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Introduction

Neutrinos are puzzling:

e experimentally found properties (i.e. nonzero mass differences)
can not be included in the SM without righthanded neutrinos

@ mixing angles (one vanishingly small, others large) can not be
explained

absolute masses still unknown

smallness of masses can not be explained
mass spectrum can not be explained
Dirac or Majorana nature is unsolved

extremely hard to measure due to small interaction rates
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Introduction

Favoured:
Tribimaximal neutrino mixing matrix (good agreement with
experimental data)

2 1 0
Ve V3
U | L 1 1 (1)
PMNS 1\/6 \/§i \?
Ve V3 V2

= underlying family symmetry: discrete subgroups of SU(3)

Smallest group with 3-dim irreps: Ay
Smallest group with two nonequivalent 3-dim irreps: T7, suggested
by Cao, Khalil, Ma, Okada (2010)
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The discrete symmetry group T7
Properties of T7

Elements of T

21 elements, two generators:

p 0 0 010
a=|0 p* 0 and b= 0 0 1 (2)
0o 0 p 100
2im
p:e7
Important identities:
a’=e, b>=e, ba=a%b (3)
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The discrete symmetry group T7
Properties of T7

Elements of T
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The discrete symmetry group T7
Properties of T7

Irreducible representations

> d? =G| (4)

dim. name a b
1 1L 1 1
1 1, 1 w
1 1, 1 w2
p 0 0 0 1 0
3 3 0 p2 0 0 0 1
o o p* 1 0 0
P 0 0 0 1 0
3 3* 0 p° 0 0 0 1
o o 1 0 0
2im
w=e73
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The discrete symmetry group T7
Properties of T7

Tensor products of the irreps of T

1,®l, gl(/J+t7)mC>0’(3)
1,®3=3
1,3 =3
33=303 eI
IFR3IF=3IFe303
33" =303 Dl; Dl Dl;
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The discrete symmetry group T7
Properties of T7

Conjugacy classes of T

name | # elements | elements
G 1 e
) 3 a, a°, a*
Gs 3 ad, a°, ab
Ca 7 b, ab, a%b, a3b, a*b, a°b, abb
Gs 7 b2, ab?, a%b?, a3b?, a*b?, a®b?, a%b2
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The discrete symmetry group T7
Properties of T7

Character table of T+

G| G| G|G|G
n 1|33 ]|7/|7
od(g) | 1 | 7 |7 | 3|3
L | 1|{1]1|1]|1
L [1]1]1]w]|w
13 1 1 1 | w?| w
3 31n|n°|0]0
3* 3|n|n|0]0
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The discrete symmetry group T7

T7 as a Frobenius group

Frobenius groups: Definitions

Definition

Let G be a finite group that contains a nontrivial subgroup H with
the property that H N H8 = {e}, where e is the neutral element of
G and Vg € G\H, Hé is defined as H8 := {g~thg|h € H}. Then
G is a Frobenius group and the subgroup H is called a Frobenius
complement of G.

Definition

K = (G\ Ugec Hg) U{e} is called the Frobenius kernel of G
with respect to H.
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The discrete symmetry group T7

T7 as a Frobenius group

Frobenius groups: Theorems

Theorem of Frobenius
K < G.

G =2 K x H as a semidirect product.
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The discrete symmetry group T7
T7 as a Frobenius group

T7 as a Frobenius group

H = {e, b, b?} is a Frobenius complement of T7.

The Frobenius kernel of T7 with respect to H is

K=(T7\ | HE)U{e} ={e,a,a% % a* 2 3.  (5)
geTy

Every element g € T7 can be written as kh, T7 2 K x H.
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Yukawa terms and mass matrices

Transformation properties of the particles

Model suggested by Cao, Khalil, Ma, Okada (2010)

field | Lo | Cri| vri| ®i | ®i | xi | i
SU@u| 2 | 1|1 |2]2[1]1
Y |1 42| 0 [41]-1]0
T7 3 |1 | 3 |3 |3|3]|3
Ye, | 1| 1| 1|0 o]|-2]=2
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Yukawa terms and mass matrices

Goal: Mass matrices

Invariant Yukawa terms
|

Charged leptons Neutrinos

] |
® o) n X

charged
lepton mass
matrix M,

Dirac mass
matrix M,
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Yukawa terms and mass matrices

Charged lepton mass matrix

Yukawa terms for the charged leptons

Yukawa terms L; ®lg and (pdfL, ) )
= mass terms ¢; My{r and KRMJEL

Tensor products:

A(LLa®1 + Lio®y + L 3®3) R 1+
fQ(ZL,]_q)]_ + wzzL,gq)z + w[L,3¢3)€R’2+ (6)
A(LL1®1 +wlyo®s + w?L; 3P3)lR 3
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Yukawa terms and mass matrices

Charged lepton mass matrix

Invariance under T7

Sums inside brackets transform as 1-dimensional representations:
(Lpa®y 4+ Lio®o + Ly 3P3) ~ 1,

(Lp1®1 + w?Ly2®p +wly 3¢3) ~ 1y, (7)
(Lp1®1 + wly2®p + w?Ly 3%3) ~ 15.

