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The anomalous magnetic moment of the muon

e gyromagnetic ratio: magnetic moment < spin
- _ ig
H ng
e Dirac theory for spin-1/2 fermions: g, = 2
rad. corr.: g, = 2(1 + a,), a, “anomalous magnetic moment”

e one of the most precisely measured guantities in particle physics
a, = (116592089 4+ 63) x 107! BNL E821 2006
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The anomalous magnetic moment of the muon

e gyromagnetic ratio: magnetic moment <> spin

(A
2 —S
H ng

e Dirac theory for spin-1/2 fermions: g, = 2
rad. corr.: g, = 2(1 + a,), a, “anomalous magnetic moment”

e one of the most precisely measured guantities in particle physics
= (116592089 + 63) x 101 BNL E821 2006
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(g — 2),,: from Brookhaven to Fermilab

picture: Fermilab
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The Standard Model prediction for — a,,

a, [1071]  Aa, [1071]
experiment 116 592 0809. 63.
QED O(«) 116 140973.21  0.03

QED O(o?) 413 217.63 0.01
QED O(o?) 30 141.90 0.00
QED O(a*) 381.01 0.02
QED O(a®) 5.09 0.01
QED total 116 584 718.85 0.04
electroweak 153.2 1.8
had. VP (LO) 6923. 42.
had. VP (NLO) —98. 1.
had. LbL 116. 40.

total 116 591 813. 58.
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The Standard Model prediction for — a,,

a, [107']  Aa, [1071]

experiment 116 592 0809. 63.
QED O(«) 116 140 973.21 0.03 14 L4
QED O(a?) 413 217.63 0.01
QED O(o?) 30 141.90 0.00
QED O(a*) 381.01 0.02
QED O(a®) 5.09 0.01
QED total 116 584 718.85 0.04
electroweak 153.2 1.8 f f
had. VP (LO) 6923. 42.
had. VP (NLO) —98. 1. e, W, T
had. LbL 116. 40. Petermann 1957
total 116 591 813. 58. Sommerfield 1957
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The Standard Model prediction for — a,,

a, [107']  Aa, [1071]
experiment 116 592 0809. 63.
QED O(«) 116 140 973.21 0.03
QED O(o?) 413 217.63 0.01
QED O(o?) 30 141.90 0.00
QED O(a*) 381.01 0.02
QED O(a®) 5.09 0.01
QED total 116 584 718.85 0.04
electroweak 153.2 1.8
had. VP (LO) 6923. 42.
had. VP (NLO) —98. 1.
had. LbL 116. 40.
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The Standard Model prediction for — a,,

a, [1071]  Aa, [1071]
experiment 116 592 0809. 63.
QED O(«) 116 140973.21  0.03

QED O(o?) 413 217.63 0.01
QED O(a?) 30 141.90 0.00
QED O(a*) 381.01 0.02
QED O(a®) 5.09 0.01
QED total 116 584 718.85 0.04
electroweak 153.2 1.8 — hadronic part
dominates the un-
had. VP (LO) 6923. 42. certainty by far!
had. VP (NLO) —98. 1.
had. LbL 116. 40, Jegerlehner, Nyffeler 2009

Davier et al. 2011
total 116 591 813. 58. and references therein
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Hadronic vacuum polarization

e how to control hadronic vacuum polarization?

e characteristic scale set by muon mass
— this is not a perturbative QCD problem! 1L v

e dispersion relations to the rescue:

use the optical theorem!
hadrons
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hadrons
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Hadronic vacuum polarization

e how to control hadronic vacuum polarization?

e characteristic scale set by muon mass
— this is not a perturbative QCD problem! 1L v

e dispersion relations to the rescue:

use the optical theorem!
hadrons

x K(s)owt(eTe” — hadrons)
AM?2

had VP
ay

e K(s): kinematical function, for large s: K(s) o< 1/s,
Tiot(€Te™ — hadrons) o< 1/s
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Hadronic vacuum polarization

e how to control hadronic vacuum polarization?

e characteristic scale set by muon mass
— this is not a perturbative QCD problem! 1L v

e dispersion relations to the rescue:

use the optical theorem!
hadrons

x K(s)owt(eTe” — hadrons)
AM?2

had VP
ay

e K(s): kinematical function, for large s: K(s) o< 1/s,
Tiot(€Te™ — hadrons) o< 1/s

e more than 75% of /@ V¥ given by

energies s < 1 GeV? Jegerlehner, Nyffeler 2009

0.0 GeV, o
9.5 GeV

3.1 GeV
2.0 GeV

e dominated by ete™ — ntm™
— pion electromagnetic form factor

e well constrained by data KLOE, BABAR. ..

1.0 GeV
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Hadronic light-by-light scattering

e hadronic light-by-light soon to dominate

Standard Model uncertainty in (g — 2),, hadrons
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Hadronic light-by-light scattering

e hadronic light-by-light soon to dominate
Standard Model uncertainty in (g — 2),,

e different contributions estimated (in 10~11):

. K* axials,
scalars

quarks

7 " ” ”
99+16 —-19+13 15+7 21+3

— how to control hadronic modelling? Jegerlehner, Nyffeler 2009

B. Kubis, The 7c° and 7) Transition Form Factors and the Anomalous Magnetic Moment of the Muon —p. 7



Hadronic light-by-light scattering

e hadronic light-by-light soon to dominate
Standard Model uncertainty in (g — 2),,

e different contributions estimated (in 10~11):

. K* axials, quarks
scalars
1 1 U 0
99+16 —-19+13 1547 2143
— how to control hadronic modelling? Jegerlehner, Nyffeler 2009

e dispersive point of view: analytic structure, cuts and poles
— (on-shell) form factors and scatt. amplitudes from experiment
— expansion in masses of intermediate states, partial waves
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Dispersion relations for pedestrians

t . analyticity & Cauchy’s theorem:
miz

1 T(z)dz
@S T(s) = 211 fg

> Re(z)

AM?

