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Outline

General remarks on heavy quark masses

— Concept of mass in QCD.

— Motivations for a precise determination.
— Recent results.

— Relativistic QCD sum rules.

Experimental data
— Collecting experimental data.
— How to combine data from different experiments? new
— How to treat errors and correlations?
— EXperimental moments and examination of method.
Theoretical developments
— Analytic properties (Various expansions at four loops).

— OPE and non-perturbative contributions.
— Estimate of (theoretical) perturbative uncertainties. new

Results for Charm Mass

Bottom Mass



INTRODUCTION



Remarks on heavy quark masses

Parameter in QCD Lagrangian —— formal definition (as strong coupling)
Np
L= (D @) gi — 1Gu G
k=1
Confinement — m, is not physical observable

Running mass: Observable and scheme dependent

M_S Scheme
* Short distance scheme.

» Standard mass for comparison: m, (m,, )

* Free of O(Aqcp) renormalon ambiguity.




Impact of precision

Strong dependence in flavour processes Constrains new physics

SM prediction(s) of K*=m*VV: error budget

B(KT - ntuvp(y)) = - 8.04 4 0.98

from U. Haisch

*Kithn et al. ‘07 tHoang & Manohar ‘05



Determinations of m_

Spectral moments of inclusive B decays (nonrelativistic)

Charmominum sum rules (relativistic)

Taken from A. Hoang

Flavor institute CERN 2008

Lattice
[1.21, 1.34]
- Allizen et al. ‘08
FA Kishn ot al. 07
F 4 Boughezal et al. ‘07
: . | Buchmiller & Flacher ‘05
— — Hoang & Manchar “05
| 2 | Hoang & Jamin ‘04
— — deDivitiis et ol. 03
— — Rolf & Sint '02
| X | Becirevic et al. ‘02
| . | PDG ‘06
I MU IR REPU B
1.1 1.2 13 1.4 1.5 1.6

m.(m.) [GeV]

me(m.) [GeV] method
1.266+0.014 | lalfice, unquenched, staggered
1.286 + 0.013 low-momentum sum rules, N*LO
1.295 £ 0.015 levwr-momentum sum rules, RPLO
1243007 | fitfo B-decay distribution, oisfic
1.22;;2;5]? ol to B-decay dafa, ﬂiﬂ]
1.29 £ 0.07 MNNLO momant:
1.319 £ 0.028 lattice, quenched
1.301 £ 0.034 lattice, quenched
1.26 + 0.04 + 0.12 | lattice, quenched
1.256 £ 0.0% PDG 2006




Relativistic sum rules

Total hadronic cross section Moments of the cross section
(5) "4
O+ ,.— = S S
Re+e—_)cé_+_X(S) — eTe —cc+X => Mn = / n—HR€+€_—>CE+X(S)
Oete——putp— (S) >
Vacuum polarization function Vector current (electromagnetic)
(909 — quav) T(g°) = —i / dz €' (0|T j,u ()5, (0)|0) i (z) = P(z)y ()
electric charge q2 R(S)
2y _ _ 00
R(s) =127Q7m N (s +i0") —> @ NO= g o B 5 )
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2 _ 1 c 2n II(s
I1(q ~0,M)—12ﬂ2Q2;an | — M =6riQ Cj)dS ( )




Relativistic sum rules

: : m : :
Effective energy smearing range:| E .. = —5 (assimptotically correct for large n)
n
m
C
— > Ao

n
* Since we want to apply perturbation theory for Wilson coefficients.

* Otherwise the OPE converges badly.

n=1 is the cleanest moment, and we will focuss on it for the
analyses presented in this seminar.

(n =2 is also fine)



Determination of m, from sum rules

cnarm

Fixed order analysis|| Kiihn et al (‘08)[3]m,(m,)=1.286 40.009,, [+ 0.009, £ .

(correlated variation)
Ho = M

Boughezal et al (‘08) [4] 1.295+0.012, +0.009, +

Maier et al (08) [5] 1.277 £{0.006,,,, [ 0.014,, 8.

Only for n = 1 [3,4], 2 [5] 3-loops in pert. ~ Tiny errors! (underestimated ?)
theory. Updated experimental data Need for more general analysis

The aims of this work:
> An account of all available hadronic cross section data.

> A thorough analysis of perturbative uncertainities.




