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The resonance of 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Linear Collider:       produc*on at threshold t̄t

•  Nonpert. effects suppressed 
       [Fadin, Khoze] 

•  No sharp resonance peaks 

Γt ≈ 1.5 GeV" ΛQCD

incomplete !!! 

σtot(e+e− → t t̄ )

Aim:  precise determina*on of 
•  mt              status: 

•                              status:               needed: < 3% 

δmt ∼ 100 MeV !
δσth

tot/σtot ∼ 6 %yt, αs, Γt



•  LO:    Unstable top  ⇒                    “IR cutoff” 

  

•  Higher orders       Pedro’s talk 
[Fadin, Khoze] 

Γt ≈ 1.5 GeV" ΛQCD
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The resonance of  

EW effects: 

veff ≡
√√

s−2mt

mt
→

√√
s−2mt+iΓt

mt
; |veff | ! 0.1

σtot(e+e− → t t̄ )

QCD in the resonance region:  v ∼ αs " 1

(∼ Γt " ΛQCD)mt ! !p ∼ mtv ! Ekin ∼ mtv2 3 scales: 
“hard”  “soc”  “ultrasoc” 

•  “Coulomb singulari*es” 
•  Large logs 

Problems: 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The resonance of  σtot(e+e− → t t̄ )

Problem of Coulomb singulari*es: 

Produc*on threshold:           ⇒ breakdown of perturba*on theory αs ∼ v ∼ 0.1

Solu*on: 

Nonrela*vis*c effec*ve field theory  vNRQCD 

summa*on of        terms by means of a Schrödinger Equa*on ! (αs/v)n



QCD  vNRQCD 

+ + . . .
Vc  V2 

O(v2)O(1)

“Expansion in        “ 

 Integrate out nonresonant degrees of freedom, e.g.: 

10.03.2011  5 

vNRQCD 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Construc*ng vNRQCD:  v! 1

LNR = Lkin +
[ Vc

k2 + Vkπ
2

mk + Vr(p
2+p′2)

2m2k2 + V2
m2 + Vs

m2 S2 + . . .
]
ψ†ψ χ†χ + . . .

“poten*al” 

kµ∼(mv2,mv)

Separate center‐of‐mass mo*on 
 
⇒  Schrödinger Equa*on:  E Ψ =

[
k2

m + V + ...
]
Ψ
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vNRQCD 

Green func*on: 
[
− ∇2

!r
m + V(r)− E

]
G(!r,!r ′,E) = δ(3)(!r −!r ′)

G(0, 0,E) ∼

Op*cal theorem: 

∣∣∣∣
2

∼ Im
[
G(0, 0,E)

]
σtot ∼

∫
dPS

∣∣∣∣

Unstable top:  G(0, 0,E + iΓt) ∼
∑

n

|Ψn(0)|2

En − E− iΓt − iε
+ continuum
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vNRQCD 

LO Green func*on: 
[
− ∇2

!r
m + Vc(r)− E

]
G1(!r,!r ′,E) = δ(3)(!r −!r ′)

Analy*c solu*on for  G1(!r,!r ′,E) !

Higher orders:  e.g.  G2(0, 0,E) = −
∫

d3!r G1(0,!r,E) V2(!r ) G1(!r, 0,E)

O(αs , v)

RG running:     e.g.  ⇒ V ≡ V(µ) ⇒ G(0, 0,E) ≡ G(0, 0,E, µ)

!G(0, 0,E, µ) known up to NNLL (partly N3LO) 
[Hoang, Manohar, Stewart, Teubner; Pineda, Signer]  [Beneke, Kiyo, Schuller] 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vNRQCD 

Problem of large logarithms: 

(∼ Γt " ΛQCD)mt ! !p ∼ mtv ! Ekin ∼ mtv2 3 scales: 
“hard”  “soc”  “ultrasoc” 

Logs:  ln
(

m2

E2

)
, ln

(
m2

p2

)
, ln

(p2

E2

)
αs ln

(
m2

E2

)
∼ −αs ln(v4) ∼ 1e.g. 

Solu*on: 

Two renormaliza*on scales:  µs = mν, µu = mν2 “v”NRQCD 

ν “subtrac*on velocity” 

RGE’s resum  [αs ln v]n , αs [αs ln v]n , α2
s [αs ln v]n ...  terms 

LL  NLL  NNLL 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vNRQCD 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LvNRQCD = Lusoft + Lpot + Lsoft

[Luke, Manohar, Rothstein] 

Dµ = ∂µ + igAµ(x)

Lusoft : ψ†
p(x)

[
iD0 − (p−iD)2

2m + . . .
]
ψp(x) + . . .

