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Figure 3: ALEPH LEP1 data compared to leading and next-to-leading order predictions in QCD,
without hadronization corrections. We use αs(MZ) = 0.130 at the leading and αs(MZ) = 0.118 at
the next-to-leading order in perturbative QCD. The renormalization scale is chosen to be 0.3MZ.
The uncertainty bands are obtained by considering the scale variation 0.15 MZ < µ < 0.6 MZ .
Solid lines refer to NLO QCD results evaluated with µ = 0.3MZ.

with resummations suggests that L ! 5 is what can be considered as a large logarithm.

Clearly, 5 " L < 6 leaves very little room for the validity of this approach. It should be

possible to improve on the resummation by including sub-leading logarithms and matching

to NLO QCD computations. However, since we do not perform any resummation in this

paper, we require ln y−1
45 , ln y−1

cut
<
∼ 6 for the comparison of the NLO QCD computation with

data. Interestingly, a similar upper bound on lny−1
45 appears because we neglect the mass of

b-quarks in our computation. This implies that the resolution parameter times the center

of mass energy should be larger than the b-quark mass, i.e. sy45 > m2
b , which translates

into ln(y−1
45 ) < ln(s/m2

b)
<
∼ 6, for s = M2

Z .

When fixed-order perturbative QCD calculations are compared to experimental data,

the choice of the renormalization scale becomes an important issue. Traditionally, multi-

jet observables in e+e− annihilations are computed in perturbative QCD by evaluating

the strong coupling constant at the center-of-mass energy. However, for large numbers of

jets this choice should be reconsidered, since the hardness of each jet decreases with their

number. Dynamical renormalization scales used in event generators account for this effect

by relating the choice of the renormalization scale to the event kinematics. Our choice

of the renormalization scale is also motivated by dynamical considerations. To this end,

we consider the clustering history of five- and six-parton configurations that results from

using the Durham jet algorithm. We compute the average value of
√

y23, where y23 is the

three-jet resolution parameter, using only phase-space weights. We find this average to be

approximately equal to 0.3. Since
√

y23s is, roughly, the relative transverse momentum of

production in the range 3 < ln y−1
cut < 7.
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Figure 3: ALEPH LEP1 data compared to leading and next-to-leading order predictions in QCD,
without hadronization corrections. We use αs(MZ) = 0.130 at the leading and αs(MZ) = 0.118 at
the next-to-leading order in perturbative QCD. The renormalization scale is chosen to be 0.3MZ.
The uncertainty bands are obtained by considering the scale variation 0.15 MZ < µ < 0.6 MZ .
Solid lines refer to NLO QCD results evaluated with µ = 0.3MZ.

with resummations suggests that L ! 5 is what can be considered as a large logarithm.

Clearly, 5 " L < 6 leaves very little room for the validity of this approach. It should be

possible to improve on the resummation by including sub-leading logarithms and matching

to NLO QCD computations. However, since we do not perform any resummation in this

paper, we require ln y−1
45 , ln y−1

cut
<
∼ 6 for the comparison of the NLO QCD computation with

data. Interestingly, a similar upper bound on lny−1
45 appears because we neglect the mass of

b-quarks in our computation. This implies that the resolution parameter times the center

of mass energy should be larger than the b-quark mass, i.e. sy45 > m2
b , which translates

into ln(y−1
45 ) < ln(s/m2

b)
<
∼ 6, for s = M2

Z .

When fixed-order perturbative QCD calculations are compared to experimental data,

the choice of the renormalization scale becomes an important issue. Traditionally, multi-

jet observables in e+e− annihilations are computed in perturbative QCD by evaluating

the strong coupling constant at the center-of-mass energy. However, for large numbers of

jets this choice should be reconsidered, since the hardness of each jet decreases with their

number. Dynamical renormalization scales used in event generators account for this effect

by relating the choice of the renormalization scale to the event kinematics. Our choice

of the renormalization scale is also motivated by dynamical considerations. To this end,

we consider the clustering history of five- and six-parton configurations that results from

using the Durham jet algorithm. We compute the average value of
√

y23, where y23 is the

three-jet resolution parameter, using only phase-space weights. We find this average to be

approximately equal to 0.3. Since
√

y23s is, roughly, the relative transverse momentum of

production in the range 3 < ln y−1
cut < 7.
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Aleph @ LEP