™
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Dispersion relations for pedestrians
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analyticity & Cauchy’s theorem:

T(z)dz
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Dispersion relations for pedestrians

analyticity & Cauchy’s theorem:

T(s) = i]{i T(z)dz
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Dispersion relations for pedestrians

analyticity & Cauchy’s theorem:

1

o

T(z)dz

<z — S
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Dispersion relations for pedestrians

A analyticity & Cauchy’s theorem:

S T(s)—ié T(z)dz

5 27 Joq z—s
(=== Re(2) N i discT'(z)dz
AM2 2T Jappz 2 S

1 /OO Im T (z)dz
- 7 AM2 <z — S
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Dispersion relations for pedestrians

analyticity & Cauchy’s theorem:

T(s) = ié T(z)dz

27 Joq z—s

1 [ discT(z)dz

> Re(z) oy

27'(-@ 4M2 Z — S

1 /OO Im T'(2)dz

T AM?2 Z — S

e discT'(s) = 2iImT(s) calculable by "cutting rules":

e.q. if T'(s) is a mw partial wave —

discT'(s) _ 2qn 2 2
5 =Im7T(s) = % (s —4M2)|T(s)|
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Dispersion relations for pedestrians

analyticity & Cauchy’s theorem:

T(s) = ié T(z)dz

27 Joq z—s

1 [ discT(z)dz

> Re(z) oy

27'(-@ 4M2 Z — S

1 /OO Im T'(2)dz

T

aM2 < TS

e discT'(s) = 2iImT(s) calculable by "cutting rules":

inelastic intermediate states (KK, 47)
suppressed at low energies
— will be neglected in the following
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Dispersive analysis of 71'0/77 — Yy

e iSOSpin decomposition:

Fvs(Q%a qg) - FUS(qga q%)
Fvv(Q%a qg) - FSS(qga q%)

Fﬂ'ofy*'y* (Q%a Q%)

Fm*v* (Q%a Qg)
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Dispersive analysis of 71'0/77 — Yy

e iSOSpin decomposition:
Fﬂ'ofy*fy* (Q%a Q%) — Fvs(Q%a Q%) + Fvs(qga Q%)

an/*y* (q%, q%) — Fvv(Q%a C]S) + Fss(qga Q%)

e analyze the leading hadronic intermediate states:
see also Gorchtein, Guo, Szczepaniak 2012

7/

> Isovector photon: 2 pions
x pion vector form factor x AT —=>awl/n— Ay
all determined in terms of pion—pion P-wave phase shift
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Dispersive analysis of 71'0/77 — Yy

e iSOSpin decomposition:
Fﬂ'ofy*fy* (Q%a Qg) — Fvs(Q%a Q%) + Fvs(qga Q%)

an/*y* (q%, q%) — Fvv(Q%a C]S) + Fss(qg7 Q%)

e analyze the leading hadronic intermediate states:
see also Gorchtein, Guo, Szczepaniak 2012

% (*)
/VS/U 7T+: /VU/S
- .0.
7r0/77 T 7r0/77

> Isovector photon: 2 pions
x pion vector form factor x A7 —>an/ln— 7y

all determined in terms of pion—pion P-wave phase shift
> Isoscalar photon: 3 pions
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Dispersive analysis of 71'0/77 — Yy

e iSOSpin decomposition:
Fﬂ'ofy*'y* (Q%a q%) — Fvs(q%7 q%) + Fvs(q§7 q%)
-F%W*W*(Q%aqg)::-FQU(Q%aqg)'+VP;S(q§7q%)

e analyze the leading hadronic intermediate states:
see also Gorchtein, Guo, Szczepaniak 2012
%) (%)

| W%/s
W, P

QPAVAVAVA®

7r0/77 7r0/77

> Isovector photon: 2 pions
x pion vector form factor x AT —=>awl/n— Ay
all determined in terms of pion—pion P-wave phase shift
> Isoscalar photon: 3 pions — dominated by narrow w, ¢
< w/¢ transition form factors; very small for the n
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w0 — v*(qg%)v*(q?) transition form factor

70 = ete ete™

- ) — vy
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w0 — v*(qg%)v*(q?) transition form factor

x FJ, x T'(ym — 7o)
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w0 — v*(qg%)v*(q?) transition form factor

x F§ x T(ym — 7m)
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Warm-up: pion form factor from dispersion relations

e just two hadrons: form factor, e.g. ete™ - 77—, 7= — 7 7%,

e
7
e

disc *\./‘\./‘v‘ =

N
N
N

Im F'(s) o« F(s) x phase space x 1" _(s)

— final-state theorem: phase of F'(s) is scattering phase 4 (s)
Watson 1954
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Warm-up: pion form factor from dispersion relations

e just two hadrons: form factor, e.g. ete™ - 77—, 7= — 7 7%,

e
7
e

disc W\/‘ =

N
N
N

Im F'(s) o« F(s) x phase space x 1" _(s)

— final-state theorem: phase of F'(s) is scattering phase 4 (s)
Watson 1954

e dispersion relations allow to reconstruct form factor from
Imaginary part — elastic scattering phase §(s):

_ _ s [T o)
F(s)=P(s)Qs), Q(s)= exp{ ~ AM% ds T p— }
P(s) polynomial, 2(s) Omnes function Omnés 1958

e today: high-accuracy n7 (and 7 K) phase shifts available
Ananthanarayan et al. 2001, Garcia-Martin et al. 2011 (Bdittiker et al. 2004)
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Pion vector form factor from dispersion relations

e pion vector form factor clearly non-perturbative: p resonance

ChPT at one loop

dataonete — w1t

(improved)
Omnes representation

-02 0 02 04 06 08 1
S [Gevz] Stollenwerk et al. 2012
Tt

— Omnes representation vastly extends range of applicability
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Pion vector form factor vs. Omn es representation

o divide 7= — 7~ 7'v, form factor by Omnés function:

13—

1.1+

Hanhart et al. 2013
— linear below 1 GeV: FY (s) =~ (14 0.1 GeV~?5)Q(s)

— above: inelastic resonances o/, p”. ..

