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Motivation

• Deep inelastic scattering (DIS) is a benchmark process for the extraction of
parton distribution functions (PDFs)

• high precision in theoretical predictions is important for reliable fits

• a framework for the inclusion of mass effects from heavy quarks with
arbitrary scaling of the mass with respect to other scales is needed

• in the endpoint region (one single jet in the final state) additional large
logarithms can weaken convergence of the perturbation series

• conceptual issues about factorization in the endpoint region
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Soft-Collinear Effective Theory
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Bauer, Fleming, Pirjol, Stewart (2001)

(p+, p−, p⊥) p2

hard Q(1, 1, 1) Q2

n-coll. Q(λ2, 1, λ) Q2λ2

n̄-coll. Q(1, λ2, λ) Q2λ2

usoft Q(λ2, λ2, λ2) Q2λ4

• define two light-like vectors:

nµ = (1, 0, 0,−1) n̄µ = (1, 0, 0, 1)

n2 = n̄2 = 0 n · n̄ = 2

• every four-vector can be decomposed into light-cone components

pµ = n̄ · p︸︷︷︸
p−

nµ

2 + n · p︸︷︷︸
p+

n̄µ

2 + pµ⊥

p2 = p+p− + p2
⊥

• classify momenta with respect to the scaling of their light-cone
components (λ� 1)



Soft-Collinear Effective Theory
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Bauer, Fleming, Pirjol, Stewart (2001)

integrate out hard (far off-shell) modes to get effective field theory with
only collinear quarks and gluons (ξn,Aµn ) and usoft gluons (Aµus) as
fluctuating fields→ SCET

p+
p−

= const.

hard
in
v.
m
as
s

n−
co
ll.

p+

p−

∼ Q2λ2

QQλ2

Qλ2
usoft

Q

∼ Q2λ4

n−coll.

effective theory to describe highly boosted, collimated objects and
low-energetic radiation between them → Jets
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Deep Inelastic Scattering
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P

e−

e−

Hadrons

Hadrons

(Breit frame)Pµ =
Q
x

n̄µ

2

qµ = Q nµ

2 − Q n̄µ

2

PµX = Q nµ

2 +
Q(1− x)

x
n̄µ

2

x =
−q2

2 P · q =
1

1 +
P2

X
Q2

y =
Q2

s x

d2σ

dxdQ2 =
4πα2

Q4

[(
(1− y)2 + 1

)
F1(x ,Q2) +

1− y
x FL(x ,Q2)

]
Fµν =

1
4π

∫
d4z eiqz〈P|Jµ(z)Jν(0)|P〉



Factorization
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P2 ∼ Λ2
QCD

−q2 = Q2

P2
X =

Q2(1− x)

x ∼ Q2

at the scale Q2 match QCD onto effective theory containing only
non-pert. n̄-collinear modes

F1(x ,Q2) =
∑

i

∫ 1

x

dξ
ξ

Hi

(
x
ξ
,Q, µ

)
fi/P(ξ, µ)

fq/P(ξ) = 〈P|χ̄(q)
n̄ (0)

/n
2

[
δ
(
P+ξ − P+

)
χ

(q)
n̄ (0)

]
|P〉

fg/P(ξ) = − P+ξ

Tf g2 〈P|Tr
[
W †

n̄ [(Pµ⊥ + gAµn̄⊥)Wn̄][δ(P+ξ − P+)W †
n̄ [(P⊥µ + gA⊥n̄µ)Wn̄]]

]
|P〉

χn̄(x) = W †n̄ ξn̄(x)

Wn̄(x) = P exp

[
ig

∫ x

−∞

ds n · An̄(sn)

]



DGLAP Evolution
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matching and renormalization does not depend on
IR physics
→ can be calculated perturbatively with partonic
initial sates

f bare
i =

∑
j

Z MS
ij ⊗ fj

DGLAP evolution for PDFs
Dokshitzer (1977), Gribov & Lipatov (1972), Altarelli & Parisi (1977)

fi (x , µ) =
∑

j

∫ 1

x

dξ
ξ

Uf ,ij

( x
ξ
, µ, µ0

)
fj (ξ, µ0)

