on the 
Lagrangian level 

Operator definitions for the soft and collinear 
contributions 

Resummation with renormalization group 

Can include power corrections

J.C. Collins, D.E. Soper / Back-to-back lets 

/ .  
I 

421 

I 
_ J  

Fig. 7.2. Dominant integration region for e+e annihilation for small wr. In both fig. 7.1 and this figure, 
the soft gluon subgraphs may be disconnected. 

We begin by considering the slightly simpler process a + b ~ A + B + X, where a 
and b are quarks with momenta k~, and k~ respectively. Let k~, be collinear (as 
defined in subsect. 4.2) in the v~ direction and let k~ be collinear in the v~ 
direction. Then the dominant integration regions are as shown in fig. 7.3. 

Consider a graph G for this process. A subgraph T of G will be called a tulip 
if G can be decomposed into subgraphs as indicated in fig. 7.3 with T being the 
central (possibly disconnected) S subgraph connecting the "jet" subgraphs J a  and 
Jn. The jet subgraphs must be connected and be one particle irreducible in their 
gluon legs. 

A garden is a nested set of tulips. 
In analogy with subsect. 5.5, we define a regularized version GR of G by 

G R  = G + ~. ( - 1 ) N S ( T 1 ) S ( T 2 )  • • • S ( T n ) G .  (7.2) 
inequivalent 

gardens 

Here the operator S ( T )  makes the soft approximation on the attachments to the 
jets J A  and JB of the gluons leaving tulip T. The soft approximation for attachments 

Collins, Soper, Sterman 80’s ...

Collins and Soper ‘81



arXiv:1410.1892

Lecture Notes in Physics 896

Thomas Becher
Alessandro Broggio
Andrea Ferroglia

Introduction to 
Soft-Collinear 
Eff ective Theory

See also Iain Stewart’s edX EFT online course.



• The perturbative result for the thrust distribution contains 
logarithms                , where τ = 1-T.  

• Near the end-point τ → 0 the logarithmic terms dominate. 
• Using SCET one can derive the factorization theorem 

          Q2              ≫           M12 ~ M22 ~ τ Q2   ≫       τ2 Q2 

             hard                    collinear                       soft

Resummation for Thrust 

1 Introduction

Lepton colliders, such as the Large Electron-Positron collider lep which ran from 1989-2000
at cern, provide an optimal environment for precision studies in high energy physics. Lacking
the complications of strongly interacting initial states, which plague hadron colliders, lep has
been able to provide extremely accurate measurements of standard model quantities such as
the Z-boson mass, and its results tightly constrain beyond-the-standard model physics. The
precision lep data is also used for QCD studies, for example to determine the strong coupling
constant αs. With the variation of αs known to 4-loops, one should be able to confirm in
great detail the running of the coupling, or use it to establish a discrepancy which might
indicate new physics. Even at fixed center-of-mass energy, differential distributions for event
shapes, such as thrust probe several energy scales and are extremely sensitive to the running
coupling. Moreover, event shape variables are designed to be infrared safe, so that they can be
calculated in perturbation theory and so the theoretical predictions should be correspondingly
clean. Nevertheless, extractions of αs from event shapes at lep have until now been limited
by theoretical uncertainty from unknown higher order terms in the perturbative expansion.

One difficulty in achieving an accurate theoretical prediction from QCD has been the
complexity of the relevant fixed-order calculations. Indeed, while the next-to-leading-order
(NLO) results for event shapes have been known since 1980 [1], the relevant next-to-next-
to-leading order (NNLO) calculations were completed only in 2007 [2, 3]. In addition to the
loop integrals, the subtraction of soft and collinear divergencies in the real emission diagrams
presented a major complication. In fact, this is the first calculation where a subtraction scheme
has been successfully implemented at NNLO [4]. However, even with these new results at hand,
the corresponding extraction of αs continues to be limited by perturbative uncertainty. The
result of [5] was αs(mZ) = 0.1240 ± 0.0033, with a perturbative uncertainty of 0.0029. This
NNLO result for the strong coupling constant comes out lower than at NLO, but 2σ higher
than the PDG average αs(mZ) = 0.1176 ± 0.0020 [6]. Actually, the most precise values of αs

are currently determined not from lep but at low energies using lattice simulations [7] and
τ -decays [8]. An extensive review of αs determinations is given in [9], new determinations
since its publication include [10, 11].