(R, outside brackets: {1 ~ 1y, fro ~ 13, lr3~ 1,
= invariance under the group T7
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Yukawa terms and mass matrices

Charged lepton mass matrix

Mass matrix for the charged leptons

Read off charged lepton mass matrix:

ivi  hwv fzvi
Mg = f1V2 f2w2V2 7‘3va (8)
fivs hwvs Fwv

v; are VEV of (D?
Hermitian conjugate:

* * * 0k * .,k
; f vy f'v; fi ‘2/3
* * * * * *
M, fyvi 1 W2V2 fywv; (9)
* * * * * *
fivi fHw'vy  fFwy
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Yukawa terms and mass matrices

Neutrino mass matrix

Yukawa terms for the neutrinos

Goal: Find seesaw mass matrix
Miight = —Mp (M) "*Mp (10)
Yukawa terms —7g®TL; and —L; Prg
= Dirac mass terms vgMpv,; and DLMTDI/R

Symmetry — all coupling constants need to be equal,
fpq =fp2 =fp3 =:1p
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Yukawa terms and mass matrices

Neutrino mass matrix

Dirac mass matrix for the neutrinos

Dirac neutrino mass matrix:

0 0 w3
MD = fD* Vi 0 0 (11)
0 wn O
Hermitian conjugate:
0 vy O
ML=fh| 0 0 v (12)
v; 0 0
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Yukawa terms and mass matrices

Neutrino mass matrix

Additional Yukawa terms for the neutrinos

Two more invariant Yukawa terms:
XA C g and vk Clug (13)
and their hermitian conjugates
V,T?Cz/,"i,x and VZ?CU,’f\,n (14)
= heavy Majorana mass matrix M, = M, + M,

B — L quantum number crucial here: guarantees that x and 7 are
independent fields
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Yukawa terms and mass matrices

Neutrino mass matrix

Majorana mass matrix for the neutrinos, part 1

w 0 0
My=h| 0 u 0 (15)
0 0 u

uj..VEV of x;, h...coupling constant of vg; (all equall)

Hermitian conjugate:

u» 0 0
Mi=h{ 0 us O (16)
0 0 up
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Yukawa terms and mass matrices

Neutrino mass matrix

Majorana mass matrix for the neutrinos, part 2

0 3 U5
M,=H| 5 0 7 (17)
vy o7 0

M =H"| 3 0 u; (18)

u',-...VEV of ni
Assumption: u; ~ u’.
Note: M, and M, are symmetric
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Yukawa terms and mass matrices

Neutrino mass matrix

Heavy Majorana mass matrix for the neutrinos

u; 0 0 0 3 U5
Mpy=My+M,=h| 0 u§ O |+H| 3 0 U3
0 0 uf vy Wi 0
(19)
Hermitian conjugate:
u 0 0 0 u'3 u'2
Mi=M+M=hm | 0 ug O |+H | us 0 u1
0 0 u u’2 u’1 0
(20)
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Yukawa terms and mass matrices

The seesaw mass matrix

Assumptions on the seesaw mass matrix

Miight = —Mp (M;;)~*Mp (21)
@ u:=u; = uy=u3#0 — x breaks in the (1,1,1) direction

o uy = uh =0 but uj # 0 — 7 breaks in the (0,0, 1) direction
Q@ Vi =V =VvV3 =]V

= /3 — Z misalignment
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Yukawa terms and mass matrices

The seesaw mass matrix

Simplifying the seesaw mass matrix

Define A:= h*u and B := h""u}

h*u h’*ug 0 A B 0
M, = h’*ug h*u 0 = B A 0 (22)
0 0 h*u 0O 0 A
Inverse:
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Yukawa terms and mass matrices

The seesaw mass matrix

Light neutrino mass matrix

Tpas—1 (f*)2V2 o8 0 —AB
Miighe = =M M, *Mp = —7/\33 s 0 A2-B%2 0
—AB 0 A2
(24)