3

ALEPH was one of the detectors at the LEP particle collider at CERN

LEP (Large Electron-Positron collider) was build
at CERN in the tunnel where now the LHC is
running

Starting at 1989 it collided leptons at a center-of-
momentum energy equal to the Z-boson mass
(~91 GeV) and finished operation running at 
209 GeV at the end of 2000

It still holds the particle accelerator speed record; 
a Lorentz boost factor close to 200000.
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Analyses

By now, most of the data has been 
analyzed in detail

and not many new results are 
appearing since 2004-2005

Distributions are in general well-
described by MC simulation

Data points are available on-line

We are interested in purely QCD 
events with 5 jets
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Figure 3: ALEPH LEP1 data compared to leading and next-to-leading order predictions in QCD,
without hadronization corrections. We use αs(MZ) = 0.130 at the leading and αs(MZ) = 0.118 at
the next-to-leading order in perturbative QCD. The renormalization scale is chosen to be 0.3MZ.
The uncertainty bands are obtained by considering the scale variation 0.15 MZ < µ < 0.6 MZ .
Solid lines refer to NLO QCD results evaluated with µ = 0.3MZ.

with resummations suggests that L ! 5 is what can be considered as a large logarithm.

Clearly, 5 " L < 6 leaves very little room for the validity of this approach. It should be

possible to improve on the resummation by including sub-leading logarithms and matching

to NLO QCD computations. However, since we do not perform any resummation in this

paper, we require ln y−1
45 , ln y−1

cut
<
∼ 6 for the comparison of the NLO QCD computation with

data. Interestingly, a similar upper bound on lny−1
45 appears because we neglect the mass of

b-quarks in our computation. This implies that the resolution parameter times the center

of mass energy should be larger than the b-quark mass, i.e. sy45 > m2
b , which translates

into ln(y−1
45 ) < ln(s/m2

b)
<
∼ 6, for s = M2

Z .

When fixed-order perturbative QCD calculations are compared to experimental data,

the choice of the renormalization scale becomes an important issue. Traditionally, multi-

jet observables in e+e− annihilations are computed in perturbative QCD by evaluating

the strong coupling constant at the center-of-mass energy. However, for large numbers of

jets this choice should be reconsidered, since the hardness of each jet decreases with their

number. Dynamical renormalization scales used in event generators account for this effect

by relating the choice of the renormalization scale to the event kinematics. Our choice

of the renormalization scale is also motivated by dynamical considerations. To this end,

we consider the clustering history of five- and six-parton configurations that results from

using the Durham jet algorithm. We compute the average value of
√

y23, where y23 is the

three-jet resolution parameter, using only phase-space weights. We find this average to be

approximately equal to 0.3. Since
√

y23s is, roughly, the relative transverse momentum of

production in the range 3 < ln y−1
cut < 7.
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Leading order predictions
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Figure 3: ALEPH LEP1 data compared to leading and next-to-leading order predictions in QCD,
without hadronization corrections. We use αs(MZ) = 0.130 at the leading and αs(MZ) = 0.118 at
the next-to-leading order in perturbative QCD. The renormalization scale is chosen to be 0.3MZ.
The uncertainty bands are obtained by considering the scale variation 0.15 MZ < µ < 0.6 MZ .
Solid lines refer to NLO QCD results evaluated with µ = 0.3MZ.

with resummations suggests that L ! 5 is what can be considered as a large logarithm.

Clearly, 5 " L < 6 leaves very little room for the validity of this approach. It should be

possible to improve on the resummation by including sub-leading logarithms and matching

to NLO QCD computations. However, since we do not perform any resummation in this

paper, we require ln y−1
45 , ln y−1

cut
<
∼ 6 for the comparison of the NLO QCD computation with

data. Interestingly, a similar upper bound on lny−1
45 appears because we neglect the mass of

b-quarks in our computation. This implies that the resolution parameter times the center

of mass energy should be larger than the b-quark mass, i.e. sy45 > m2
b , which translates

into ln(y−1
45 ) < ln(s/m2

b)
<
∼ 6, for s = M2

Z .