Lpot : − V ψ†
p′ψpχ†

−p′χ−p + . . .

V ∼ Vc
k2 + Vkπ

2

mk + Vr(p
2+p′2)

2m2k2 + V2
m2 + Vs

m2 S2 + . . . Vc,k,... 

Lsoft :

vNRQCD 



Produc*on/annihila*on current (3S1): 

(CMS) ∼ c1(ν) · "j eff
1 (x)︸ ︷︷ ︸

ψ†
p"σ(iσ2)χ∗−p

+ . . .
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LvNRQCD = Lusoft + Lpot + Lsoft

[Luke, Manohar, Rothstein] 

Dµ = ∂µ + igAµ(x)

Lusoft : ψ†
p(x)

[
iD0 − (p−iD)2

2m + . . .
]
ψp(x) + . . .

Lpot : − V ψ†
p′ψpχ†

−p′χ−p + . . .

V ∼ Vc
k2 + Vkπ

2

mk + Vr(p
2+p′2)

2m2k2 + V2
m2 + Vs

m2 S2 + . . . Vc,k,... 

vNRQCD 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Renormaliza*on 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σtot ∼ Im
[

∼ |c1(ν)|2 · Im
[
− i

∫
d4x eiq̂x 〈0| T#j eff ∗

1 (x)#j eff
1 (0) |0〉

]
+ . . .

∼ |c1(ν)|2 · Im
[
G(0, 0,E, ν)

]
+ . . . GNNLL known !

]
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Renormaliza*on 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current 
renormaliza*on  NLLLL

V V

[Hoang] 

[Luke, Manohar, Rothstein,  
Pineda, Hoang, Stewart] 

ln
[

c1(ν)
c1(1)

]
= ξ LL

︸︷︷︸
0

+ ξ NLL + ξ NNLL
mix + ξ NNLL

nonmix

σtot ∼ |c1(ν)|2 · Im
[
G(0, 0,E, ν)

]
+ . . .

missing 

GNNLL known !
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Renormaliza*on 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σtot ∼ |c1(ν)|2 · Im
[
G(0, 0,E, ν)

]
+ . . . GNNLL known !

0.1 0.2 0.3 0.4 0.5
1.00

1.02

1.04

1.06

1.08

1.10

1.12

1.14

Ν

c1!Ν "
c1!1"

NLL+NNLLnonmix 

NLL 

Missing NNLLmix contribu*on 
may reduce th. error of 

δσ

σ
≈ 6%

σtot

⇒ VNLL(ν) needed ! 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Renormaliza*on 

ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)NLL: 

soc 

NLL running of V: 

ultrasoc 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Renormaliza*on 

ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)NLL: 

NLL running of V: 
•  Ultrasoc contribu*ons dominant 

•  Large ultrasoc contribu*on to        !!! 
 
•  Soc contribu*ons to Vs known       *ny 

•  Poten*als affected by ultrasoc renormaliza*on: 

αs(mv2) ! 0.27 > αs(mv) ! 0.15 (v ! 0.1)

Vkπ2

mk︸ ︷︷ ︸
O(α2

s v)

,
Vr(p2 + p′2)

2m2k2
,
V2

m2
︸ ︷︷ ︸

O(αsv2)

[Penin, Pineda, Smirnov, Steinhauser] 

[Hoang] ξ NNLL
nonmix
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Renormaliza*on 

ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)NLL: 

One usoc loop: 

Vc 

renormalize 

[Manohar, Stewart] 

⇒ δV1 loop
r,2

RGE−−→ VLL
r,2(ν)



ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)

10.03.2011  18 Maximilian Stahlhofen  ‐  University of Vienna 

Renormaliza*on 

NLL: 

One usoc loop: 

Vc 

renormalize 

[Manohar, Stewart] 

⇒ δV1 loop
k

RGE−−→ VLL
k (ν)

Vc  •  2 loops:  
      1 x usoc  
      1 x poten*al (finite)  

 



Lusoft : ψ†
p

[
(i∂0−

p2

2m
)

︸ ︷︷ ︸
HQ propagator

− gA0 +
ip∇
m

+ g
pA
m

+
∇2

2m
+ . . .

]
ψp

ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)
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Renormaliza*on 

NLL: 

One usoc loop: 

Details: 

•  Feynman/Coulomb gauge 

•         , Dim. Reg. 

•        and      couple differently! 

