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Divergent Series in QCD 

André H. Hoang  

•  power corrections in the OPE using the MS (dim reg) scheme 

•  an infrared sensitive choice of renormalization conditions 

…. arise in the context of 
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Standard QCD tool for perturbative computations. 
Separation of process-dependent perturbative  from universal 
nonperturbative contributions.  

�QCD

�f

Q

dimensionless observable      for some hard scattering process at the 
scale      with    

�Consider: 
Q

Wilson’s OPE:  �QCD < �f < Q

Q� �QCD

(cutoff regulator) 
Ci

W 

θi
W 

•  Infrared-insensitive & physical (no IR renormalons) 
•  Inpractical for computations 
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Standard QCD tool for perturbative computations. 
Separation of process-dependent perturbative  from universal 
nonperturbative contributions.  

�QCD

Q

dimensionless observable      for some hard scattering process at the 
scale      with    

�Consider: 
Q Q� �QCD

(dimensional regularization) 

Ci
MS θi

MS 

•  Infrared-sensitive & unphysical 
•  Practical for computations 

OPE in MS:  

⇥ = C̄0(Q, µ)�̄0(µ) + C̄1(Q, µ)
�̄1(µ)
Qp

+ . . .
µ



Particle Seminar, Uni Vienna, May 10, 2012 

OPE and Renormalons 
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Pattern in the coefficients of perturbation theory that leads to 
worse convergence behavior. 

C̄0(µ, Q) � C̄phys
0 (µ, Q) +

1
Qp

� µ

0
dk kp�1�s(k)

⇥̄1(µ)
Qp

� ⇥̄phys
1 (µ)

Qp
+

1
Qp

� ⇥

µ
dk kp�1�s(k)

�s(k) = �s(µ)
�⇤

i=0

��s(µ)⇥0

4⇤

⇥i
lni

�µ2

k2

⇥

� µp

Qp

2⇤

⇥0

�⇤

i=0

��s(µ)⇥0

2p⇤

⇥i+1
i!

µp

Qp

2⇤

⇥0

�⇤

i=0

��s(µ)⇥0

2p⇤

⇥i+1
i! B(u) ⇥ � µp

Qp

2⇥

�0

1
u� p

2

B(u) ⇥ µp

Qp

2⇥

�0

1
u� p

2

numerical 
cancellation 

Mueller 
Beneke 
Luke, Manohar 
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Define Wilson coefficients with infrared subtractions 

OPE in R-schemes:  

C0(Q, R, µ) = C̄0(Q, µ)� �C0(Q, R, µ)

⇥C0(Q, R, µ) =
⇤R

Q

⌅p �⇧

n=1

dn

� µ

R

⇥ ⌃�s(µ)
(4⇤)

⌥n
dn(µ/R) =

�

k=0

dnk lnk(µ/R)

⇥̄1(µ) = ⇥1(R,µ)� [Qp�C0(Q, R, µ)]⇥̄0(µ)

⇥ = C0(Q, R, µ)�̄0(µ) + C̄1(Q, µ)
�1(R,µ)

Qp
+ . . .

Avoids numerical 
renormalon cancelation 
beween different terms 

in the OPE. 

Reintroduce power dependence on the cutoff scale. 

Subtracts bad renormalon 
contributions 
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OPE in an R-Scheme 
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Scale setting:  
C0(Q, R, µ) : ln( µ

Q ) , ln( µ
R )

�̄1(µ) � �1(R,µ) � �p
QCD : ln( µ

�QCD
) , ln( µ

R )

R � µ � Q

⇥ = C0(Q, R, µ)�̄0(µ) +
�1(R,µ)

Qp
+ . . .

�QCD

Q       and       have to be 
evolved simultaneously.  

R � µ

R µ

R = µ Here we take               .   
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OPE in an R-Scheme 
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R-evolution:  

lnC0(Q, R, µ) ⇥
⇤�

n=1

⌅
an

� µ
Q

⇥
� Rp

Qp an

� µ
R

⇥⇧�n
s (µ)

(4⇥)n

R
d

dR
lnC0(Q, R, R) = ⇥̄[�s(R)]�

�R

Q

⇥p
⇥[�s(R)]

.    anomalous 
dimension 

MS 

⇥[�s] =
��

n=0 ⇥n(�s(R)
4⇥ )n+1

⇥n�1 ⇥ p
�
an � 2(n�1)

p an�1�0

⇥

renormalon-free ! 

•                         :  improved pert. convergence for small ⇥̄[�s(R)] = 0 R � µ

R-evolution 
equation 
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Strong Coupling from Thrust 
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Abbate, Ficking, AH, Mateu, Stewart 
Phys. Rev.D83 (2011) 074021 

Abbate, Ficking, AH, Mateu, Stewart 
arXiv:1204.5746 

Thrust moments:  Thrust distribution:  

OPE in MS:  no renormalon subtraction 
__ 
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Abbate, Ficking, AH, Mateu, Stewart 
Phys. Rev.D83 (2011) 074021 

↵s(mZ) = 0.1135± 0.0002(ex)± 0.0010(th)

Abbate, Ficking, AH, Mateu, Stewart 
arXiv:1204.5746 

Thrust moments:  Thrust distribution:  

↵s(mZ) = 0.1141± 0.0004(ex)± 0.016(th)
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Meson Mass Differences (p.th.) 
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rp.th. =
CG(mb, R1, R1)UR(mb, R1, R0)
CG(mc, R1, R1)UR(mc, R1, R0)

mb = 4.7 GeV
mc = 1.6 GeV

µ = R1 =
�

mbmc

�rp.th. = 0.008
1
2

�
mbmc < R1 < 2

�
mbmc

MSR: •  perturbative expansion in good shape 
•  MSR power corrections small and stable  
•       dependence estimates OPE uncertainty  R0

r = 0.860± (0.065)��

±(0.008)pert.
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Ellis Jaffe Sum Rule (p.th.) 
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(0.7 GeV, Q/2) < µ < 2Q

Mp,MS
1,p.th.(Q) =

�
C̄B(Q, µ) �B + C̄0(Q, µ)

â0

9

⇥
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Ellis Jaffe Sum Rule (p.th.) 

André H. Hoang  

(0.7 GeV, Q/2) < R1, µ < 2Q

0.7 GeV < R0 < 1.2 GeV

•  perturbative series excellent 
•  power corrections small  
•       dependence estimates OPE uncertainty  

MSR scheme: 

R0

Mp,MS
1,p.th.(Q) =

�
C̄B(Q, µ) �B + C̄0(Q, µ)

â0

9

⇥

Mp,MSR
1,p.th. (Q) =

�
C̄B(Q, R0) �B + C̄0(Q, R0)

â0

9

⇥ R1 = Q
R0 = 0.9 GeV
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Conclusions 

Prof. André H. Hoang  

•  The main aim of this talk was to make you aware of patterns of perturbation 
theory at higher order that need considerations way beyond methods related 
to how to compute them. 

•  Renormalons are divergence patterns of perturbative coefficients in gauge 
theories (with massless gauge boson) that can spoil the convergence of 
perturbative series. This is particularly important in QCD where the coupling 
is relatively large, even for high energies.  

•  Understanding the concept of renormalons can provide guidelines how to 
deal with these divergence patterns, and how to improve the behavior of 
perturbation theory.  