When fixed-order perturbative QCD calculations are compared to experimental data,

the choice of the renormalization scale becomes an important issue. Traditionally, multi-

jet observables in e+e− annihilations are computed in perturbative QCD by evaluating

the strong coupling constant at the center-of-mass energy. However, for large numbers of

jets this choice should be reconsidered, since the hardness of each jet decreases with their

number. Dynamical renormalization scales used in event generators account for this effect

by relating the choice of the renormalization scale to the event kinematics. Our choice

of the renormalization scale is also motivated by dynamical considerations. To this end,

we consider the clustering history of five- and six-parton configurations that results from

using the Durham jet algorithm. We compute the average value of
√

y23, where y23 is the

three-jet resolution parameter, using only phase-space weights. We find this average to be

approximately equal to 0.3. Since
√

y23s is, roughly, the relative transverse momentum of

production in the range 3 < ln y−1
cut < 7.
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Lowest order 
predictions

Two distinct subprocesses:

e+e- ! Z/"* ! qqbar ggg

e+e- ! Z/"* ! qqbar qqbar g

Generated with MadGraph

6
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Figure 3: ALEPH LEP1 data compared to leading and next-to-leading order predictions in QCD,
without hadronization corrections. We use αs(MZ) = 0.130 at the leading and αs(MZ) = 0.118 at
the next-to-leading order in perturbative QCD. The renormalization scale is chosen to be 0.3MZ.
The uncertainty bands are obtained by considering the scale variation 0.15 MZ < µ < 0.6 MZ .
Solid lines refer to NLO QCD results evaluated with µ = 0.3MZ.

with resummations suggests that L ! 5 is what can be considered as a large logarithm.

Clearly, 5 " L < 6 leaves very little room for the validity of this approach. It should be

possible to improve on the resummation by including sub-leading logarithms and matching

to NLO QCD computations. However, since we do not perform any resummation in this

paper, we require ln y−1
45 , ln y−1

cut
<
∼ 6 for the comparison of the NLO QCD computation with

data. Interestingly, a similar upper bound on lny−1
45 appears because we neglect the mass of

b-quarks in our computation. This implies that the resolution parameter times the center

of mass energy should be larger than the b-quark mass, i.e. sy45 > m2
b , which translates

into ln(y−1
45 ) < ln(s/m2

b)
<
∼ 6, for s = M2

Z .

When fixed-order perturbative QCD calculations are compared to experimental data,

the choice of the renormalization scale becomes an important issue. Traditionally, multi-

jet observables in e+e− annihilations are computed in perturbative QCD by evaluating

the strong coupling constant at the center-of-mass energy. However, for large numbers of

jets this choice should be reconsidered, since the hardness of each jet decreases with their

number. Dynamical renormalization scales used in event generators account for this effect

by relating the choice of the renormalization scale to the event kinematics. Our choice

of the renormalization scale is also motivated by dynamical considerations. To this end,

we consider the clustering history of five- and six-parton configurations that results from

using the Durham jet algorithm. We compute the average value of
√

y23, where y23 is the

three-jet resolution parameter, using only phase-space weights. We find this average to be

approximately equal to 0.3. Since
√

y23s is, roughly, the relative transverse momentum of

production in the range 3 < ln y−1
cut < 7.
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Results

Next-to-leading order predictions
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Figure 3: ALEPH LEP1 data compared to leading and next-to-leading order predictions in QCD,
without hadronization corrections. We use αs(MZ) = 0.130 at the leading and αs(MZ) = 0.118 at
the next-to-leading order in perturbative QCD. The renormalization scale is chosen to be 0.3MZ.
The uncertainty bands are obtained by considering the scale variation 0.15 MZ < µ < 0.6 MZ .
Solid lines refer to NLO QCD results evaluated with µ = 0.3MZ.

with resummations suggests that L ! 5 is what can be considered as a large logarithm.

Clearly, 5 " L < 6 leaves very little room for the validity of this approach. It should be

possible to improve on the resummation by including sub-leading logarithms and matching

to NLO QCD computations. However, since we do not perform any resummation in this

paper, we require ln y−1
45 , ln y−1

cut
<
∼ 6 for the comparison of the NLO QCD computation with

data. Interestingly, a similar upper bound on lny−1
45 appears because we neglect the mass of

b-quarks in our computation. This implies that the resolution parameter times the center

of mass energy should be larger than the b-quark mass, i.e. sy45 > m2
b , which translates

into ln(y−1
45 ) < ln(s/m2

b)
<
∼ 6, for s = M2

Z .