To further reduce the theoretical uncertainty of event shape calculations, it is important
to resum the dominant perturbative contributions to all orders in αs. To see this, consider
thrust, which is defined as

T = max
n

∑
i |pi · n|∑

i |pi|
, (1)

where the sum is over all momentum 3-vectors pi in the event, and the maximum is over all
unit 3-vectors n. In the endpoint region, T → 1 or τ = (1−T ) → 0, no fixed-order calculation
could possibly describe the full distribution due to the appearance of large logarithms. For
example, at leading order in perturbation theory the thrust distribution has the form

1

σ0

dσ
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[
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τ
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where the ellipsis denotes terms that are regular in the limit τ → 0. Upon integration over
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Evaluate each part at its characteristic scale, evolve to 
common reference scale μ 

   

Each contribution is evaluated at its natural scale. No large 
perturbative logarithms.  

→N3LL resummation for thrust TB, Schwartz ’08. 
Precision determination of αs Abbate et al. ’11.

µ2

Q2

⇤2
s

M2
1 ⇠M2

2

H(Q2, µ2
h)

J(M2
1 , µ2

j )J(M2
2 , µ2

j )

S(⇤2
s, µ

2
s)

Resummation by RG evolution



From SCET to Jet Effective Theory

factorization and resummation for jet processes
TB, Neubert, Rothen, Shao, arXiv:1508.06645



Non-global logarithms

Consider hemisphere jet masses M1 and M2 in e+e− → 2 
jets. Factorization and resummation works for  

Q2τ ≈ Mtot2 =M12 + M22  or Mh = max(M1, M2)

but fails for the non-global observables 
                    M = M1  or Ml = min(M1, M2)

Non-global, because it only probes one hemisphere.

}

}

}}

J1

J2

BaBb

S}

J1

J2

S

}

HH
d�

dM
= H · J1 ⌦ J2 ⌦ S

Dasgupta, Salam ‘01

?



Jet observables are non-global because they are 
insensitive to emissions inside the jets. 

Dasgupta and Salam ‘02 extracted the leading non-
global logarithm; arises from gluons inside jet radiating 
back out. 

These types of logarithms do not exponentiate.

2Eout < βQ

/ ↵2
sCFCA⇡

2 ln2 �



LL resummation
• The leading logarithms arise from configurations in 

which the emitted gluons are strongly ordered 

E1 ≫ E2 ≫ E3 ≫ …  ≫ Em 

• Multi-gluon emission amplitudes become extremely 
simple in this limit, especially at large Nc 

  
• Using their structure Banfi, Marchesini, Smye ’02  

derived an integral equation for resummation of 
leading logs at large Nc: BMS equation.

3 Strong energy ordering

In this section, we review the structure of the real, virtual and real-virtual integrands relevant
for the leading non-global logarithm at large N

c

limit [55]. While simplifications arising from
the strong-energy-ordering (SEO) limit have been known for decades, we try to provide more
explicit details than we have found in the literature. Hopefully, our exposition will clarify the
set of approximations going into the NGL calculation. A reader already familiar with SEO can
skip this section.

3.1 Real emission

To begin, consider the cross section for emission of m gluons o↵ classical quark sources in the aµ

and bµ directions. The di↵erential cross section for real-emission is then

1

�
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is the tree-level cross section and the phase space is

d�
m

=
mY

i=1

d3p
i

(2⇡)3 2!
i

=
mY

i=1

!
i

d!
i

4⇡2

d⌦
i

4⇡
(10)

In the limit that the energy of the gluons is strongly ordered, at large N
c

the matrix-element
squared can be written as [55]
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It does not matter if E
1

� E
2

� · · · � E
m

or if the gluons are ordered in some other permutation;
because they are identical particles, the matrix element is independent of the gluon labels.

To simplify cross section formula, it is helpful to pull out the energies from the dot-products,
by writing

(ij) ⌘ p
i

· p
j

!
i

!
j

= 1� cos ✓
ij

(12)

where ✓
ij

is the angle between the directions ~p
i

and ~p
j

. Then we define the radiator function as

W1···m
ab

=
(ab)

(a1)(12) · · · (mb)
(13)

and
P1···m
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=
X

perms of 1···m

W1···m
ab

(14)

so that ��M1···m
ab

��2 = Nm

c

g2m
1

!2

1

· · ·!2

m

P1···m
ab

(15)
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A lot of recent work on these types of logarithms 

• Resummation of leading logs beyond large Nc Weigert ’03, 
Hatta, Ueda ’13 + Hagiwara ’15; Caron-Huot ’15. 