Experimental data



Experimental data: charm

- Resonances
- Sub-Threshold and Threshold (3.73 - 4.8)

- Gap region and high energy region (4.8 - 10.538)
- Perturbation QCD

* Only where there is no data

* Assign a conservative 10% error
to reduce model dependence

Experimental data

! S

M, > 6%

M_.=2<1%

| i n>1




Experimental data: charm

 Perturbation theory only in

d region with no dat
Data used in Hoang and Jamin (2004) [ 9P &"° Fe9i0n WEANO G4

* 10% error assigned as well

Experimental data

\” “““““““““ o
21% of the first

moment

2 4 6 s 10
E(GeV)




Experimental data: charm

Data used in Kihn et al (2004, 2005, ...)

Experimental data

[ ] Use perturbation theory
o right from here!

Even though there is
data available...

30% of the first
moment!




Fit procedure

| ] HWL#{%%#@L@; .

P g

=

Method inspired by a similar one in Hagiwara, Martin & Teubner.




Fit procedure

] | H;,?%E : %#F%\; %H*i"&ﬁ .

3 Lot N
2| 1
1l

3.75 3.76 377 3.78 3.79

E(GeV)

1. Recluster data. Clusters not necessarily equally sized.

Number of clusters and size of cluster according to the
structure of the data




Fit procedure

| &
Riot ) *%I T/ _? 4 H;r”} ~ 1ol

3t IS N SV
PEREY - i .
2}
Experimental
energies I | | | | | | |
3.75 376 377 3.78 379
E(GeV)
. Correlated error
, b i K/ k: Label for experiments
2 kmyg k,m\9 ) .
<Oi ) + ( Az ) N,,: Number of experiments
lé ] m: Label for clusters
/ Zk,z’ (Uk’m)Q v (Ak’m)2 N e - Number of clusters
Ly l i: Label for data points
Cluster energy Uncorrelated error [N“": Number of data points for experiment k in cluster m

errors.

2. Calculate the energy of the cluster. One weights the
energy of the data points inside the clusters with their




Fit procedure

3.77 3.78 3.79
E(GeV)

RIS — (1 + A by n Ryaa(ELY, m}))

uds

RI™ (14 f{‘“”ugaeR + 1 Riqa( B m}))) ]

Fit parameters

3. Fit the value of R for each cluster. Data is allowed to “move” within its systematic

error. The method renders errors and correlations among various clusters. One can
then calculate errors and correlations for the moments.




Fit procedure

Prediction for moments M, = m 10! GeVn*

M, = 21.38 + 0.20,, * 0.46_,

M, = 14.91 + 0.18, * 0.29_ X* 1 g0
M, =13.11+0.19., + 0.25_, d.o.f.
M, = 12.49 +0.19, * 0.23_

We also predict correlations among the various moments, useful for simultaneous fits.

(0.250 0.167 0.147 0.142 \ ( 0.041 0.035 0.034 0.034\
cexp 0.167 0.120 0.107 0.103 coxp 0.035 0.034 0.034 0.035
' 0.147 0.107 0.095 0.092 | "¢ 0.034 0.034 0.035 0.036

\0.142 0.103 0.092 0.090} \0.034 0.035 0.036 0.037)




Fit results

Whole fit range Whole fit range
6F
4.0
5t
I
w0
L 3.5}
i 4
i !;"!_ji ”'I' |
N i ! | 3.0/
id; |
I;I'|
i 2.5
2_ T I| 'Il
1 | I—l
2 4 6 8 10 2 4 6 8 10
E (GeV) E (GeV)

Our default fit assumptions:

|.One quadratic half of resonances partial width uncertainties uncorrelated / other half correlated.
ll. Treating the entire systematic uncertainties of R-ratio as correlated when it is not specified.

lll. Defining the cluster energies through the weighed average.

I\VV.Using cluster distribution (2,20,20,10) .

V. Default data set collection.




Comparison selections

10° x M; P (GeV™?) 10° x M; T (GeV™)
_ _ 15.4;
22.0f : 152
215k | ] 15.0p .
f : 1480 ¢
21.0p 14.6}
ws5F 4 ] 14.4} 1
[ Minimal Standard Maximal 1 r  Minimal Standard Maximal 1
: ] 14.2} ]
20.0 '
10*x M3 T (GeV™®) 10°x My T (GeV™®)
13.6 13.0
13.4F 12.8[
132} ] 12.6
I | 1 i N 1 i
13.0F 12.4F
12.8} 12.2L
12.6f Minimal Standard Maximal 12.0f Minimal Standard Maximal -
12.40 ' 11.8!

Minimal selection: All data necessary to cover the whole energy region with the most accurate ones.
Standard selection: All data sets except three ones with the largest uncertainties.

Maximal selection; Contains all 19 data sets.




Stability of choices

Default: widths 50% correlated among themselves and with the continuous data sets.

For those sets with no information on correlations, assume a 100% correlation.