When fixed-order perturbative QCD calculations are compared to experimental data,

the choice of the renormalization scale becomes an important issue. Traditionally, multi-

jet observables in e+e− annihilations are computed in perturbative QCD by evaluating

the strong coupling constant at the center-of-mass energy. However, for large numbers of

jets this choice should be reconsidered, since the hardness of each jet decreases with their

number. Dynamical renormalization scales used in event generators account for this effect

by relating the choice of the renormalization scale to the event kinematics. Our choice

of the renormalization scale is also motivated by dynamical considerations. To this end,

we consider the clustering history of five- and six-parton configurations that results from

using the Durham jet algorithm. We compute the average value of
√

y23, where y23 is the

three-jet resolution parameter, using only phase-space weights. We find this average to be

approximately equal to 0.3. Since
√

y23s is, roughly, the relative transverse momentum of

production in the range 3 < ln y−1
cut < 7.
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Next-to-leading 
order

8

σNLO =
∫

m+1
d(d)σR +

∫

m
d(d)σV +

∫

m
d(4)σB
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Next-to-leading 
order

8

σNLO =
∫

m+1
d(d)σR +

∫

m
d(d)σV +

∫

m
d(4)σB

‘Real emission’
NLO corrections

‘Virtual’ or ‘one-loop’
NLO corrections

‘Born’ or ‘LO’
contribution 
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Virtual corrections

Based on generalized D-dimensional unitarity

Similar to the calculation for pp ! W+3j at NLO
Ellis, Giele, Kunszt, Melnikov & Zanderighi (2009)

Main differences:

Crossing of initial and final state particles

Coupling of EW boson is different

Closed fermion loops attached to EW boson
(Checked to be small and neglected)

Checked against the BlackHat code and 
agreement was found        Berger et al. (2009)

9
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IR divergence
(of the real emission)

(UV-renormalized) virtual corrections ! IR divergent

Real emission ! IR divergent

After integration, the sum of all contributions is 
finite (for infrared-safe observables)

10

σNLO =
∫

m+1
d(d)σR +

∫

m
d(d)σV +

∫

m
d(4)σB
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Subtraction terms

11

σNLO =
∫

m+1
d(d)σR +

∫

m
d(d)σV +

∫

m
d(4)σB
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Subtraction terms

Include subtraction terms to make real emission 
contributions and virtual contributions separately finite

All can be integrated numerically

12

σNLO =
∫

m+1

[
d(4)σR − d(4)σA

]
+

∫

m

[
d(4)σB +

∫

loop
d(d)σV +

∫

1
d(d)σA

]

ε=0

σNLO =
∫

m+1
d(d)σR +

∫

m
d(d)σV +

∫

m
d(4)σB
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FKS subtraction

FKS subtraction: Frixione, Kunszt & Signer 1996.

Also known as “residue subtraction”

Based on using plus-distributions to regulate the 
infrared divergences of the real emission matrix 
elements

13
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FKS for beginners
Easiest to understand by starting from real emission:

14

dσR =
∑

ij

Sij |Mn+1|2dφn+1

∑

ij

Sij = 1

Partition the phase space in such a way that each partition has at most one 
soft and one collinear singularity

Use plus distributions to regulate the singularities

dσR = |Mn+1|2dφn+1

dσ̃R =
∑

ij

(
1
ξi

)

+

(
1

1− yij

)

+

ξi(1− yij)Sij |Mn+1|2dφn+1

1
ξ2
i

1
1− yij

ξi = Ei/
√

ŝ
yij = cos θij

|Mn+1|2                        blows up like                                 with 
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FKS for beginners

15

dσ̃R =
∑

ij

(
1
ξi

)

+

(
1

1− yij

)

+

ξi(1− yij)Sij |Mn+1|2dφn+1

ξi → 0 yij → 1

yij → 1

ξi → 0

∫
dξ

(
1
ξ

)

+

f(ξ) =
∫

dξ
f(ξ)− f(0)

ξ

Definition plus distribution

One event has maximally three counter events:

Soft:

Collinear:

Soft-collinear:
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Subtraction terms