µf ∼ ΛQCD

nf

f

µH ∼ Q H
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Mass Effects: Fixed Flavor Number Scheme (FFNS)
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µf ∼ ΛQCD

nf

f

µH ∼ Q Hadd one massive flavor in the calculation

Hi (µH) ⊗ Unf
f ,ij (µH , µf ) ⊗ fj/P(µf ) (1)

Hi = Hnf
i,m=0 + Hi,m (2)

Hi,m −−−−→
m2�Q2

0 (3)

Hi,m −−−−→
m2�Q2

∼ log m2

Q2 (4)

decoupling of very heavy particles, BUT..
... no resummation of logs including the mass as a new scale

Hg,m(x ,m,Q)→ −
αs (µm)

2π

[
P(0)

qg (x)

(
ln

m2

Q2 − ln
(

1− x
x

))
+ (1− 2x)2

]
+O(α2

s )



Mass Effects: Variable Flavor Number Scheme (VFNS)
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µH ∼ Q

µf ∼ ΛQCD

µm ∼ m

H

f

A

nf

nf + 1
have to include effects of the massive flavor also in
the running of the PDF

H̃i (µH) ⊗ Unf +1
f ,ij (µH , µm) ⊗ Ajk (µm) ⊗ Unf

f ,kl (µm, µf ) ⊗ fl/P(µf )

H̃ = Hnf
m=0 + H̃m

H̃m −−−−→
m2�Q2

Hm=0

the additional flavor in Unf +1
f (µH , µm) resums the logs of log µ2

m
µ2

H
∼ log m2

Q2

AQg (x ,m, µm) = −
αs (µm)

2π
P(0)

qg (x) ln
m2

µ2
m

+O(α2
s )
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Kinematics
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P

e−

e−

Jet

soft

soft

• PµX ∼ Q nµ
2 + Q(1− x) n̄µ

2

n-collinear scaling for (1− x)� 1
⇒ only n-coll. and soft modes
allowed in the final state

• invariant mass of the hadronic final
state much smaller than the hard
scale

P2
X ∼ Q2(1− x)� Q2

• ⇒ additional resummation of
log P2

X
Q2 ∼ log(1− x) needed



PDF Evolution
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P−

ξP−

(1− ξ)P−

P−

ξP−

(1− ξ)P−

no flavor mixing in the PDF evolution (all off-diagonal elements in the
DGLAP mixing subleading)

Uf ,ij (z) = Uf ,ii (z)δij +O
(

(1− z)0)
fi (z, µ) =

∑
j

∫ 1

z

dξ
ξ

Uf ,ij

(
z
ξ
, µ, µf

)
fj (ξ, µf )

⇒ φq(1− z, µ) =

∫ 1−z

0
dz ′ Uφ(1− z − z ′, µ, µφ)φq(z ′, µφ)

φq(1− z) = fq(z) +O(1− z) Uφ(1− z) = Uz→1
f ,qq (z)



Factorization

• three different scales in the process
I hard interaction: Q
I incoming proton, n̄-coll.: ΛQCD
I outgoing jet, n-coll.: Q

√
1− x

• need to integrate out different modes at their respective scales

• go through a multi-step matching procedure between different effective
theories
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Factorization
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• Jµ → C(Q, µ)χ̄n̄γµχn

• χn → Ynχ
(0)
n

χn̄ → Yn̄χ
(0)
n̄

• Yn → Sn
Yn̄ → Sn̄

• Sn → Vn̄
Sn̄ → Xn̄

H(Q, µ) = |C(Q, µ)|2

J(Qr+
n , µ) =

−1
2πNc Q

× Im

[
i

∫
d4z eirn·z〈0|T

{
χ̄

(0)

n,Q(0)
/̄n
2
χ

(0)
n (z)

}
|0〉

]

p+
p−

= const.

hard
in
v.
m
as
s

n−
co
ll.

p+

p−

∼ Q2(1− x)

QQ(1− x)

Q(1− x)
usoft

n−coll.

Q

∼ Q2(1− x)2

∼ Λ2
QCD

SCET I
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• Jµ → C(Q, µ)χ̄n̄γµχn
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(0)
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• Yn → Sn
Yn̄ → Sn̄
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Sn̄ → Xn̄

H(Q, µ) = |C(Q, µ)|2

J(Qr+
n , µ) =

−1
2πNc Q
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[
i

∫
d4z eirn·z〈0|T

{
χ̄

(0)

n,Q(0)
/̄n
2
χ

(0)
n (z)

}
|0〉

]

p+
p−

= const.

hard
in
v.
m
as
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n−
co
ll.

p+

p−

∼ Q2(1− x)

QQ(1− x)

Q(1− x)
usoft

n−coll.