Assumption on scales already made in the context of B — L
gauging:
Mp ~ v and M, ~ u ~ uf
v<<u— Mp<< M,
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Yukawa terms and mass matrices

The seesaw mass matrix

The seesaw mass matrix in terms of three independent
parameters

Define C := f*2 2 p?: CA2 - agz and p3 Cfi\Bz, absorb
overall phase: p; = e’°‘1|p1|
_ —|p1f? 0 e~ py|pa
Miighe = €2 0 —|p1|? + e~ 1 p3 0
e | py | po 0 —|p1)?
(25)

Three real parameters |p1|, S(e™"®py) and N(e "1 p,)
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The neutrino mixing matrix

PMNS neutrino mixing matrix

Pontecorvo-Maki-Nakagawa-Sakata (PMNS) neutrino mixing
matrix: V = UfT U,

Diagonalize mass matrices:

U M U = M, (26)
and
U, Miight Uy = Miighs (27)
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The neutrino mixing matrix

Bidiagonalization of the charged lepton mass matrix

Uf: bidiagonalize the charged lepton mass matrix:

L (1 11 i 00
Mi=—| 1w w |V3v| 0 A O (28)
V3 1 w w? 0 0 A
SO
L (111
U=—1]1 uw? w (29)
3(1 w wz)
and
L (11t
Ut = (1 w w2> (30)
3 1 w? w
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The neutrino mixing matrix

Diagonalization of the neutrino mass matrix

Neutrino sector:

. r 0 —r
u=101 0 (31)
r 0 r
1
where r := 7
Diagonalizes Mjgpe:
Might = U] Myign: U, =
A% — AB 0 0
f* 2.2
- 7A(30) s 0o M-8 0 (32)
- 0 0 A% + AB
U, = e (33)
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The neutrino mixing matrix

The tribimaximal neutrino mixing matrix

V=uu, = (34)
) \ﬁz 1 0 i elBt 0 0
1+w — 14w i
7 e w5 0 €%~ 0 |= (35)
1\4;%; w2 f\/g 0 0 e'ﬁa
10 0 %gi % (1) eif (;3 0
e Ol o LYo o) e
—w % TV v ¢
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The neutrino mixing matrix

The tribimaximal neutrino mixing matrix

Phases on both sides irrelevant for mixing = tribimaximal mixing!
(Harrison, Perkins, Scott (1999,2002))

Define
2 1 0
Ve V3 V2

the mixing matrix without the phases.
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The neutrino mixing matrix

The tribimaximal neutrino mixing matrix

General form:

_ C13€12 C13512 size ™0
V= —cssi2— s23s13c12¢”  a3c12 — 235135126 sp3013
523512 — C23513C12€"‘S —523C12 — C23513512€'i‘s C€23C13

(38)

sij = sin(0j;), c;j = cos(0;;)

Only parameters: the three mixing angles 0;; and one phase &
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The neutrino mixing matrix

Summary of best fits from experimental data

parameter +1lo +20 +30
sin?(612) | 0.296 — 0.329 | 0.280 — 0.347 | 0.265 — 0.364
sin?(623) 0.39 — 0.50 0.36 — 0.60 0.34 — 0.64
sin?(f13) | 0.018 —0.032 | 0.012 — 0.041 | 0.005 — 0.050

Data from Fogli, Lisi, Marrone, Palazzo, Rotunno (2011)

Tribimaximal still possible, but not realized exactly (radiative

corrections)
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Interactions

New decays of 7= implied by the Z3 symmetry

T s p et (39)
and

T e et (40)

= utpte (41)
and

T = etety” (42)
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Interactions

Diagrams of the new 7~ decays

1.c First 7~ decay via W3 1.d Second 7~ decay via W3
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Interactions

Experimental mass limits

Experimental upper limit:

B(rt = pTute™) <23 %1078 (43)
B(rt — uty,p;) = 0.1736 (44)

9m§mi(m% + m3)?