This defines the subtraction terms for the reals

They need to be integrated over the one-parton phase space 
(analytically) and added to the virtual corrections

these are process-independent terms proportional to 
the (color-linked) Borns

All formulae can be found in the paper arXiv:0908.4247
[RF, Frixione, Maltoni, Stelzer]

16

σNLO =
∫

m+1

[
d(4)σR − d(4)σA

]
+

∫

m

[
d(4)σB +

∫

loop
d(d)σV +

∫

1
d(d)σA

]

ε=0
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MadFKS

Automatic FKS subtraction within the MadGraph/
MadEvent framework

Given the (n+1) process, it generates the real, all the 
subtraction terms and the Born processes

For a NLO computation, only the finite parts of the virtual 
corrections are needed from the user

Phase-space integration integrates (n) and (n+1) body 
processes can be done at the same time, or separately

Any physics model: massive particles have only soft 
singularities, which are spin independent: MadFKS works 
also for BSM physics, e.g. squarks

17

RF, Frixione, Maltoni, Stelzer (2009)
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18

σNLO =
∫

m+1

[
d(4)σR − d(4)σA

]
+

∫

m

[
d(4)σB +

∫

loop
d(d)σV +

∫

1
d(d)σA

]

ε=0
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18
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scale choice

The most important input parameter is
the renormalization scale

Any calculation in perturbative QCD
depends on this non-physical scale

For multi-scale processes there is in general
a large dependence on this scale and the optimal choice is difficult to 
find

Happily, going from LO to NLO, this dependence is reduced (in 
fact, it’s one of the reasons to go to NLO!)

We would like to take the scale of the hardest branching in the 
process as our default scale

On average this is µR = 0.3 #s

To address the uncertainties, we vary it by a factor 2 up and down
19
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Running

The computation has been run on 
the MadGraph cluster at the CP3 
institute in Louvain-la-Neuve

A week of running on
~300 machines

Born: couple of hours
Real emission: 2 days
Virtual corrections: 5 days
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Figure 3: ALEPH LEP1 data compared to leading and next-to-leading order predictions in QCD,
without hadronization corrections. We use αs(MZ) = 0.130 at the leading and αs(MZ) = 0.118 at
the next-to-leading order in perturbative QCD. The renormalization scale is chosen to be 0.3MZ.
The uncertainty bands are obtained by considering the scale variation 0.15 MZ < µ < 0.6 MZ .
Solid lines refer to NLO QCD results evaluated with µ = 0.3MZ.

with resummations suggests that L ! 5 is what can be considered as a large logarithm.

Clearly, 5 " L < 6 leaves very little room for the validity of this approach. It should be

possible to improve on the resummation by including sub-leading logarithms and matching

to NLO QCD computations. However, since we do not perform any resummation in this

paper, we require ln y−1
45 , ln y−1

cut
<
∼ 6 for the comparison of the NLO QCD computation with

data. Interestingly, a similar upper bound on lny−1
45 appears because we neglect the mass of

b-quarks in our computation. This implies that the resolution parameter times the center

of mass energy should be larger than the b-quark mass, i.e. sy45 > m2
b , which translates

into ln(y−1
45 ) < ln(s/m2

b)
<
∼ 6, for s = M2

Z .

When fixed-order perturbative QCD calculations are compared to experimental data,

the choice of the renormalization scale becomes an important issue. Traditionally, multi-

jet observables in e+e− annihilations are computed in perturbative QCD by evaluating

the strong coupling constant at the center-of-mass energy. However, for large numbers of

jets this choice should be reconsidered, since the hardness of each jet decreases with their

number. Dynamical renormalization scales used in event generators account for this effect

by relating the choice of the renormalization scale to the event kinematics. Our choice

of the renormalization scale is also motivated by dynamical considerations. To this end,

we consider the clustering history of five- and six-parton configurations that results from

using the Durham jet algorithm. We compute the average value of
√

y23, where y23 is the

three-jet resolution parameter, using only phase-space weights. We find this average to be

approximately equal to 0.3. Since
√

y23s is, roughly, the relative transverse momentum of

production in the range 3 < ln y−1
cut < 7.
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What are we plotting...?
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Figure 3: ALEPH LEP1 data compared to leading and next-to-leading order predictions in QCD,
without hadronization corrections. We use αs(MZ) = 0.130 at the leading and αs(MZ) = 0.118 at
the next-to-leading order in perturbative QCD. The renormalization scale is chosen to be 0.3MZ.
The uncertainty bands are obtained by considering the scale variation 0.15 MZ < µ < 0.6 MZ .
Solid lines refer to NLO QCD results evaluated with µ = 0.3MZ.
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Observables