B. Kubis, The 7w% and 7 Transition Form Factors and the Anomalous Magnetic Moment of the Muon — p. 13



Final-state universality: 1, ' — 7T+7T_’Y

e n) — 11—~ driven by the chiral anomaly, =+ 7~ in P-wave
— final-state interactions the same as for vector form factor

e ansatz: F1) = A x P(t) x Qt), Pt)=1+a"t, t = M2

Ty

B. Kubis, The 7% and 7 Transition Form Factors and the Anomalous Magnetic Moment of the Muon — p. 14



Final-state universality: 1, ' — 7T+7T_’7

e n) — 11—~ driven by the chiral anomaly, =+ 7~ in P-wave
— final-state interactions the same as for vector form factor

e ansatz: F1) = A x P(t) x Qt), Pt)=1+a"t, t = M2

T
e divide data by pion form factor — P(t) Stollenwerk et al. 2012
15 3 ‘ ‘ ‘ ‘ !
1.4 H{ v i
’ E /ﬁ%ﬁﬁ [ |
Sk ‘ gég/{ﬁﬂ% 7
E: Hi}j;ﬂ‘} -
236 o
L % # ‘E % i
11/(Wl§ -
10 010 0B 0x _  0m o.iso
t [GeV?]
— exp.: akloe = (1.52+0.06) GeV "~ of. KLOE 2013
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Transition form factor 177 — y*~y

Hanhart et al. 2013
B 2 00 FV 2
an*v(q270) =1+ e / dSU(S)SP(S)’ r (5)
4

9672 F2 Jynr S_QQ
- W*
+ AF=0 (¢%,0) [— VMD] i
7T+ //’
T /7;_
Y
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Transition form factor 177 — y*~y

Hanhart et al. 2013

B 2 oo FV 2
Fen(q?,0) =1+ "nd / dsa(s)?’P(s)’ x (5)
4

9672 F2 |, 02 s — q?
_ o
+ AF20 (¢%,0) [— VMD)] {jf
o
L . L . | . T 7 /

FM, )

figures courtesy of C. Hanhart
data: NA60 2011, A2 2014
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Anomalous decay 1 — 7T+7T_’7

o ay o = (1.5240.06) GeV ™ * large
— implausible to explain through o', p”. ..

e for large t, expect P(t) — const. rather ¥
e 1 — " transition form factor: o Qrf
— dispersion integral covers _ /

larger energy range
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Anomalous decay 1 — 7T+7T_’7

o ay o = (1.5240.06) GeV ™ * large
— implausible to explain through o', p”. ..
e for large t, expect P(t) — const. rather ¥
e 1 — " transition form factor: /Qrf
— dispersion integral covers wt e 2
larger energy range ' L

Intriguing observation:

e naive continuation of 77 = A(1 + «at)$2(t) has zero
att = —1/a ~ —0.66 GeV?
— test this in crossed process yn~ — w7

— "left-hand cuts" in 7mn system? BK, Plenter 2015
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What are left-hand cuts?

Example: pion—pion scattering

A

Im(2)
s
X
, S ---»
— — Re(2)
AM?

e right-hand cut due to unitarity: s > 412
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What are left-hand cuts?

Example: pion—pion scattering

Im(2)

~--->

e right-hand cut due to unitarity: s > 412

e crossing symmetry: cuts also for ¢, u > 4M?>
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What are left-hand cuts?

Example: pion—pion scattering

A

~--->

e right-hand cut due to unitarity: s > 412
e crossing symmetry: cuts also for ¢, u > 4M?>
e partial-wave projection:  T'(s,t) = 32w > . T;(s)P;(cos )
t(s,cosf) = 1=88 (402 — s)
— cut for t > 4M?2 becomes cut for s < 0 in partial wave
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Primakoff reaction ~ymw — 7™

e can be measured in Primakoff

reaction COMPASS . —
e S-wave forbidden

P-wave exotic: JF¢ =1-7

D-wave a5 (1320) first resonance
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Primakoff reaction ~ymw — 7™

e can be measured in Primakoff

reaction COMPASS . —
e S-wave forbidden

P-wave exotic: JF¢ =1-7

D-wave a5 (1320) first resonance

e include a, as left-hand cut in decay
couplings fixed from ay, — wn, 7y

7 7 U ;
ag a3 a
ol ¥ Y

> compatible with decay data?
> predictions for vr — 71 cross sections and asymmetries
[—> spares]
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Formalism including left-hand cuts

e a- t+ rescattering essential to preserve Watson’s theorem
e formally:
fﬁm(s, t,u) = F(t) + Go,(s,t,u) + G, (u,t, s)

> dr sind(z)G(x) }
mz 22 |Q(z)|(z —t)

F(t) = Q(t){A(l +at) + — e L

G: t-channel P-wave projection of a» exchange graphs
e re-fit subtraction constants A, «

B. Kubis, The 7w° and 7 Transition Form Factors and the Anomalous Magnetic Moment of the Muon — p. 19



n, n’ — wrw ™y with a-

15 ‘
14| H{ <7
oo
COREE ﬁ;/#?m -
A, ) H;ﬁ#
121 ;}Hﬁﬁ -
. ﬁ%@%
Ll T H i
10 010 0B 020 . 0B o.iso
t [GeV?]
KLOE 2013

a = 1.5240.06, x?/ndof = 0.94
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n, n’ — wrw ™y with a-