B(rT = ptute™) = B(rt — pTv,p,) (45)

mim;
Lower limit: -
M2 > 39GeV (46)

/ 12 2
my + mj5
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Interactions

Principles of an experimental test of this theory

Principle: observation of decay products of B — L gauge boson Z’

Z' - v, 0, (47)
Final states:
O Tt
Q thrtue”
Q@ T ute"
Q 7 rete

Ulrike Regner, University of Vienna

The Frobenius group T7 as a symmetry in the lepton sector



The Frobenius group T7 as a symmetry in the lepton sector
The scalar potential of ¢

The scalar potential of ¢

Only ®;-terms (possible if supersymmetrised)
Note: supersymmetrisation not consistent with Yukawa terms
(LLCDER and —17R¢TLL)

= consider all quadratic and quartic terms

Quadratic terms:
3

Y ole; (48)

i=1
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The scalar potential of ¢

Quartic terms of the scalar potential of ®

Tensor product
(3®3")®(3®3%) = (1;01,®1;0303%)R(1,;B1,B1;H303%) (49)

Singlets:
Q0 1L,®]
(2] 12®l3 :lg®lz
QO3®3 =3"®3
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The scalar potential of ¢

Quartic terms of the scalar potential of ®

1; ® 1, corresponds to
3 2
(Z cbf.cb,-) (50)
i=1
— sum of terms of the form

ofo;0fd; (51)
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The scalar potential of ¢

Quartic terms of the scalar potential of ®

1, ® 13 corresponds to
(®]d1 + wdldy + W2 dLds) - (dId; + wW2dld, + wdlds) (52)
— sum of terms of the form
o0l (53)

terms with i = j have +1 as factor, i # j have factor —%
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The scalar potential of ¢

The complete scalar potential of ®

3 ® 3* corresponds to
oloole; (54)
with i # j
Potential:

3
Vo = p?) olo
i=1

3
+ (At X)) (vfe))? (55)
i=1
+ n-Z2 Z ol ;0] d;
i,j=1,i#j
3
te. ot
Z olo;0f0
ij=1,i#j
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The scalar potential of ¢

Minimum of the scalar potential of ¢

VEV:vi=w=wv3=v

Minimum of potential:
Ve min = 3122 + 3(3M\1 + 2X3)v* (56)

Minimization condition on v:

V=4 — (57)
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The scalar potential of ¢

Constraints on the parameters

u? real and negative (condition for spontaneous symmetry
breaking)

A1, A2 and A3 real (potential hermitian, each term individually
hermitian)

@ lower bound on each \; (physical requirement that potential is
bounded from below)

lower bounds — expression under the square in (57) positive

— v real and positive
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The scalar potential of ¢
Mass matrices

General formalism to find mass matrices for the charged
and the neutral scalars

General potential (Grimus, Lavoura (2002)):

vV = i ,u%-qb;rqu + i Aijkl <¢,T¢j> <¢L¢/> (58)

ij=1 ik =1

In our case: ny = 3, nonvanishing coefficients:
o uf =

o Nii = (A1 + A2)

° Nikk = (M — %)

"] )‘UJ’ = )\3
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The scalar potential of ¢
Mass matrices

Mass matrix of the charged scalars qb,i

M3 = 1 + N, (59)
where
ny
Nij = Z Aijki Vi Vi (60)
k=1
Here:
) 2 -1 -1
2 PA3
.= -1 2 -1 61
T 3N 4+ 203 (61)
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The scalar potential of ¢
Mass matrices

Mass matrix of the neutral scalars ¢

A C
Mg:(CT B>’ (62)
where
Aj = R(ud+ Ay + Kf) + R(Ky), (63)
B,'j = %(M2+/\U+K/) ( U)> (64)
Gi = =S+ N+ Kj) — S(Ky) (65)
and
ny
Ki = Z)‘ijk/vjvl (66)
ji=1
ny
L= Z)\ijk/‘/jV; (67)
jk=1
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The scalar potential of ¢
Mass matrices

Mass matrix of the neutral scalars ¢ for our model

Here:

C =0as ), ,u2 and v are real

/~L2 —2X1 — 22X —2A1 + Ao —4X3 —2X1 + X —4)3
A - m _2)\1 + )\2 - 4)\3 _2)\1 - 2)\2 _2>\1 + )\2 - 4)\3
1 3 —2X1+ X —4X3 —2A1+ X —4)3 —2A1 —2X>

B=0
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The Frobenius group T7 as a symmetry in the lepton sector
The scalar potential of ¢
Mass matrices

Eigenvalue equations

and

4 (5 )= (& 5 ) (56 ) =i
Rewrite (69) as

(12 + Nij + Kfj)b; + Kiib} = mib; (70)

Ulrike Regner, University of Vienna The Frobenius group T7 as a symmetry in the lepton sector
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The scalar potential of ¢
The existence of massless Goldstone bosons

The existence of massless Goldstone bosons in this
model

Potential (55) is invariant under O(4):

o — 1 <8fe(¢,+)+i<s(¢,+)> (71)

=2\ () + i3 (0f)

four real parameters
1
ofo; = SR+ (O])? + R(OD? +3(91)7)  (72)