Q
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∼ Λ2
QCD

SCET I
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• Jµ → C(Q, µ)χ̄n̄γµχn

• χn → Ynχ
(0)
n

χn̄ → Yn̄χ
(0)
n̄

• Yn → Sn
Yn̄ → Sn̄

• Sn → Vn̄
Sn̄ → Xn̄

H(Q, µ) = |C(Q, µ)|2

J(Qr+
n , µ) =

−1
2πNc Q

× Im

[
i

∫
d4z eirn·z〈0|T

{
χ̄

(0)

n,Q(0)
/̄n
2
χ

(0)
n (z)

}
|0〉

]

φq/P (1− z, µ) = 〈P|χ̄(0)
n̄ S†n̄ Sn

/n
2
δ(Q(1− z)− n · P)S†n Sn̄χ

(0)

n̄,Q |P〉

p+
p−

= const.

hard
in
v.
m
as
s

n−
co
ll.

p+

p−

∼ Q2(1− x)

QQ(1− x)

Q(1− x)
soft

n−coll.

Q

∼ Q2(1− x)2

∼ Λ2
QCD

Q(1− x)2

SCET II
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• Jµ → C(Q, µ)χ̄n̄γµχn

• χn → Ynχ
(0)
n

χn̄ → Yn̄χ
(0)
n̄

• Yn → Sn
Yn̄ → Sn̄

• Sn → Vn̄
Sn̄ → Xn̄

H(Q, µ) = |C(Q, µ)|2

J(Qr+
n , µ) =

−1
2πNc Q

× Im

[
i

∫
d4z eirn·z〈0|T

{
χ̄

(0)

n,Q(0)
/̄n
2
χ

(0)
n (z)

}
|0〉

]

φq/P (1− z, µ) = 〈P|χ̄(0)
n̄ S†n̄ Sn

/n
2
δ(Q(1− z)− n · P)S†n Sn̄χ

(0)

n̄,Q |P〉

∼ Λ2
QCD

soft

p+
p−

= const.

hard
in
v.
m
as
s

n−
co
ll.

p+

p−

∼ Q2(1− x)

QQ(1− x)

Q

∼ Q2(1− x)2n−coll.

SCET II
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• Jµ → C(Q, µ)χ̄n̄γµχn

• χn → Ynχ
(0)
n

χn̄ → Yn̄χ
(0)
n̄

• Yn → Sn
Yn̄ → Sn̄

• Sn → Vn̄
Sn̄ → Xn̄

H(Q, µ) = |C(Q, µ)|2

J(Qr+
n , µ) =

−1
2πNc Q

× Im

[
i

∫
d4z eirn·z〈0|T

{
χ̄

(0)

n,Q(0)
/̄n
2
χ

(0)
n (z)

}
|0〉

]

φq/P (1− z, µ) = 〈P|χ̄(0)
n̄ X†n̄ Vn̄

/n
2
δ(Q(1− z)− n · P)V †n̄ Xn̄χ

(0)

n̄,Q |P〉

∼ Λ2
QCD

csoft

p+
p−

= const.

hard
in
v.
m
as
s

n−
co
ll.

p+

p−

∼ Q2(1− x)

QQ(1− x)

Q

n−coll.

Λ2
QCD

Q(1−x)

Λ2
QCD

Q

SCET II+



Multi-step Matching
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Q

ΛQCD

µ µ µ

QCD SCET II SCET II+

µ

SCET I

Q(1− x)

Q
√
1− x

Q(1− x)
us

n, n̄

s

n̄

cs

n̄



Multi-step Matching
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Q

ΛQCD

µ µ µ

QCD SCET I+ SCET II+

µ

SCET I

Q(1− x)

Q
√
1− x

ΛQCD√
1−xus

n, n̄

cs

n̄

ΛQCD

cs

n̄



Factorization Theorem
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F1(x ,Q2) =
∑
i=q,q̄

e2
i

2 H(nf )(Q, µ)×
∫

ds J (nf ) (s, µ) φ
(nf )

i/P

(
1− x − s

Q2 , µ
)