L | L | L i
0.10 0.15 0.20 0.25 0.30

t [GeV?]
KLOE 2013
a = 1.5240.06, x?/ndof = 0.94

— a = 1.4240.06, x?/ndof = 0.90

1.0 \3 | L |
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n, n’ — wrw ™y with a-

o - I Y I Y Y N
'%.O 01 02 03 04 05 . 07 08 09 10

t [Ggaﬂ]
KLOE 2013
a = 1.52+0.06, x*/ndof = 0.94

— a = 1.4240.06, x*/ndof = 0.90

e equally good—why care? sum rule for » — ~*~ transition form
factor slope reduced by 7 — 8% cf. Hanhart et al. 2013
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n, n’ — wrw ™y with a-

| ‘ i 0.6

104 o0 o . [Oé)ev 2] 0.25 0.30 02 04 LG eo-\Gf 2] 08
KLOE 2013 Crystal Barrel 1997
a = 1.52+0.06, x*/ndof = 0.94 o' =0.6+0.2, x*/ndof = 1.2

— a = 1.4240.06, x?/ndof = 0.90

e equally good—why care? sum rule for » — ~*~ transition form
factor slope reduced by 7 — 8% cf. Hanhart et al. 2013
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n, n’ — wrw ™y with a-

L | L | L i
0.10 0.15 0.20 0.25 0.30

1.0 \3 | L |

t [GeV?]
KLOE 2013 Crystal Barrel 1997
a = 1.52+0.06, x*/ndof = 0.94 o = 0.6+ 0.2, x*/ndof = 1.2

— a = 1.4240.06, x*/ndof =090 — o’ =1.4+£04, xy?*/ndof =14

e equally good—why care? sum rule for » — ~*~ transition form
factor slope reduced by 7 — 8% cf. Hanhart et al. 2013

e o~ o (large-N,.) better fulfilled including a- BK, Plenter 2015
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v — 77 and the Wess—Zumino—-Witten anomaly

e controls low-energy processes of odd intrinsic parity

62

T A2
F.: pion decay constant — measured at 1.5% level PrimEx 2011

o ¥ decay ¥ — i Flo
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v — 77 and the Wess—Zumino—-Witten anomaly

e controls low-energy processes of odd intrinsic parity

62

T A2
F.: pion decay constant — measured at 1.5% level PrimEx 2011

o ¥ decay ¥ — i Flo

e ~1 — 7 at zero energy: Fs, = — (9.78 + 0.05) GeV°

e
A2 F3
how well can we test this low-energy theorem?
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v — 77 and the Wess—Zumino—-Witten anomaly

e controls low-energy processes of odd intrinsic parity

62

T A2
F.: pion decay constant — measured at 1.5% level PrimEx 2011

o ¥ decay ¥ — i Flo

e ~1 — 7 at zero energy: Fs, = — (9.78 + 0.05) GeV°

e
A2 F3
how well can we test this low-energy theorem?

Primakoff reaction e > an e 7l
-
T T
-0
e > > e
Fs. = (10.7 £1.2) GeV? Fi=(9.6+1.1)GeV*
Serpukhov 1987, Ametller et al. 2001 Giller et al. 2005

— I35, tested only at 10% level
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Chiral anomaly: Primakoff measurement

e previous analyses based on
> data in threshold region only Serpukhov 1987
> chiral perturbation theory for extraction
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Chiral anomaly: Primakoff measurement

e previous analyses based on
> data in threshold region only Serpukhov 1987
> chiral perturbation theory for extraction

e Primakoff measurement
of whole spectrum
COMPASS, work in progress 600

COMPASS 2004

700 hadron data

counts

500

e Idea: use dispersion

relations to exploit all 400
data below 1 GeV for 300
anomaly extraction 200

e effect of p resonance 1w
included model- :

l\)IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII

I|IIII|IIII|IIII|IIII|IIIIII
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 11

Independently via anw M, [GeV]
P-wave phase shift

figure courtesy of T. Nagel 2009
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Dispersion relations for 3 pions

e ~vm — mm fully crossing symmetric: odd partial waves
— P-waves only (neglecting F- and higher)

e amplitude decomposed into single-variable functions

F(s,t,u) = F(s)+ F(t)+ F(u)
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Dispersion relations for 3 pions

e ~vm — mm fully crossing symmetric: odd partial waves
— P-waves only (neglecting F- and higher)

e amplitude decomposed into single-variable functions

F(s,t,u) = F(s)+ F(t)+ F(u)

e left-hand cut F(s) and right-hand cut F(s) self-consistent:

F(s) = ﬂ<8){% " % A; C?j/ Tgl(i%)(\izf—i)) }
. 3

F(s) = 5/ dz (1 — 2°)F(t(s, 2))

F(s) = N w@ N WQ\//_\ v
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Omnes solution for ~ymw — T

F(s) = Q(S){% + %A:; CiS s|1n(51)(‘32,}-(8 ))}

e important observation: F(s) linear in C;

F(s) =C1 x Fo,=1(s)

— basis function F~, 1 (s) calculated independently of C;
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Omnes solution for ~ymw — T

F(s) = Q(S){% + %A:; CiS s|1n(51)(‘32,}-(8 ))}

e important observation: F(s) linear in C;

F(s) =C1 x Fo,=1(s)

— basis function F~, 1 (s) calculated independently of C;

e oversubtract — increase S DT
precision — representation aof R
of cross section in terms of 251
two parameters e
— fit to data, extract S 15}
10
~ (. — (D) (2) 372
Fgﬂ- — 02 — 02 _I_ 02 Mﬂ. sl
; O X (02)2 aISO In p reglon 0.3 0.4 0.5 0.6 0.&5/%‘8@V 0.9 1 1.1 1.2

Hoferichter, BK, Sakkas 2012
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Extension to vector-meson decays: w/¢ — 37

e identical quantum numbers to vr — 7

e beyond ChPT: copious efforts to develop EFT for vector mesons
Bijnens et al.; Bruns, Meil3ner; Lutz, Leupold; Gegelia et al.; Kampf et al....