•  Usoc deriva*ve operator inser*ons: 

MS

A0 A
A0



Lusoft : ψ†
p

[
(i∂0−

p2

2m
)

︸ ︷︷ ︸
HQ propagator

− gA0 +
ip∇
m

+ g
pA
m

+
∇2

2m
+ . . .

]
ψp

ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)
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Renormaliza*on 

NLL: 

One usoc loop: 

Details: 

•  Feynman/Coulomb gauge 

•         , Dim. Reg. 

•        and      couple differently! 

•  Usoc deriva*ve operator inser*ons: 

MS

A0 A
A0A0



A0

Lusoft : ψ†
p

[
(i∂0−

p2

2m
)

︸ ︷︷ ︸
HQ propagator

− gA0 +
ip∇
m

+ g
pA
m

+
∇2

2m
+ . . .

]
ψp

ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)

10.03.2011  21 Maximilian Stahlhofen  ‐  University of Vienna 

Renormaliza*on 

NLL: 

One usoc loop: 

Details: 

•  Feynman/Coulomb gauge 

•         , Dim. Reg. 

•        and      couple differently! 

•  Usoc deriva*ve operator inser*ons: 

MS

A0 A
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Renormaliza*on 

ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)NLL: 

Two usoc loops:  renormalize 

⇒ δV2 loop
r,2

RGE−−→ VNLL
r,2 (ν)

[MS, Hoang] 

•  Feynman gauge 

•  O(103) diagrams 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ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)

Renormaliza*on 

NLL: 

•  3 loops:  
      2 x usoc  
      1 x poten*al (finite)  

•  Feynman gauge 
 
•  O(104) diagrams 

•  Genera*on: 
      own Mathema*ca 
      code 
 
•  IntegraIs: 
      IBP & par*al frac. 

renormalize 

⇒ δV2 loop
k

RGE−−→ VNLL
k (ν) [MS, Hoang] 

Two usoc loops: 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Results 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RGE’s + matching at hard scale        give:   (ν = 1)

[
Vr(ν)

]NLL

usoft
= 8παs(mν)

[
− 4π

β0
Ar ln αs(mν2)

αs(mν) +
(

β1

β2
0
Ar −

[
αs(mν2)−αs(mν)

]
8π
β0

Br

)]

[
V2(ν)

]NLL

usoft
= 4παs(mν)

[
− 4π

β0
A2ln αs(mν2)

αs(mν) +
(

β1

β2
0
A2 −

[
αs(mν2)−αs(mν)

]
8π
β0

B2

)]
LL  NLL 

[
Vk(ν)

]NLL

usoft
= 2α2

s (mν)
[
− 4π

β0
Ak ln αs(mν2)

αs(mν) +
(

β1

β2
0
Ak −

[
αs(mν2)−αs(mν)

]
8π
β0

Bk

)]

[
A2

B2

]
= CF(CA − 2CF)

[
A
B

]

[
Ar

Br

]
= −CACF

[
A
B

]

[
Ak

Bk

]
= −CACF(CA − 2CF)

[
A
B

]

A =
1

3π

B =
CA(47 + 6π2)− 10nfT

108π2

[MS, Hoang] 

[Pineda] 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Results 

0.0 0.2 0.4 0.6 0.8 1.0!1.80

!1.30

!0.80

!0.30

V 2
+V

r 

ν

LL 

LL+NLLusoc 

[MS, Hoang] 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Results 

V k
 

ν

LL 

LL+NLLusoc 

[MS, Hoang] 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Results 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Results 

NLL 

NLL+NNLLnonmix 

NLL+NNLLnonmix+NNLLmix,usoc 

•  Large usoc NNLL contribu*ons compensate each other  ⇒            decreases  

•  Detailed analysis    WIP 

δσth
tot

σtot

[MS, Hoang] 

c1(ν)
c1(1)

ν
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•                        from              at threshold  

•  status:          ,    needed: 

•       

•          known up to NNLL  

•  New NNLLmix,usoc compensates for large NNLLnonmix contribu*on to 
       
                        decreases! 
 
•  Outlook: 

-  Detailed study of              at threshold 
-  Determina*on of botom mass from nonrel.       sum rules 
  

             

yt, αs, Γt σtot(e+e−→ t t̄ )
δσth

tot
σtot

≈ 6% δσth
tot

σtot
! 3%

σtot ∼ |c1(ν)|2 · Im
[
G(0, 0,E, ν)

]
+ . . .

G(0, 0,E, ν) !

c1(ν)

δσth
tot

σtot

σtot(e+e−→ t t̄ )
Υ
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