FL(x ,Q2) = 0

H(nf )(Q, µ) = U(nf )
H (Q, µH , µ)× H(nf )(Q, µH) µH ∼ Q

J (nf )(s, µ) =

∫
ds ′ U(nf )

J (s − s ′, µ, µJ ) J (nf )(s ′, µJ ) µJ ∼ Q
√

1− x

φ
(nf )

i/P (1− z, µ) =

∫
dz ′ U(nf )

φ (1− z − z ′, µ, µφ)φ
(nf )

i/P (z ′, µφ) µφ ∼ ΛQCD
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Secondary Massive Quarks
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no flavor mixing in PDF evolution → only light quarks enter hard interaction
⇒ effects of heavy quarks only via secondary radiation

m m

can be obtained from 1-loop calculation with massive gluon and dispersion relation



VFNS for the PDF
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∼ Λ2
QCD

csoft

p+
p−

= const.

hard
in
v.
m
as
s

n−
co
ll.

p+

p−

∼ Q2(1− x)

n−coll.

∼ m2

φ(nf )(1− z,m, µ) =

{
φ(nl +1)(1− z,m, µ) for µ > µm

φ(nl )(1− z, µ) for µ < µm

• at the scale µm change from a scheme with
(nl ) light flavors to a scheme with (nl + 1)
flavors

• leads to a threshold correction at the
matching scale, that relates the PDF in the
two different schemes with each other.

M+
φ(1− z,m, µm)

=

∫
dz ′ φ(nl +1)(z ′ − z,m, µm)

(
φ(nl )

)−1
(1− z ′,m, µm)



Fixed Order Threshold Correction for the PDF
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fixed order threshold correction at two loops
νφ ∼ Q(1− x), ˜̀ = `/νφ, Lm = ln m2

µ2
m

:

νφ

Q
M+(2)

φ

(
`

Q
,m,Q, µm, νφ

)∣∣∣
FO

=
α2

s CF TF
(4π)2

×
{
δ(˜̀)

[(8
3

L2
m +

80
9

Lm +
224
27

)
ln
(
νφ

Q

)
+ 2L2

m +

(
2
3

+
8π2

9

)
Lm +

73
18

+
20π2

27
−

8
3
ζ3

]
+

[
θ(˜̀)

˜̀

]
+

[8
3

L2
m +

80
9

Lm +
224
27

]}

remaining large logarithm in fixed order expansion

ln
(
νφ
Q

)
∼ ln(1− x)



Rapidity Logarithms
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• n̄-coll. and (c)soft modes in the PDF separated in rapidity

eYn̄ ∼ Q
ΛQCD

eYSc ∼ Q(1− x)

ΛQCD

∼ Λ2
QCD

csoft

p+
p−

= const.

hard
in
v.
m
as
s

n−
co
ll.

p+

p−

∼ Q2(1− x)

QQ(1− x)

Q

n−coll.

Λ2
QCD

Q(1−x)

Λ2
QCD

Q



Rapidity Logarithms
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• n̄-coll. and (c)soft modes in the PDF separated in rapidity

eYn̄ ∼ Q
ΛQCD

eYSc ∼ Q(1− x)

ΛQCD

• factorize PDF into collinear and (c)soft function: φq/P = Sc ⊗ gq/P

• each single function contains rapidity divergences in loop integrals
for k+ → 0 (as 1

η
poles with a rapidity regulator η) that cancel in

full PDF...
• ...but because of the different rapidity scales a logarithm remains
• can be resummed by using rapidity RGE

Sbare = ZS ⊗ S

ZS contains all 1
ε

(UV) and 1
η

(rapidity) divergences

S(µ)→ S(µ, ν)

• introduces running with respect to rapidity scale ν

S(µ, ν) = US,ν(ν, ν0)⊗ S(µ, ν0)



Parton Distribution Functions for ΛQCD ∼ Q(1− x)� Q
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φq/P(1− z, µ) = 〈P|χ̄n̄S†n̄ Sn
/n
2 δ(Q(1− z)− n · P)S†n Sn̄χn̄,Q |P〉