e vector mesons highly important for (virtual) photon processes
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Extension to vector-meson decays: w/¢ — 37

e identical quantum numbers to v — 7w

e beyond ChPT: copious efforts to develop EFT for vector mesons
Bijnens et al.; Bruns, Meil3ner; Lutz, Leupold; Gegelia et al.; Kampf et al....

e vector mesons highly important for (virtual) photon processes

e w/¢ — 3w analyzed in terms of KLOE 2003, CMD-2 2006
sum of 3 Breit-Wigners (p™, p—, p")
+ constant background term

/0 v

+ crossed + w ™
w T
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Extension to vector-meson decays: w/¢ — 37

e identical quantum numbers to v — 7w

e beyond ChPT: copious efforts to develop EFT for vector mesons
Bijnens et al.; Bruns, Meil3ner; Lutz, Leupold; Gegelia et al.; Kampf et al....

e vector mesons highly important for (virtual) photon processes

e w/¢ — 3w analyzed in terms of KLOE 2003, CMD-2 2006

sum of 3 Breit-Wigners (o™, p—, p°)
+ constant background term

T T
P
+ crossed + w ™
w T
T T

Problem:

— unitarity fixes Im/Re parts

— adding a contact term destroys this relation
— reconcile data with dispersion relations?
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w /¢ — 3 dispersive solution

e identical quantum numbers to vr — 7

Fo) = a1+ [ L sin 3} () () }

T Janz S |Qs)|(s" — s — i€)

1

F(s) = ;/ dz (1 — 2°)F (t(s, 2))

—1
— fix subtraction constant « to partial width(s) w/¢ — 3«
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w /¢ — 3 dispersive solution

e identical quantum numbers to vr — 7

Fo) = a1+ [ L sin 3} () () }

T Janz S |Qs)|(s" — s — i€)
A 3 [t+(s) . ,
F(s) = §/t ) (0= =0)Fw
— fix subtraction constant « to partial width(s) w/¢ — 3«
' Im(t)
e complication:
. . o t1(s)
analytic continuation in /-\
decay mass My required B - l_ .
o My < 3M,: Re(t)
okay t_ (57
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w /¢ — 3 dispersive solution

e identical quantum numbers to vr — 7

Fo) = a1+ [ L sin 3} () () }

T Janz S |Qs)|(s" — s — i€)

t+(s)

Fl(s) = S/t_@) dt (&) (1 - 2()%) F(t)

— fix subtraction constant « to partial width(s) w/¢ — 3«

e complication:
analytic continuation in
decay mass My required
o My > 3M,:
path deformation required
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w /¢ — 3 dispersive solution

e identical quantum numbers to vr — 7

Fo) = a1+ [ L sin 3} () () }

T Janz S |Qs)|(s" — s — i€)

A t+(s)
F(s) = §/t . dt (22)(1—z(t)*) F(t)

— fix subtraction constant « to partial width(s) w/¢ — 3«

e complication:
analytic continuation in
decay mass My required

o My >3Mj:
path deformation required
— generates 3-particle cuts
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w /¢ — 37 Dalitz plots

e Subtraction constant « fixed to partial width
— normalised Dalitz plot a prediction

W — 37 : ¢ — 3

0.8 125 0.8 T T T T T T T T 16
06 | - 06 — 14

i i 1.2 i i
0.4 0.4 0

02 F . 02 F -
L15 I

0F . 0F -
> > 0.8

02 F - 02 i
r 1.1 i 0'6

04 F - 04 F i
404

-06 B n _ 105 -06 B N
08 + . 08 F 47702
-l | | ] | L1 l _1 | | | | | | | ] | L1 0

1 08 06 04 02 0 02 04 06 08 1 4 08 06 04 02 0 02 04 06 08 1

X X

e w Dalitz plot is relatively smooth

e ¢ Dalitz plot clearly shows p resonance bands
Niecknig, BK, Schneider 2012
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w /¢ — 37 Dalitz plots

e Subtraction constant « fixed to partial width
— normalised Dalitz plot a prediction

W — 37 : ¢ — 3

0.8 125 0.8 T T T T T T T T 16
06 | - 06 — 14

i i 1.2 i i
0.4 0.4 0

02 F . 02 F -
L15 I

0F . 0F -
> > 0.8

02 F - 02 i
r 1.1 i 0'6

04 F - 04 F i
404

-06 B n _ 105 -06 B N
08 + . 08 F 47702
-l | | ] | L1 l _1 | | | | | | | ] | L1 0

1 08 06 04 02 0 02 04 06 08 1 4 08 06 04 02 0 02 04 06 08 1

X X

e w Dalitz plot is relatively smooth

e ¢ Dalitz plot clearly shows p resonance bands
Niecknig, BK, Schneider 2012
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Experimental comparisonto @ — 37

KLOE Dalitz plot: 2 - 10° events, 1834 bins  Niecknig, BK, Schneider 2012

8000

6000

4000

2000

{ /’ ‘\
I I

] A ] A ] A ] A ] , ] A 4 A i ] = ; ] A \\
750 800 850 900 950 ~ 1000 1050 1100 1150 1200 1250
bin number

A

F=0

x?/ndof  1.71...2.06

F(s) =afl(s) = a exp f/oo ds’ 01 (s")

I o/
T Japz 8 8" —s
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Experimental comparisonto @ — 37

KLOE Dalitz plot: 2 - 10° events, 1834 bins  Niecknig, BK, Schneider 2012

8000} -
o r RO G T R S S L L T A
[ / \\ : / \\ / \ / \ ! \,‘ / \ / \\

" | ' | ‘y‘\ [ Lo
/ g ] ] L] - - L \
2000k \ [ ] r | = - L ]‘:/ : ,;,'«‘ [
] : }t ! ] \\ I \\ | ! / \ // L7 1
2 I i . I 3 T i \\ [ -
] . \V/| . ] \\'/ . ] \‘-/. ] . \”/ ] . \ﬁ/ . ] \/ . ] \v/ ] . \\
0 750 800 850 900 950 ~ 1000 1050 1100 1150 1200 1250
bin number
F=0 once-subtracted

x?/ndof  1.71...2.06 1.17...1.50

F(s)=afQd(s) |1+ % AZ; CiS// “7_;2((82)71(2/51_(2/))
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Experimental comparisonto @ — 37