Different correlation between Different correlation
narrow resonances and data for some datasets
Detfault Minimal Overlap No Correlation J§50% Correlation Uncorrelated
n=1]21.38(20[46) 21.38(20|37) 21.38(20|30) 21.24(22/47) 21.09(28]25)
n = 14.91(18]29) 14.91(18]25) 14.91(18 14.87(1930) 14.84(20/21)
n=3 13.10(19\ 5) 13.10(19(21) 13.10(19]22) 13.10(19(25) 13.10(19[21)
n=4|12.49(19(23) 12.48(1921) 12.49(19]21) 12.49(19(23) 12.49(19|21)

Different cluster

energy definition Different clustering

Default Regular average  Middle point |l (2,20,40,10) (2,10,20,10) (2,20, 20, 20)
n=1 | 21.38(20/46) 21.37(20]46) 21.40(20(45) W 21.38(20[46)  21.39(20/46)  21.34(2046)
n=2 | 14.91(18|29) 14.90(18|29) 14.91(18]|29) @ 14.91(18[30)  14.91(18]29)  14.88(18|29)
n =3 | 13.10(19/25) 13.10(19|25) 13.11(19(25) W 13.11(19]25)  13.11(19/25)  13.08(19|25)
n=4 | 12.49(19/23) 12.48(19|23) 12.49(19(23) @ 12.49(19|23)  12.49(19|23)  12.47(19|23)




Comparison with other analyses

_
Hoang & Jamin'04

i
Kuhn et al."01

———e—

Kuhn et al."07

il
This Work

Hoang & Jamin'(4

200 205 210 215 220
102 x M (GeV2)

10* x M3F(GeV—o)

il
Kuhn et al.”"01
——
Kuhn et al."07
i
This Work
135 140 145 150

10° x M5 (GeV)

_
Hoang & Jamin'04

Hoang & Jamin 04
il
Kuhn et al.’01
Pr——
Kuhn et al.”07
) . )
This Work
115 120 125 130 135

i
EKuhn et al.”01
P——
Kuhn et al.’07
) . )
This Work
T.o0 115 120 125

* Blue lines use outdated experimental data for narrow resonances.

* Different analyses tend to agree better for large n — Narrow resonances dominate




Theoretical developments



Methods Iin perturbation theory

Fixed order M ™= MPe* = (4m2(1u ))nZ(%(:a)> Cab1a<_i§ ))1b< Q:Mm))
c\Hm))™ - m a

1,a,b
Numerical solution for mass:

sometimes there is no solution

exp\2 (et V2 1 as(pta) \' Fab >m2<u )\ 1o (7 (k)
Expanded (M ;)= (Mh»e) . Z( ! ) c*bm < )1 ( )

out b Hin pa

Analytic solution for mass

1 ~ :
0 () = — 7 ot / always has a solution!
(M)

lterative 200 | Qs(Ha) [ 500 | ~1.0 m(O)Q(M )
m - 1/2n{0n70+%[ n11+0njllﬂ< cug m)” ... etc
2<'Mn )

o (,U ) 7 pa m(O)Q m(O)Q
Tio(p) = WO S < s (fta ) G T B BNy U
7"' )

’l:,a,b /’Lm ILLOZ




Methods Iin perturbation theory

Fixed order M™P= ppert — _21 Z(O‘S(“a)) e a<_2< ))1 b( 2(Mn))

/ (41 ()" £\ Hin b

residual t, and u_ dependence

U, and (4 independent

due to truncation of a series

1/2n 1/2n b 2 72
Expanded (M exp) / (M;gh,pert> / - — 1 Z <a8<:ua)> 070{,;) In® <mc <5m>> lnb (mc <gm)>
out 2Me(pim) F5 N | Him M
- residual ¢, dependence
—(0) B 1 ~0,0 - renders correct 1 dependence
mc (Ium) - 1/2n n.0
9 < M EXP) to the order of truncation

lterative el

o (,U ) 1 - m(O)Q m(O)Q
e (fim) =m§0)z< — > Coi 0| =2 In” 2

1,a,b



Contour improved analysis

Contour Improved  First applied to hadronic tau decays Liberder & Pich (‘92)

Now U depends ons — rearrangement of higher order contributions

c,per 67—‘-@2 ds c — — c __
Mn,p b= T / Sn+1H(q27Oés(:ua(samg))amc(:um)nu’a(87mz)alum>

S Reweights threshold versus
) continuum effects

N2 —2N 2 —
(Ma) (Svmc) = Ha (1 4m§(,um)

oo
s (qQ,QS(ME(QQ,WE)),WC(um),ué(q2,m3),Mm) = > ¢ M
n=0

Contour improved methods are (perturbatively) sensitive to the value of 1(0)