= Q
∫

d` gq/P(Q(1− z)− `, µ) S(`, µ)

collinear function: gq/P(`, µ) = 〈P|χ̄n̄
/n
2χn̄,Q |P〉 δ(`) pn̄ = (p+

n̄ , p
−
n̄ , p⊥n̄ ) ∼ Q(1, λ2, λ)

soft function: S(`, µ) = 1
Nc
〈0|S†n̄ Sn δ(`− n · P) S†n Sn̄|0〉

soft Wilson lines:

S†n (x) = P exp
[

ig
∫ ∞

0
ds n · As(snµ + xµ)

]
Sn̄(x) = P exp

[
ig
∫ 0

−∞
ds n̄ · As(sn̄µ + xµ)

] ps = (p+
s , p−s , p⊥s ) ∼ Q(λ, λ, λ)

λ =
ΛQCD

Q



Parton Distribution Functions for ΛQCD . Q(1− x)� Q

Daniel Samitz (Univ. Vienna) VFNS for Final State Jets in DIS Vienna 2015-10-06 29 / 39

λ =
ΛQCD

Q

pn̄ = (p+
n̄ , p
−
n̄ , p⊥n̄ ) ∼ Q(1, λ2, λ)

φq/P(1− z, µ) = 〈P|χ̄n̄X †n̄ Vn̄
/n
2 δ(Q(1− z)− n · P)V †n̄ Xn̄χn̄,Q |P〉

= Q
∫

d` gq/P(Q(1− z)− `, µ) Sc (`, µ)

collinear function: gq/P(`, µ) = 〈P|χ̄n̄
/n
2χn̄,Q |P〉 δ(`)

csoft function: Sc (`, µ) = 1
Nc
〈0|X †n̄ Vn̄ δ(`− n · P) V †n̄ Xn̄|0〉

csoft Wilson lines:

V †n̄ (x) = P exp
[

ig
∫ ∞

0
ds n · Acs(snµ + xµ)

]
Xn̄(x) = P exp

[
ig
∫ 0

−∞
ds n̄ · Acs(sn̄µ + xµ)

] pcs = (p+
cs , p−cs , p⊥cs ) ∼ Q(λκ, λ

κ
, λ)

κ =
Q(1−x)
ΛQCD



Collinear Function gq/q
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M
pµ = Q n̄µ

2

kµ

Q Q

LM = ln
(

M2
µ2

)
, νφ ∼ Q(1− x), ˜̀ = `/νφ

g (1)

q/q(`,M,Q, µ, ν) =
αsCF

4π
δ(`)

×
{
−4LM ln

(
ν

Q

)
− 3LM +

9
2
−

2π2

3

}

νg ∼ Q

νφ Z (1)
g =

αsCF
4π

δ(˜̀)

{ 4
η

[1
ε
− LM +O(ε)

]
+

1
ε

[
4 ln
(
ν

Q

)
+ 3
]}

γν,g = −
αsCF

4π
4LM

gq/q(ν) = exp
[
γν,g ln

(
νg

ν

)]
gq/q(νg)



Soft Function S
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S†
n̄Sn̄

SnS†
n

Svirt Sreal

Sn̄

S†
n Sn

S†
n̄

Mkµ

LM = ln
(

M2
µ2

)
, νφ ∼ Q(1− x), ˜̀ = `/νφ

νφS(1)(`,M, µ, ν) =
αsCF

4π

×
{

4LM ln
(
ν

νφ

)
δ(˜̀)− 4LM

[
Θ(˜̀)

˜̀

]
+

}

νS ∼ νφ

νφ Z (1)
S =

αsCF
4π

{
δ(˜̀)

(
−

4
η

[1
ε
− LM +O(ε)

]
−

4
ε

ln
(
ν

νφ

))
+

4
ε

[
Θ(˜̀)

˜̀

]
+

}
γν,S =

αsCF
4π

4LM = −γν,g

S(ν) = exp
[
γν,S ln

(
νS
ν

)]
S(νS)



Resummed Threshold Correction for the PDF
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M+
φ = exp

[
γM ln

(
νS

νg

)]
M+

S (νS)⊗M+
g (νg)

γM =
α2

s CF TF

(4π)2

(8
3 L2

m +
80
9 Lm +

224
27

)
+O(α3

s )

µm = m, νg = Q, νS = νφ = Q(1− x)

νφM+
φ

(
`

Q
,m,Q) =exp

[
α2

s CFTF
(4π)2

224
27

ln (1− x)