KLOE Dalitz plot: 2 - 10° events, 1834 bins  Niecknig, BK, Schneider 2012

8000 L der AL ome i
6000; /-\\ /-—\ s |
4000t |
2000 ‘ |
0956 80 ~ 80 900 950 b‘in nluog% . 1050 1100 1150 1200 1250
F=0 once-subtracted twice-subtracted
x?/ndof  1.71...2.06 1.17...1.50 1.02...1.03

1+bs+£ > ds;ﬁ(s’)sin&}(s’)
T Janz s [Qs)|(s" = )

F(s) = afd(s)
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Experimental comparisonto @ — 37

KLOE Dalitz plot: 2 - 10° events, 1834 bins  Niecknig, BK, Schneider 2012

8000 L der AL ome i
6000; /-—\ f-—\ s |
4000t |
2000 ‘ |
0956 80 ~ 80 900 950 b‘in nlljo;%% . 1050 1100 1150 1200 1250
F=0 once-subtracted twice-subtracted
x?/ndof  1.71...2.06 1.17...1.50 1.02...1.03

e perfect fit respecting analyticity and unitarity possible
e contact term emulates neglected rescattering effects
e NO need for "background" — inseparable from "resonance"
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Transition form factor w () — wo€TL~

o 10 — ~*4* form factor linked to w(¢) — 7~* transition:
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Transition form factor w () — wo€TL~

o 10 — ~*4* form factor linked to w(¢) — 7~* transition:
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Transition form factor w () — wo€TL~

o 7V — ~*4* form factor linked to w(¢) — 7’~* transition:
— W — W
disc ’M/ =

e w transition form factor related to

pion vector form factor x w — 37 decay amplitude
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Transition form factor w () — wo€TL~

o 7V — ~*4* form factor linked to w(¢) — 7’~* transition:
— W — W
disc ’M/ =

e w transition form factor related to

pion vector form factor x w — 37 decay amplitude

o form factor normalization yields rate I'(w — 7%)
(2nd most important w decay channel)
— works at 95% accuracy Schneider, BK, Niecknig 2012
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Numerical results: w — 7TO[J,+[,L_

NAG60 '11
Lepton-G

VMD
Terschlisen et al.
fi(s) = a€)(s)

full dispersive

100¢ NAGO ‘09 T

I A

N W A~ O OO N 00 ©

AT sy w0t /ds [1076 GeV—1]

=

o

e clear enhancement vs. naive
vector-meson dominance

e Incompatible with data (from
heavy-ion coll.) NA60 2009, 2011

e Mmore "exclusive" data? cLAS

e NAGO data potentially in conflict with unitarity bounds
Ananthanarayan, Caprini, BK 2014
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Naive extensionto etTe~ — wow

100 NAG60 '09

NA60 '11 }
Lepton-G l
CMD-2 :
VMD

Terschlusen et al. {
fi(s) = afd(s)

full dispersive

| NIEEER AR

1 11 1 III|

10

[ Foro (5) 2

1 | 1 | 1 | 1 | I | 1 | 1
0'10 0.2 0.4 0.6 0.8 1 1.2 1.4
Vs [GeV]
e full solution above naive VMD, but still too low

e higher intermediate states (47 / mw) more important?
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One step further: ete™ — 3w, eTe™ — wly*

e decay amplitude for w/¢ — 3 My g < F

romtofie2 [ 4 mECI)

s

a, /4 adjusted to reproduce total width w/¢ — 3w
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One step further: ete™ — 3w, eTe™ — wly*

e //7TO
et ™
e decay amplitude for ete™ — 3w M- x F(s) + F(t) + F(u)
s [ ds'sindl(s)F(s',q?)
FS?QQ = OQete— QQQ {1+ / / }
) =0 @ | T

a.+.-(¢*) adjusted to reproduce spectrum ete™ — 3w
contains 37 resonances —> no dispersive prediction
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One step further: ete™ — 3w, eTe™ — wly*

e PR 7T0
Ve
7
7T+
et ™

e decay amplitude for ete™ — 3w M- x F(s) + F(t) + F(u)
> ds’ sindi(s")F (s, )}
vz s |Q(s)[(s" = s)

a.+.-(¢*) adjusted to reproduce spectrum ete™ — 3w

F(5,0%) = e (q°) Qs ){1 = A

e parameterisation:

F 4 , ImBW (')

2 37 2 4

_ - — —_— d

Qete (q ) 3 +6q + T Jene 5 8/2(8/ _ q2)
C

V=w,¢ M\Q/ —q* —i\/¢*T'v(q?)