Nonperturbative contribution

+ ...
\ gluon condensate

distribution

<%G2> — 0.006 = 0.012 GeV*
RGI

7T _ _
—~—

200% error
Compatible with 0




State of the art of calculations

Kuhn et al, Maier et al,
For n=1,2,3 the C° coefficients are known at O(@”)  Boughezal et al

Forn =>4, C’ are known in a semianalytic aproach (Padé approximants)

this method renders a central value and an error Hoang, Mateu & Zebarjad

The rest of C*° can be deduced by RGE evolution Maier et al
Greynat et al

A first look into the various methods

1.35}
ZGEVSIJ’":IJGSAI-GEV—» ﬁ%\
1o THEREEEE

Mc(Mic)

u = () 1.35 E‘Eé’——__—;’g

2GeV =, <4GeV

1.20}

[am—
|
sd



Fixed order

3 400 pass : 1286 )
O(a;) analyses \//
3.5+
first moment .
s ua 25
Kihn et al path ! : 1284
— 2.0-
/Ja _/Jm 1288 |
1.5; 1 7 /
7/
1.0// ns / o
1.0 15 20 25 30 35 40
.
Iterative
4.0F 128 /’i
/
3.5 /
/7 1
P 1
lJ 30— 1.29}/.
a 1
25 L7
m(m) < p,, H, S4GeV | oo ) K(///”gs-
P 1
1.5+ / ]
< 12857 |,
1.0, — s j
0O 15 20 25 30 35 40

Mo

Contours in the u, —

Ma

Ma

_ plane
Linearized
4.0 g o ‘ Y
3.5
3.00
25
2.0-
1.5 1
1.286
wle=—m ~
10 1.5 20 25 30 35 40
Hn
Contour Improved
407 pues 1299
3.5+
3.0-
2.5¢ 1.2975
2.00
1.5 1.28%. ‘
7/ 1.2j
1.0« ‘ ‘ ‘ ‘ ‘ ‘
1.0 15 20 25 30 35 40
Min



Contours in the y, — 4, plane
Fixed order Linearized

3 4077 posa "1.286 ,* 4.0 s o ‘ -
O(a;) analyses N L/ ]
first moment o
Ha s s Ha 5 5/
2.0 /2@
1. 15!

1.0, ] 1.0 pE= / ‘ 1

. 4.0 1.0 15 20 25 3.0 35 40

Exclude regions with o

/’lm’/'la < mc(mc)

Contour Improved

1.295

m(m) s , U, <4GeV

15 20 25 30 35 40
.




Various error estimates

Kuhn

GeV < (U, #W\
<

,u =3GeV
\2GeV</J <4 GeV

O(a?) analyses, first moment

Double variation m(m) <u_,u, <4GeV

mq(m.) Aarious methods aimz)=0.118

1.28} 2 GeV=p,=4 GeV

= e =d GeV
Mo me 1= iz=4 GeV

/126 [ Fixed Order
[ Expanded Out

i

| I
]

Contour |
Improved |

[terative

Method




Results



Convergence of errors

M:(M:), double u variation, a;(mz)=0.118

1.5}

: O(a?) O(a,) O(a? O(a?)
1.4}
13} | } H{{ l-@
12f H
L1} |
1.0}

0.9t
Order
Using double variation all methods have similar values and errors

Result for «, (nyz/o.1184 +0.0021

i, (/) = 1.277 £ 0.006,, +0.013, , +0.019, +0.009, +0.002

stat =

=1.277+0.025

(GG)




Comparison to similar analyses

e
McNeile et al.” 10
e s—

Allison et al.”’08

4-loops
lattice data

psedoscalar

Narison’10

Sum rules 3-loops

Hoang & Jamin’04

e E—

weighted finite energy

= QCD sum rules
Bodenstein et

T—— —( N\
Chetyrkin et al.”09
—— Sum rules
Boughezal et al.”06
4-loops
C @ 1
This Work ’
122 124 126 128 130 132 134 136

(1)



Bottom Mass



Spectral moments of inclusive B decays (nonrelativistic)

Bottomonium sum rules (relativistic)

Lattice

Determination of m,

Taken from Kuhn et al

Kuehn, Steinhauser, Sturm 07
Pineda. Signer 06

Della Morte et al. 06
Buchmueller, Flaecher 05

Mc Neile, Michael. Thompson 04

. deDivitiis et al. 03

my(my) (GeV)