• Fixed-order results: 2 loops for S(ωL,ωR). Kelley, Schwartz, 
Schabinger and Zhu ’11; Hornig, Lee, Stewart, Walsh and 
Zuberi ’11; with jet-cone  Kelley, Schwartz, Schabinger and Zhu 
‘11; von Manteuffel, Schabinger and Zhu ’13, leading non-
global log up to 5 loops by solving BMS equation Schwartz, 
Zhu ’14, 5 loops and arbitrary Nc Delenda, Khelifa-Kerfa ‘15 

• Approximate resummation of such logs, based on resummation 
for observables with n soft subjets. Larkoski, Moult and Neill ‘15 

A systematic factorization of non-global observables was missing.

Non-global logarithms



Soft factorization revisited
As discussed, large-angle soft radiation only sees total 
charge. Identical to radiation of a single particle flying in the 
jet direction. Described by Wilson line along jet direction. 

We will now see that this picture breaks down for non-global 
observables due to the relevance of small angle soft radiation!



Consider again the emission of single soft a gluon from 
energetic particles with momenta pi inside a narrow jet: 

  

This approximation breaks down when the soft emission 
has a small angle, i.e. when                   !  

Small region of phase space, but it turns out that it gives a 
leading contribution to jet rates!

Soft emission from a jet

∑

i

Qi

pi · ε

pi · k
= Qtot

n · ε

n · k
+ . . . (1)∑

i

Qi
pi · ε

pi · k
= Qtot

n · ε

n · k
+ . . . (1)

p
µ
i ≈ Ei n

µ (2)Approximation:

kµ ⇡ ! nµ



Coft factorization

For cone-jet processes with narrow cones, small angle soft 
radiation becomes relevant 

• collinear and soft  (“coft”) 

• resolves individual collinear partons: operators with 
multiple Wilson lines

TB, Neubert, Rothen, Shao,1508.06645



Momentum modes for jet processes

Full jet cross section is recovered after adding the contributions 
from all regions (“method of regions”) 

• Additional coft mode has very low characteristic scale βδQ! 
Jets are less perturbative than they seem! 

• Effective field theory has additional “coft” degree of freedom.

Region Energy Angle Inv. Mass

Hard Q 1 Q

Collinear Q δ Qδ

Soft βQ 1 βQ

Coft βQ δ βδQ

(

st
an

da
rd

 
SC

ET

new

TB, Neubert, Rothen, Shao,1508.06645; Chien, Hornig and Lee 1509.04287 



Split momenta into light-cone components 

Scaling of the momentum components (β ~ δ2) 

Note: every component of coft mode is smaller than the 
corresponding collinear one. Different than SCETI , SCETII, 
SCET1.5, SCETn ,SCET+ , …

Momentum modes again (for experts) 

e+e� ! �⇤(q) ! 2 jets
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Method of region expansion
To isolate the different contributions, one expands the 
amplitudes as well as the phase-space constraints in each 
momentum region. 

• Generic soft mode has O(1) angle: after expansion, it is 
always outside the jet. 

• Collinear mode has large energy E ≫ βQ. Can never go 
outside the jet. 

• Coft mode can be inside or outside, but its contribution to 
the momentum inside the jet is negligible. 

Expansion is performed on the integrand level: the full result is 
obtained after combining the contributions from the different 
regions.



Checks at  one and two loops

Constant c0 depends on definition of jet axis: 
                                                        (Sterman-Weinberg)       
                                                        (thrust axis) 

We have therefore shortened their name to “coft”. The coft modes can be inside or outside

the jet and their natural scale is
p
p2t = Q��, much lower than the collinear scale Q� and

soft scale Q�. Given these scalings, we can now write down the expanded phase-space

constraint for the jet cross section. Including the momentum conservation delta function,

the expanded phase-space constraint reads

2�(Q� n̄ ·pXc) �
d�2(p?Xc

)�(Q�n ·pXc̄) �
d�2(p?Xc̄

)✓(�Q�2EXs � n̄ ·pXout

t
�n ·pXout

¯t
) , (2.7)

together with angle constraints. There are separate constraints on the transverse momen-

tum in each hemisphere, which ensures that ~n is indeed the thrust axis, see e.g. [10]. Note

that soft and coft momenta are not constrained by momentum conservation since they

are parametrically smaller than the collinear momenta As discussed above, the collinear

particles are all inside the right jet, while the coft particles can be inside or outside the jet.

For a partition of the coft final state Xt = X in +Xout, the angle constraint reads

Y

i2Xout

✓

✓
n · pi
n̄ · pi � �2

◆ Y

i2Xin

✓

✓
�2 � n · pi

n̄ · pi

◆
. (2.8)

The full phase-space then includes a sum over the di↵erent partitions Xt = X in + Xout.