B. Kubis, The 7% and 7 Transition Form Factors and the Anomalous Magnetic Moment of the Muon — p. 32



One step further: ete™ — 3w, eTe™ — wly*

e decay amplitude for ete™ — 3w M- x F(s) + F(t) + F(u)
> ds’ sindi(s")F (s, )}
vz s |Q(s)[(s" = s)

a.+.-(¢*) adjusted to reproduce spectrum ete™ — 3w

F(5,0%) = e (q°) Qs ){1 = A

e parameterisation:

2 37 2 q
a - — — + B + — d
e <q ) 3 ! T Jthr ’ 8/2(8/ q2)

BW (q*) =
iR ;¢ M — 2 —ir/¢*Tv (¢?)

o fitto eTe™ — 37 data — prediction for eTe™ — w0~*

B. Kubis, The 7w° and 7 Transition Form Factors and the Anomalous Magnetic Moment of the Muon — p. 32



Fitto eTe~™ — 37 data

— fit SND+BaBar
--- fit HLMNT
SND
BaBar

06 07 08 09 10

V* [GeV]
Hoferichter, BK, Leupold, Niecknig, Schneider 2014
e one subtraction/normalisation at ¢*> = 0 fixed by v — 37

e fitted: w, ¢ residues, linear subtraction 3

1.1
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Comparisonto ete™ — 71'07 data

e SND
e CMD2

T |

05 06 07 o.s[s 0.9

V? |GeV]

Hoferichter, BK, Leupold, Niecknig, Schneider 2014

e "prediction"—no further parameters adjusted
e data well reproduced
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Extension to spacelike region; slope

e continuation to spacelike region: use another dispersion relation

2 _
FWO’Y*'y(q 70) — FWWW + ? M2 ds 8’(8/ _ q2)

q2 /OO /Im Fﬂ.O,—y*,—y(S/,O)

4
— work in progress; high-energy completion of the integral?
convergence/uncertainties?

2
e sum rule for slope FWOW*W(QQ,O) = Fﬁ77{1 + Qn 4 + O(q4)}

M2,
Mz, 1 [ ds
Uy = —2> % —/ —82ImF7To,y*,y(s’,O)
Fryy T Jansz 8
= (30.7+£0.6) x 107 Hoferichter et al. 2014
compare: a, = (32+4) x 1073 PDG 2014

e theory error estimate: nm phases and cutoff effects (in v* — 3«
partial waves and [y* — 37] — [y* — 74]) only!
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Summary / Outlook

G*e‘ — e+e_7r9

Pion transition form factor

Partial waves for
l v s T e~ s efe nrm
Pion vector -
form factor F{;
Glon poIarlzabllltle

Colangelo, Hoferichter,
BK, Procura, Stoffer 2014
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Summary / Outlook

G-f-e— - €+€_7T9 YT — TT

@, o — 7T7r’y)<—(e+e_ — WW’D
= %B\
Partial waves for
Te™ s ete™ 7r7r

-2 Y*y* — ww
Pion vector
form factor F{;
Glon poIarlzabllltle

Colangelo, Hoferichter,
BK, Procura, Stoffer 2014

Pion transition form factor
Froy(ai, a3)

'w,¢—>37r=

Further experimental input for 7% and 7 transition form factors:

e Primakoff reactions vr — nmw, ywr — mn COMPASS
e w — 3m precision Dalitz plot CLAS
e w/¢p — m'y* test doubly virtual F o . with precision

o ce” — nntn— differential data C.-W. Xiao et al.

— determine (g — 2),, contributions with controlled uncertainty

B. Kubis, The 7w° and 7 Transition Form Factors and the Anomalous Magnetic Moment of the Muon — p. 36



Spares
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Total cross section <y — 7N

Ts

- 04

0.2

0.1-

Il | Il | Il | Il | Il |
0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4

Vs [GeV]

blue: t-channel dynamics /"p" only red: full amplitude

e t-channel dynamics dominate below /s ~ 1 GeV

e uncertainty bands: I'(n — 77~ ~), a, as couplings BK, Plenter 2015
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Differential cross sections ~ymw — 7N

e amplitude zero visible in differential cross sections:

0.20 i T " T " T 04 " T " T " T " T " T " T
- /s =0.9GeV, Vs = 1.0GeV, Y /s =1.1GeV
—0.15- —0.3 —
Q I Q Qo.e
3 3 | El
u§).10; ©00.2 V) |
N N N 04
= | = = |
~ ! ~ ~
Q05 ot o
= | e’ =
0095 05 o0 05 10 095 05 00 05 10 Ry 05 0.0 05 10
zs = cos O zs = cos O zs = cos O
blue: t-channel dynamics / "p" only red: full amplitude
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Differential cross sections ~ymw — 7N

e amplitude zero visible in differential cross sections:

T T T T T T 04 T T T T T T T T T T T T
- /s =0.9GeV, Vs = 1.0GeV, Y /s =1.1GeV
—0.15- —0.3 —
Q I Q Qo.e
3 e e
u§).10; ©00.2 V) |
N | N N 04
=S | 3 = |
~ | ~ ~
oS Lo o
= | e’ =
0095 05 o0 05 10 095 05 00 05 10 Ry 05 0.0 05 10
zs = cos O zs = cos O zs = cos O
blue: t-channel dynamics / "p" only red: full amplitude

e strong P-D-wave interference

e can be expressed as forward-
backward asymmetry

o(cosf > 0) — o(cosf < 0)

AFB —
Ototal

_1.07\ . | . | . | . | . | . |

0.7 0.8 0.9 1.0 11 12 13 | 14
Vs [ GeV]
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Summary:. processes and unitarity relations for

process unitarity relations SC1 SC?2
- .ne Froy,
Fs, o(ym — )
w, 6 .n. 7 Fwofy
w, ¢ ! 2
L3 4w, ¢ — 3m)
.n. olete” — ¥y)
: : _ o(yr — )
o olete” = 3m) 5
Q@ 1w, 6 3m)
ch:g Fs, o(ete” — 3m)

* %k
w0 — y*y
Colangelo, Hoferichter,
BK, Procura, Stoffer 2014

YT — T

w — 3T, ¢ — 3T

v — 3T

common theme:
resum 77 rescattering
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Subtraction constants

F(s) = Q(s){a+ 5 /°° ds’ sin 1 (s')F(s') }

™ Janz 8" [ (s)](s" = s)

e oOne subtraction a — fix to partial width, Dalitz plot prediction
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Subtraction constants

F(s) = Q(s){a+ s /°° ds' sin &, (s)F(s) }

™ Janz 8" [ (s)](s" = s)

e oOne subtraction a — fix to partial width, Dalitz plot prediction

e w — 3w VS. ¢ — 3. crossed-channel effects depend on decay
mass!