Invariant = SO(4) sufficient, six parameters
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The scalar potential of ¢
The existence of massless Goldstone bosons

The existence of massless Goldstone bosons in this
model

Additionally: Invariance under all phase transformations:
q>i — eiai(bi; (73)

= Invariance under three independent U(1) transformations
One transformation is weak hypercharge, already contained in
SO(4) symmetry

Independent parameters (group generators): 8
Three symmetry generators spontaneously broken = Goldstone
theorem = number of massless Goldstone bosons: 8 —3 =5
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The scalar potential of ¢

The existence of massless Goldstone bosons

Schematic visualization of a simplified potential

o
S P
S NEeSS e
NSy

(XS,
>

SO

Simplifications:

@ neutral part of the potential only

o ¢ set to a fixed value (real but otherwise arbitrary)
@ imaginary parts of ®9 and @ set to zero
°

coefficients ;2 and \; set to arbitrary real values
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The scalar potential of ¢
The existence of massless Goldstone bosons

Pseudo Goldstone bosons

Goldstone bosons corresponding to longitudinal modes of the W
and Z vector bosons:

1

_7VVVT
aW_\/gv(’ ) ) (74)

and

by )7 (75)

i
=—(v,v,v
\@v(

Masses are zero!
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Pseudo Goldstone bosons

General expressions for physical charged and neutral scalars:
ny
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where (¢9) = (¥9) — v such that VEV of (©?) is zero.
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Pseudo Goldstone bosons

In our case,
1 3
St — oF 78
w5 (78)
and 5
V2
SO = 22N TG (09 79
bz \/gg‘s(( I)) ( )

Two pseudo Goldstone bosons used to create the masses of the W
and Z bosons
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Two additional massless Goldstone bosons in this model

Mi: no other Goldstone boson fields exist
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Physical neutral and charged scalars

Soy = =S ((#1)) + 3 ((92)) (83)

= 75 (3(O8) +3(99) - 23(#9) (89

Found two additional massless Goldstone bosons!

and

A is in general non singular, eigenvalues are
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Summary of massless Goldstone bosons

Charged sector: one charged complex massless Goldstone boson,
remaining two charged complex particles are massive Higgs bosons.

Neutral sector: three massless real Goldstone bosons and three
massive real Higgs bosons.

aw and bz: used to create the masses of the W and the Z bosons
by and by remain massless particles that exist in this model

= forces with infinite range
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The existence of forces with infinite range?

Investigated experimentally: Mostepanenko, Sokolov (1993)
@ measurements of the Casimir force
@ gravitation experiments of both the Eotvos and the Cavendish
type
@ several other experiments
Upper limit for A, is (for n = 1) 10747 in

1 /rpyn-t
M(22)~ (2) (88)
r
(z...number of protons in the atom, ry = 1F = 10~m, r...distance,
An...dimensionless coupling constant)

= existence of the predicted forces can be excluded!
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The existence of forces with infinite range?

Relevant coupling constants f;:

v is almost exactly 100 GeV, f; fixed by the value of v and charged
lepton masses:

fi ~107° (89)
f, ~ 107 (90)
fz ~ 1072 (91)

= coupling constants many orders of magnitude larger than values
in the experimentally allowed region!
(only tree-level approximation)
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T7 looks promising at first...

@ has a set of irreps that can accommodate the multiplets, i.e.
the particle content

@ Yukawa terms lead to suitable mass matrix for the charged
leptons

@ Yukawa terms lead to suitable Dirac and Majorana mass
matrices for the neutrinos

@ plausible assumptions (some of which are made in the context
of B — L gauging) lead to a suitable seesaw neutrino mass
matrix

niversity of Vienna The Frobenius group T7 as a symmetry in the lepton sector



The Frobenius group T7 as a symmetry in the lepton sector

Conclusions

T7 looks promising at first...

@ both mass hierarchy scenarios can be realized

@ most importantly: the tribimaximal neutrino mixing matrix
can be explained!

@ new decays are predicted

@ experimental test is possible by observing the decay of the
new B — L gauge boson Z’
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But then...

@ necessary supersymmetrization is in contradiction with the
Yukawa terms

@ scalar potential of only ® leads to two massless Goldstone
bosons that remain new massless particles

@ these massless bosonic particles correspond to forces with
infinite range

@ such forces are experimentally excluded if the couplings are of
the order of magnitude of the couplings in this model

By these arguments, it is excluded that this model describes the
physical reality. This T; symmetry model is therefore ruled out as
explanation of the symmetry in the lepton sector.
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