We are looking at processes with e+e- ! jets

Jets are defined using the Durham jet algorithm

Five-jet resolution parameter

where y45 is the maximum value of ycut for which the event is 
classified as a five-jet event by the jet algorithm

Five-jet rate

where                   is the exclusive five-jet production cross 
section, defined by running the Durham jet algorithm to the 
given events and by requiring that exactly five are 
reconstructed

22

where σ5−jet
incl is the inclusive five-jet production cross section in e+e− annihilation. The

second observable that we study is the five-jet rate R5(ycut). It is defined as follows

R5(ycut) =
σ5−jet

excl (ycut)

σtot
, (3.3)

where σ5−jet
excl (ycut) is the exclusive five-jet production cross section. It is calculated by

applying the Durham jet algorithm to the given event, and by requiring that exactly five

jets are reconstructed.

When we compute σ−1
totdσ/d ln y−1

45 and R5 in perturbative QCD, we obtain a power

series in the strong coupling constant

σ−1
tot

dσ

d ln y−1
45

=

(

αs(µ)

2π

)3

A45(y45) +

(

αs(µ)

2π

)4 (

B45(y45) + 3b0A45(y45) ln
µ√
s

)

,(3.4)

R5(ycut) =

(

αs(µ)

2π

)3

A5(ycut) +

(

αs(µ)

2π

)4 (

B5(ycut) + 3b0A5(ycut) ln
µ√
s

)

, (3.5)

where µ is the renormalization scale, b0 = (33− 2nf )/3 and nf = 5 is the number of quark

flavors that we treat as massless. The top quark is considered to be infinitely heavy and is

completely neglected in our computation. It is important to emphasize that the coefficients

A45,5 and B45,5 depend on y45 and ycut, respectively, but not, say, on the total center-of-mass

energy squared. This feature is a consequence of the following approximations employed

in our computation: 1) all particles, except the Z boson, are treated as massless; 2) the

observables that we are interested in are sufficiently inclusive so that the vector and the

axial currents do not interfere; 3) we neglect triangle fermion diagrams that lead to the

axial anomaly so that (for equal couplings) vector and axial current contributions to the

final result are equal. These three points are sufficient to ensure that A45,5 and B45,5 are

independent of the electroweak parameters and the center-of-mass energy squared.

Experimentally [16], five-jet observables are computed using the reconstructed mo-

menta and energies of charged and neutral particles. Measurements are corrected for

detector effects, so that final distributions correspond to stable hadrons and leptons, and

for initial- and final-state photon radiation, which is a sizable correction for LEP2 data.

Above the Z peak, relevant backgrounds are subtracted; the most important among them

is W -pair production. The experimental uncertainties are estimated by varying event- and

particle-selection cuts. They are below 1% at LEP1 and slightly larger at LEP2. Further

details of the experimental analysis can be found in ref. [16].

In fig. 1, we compare ALEPH LEP1 data [16] for 1/σtotdσ/d ln y−1
45 with the hadron-

level predictions of three event generators – PYTHIA, HERWIG and ARIADNE. We

observe that these event generators describe experimental data fairly well; differences

between data and theoretical predictions are below twenty five percent in the central

4.5 < ln y−1
45 < 9 region of the distribution, where the statistical accuracy of the data

is good. This is an impressive accomplishment since σ−1
totdσ/d ln y−1

45 changes by three or-

ders of magnitude in this range of lny−1
45 . On the other hand, it is clear from the upper pane

of fig. 1 that hadronization corrections are very large and change from 0.5 to 1.5 in that
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Durham jet algo.