]
×
{
δ(˜̀) +

α2
s CF TF
(4π)2

[
δ(˜̀)

(
20π2

27
+

73
18
−

8
3
ζ3

)
+

224
27

[
Θ(˜̀)

˜̀

]
+

]}



Threshold Correction for the PDF with N3LL Resummation
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N3LL resummation (αs ln ∼ 1, all terms up to “α2
s ”)

⇒ α2
s , α

2
s ln, α3

s ln, α4
s ln2

νS

Q
M+

φ

(
`

Q
,m,Q, µm, νg , νS

)
= δ(˜̀) +

[(
α

(nl +1)
s

)2

(4π)2 δ(˜̀) ln
(
νS

νg

)
M(2)

φ,ln(m, µm)

]
O(αs )

+

[(
α

(nl +1)
s

)2

(4π)2

(
δ(˜̀)M(2)

φ,1(Q,m, µm, νφ, νg ) +

[
θ(˜̀)

˜̀

]
+

M(2)

φ,ln(m, µm)

)
+

(
α

(nl +1)
s

)3

(4π)3 δ(˜̀) ln
(
νS

νg

)
M(3)

φ,ln(m, µm)

+

(
α

(nl +1)
s

)4

(4π)4 δ(˜̀) ln2
(
νS

νg

)
M(4)

φ,ln2 (m, µm)

]
O(α2

s )

+O(α3
s )

M(4)

φ,ln2 from exponentiation with 2-loop anomalous dimension
M(3)

φ,ln from full 3-loop calculation in the OPE region
J.Aiblinger et al., Nucl.Phys. B886, 733 (2014)
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H

M−
H

J

M−
J

φ

µH ∼ Q

µJ ∼ Q
√
1− x

µΦ ∼ ΛQCD

µ

µm ∼ m

U
(n

l+
1
)

H
U

(n
l)

H

U
(n

l)
J

U
(n

l+
1
)

J

U
(n

l)
φ

(a)

H

J

M+
φ

φ

µ

U
(n

l+
1
)

H

U
(n

l+
1
)

J

U
(n

l)
φ

U
(n

l+
1
)

φ

(b)



Consistency Relations
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physical form factor independent of the choice of the renormalization scale µ
⇒ consistency relations between the evolution kernels and threshold corrections of the
components in the factorization theorem

U(nf )
φ (1− z, µ0, µ) = Q2 U(nf )

H (Q, µ0, µ) U(nf )
J (Q2(1− z), µ, µ0)

M+
φ(1− z,m, µ) = Q2M−H (Q,m, µ)M−J (Q2(1− z),m, µ)



Threshold Corrections
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missing α3
s terms M(3)

H,ln and M(3)
J,ln can be obtained from M(3)

φ,ln via
consistency relations

νg ∼ Q, νS ∼ Q(1− x), νm ∼ m

M(3)
φ,lnln

(
νS

νg

)
=M(3)

H,ln ln
(
ν2

m

ν2
g

)
+M(3)

J,ln ln
(
νgνS

ν2
m

)
=M(3)

H,ln

[
ln
(
νS

νg

)
− ln

(
νgνS

ν2
m

)]
+M(3)

J,lnln
(
νgνS

ν2
m

)

M(3)
φ,ln =M(3)

H,ln

M(3)
J,ln =M(3)

H,ln
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Outlook
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• PDFs are strongly suppressed for x → 1
⇒ not much data for the endpoint region
available

• to focus on jet production away from the
endpoint region consider 1-jettiness

τ1 =
2

Q2

∑
i∈X

min {qB · pi, qJ · pi}

for τ1 � 1: two jets in the final state,
resummation of ln τ1 needed

• include initial state radiation in the
factorization theorem

H × J ⊗ S ⊗ I⊗̂f

Stewart, Tackmann, Waalewijn (2010)
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Conclusions

• derived a factorization theorem for DIS in the endpoint region 1− x � 1
valid for ΛQCD . Q(1− x)

• set up a VFNS for DIS in the endpoint region for secondary massive quarks

• studied resummation of rapidity logarithms ln(1− x) in the PDF threshold
correction Mφ

• achieved N3LL resummation of rapidity logarithms in Mφ

• with consistency relations extended this to MH and MJ
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Thank you for your attention!
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