The angle constraints for the anti-collinear and anti-coft particles are obtained by switching

n $ n̄. There are no angle constraints on the soft particles since the theta functions

constraining them to be outside are trivially fulfilled after multipole expansion, see (2.5).

It is now a simple exercise to verify that one reproduces the one-loop thrust cone-jet

rate by expanding the e+e� ! q̄qg cross section in the above momentum regions, perform-

ing the phase-space integrals in each region, and adding up the resulting contributions.

After changing the angle constraints appropriately, one also obtains the Sterman-Weinberg

cross section. The soft and collinear matrix elements can be found in [9], and the coft

matrix element is equal to the soft one at this order. Integrating over the gluon phase

space yields the following result for the one-loop corrections from the di↵erent sectors

��h =
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,
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�16 ln � ln� + 12 ln � + c0 +

5⇡2

3
� 16

◆

(2.9)

where �0 is the Born-level cross section. For Sterman-Weinberg jets c0 = �3⇡2 +26, while

thrust-axis cone jets have c0 = �5⇡2/3 + 14 + 12 ln 2. As it has to be the case, in the sum

of the contributions, the divergences and scale dependence cancel and we reproduce the

full QCD result [2].
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hard

collinear

soft

coft

Have repeated the same check at two-loop order and checked 
against numerical result from Event 2 generator



Sample ingredient at O(αs
2)

Coft function with two Wilson lines 

  

with                  (τ is the Laplace conjugate of β) and 

Can be extracted using two-loop results for hemisphere soft function 
Kelley, Schwartz, Schabinger and Zhu ’11; Hornig, Lee, Stewart, 
Walsh and Zuberi ’11: Take energy in one hemisphere to ∞!  

Note the 1/εn divergences! 

1

SUPPLEMENTAL MATERIAL TO “AN EFFECTIVE FIELD THEORY FOR JET PROCESSES” BY
THOMAS BECHER, MATTHIAS NEUBERT, LORENA ROTHEN AND DING YU SHAO

Below, we list the explicit expressions for the ingredients of the factorization formula to O(α2
s) and give the result

for the cone-jet cross section at next-to-next-to-leading order (NNLO).

Section A: Two-loop results for the bare functions

We first present the bare ingredients for the factorized NNLO cross section. We write our results in terms of the
bare coupling constant α0 = Zααs, with

Zα = 1−
αs

4π

β0

ϵ
+ . . . , and β0 =

11

3
CA −

4

3
TFnf . (A1)

Writing the hard function as a function of the logarithm L = ln Q
µ
, we find [1]
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For the Laplace transformed soft function the relevant logarithm is L = ln Qτ
µ
. We have [2]
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The coft function with two Wilson lines is given by

〈
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2
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To get this function, we have boosted to the frame where the cone covers the full right hemisphere. In this frame the
coft function is the same as the hemisphere soft function S(ωL,ωR) in the limit ωR → ∞, where the energy in the
right hemisphere can be arbitrarily large. Taking this limit generates additional singularities, so it needs to be taken
before renormalization, using the bare expressions provided in [3].

We also need the coft-collinear mixing contribution, which involves L = ln Qδ
µ + ln Qδτ

µ and reads

〈
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We have obtained this result from a computation of the relevant diagrams and we computed the constant terms
numerically as cM,F

2 = −128.52 and cM,A
2 = 90.53. Finally, we need the purely collinear contribution, which is

obtained as

J full
bare(L, ϵ) = ⟨J1 ⊗ 1+J2 ⊗ 1+J3 ⊗ 1⟩ , (A10)

with ⟨J1 ⊗ 1⟩ = 1, and has the form
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and
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Note that we did not compute the two-loop coefficients Ji directly but have inferred their divergent parts from the
requirement that the cross section is finite. We have obtained numerical values for the finite parts by comparing the
result for the cross section to numerical results obtained with the fixed-order event generator Event2 [4]. The details
of this extraction will be discussed in [5].
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To get this function, we have boosted to the frame where the cone covers the full right hemisphere. In this frame the
coft function is the same as the hemisphere soft function S(ωL,ωR) in the limit ωR → ∞, where the energy in the
right hemisphere can be arbitrarily large. Taking this limit generates additional singularities, so it needs to be taken
before renormalization, using the bare expressions provided in [3].
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Two-loop result

• 1/ε4, 1/ε3, 1/ε2, 1/ε divergences have cancelled! 
• Two-loop constants c2F, c2A,  c2f, unknown. (Could be 

obtained from two-loop collinear result.) 
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It is conventional to choose µ = Q and write the expansion of the cross section in the form