Method

4.164 £ 0.025

low-moment sum rules, NNNLO

4.19 £ 0.06

4.347 £ 0.048

4.20 =+ 0.04

425 +£0.02 £0.11
433 =+ 0.10

4.346 £ 0.070

4.210 £ 0.090 £ 0.025

T sum rules, NNLL (not complete)
lattice (ALPHA ), quenched

fit to B decay distribution, a?f3;
lattice (UKQCD)

lattice, quenched

T(15), NNNLO

T(15), NNLO

[ Penin, Steinhauser 02 4.191 4+ 0.051 low-moment sum rules, NNLO
: Pineda 01 4.17 + 0.05 T sum rules, NNLO

Kuehn, Steinhauser 01 420 £ 007 PDG
Hoang 00 ;

: PDG 2006 Also low-moment sum rules N3LO

Boughezal et al [4]

43 44 4.5 4.6 4.7

m,,(m, ) m, (m, ) =4.205+0.058



Experimental data: bottom

Babar data

Experimental data

2.0’ | | | ll
[ I | | ‘i
|
. | | |:
sk i .
i\
|
R T | | |
B oF 1 Y(s) | Y(28) ' Y(3S) |;‘ Y(4S)
o | | f
| \|
| [
| | H
o 1 I
0.5 | o
. | | ﬁf‘ f%ﬁl
| D i
; I'\,ﬁgﬁgg %i
P j PN
O_O_ 1 | ‘ ‘ ‘ ‘ | ‘ . . —t—‘ —-*'I \I. "’T—— — ‘ ‘ .
9.5 10.0 10.5 11.0

E(GeV)



Experimental data: bottom

Perturbation theory
Experimental data
2.0’ | | | ll
[ I | | H
|
L : : |:
13} | i .
i\
|:
R o | | |
B oF 1 Y(s) | Y(28) ' Y(3S) |;‘ Y(4S)

| | : H
|
I
! !
| I
0.5¢ ! 1 ‘I

0.0 1 . | | | | . % o

Perturbative QCD

9.3 10.0
E(GeV)

Aren’t we comparing theory to theory?

10% error gives a huge error to the total
moment

65% of the first moment for
bottom sum rules !!




Comparison with other analyses
Kiihn et al ("10)[3] mb(mb)=4.1631r(),012a i
\

..................
Kuhn et al. 2010 Kuhn et al. 2010 Kuhn et al. 2010 Kuhn et al. 2010
This Work This Work This Work This Work
L 1 L L 1 1 1 1 1 1 1 1 L 1 1 1 1 1
2 4;4 - 4'? 8 270275 280 285 290 295 300 2.30 235 740 A AT A AT
107 My (GeV™) 10% M5 (GeV ) 107x M5 P(Gev ") 10°% M (GeV )

Contribution of the perturbative approximation reduces in the higher moments.
Non-relativistic QCD sum rules (n > 4):

(A. H. Hoang, P. R. Femena & M. Stahlhofen.(JHEP, 2012))  71(11;) = 4.235 £ 0.055 ¢4 € 0.003¢5)GeV

() for ag(myz) = 0.1180

4.20 — Linearized .

) 195_ lterative 1| *Preliminary analyses:

4185 1| * Convergent even at the higher moments.
4175 11+ The third moment of relativistic sum rules:

| : ] a.(m,) =0.1184+0.0021

41or ] i, (11,) =4.178+£0.011,,%0.005, +0.020 = 0.004,,,
15— ; 3 y



Conclusions and outlook

* |t Is essential to have a reliable error estimate for charm and bottom masses.
* Concerning relativistic sum rules, a revision of perturbative errors was mandatory.

* Experimental input must be treated with care (combining various sets of data,
correlations, systematic errors ...)

* Perturbative QCD should be used only where there is no data, and assigning a
conservative error.

- For charm PQCD is only a small fraction of the moment - small impact.
- For bottom PQCD is a sizeable fraction of the moment - big errors!

* The analysis can be easily extended to other correlators connection to lattice

Stay tuned for updated numbers on
charm, and for results on bottom mass
and pseudoscalar correlators.

Result for o (m,)=0.1184+0.0021
m, (m,)=1.277 £0.006,,, +0.013__ +0.019,, +0.009, +0.002

Slat- ==

=1.277£0.025

(GG)




Size of neglected terms

Mass corrections Secondary Radiation  Singlet  Z-boson
i =1 0.2 0.04 3x 107%  0.007
i =2 0.01 0.002 2% 107°  0.004
i =3 8 x 1074 3x 1074 2% 107%  0.003
i =4 5x 1077 7x 1077 1 x 10~  0.003

u.d.s

C
mwm)<
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