I I I I
03 04 05 06

Niecknig, BK, Schneider 2012; cf. Danilkin et al. 2014

B. Kubis, The 7w° and 7 Transition Form Factors and the Anomalous Magnetic Moment of the Muon — p. 41



Subtraction constants

F(s) = Q(s){a+ s /°° ds' sin &, (s)F(s) }

™ Janz 8" [ (s)](s" = s)

e oOne subtraction a — fix to partial width, Dalitz plot prediction

e w — 3w VS. ¢ — 3. crossed-channel effects depend on decay
mass!

— F(s)=0
— full

- Il ‘ Il ‘ Il ‘ Il ‘ Il ‘ Il ‘ Il
0 01 02 03 04 05 06

Nt

Niecknig, BK, Schneider 2012; cf. Danilkin et al. 2014
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Numerical results: ¢ — w00 €~

100— - - - - - . . . T

VMD
fi(s) = a(s) |
once subtracted f(s)
twice subtracted f1(s)

10

| Fymo (5)]?

0 01 02 03 04 05 06 07 08
Vs [GeV]
e measurement would be extremely helpful: p in physical region!

e partial-wave amplitude backed up by experiment
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Improved Breit—Wigner resonances

Lomon, Pacetti 2012; Moussallam 2013
e “standard” Breit—Wigner function with energy-dependent width

1
B M2 o q2 _ iMresré (q2)

res res

Mres ( q2 T 4M7%
\/ q2 Mr2es o 4M7%

> Nno correct analytic continuation below threshold ¢* < 4M?2
> wrong phase behaviour for ¢ > 1:

L) :
lim arg B'(¢®) ~ 7 — arctan —— lim arg B=2(¢%) =
q?—00 res q*— o0

B*(¢?)

14
I (q2) — e(qz — 4M73) ) FreS(]wrzes)

(')

N X

e remedy: reconstruct via dispersion integral

- 1 (% Im B%(s")ds’
BK(QQ) — —/ m B(s')ds > lim arng(q2) =X

T Janz 8 — @2 5—>00
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On the approximation for the 3-pion cut

Compare:

et er 8
v M
6— 7_(_0 e_ 77_0

— Isoscalar contribution looks simplistic; why not instead

er 8

W — contains amplitude 37 — ~7
- 0

v
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On the approximation for the 3-pion cut

Compare:

et er 8
; fy
€ 7_‘_0 e : 77-0

— Isoscalar contribution looks simplistic; why not instead

et 8

s L — contains ampiude i 31
e 0

s

Our approximation:

et et

7 includes
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On the approximation for the 3-pion cut

Compare:

et er 8
v M
e 71_0 e ,77-0

— Isoscalar contribution looks simplistic; why not instead

er 8

W — contains amplitude 37 — ~7
- 0

v

Our approximation:

€+ €+
W@w 7 includes >/\/\/v€;l/\m v
€ ﬂ_o € 7_‘_0

— simplifies left-hand-cut structure in 37 — ~x to pion pole terms

B. Kubis, The 7w° and 7 Transition Form Factors and the Anomalous Magnetic Moment of the Muon — p. 44



77t scattering constrained by analyticity and unitarity

Roy equations = coupled system of partial-wave dispersion relations
+ crossing symmetry + unitarity

e twice-subtracted fixed-t dispersion relation:

S

T(s,1) = e(t) + ~ / N ds’{8,2 ( S = (52_ u)}ImT(s’,t)

™ Japn2 s/ —S)

e subtraction function ¢(¢) determined from crossing symmetry
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77t scattering constrained by analyticity and unitarity

Roy equations = coupled system of partial-wave dispersion relations
+ crossing symmetry + unitarity

e twice-subtracted fixed-t dispersion relation:

T(s, 1) <t>+1/wd’ o T (s
s, t) =c - s m
’ T Jans s2(s' —s)  §2(s' —u) v

e subtraction function ¢(¢) determined from crossing symmetry

e project onto partial waves ¢/ (s) (angular momentum J, isospin 1)
— coupled system of partial -wave integral equations

th(s) = ki (s) + Z Z/ ds' K15, (s, s")Imt?, (s')

=0J'=
Roy 1971

e subtraction polynomial k% (s): mr scattering lengths
can be matched to chiral perturbation theory  Colangelo et al. 2001

o kernel functions K7, (s, s') known analytically
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77t scattering constrained by analyticity and unitarity

e elastic unitarity — coupled integral equations for phase shifts

e modern precision analyses:
> 7 scattering Ananthanarayan et al. 2001, Garcia-Martin et al. 2011
> K scattering Bittiker et al. 2004

e example: 7w I = 0 S-wave phase shift & inelasticity

7 T * R — T
300
I/‘, T —

7 60(0) e p! ] ] 0 R % o [ L .
250 |— B> el

r — CFD ol i L] e

e OldK decay data 3 i

i o Nadsi2 1 i
200 — A K->2 711 decay ‘}

- v Kaminski et al. b

< Grayeretad. Sol.B b ! -

- o Grayeretd. Sol.C ] | y
150; + Grayereta. Sol.D ]

L = Hyamseta.73 b 05 + T

i i v Cohenetal.

L . L o Etkineta. [ mmesKK
100 ty = o Wetzel et dl.

i i ] L | » Hyamsetd.75

I 02 ) el Kaminski et al.

ol ool % B I » Hyamsetd.73  |[-Te>
I 8 t v Protopopescu et al.
i } - CFD
O 1 l 1 1 1 l 1 1 1 l 1 1 1 l 1 1 1 l 1 1 1 l; 0 l L l L l L l L
400 600 800 1000 1200 1400 1000 1100 1200 1300 1400
i 12
s (MeV) s (MeV)

Garcia-Martin et al. 2011
e strong constraints on data from analyticity and unitarity!
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