σ(β)
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= 1 +

αs

2π
A(β, δ) +

(αs
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)2
B(β, δ) + . . . . (B3)

The coefficient A(β, δ) was given in the main text in (4). The two-loop coefficient B(β, δ) has the form
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(B4)

The quantities cF2 , c
A
2 and cf2 are directly related to the unknown constants cJ,F2 , cJ,F2 and cJ,f2 in (A12). We have

determined them numerically by running the Event2 generator at low values of δ and β. Subtracting the known
logarithmic structure exhibited in (B4), we can then fit for the numerical values of the constants and obtain

cF2 = 17.1+3.0
−4.7 , cA2 = −28.7+0.7

−1.0 , cf2 = 17.3+0.3
−9.0 . (B5)

The uncertainty on the last constant is fairly large due to numerical instabilities [24].
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Data points from Event2 NLO generator, solid lines are our prediction. 
Difference yields unknown constants 

Note: Event2 suffers from numerical instability in nf channel

Figure 7. Numerical comparison to results obtained using Event2 generator. The upper panel
shows the two-loop coe�cient B, as compared by Event2, and the lower panel shows the di↵erence
�B. Obviously, the di↵erence go to zero with the decreasing of logarithm ln�.
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The quantities cF2 , cA2 and cf2 are directly related to the unknown constants of the jet

function cJ,F2 , cJ,F2 and cJ,f2 in (A.4). We have determined them numerically by running

the Event2 generator at low values of � and �. As shown in Figure. 7, the upper panel

shows the two-loop coe�cient B, as compared by Event2, and the lower panel shows

the di↵erence �B. Obviously, the di↵erence go to zero with the decreasing of logarithm

ln�. Besides, choosing di↵erent jet cone size �, di↵erence �B goes to the same constant.

Therefore, subtracting the known logarithmic structure exhibited in (3.34), we can then fit

for the numerical values of the constants and obtain

cF2 = 17.1+3.0
�4.7 , cA2 = �28.7+0.7

�1.0 , cf2 = 17.3+0.3
�9.0 . (3.35)

The uncertainty on the last constant is fairly large due to numerical instabilities.

– 16 –

Figure 7. Numerical comparison to results obtained using Event2 generator. The upper panel
shows the two-loop coe�cient B, as compared by Event2, and the lower panel shows the di↵erence
�B. Obviously, the di↵erence go to zero with the decreasing of logarithm ln�.

+ CFTFnf

✓
�16 ln�

3
� 4

◆
ln2 � +

✓
�16

3
ln2 � +

80 ln�

9
+ 10 + 8 ln 2

◆
ln �

+

✓
�4

3
+

4⇡2

9

◆
ln� + cf2

�
. (3.34)

The quantities cF2 , cA2 and cf2 are directly related to the unknown constants of the jet

function cJ,F2 , cJ,F2 and cJ,f2 in (A.4). We have determined them numerically by running

the Event2 generator at low values of � and �. As shown in Figure. 7, the upper panel

shows the two-loop coe�cient B, as compared by Event2, and the lower panel shows

the di↵erence �B. Obviously, the di↵erence go to zero with the decreasing of logarithm

ln�. Besides, choosing di↵erent jet cone size �, di↵erence �B goes to the same constant.

Therefore, subtracting the known logarithmic structure exhibited in (3.34), we can then fit

for the numerical values of the constants and obtain

cF2 = 17.1+3.0
�4.7 , cA2 = �28.7+0.7

�1.0 , cf2 = 17.3+0.3
�9.0 . (3.35)

The uncertainty on the last constant is fairly large due to numerical instabilities.

– 16 –

Cr
os

s 
se

ct
io

n
Di

ffe
re

nc
e



Coft functions with 
m Wilson lines

First all-order factorization theorem for non-global 
observable. Achieves full scale separation!

Factorization for two-jet cross section

Soft function

Hard function

3

k

p1

+

FIG. 1. Emission of a coft gluon from a collinear field χc =
W †

c ξc. The double line indicates the Wilson line Wc.

consider the diagrams for the emission of a single coft
gluon with momentum k from a collinear field χc shown
in Figure 1. Since the coft field can be treated as a sub-
mode of the collinear field, we can compute the diagrams
using the collinear Feynman rules and then expand them
in the coft momentum k. The first diagram describes
the emission from the Wilson line U(n̄) derived in (5). If
the collinear quark momentum p1 in the final state would
have generic scaling, we would write the propagator de-
nominator in the second diagram as (p1 + k)2 = p21 at
leading power and its contribution would be power sup-
pressed. However, if the virtuality of the collinear quark
is zero, the leading contribution is (p1 + k)2 = 2p1 · k.
Computing the amplitude squared, one finds

|M|2 = 2CF g
2
s

n1 · n̄

(n1 · k) (n̄ · k)
, (6)

with nµ
1 = 2pµ1/n̄ ·p1. This is the matrix element squared

for gluon emission from two Wilson lines, one in the n̄
direction and a second one along the direction n1 of the
collinear final-state particle. Repeating the computation
with two gluons, we find that the corresponding matrix
element is indeed the two-gluon matrix element of the
same operator.
For a single collinear particle in the final state, the

coft function is given by two Wilson lines, as would be
the case for soft emissions. To see the physics difference
between soft and coft modes one needs to consider the
case with several collinear particles inside the jet. Doing
so, one finds that every collinear final-state particle gets
dressed by a coft Wilson line. In color-space notation
[21], the coft emissions in the presence of a final state
with m collinear particles can be obtained by taking the
matrix element of the operator

U0(n̄)U1(n1) . . . Um(nm)|Mm(p0; {p})⟩ (7)

where |Mm⟩ is the amplitude for the collinear quark field
with momentum p0 ≈ Q n̄/2 to split into particles with
momenta {p} = {p1, . . . , pm}, and Ui(ni) is a Wilson
line along the direction ni = pi/Ei in the color represen-
tation relevant for the given particle. The fact that soft
emissions build up Wilson lines is of course very familiar.
What is special in the present case is that the coft par-
ticles are emitted in a narrow cone and can therefore re-
solve the individual collinear partons. As a consequence,
we end up with individual Wilson lines for each of the
collinear final-state partons, instead of just one overall
Wilson line describing all soft emissions, see Figure 2.
To write down a factorized form of the cross section

based on the result (7), we first perform a Laplace trans-

FIG. 2. Soft factorization (left) versus coft factorization
(right). Collinear particles are shown in blue, soft emissions
in green and the small-angle soft radiation described by the
coft mode in red. The double lines indicate the direction of
the associated Wilson lines.

formation with respect to β, i.e.

σ̃(τ) =

∫ ∞

0
dβ e−β/(τeγE ) dσ

dβ
. (8)

This is convenient, since the outside energy is shared
among the soft and coft degrees of freedom. The Laplace
transformation factorizes the corresponding constraint in
(3). Since the cone constraint acts on the individual par-
tons, it trivially factorizes. In Laplace space we then
obtain the factorization formula

σ̃(τ) = σ0 H(Q) S̃(Qτ)

[
∞∑

m=1

〈
Jm(Qδ)⊗ Ũm(Qδτ)

〉]2

(9)
for the jet cross section, where the angle brackets de-
note the color trace ⟨M⟩ = 1

Nc
tr(M). The jet functions

Jm(Qδ) and the coft functions Ũm(Qδτ) are obtained
from squaring the amplitude (7). Both depend on the
directions ni of the collinear partons. The symbol ⊗ in-
dicates that the product of the jet and coft functions
needs to be integrated over the directions of the vectors
ni, and the square in (9) takes into account the identi-
cal contributions of the left and right cone jets. H(Q)
is the familiar hard function for two-jet processes. The
soft function S(Qβ) is the squared matrix element of two
Wilson lines along the jet directions, with a constraint on
the energy but no angle constraint, as explained earlier.
The same soft function arises in threshold resummation
for Drell-Yan production, up to the fact that the Wilson
lines are now outgoing. This does not change the pertur-
bative result, which at two loops was obtained in [22, 23].
The coft function with m Wilson lines is given by

Um(Qδβ) =

∫

Xt

∑
⟨0|U†

0 (n̄)U
†
1 (n1) . . .U

†
m(nm)|Xt⟩

× ⟨Xt|U0(n̄) . . .Um(nm)|0⟩ δ(Qβ − n̄ · pXout

t
) , (10)

and the jet function containing m partons is defined as

n/

2
Jm(Qδ) =

∑

spins

∫
dΠm|Mm(p0; {p})⟩⟨Mm(p0; {p})|

×2 (2π)d−1δ(Q−n̄·pXc
) δd−2(p⊥Xc

)
∏

i θ(δ
2n̄·pic−n·pic) ,

(11)

Jet functions with m partons 
at fixed direction

integration over angles
color traceLaplace space 

τ ↔ β

TB, Neubert, Rothen, Shao, arXiv:1508.06645



2

⌦

integration over angles

∑

i

Qi
pi · ε

pi · k
= Qtot

n · ε

n · k
+ . . . (1)

pµi ≈ Ei n
µ (2)

kµ ≈ ω nµ (3)

σ(δ,β) =

∣∣∣∣∣
+

∣∣∣∣∣
+

∣∣∣∣∣
+

∣∣∣∣∣

= σ0

{
1 +

αs(µ)

3π

[
−16 ln δ lnβ − 12 ln δ + 10−

4π2

3
+O(δ,β)

]}

σtot =

∣∣∣∣∣
+

∣∣∣∣∣
+

∣∣∣∣∣
+

∣∣∣∣∣

= σ0

{
1 +

αs(µ)

π
+O(α2

s)

}

σvirtual = σ0
2αs

4π

(
µ2

Q2

)ϵ (
−

4

ϵ2
−

6

ϵ
− 16 +

7π2

3

)
(4)

e+e− → qq̄ (5)

e+e− → qq̄g (6)

⟨k,λ, b|Si |0⟩ = igs T
a

∫
∞

0
ds ⟨k,λ, b|ni · A

a(sni)|0⟩+O(g2s ) (7)

= igs T
a

∫
∞

0
ds eisni·k⟨k,λ, b|ni ·A

a
µ(0)|0⟩ (8)

= igs T
bni · ε(k,λ)

∫
∞

0
ds eisni·k

eisni·k

ini · k

∣∣∣∣∣

∞

0

(9)

= −gsT
bni · ε(k,λ)

ni · k
= −gsT

b pi · ε(k,λ)

pi · k
(10)

Jm(µl) = Jm(µh)Ukm(µh, µl) with

U(µh, µl) = P exp

[∫ αs(µh)

αs(µl)
dα

ΓJ (α)

β(α)

]

(11)

σ̃(τ) = σ0 H(Q) S̃(Qτ)

[
∞∑

m=1

〈
Jm(Qδ)⊗ Ũm(Qδτ)

〉]2

(12)

〈
J2(Qδ)⊗ Ũ2(Qδτ)

〉
= (13)

splitting functions 
integrated over energy,  
partons at fixed angles

coft Wilson lines along direction 
of energetic particles 

(a third Wilson line, along the  
direction of the second jet, is not shown)



Resummation by RG evolution
Wilson coefficients fulfill renormalization 
group (RG) equations, e.g.  

1. Compute Jm at a their characteristic 
high scale µh ~ Qδ  

2. Evolve Jm to the scale of low energy 
physics µl ~ Qδβ  

Avoids large logarithms αsn lnn(β) of scale 
ratios which can spoil convergence of 
perturbation theory.
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(N)LL resummation
Need tree-level matrix elements 
                                    ;                ,       

and one-loop anomalous dimensions 
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Fixed-order expansion
Challenging to solve RG explicitly, but order-by-order 
structure is similar to parton shower 

• Reproduces results from BMS equation in large NC 
limit 

• Our RG has close connection to functional RG by 
Caron-Huot ‘15

4

where the integral over the m-particle phase-space Πm

is performed holding the directions ni of the particles
fixed, i.e. one only integrates over their energies. The jet
functions suffer from singularities when particles become
soft and collinear and are therefore distribution-valued in
the angles formed by the vectors n, n̄ and ni.
We have derived all ingredients needed to evaluate the

factorization formula (9) at two-loop order. Their deter-
mination will be detailed in a longer paper [24], but let
us mention that the two-loop coft function U1(Qδβ) can
be extracted from the result for the hemisphere soft func-
tion obtained in [7, 8]. Putting the ingredients together
provides a nontrivial consistency check of our framework,
since the individual contributions diverge as strongly as
1/ϵ4 for ϵ → 0 and scale differently, cf. (4). These diver-
gences cancel in the final result, which can then be com-
pared to numerical results obtained by running a fixed-
order event generator such asEvent2 [21] at small values
of β and δ [24]. For completeness, we supply the explicit
two-loop expressions for all relevant functions as supple-
mentary material in the arXiv version of this letter.

III. RENORMALIZATION

Our factorization formula achieves a complete scale
separation. Once the ingredients are renormalized and
the RG evolution equations are solved, one can evaluate
each ingredient at its natural scale and thereby resum
all large logarithms of β and δ in the cross section. The
renormalization of the hard and soft functions is mul-
tiplicative and the relevant anomalous dimensions are
known to three-loop accuracy. The renormalization of
the jet functions, on the other hand, cannot be multi-
plicative, since Jm starts at O(αm

s ) and contains diver-
gences. These real-emission divergences arise from de-
generate parton configurations and cancel against virtual
corrections present in lower-point amplitudes. This im-
plies that the Z factor relating the bare and renormalized
jet functions, defined as (summed over k ≤ m)

Jm(Qδ, ϵ) = Jk(Qδ, µ)ZJ
km(Qδ, ϵ, µ) , (12)

is an upper triangular matrix with a hierarchical struc-
ture, i.e. the off-diagonal elements are suppressed by pow-
ers ZJ

km ∼ αm−k
s . The matrix elements depend on the

directions of the partons in Jm and act on their color
indices. The jet-function renormalization factor contains
logarithmic dependence on the jet scale Qδ, as is typical
for Sudakov problems.
Having renormalized all other elements of the factor-

ization formula, one must now find that the matrix

Z
U (Qδτ, ϵ, µ) ≡ Z1/2

H (Q, ϵ, µ)Z1/2
S (Qτ, ϵ, µ)ZJ(Qδ, ϵ, µ)

(13)
renormalizes the coft functions, i.e.

Ũm(Qδτ, µ) = Z
U
mk(Qδτ, ϵ, µ) ⊗̂ Ũk(Qδτ, ϵ) . (14)

This relation has several interesting features. First of all,
it implies that the Sudakov logarithms in the other Z
factors must conspire to produce a dependence on only
the coft scale. Closer inspection shows that the logarith-
mic dependence associated with Sudakov logarithms is
universal and can be factored out. The remaining de-
pendence on the jet scale drops out once ZU is applied
to the coft functions. A second, interesting feature of the
matrix structure is that higher-multiplicity coft functions
enter the renormalization of the lower ones. For example,
the two-loop renormalization of the coft function with
two Wilson lines has the form

Ũ1(µ) = Z
U
11 Ũ1(ϵ) +Z

U
12 ⊗̂ Ũ2(ϵ) +Z

U
13 ⊗̂ 1+O(α3

s) ,
(15)

where we have used the fact that Ũ3 = 1+O(αs). The
off-diagonal contributions depend on the directions of
the additional partons, and the symbol ⊗̂ indicates that
one has to integrate over these since the renormalized
function Ũ1(µ) multiplies the jet function J1(µ), which
does not depend on these additional degrees of freedom.
The renormalization condition (14) is at first sight quite
surprising, because Wilson-line matrix elements can usu-
ally be renormalized multiplicatively. However, we have
checked explicitly that the condition (15) renormalizes
the function Ũ1(µ) correctly to two-loop order. For the
case δ ∼ 1 discussed below, we have furthermore veri-
fied that the renormalization condition (14) is fulfilled at
one-loop order for arbitrary m [24].
The off-diagonal structure of the matrix ZU and the

associated anomalous-dimension matrix Γ has important
consequences when performing the resummation. At
leading order in RG-improved perturbation theory, the
resummed result is obtained by working with tree-level
functions and evolving them with one-loop anomalous
dimensions (two-loop accuracy is needed for the cusp
pieces, which can be factored out). At tree-level only
the jet-function J1 = 1 is nonzero, while all Wilson-line
matrix elements are trivially given by Ũm = 1. To this
accuracy, the anomalous-dimension matrix only has en-
tries in the diagonal and above the diagonal, Vm = Γmm

and Rm = Γm(m+1). We can write the formal solution of
the associated RG equation as a path-ordered exponen-
tial. At the nth order in its fixed-order expansion, one
needs the nth power of the anomalous dimension matrix,
multiplied by the tree-level jet and coft functions. The
first three orders have the form

αs : R1 + V1 ,

α2
s : R1(R2 + V2) + V1(R1 + V1) , (16)

α3
s : R1

[
R2(R3 + V3) + V2(R2 + V2)

]

+ V1

[
R1(R2 + V2) + V1(R1 + V1)

]
.

As in (15) one has to integrate over the angles of the ad-
ditional partons, but for simplicity we suppress the cor-
responding ⊗̂ symbols. Note that due to the additional
logarithms encountered when solving the RG equations,



Summary and Outlook
• We have, for the first time, derived a factorization 

theorem for a non-global observable. 

• Based on an EFT, which includes a new 
“coft” (collinear+soft) momentum mode. 

• RG evolution in this EFT can be used to systematically 
resum large logarithms, also beyond LL and large Nc. 

• Will need to develop numerical techniques to solve 
the associated RG equations. 

• Numerous possible applications: jet structure, jet 
substructure, jet vetoes, …