Define the distance between each pair of particles as

The pair of particles with the smallest distance is clustered together 
(by adding their 4-momentum) if yij < ycut

Iterate until all distances are larger than ycut and the recombination 
stops

The number of (pseudo)-particles left is equal to the number of jets in 
the event

23

With five massless flavors, the number of independent partonic subprocesses that con-

tribute to the five-jet cross section is 25. Using the entries of table 1, this implies 81 FKS

pairs in total, i.e. 81 independent integrations. On the other hand, the complexity of the

kinematics is such that even in the context of an adaptive integration it may be very dif-

ficult to map correctly all the peaks of the Feynman diagrams, and thus to have a stable

numerical behavior. We have therefore preferred to adopt a multi-channelling integration

strategy, that in MadFKS follows the same procedure as in MadGraph [62]. In doing so,

the numbers of integration channels we deal with at the real-emission and virtual level are

equal to 3620 and 2×1408 respectively (the factor of two in the virtual amplitudes being due

to the independent integration of the leading- and subleading-color contributions). These

numbers are much larger than the 81 FKS pairs we started with; however, the Feynman-

diagrams peaks can now be mapped accurately by the integration routines, and relatively

small statistics is sufficient in each channel to obtain numerical stability. We conclude

by stressing that the MadFKS integration channels are fully independent. Furthermore,

they are not determined dynamically (e.g. by performing a preliminary integration of the

cross section), but are defined a priori, by considering the topologies of the Feynman di-

agrams that contribute to the relevant partonic processes. The whole organization of the

calculation is therefore inherently parallel.

3. Phenomenology of five-jet production

In this Section we present the results of our calculation. Weconsider e+e− → jets and define

jets using the Durham jet algorithm [28] with resolution parameter ycut. The following

distance between each pair of particles is used in the Durham jet algorithm

yij =
2min(E2

i , E2
j )

s
(1 − cos θij) , (3.1)

where s is the center-of-mass energy of the collision squared, Ei is the energy of the parton

i, and θij is the relative angle between the partons i and j, in the e+e− center-of-mass

reference frame. The pair of particles with the smallest distance is clustered together by

adding their four-momenta, as long as yij < ycut, and the procedure is then iterated. When

all distances yij are larger than ycut, the recombination stops and the number of jets in the

event is defined to be equal to the number of (pseudo)-particles left at that stage.

In this paper we consider two observables which we define with the Durham jet al-

gorithm. The first observable is the differential distribution with respect to the five-jet

resolution parameter y45, normalized to the total cross section for e+e− → hadrons, σtot

(which we compute at the NLO, i.e. at O(αs)). The resolution parameter y45 is the maxi-

mal value of ycut such that a given event is classified as a five-jet event by the Durham jet

algorithm. We note that

1

σtot

1
∫

ycut

dy45
dσ

dy45
=

σ5−jet
incl (ycut)

σtot
, (3.2)
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5 light flavors, top mass is considered infinitely heavy

All particles, except the Z boson are treated as massless

Vector and axial currents do not interfere for these sufficiently 
inclusive observables

Triangle fermion loops that lead to the axial anomaly are neglected

Therefore, A45, B45, A5 and B5 are independent of the 
electroweak parameters and the center-of-mass energy squared

Functional form
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where σ5−jet
incl is the inclusive five-jet production cross section in e+e− annihilation. The

second observable that we study is the five-jet rate R5(ycut). It is defined as follows

R5(ycut) =
σ5−jet

excl (ycut)

σtot
, (3.3)

where σ5−jet
excl (ycut) is the exclusive five-jet production cross section. It is calculated by

applying the Durham jet algorithm to the given event, and by requiring that exactly five

jets are reconstructed.
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observe that these event generators describe experimental data fairly well; differences

between data and theoretical predictions are below twenty five percent in the central

4.5 < ln y−1
45 < 9 region of the distribution, where the statistical accuracy of the data

is good. This is an impressive accomplishment since σ−1
totdσ/d ln y−1

45 changes by three or-

ders of magnitude in this range of lny−1
45 . On the other hand, it is clear from the upper pane

of fig. 1 that hadronization corrections are very large and change from 0.5 to 1.5 in that

– 8 –

where σ5−jet
incl is the inclusive five-jet production cross section in e+e− annihilation. The

second observable that we study is the five-jet rate R5(ycut). It is defined as follows

R5(ycut) =
σ5−jet
excl (ycut)

σtot
, (3.3)

where σ5−jet
excl (ycut) is the exclusive five-jet production cross section. It is calculated by

applying the Durham jet algorithm to the given event, and by requiring that exactly five

jets are reconstructed.
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totdσ/d ln y

−1
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=
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)3
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αs(µ)

2π

)4 (
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)

, (3.5)

where µ is the renormalization scale, b0 = (33− 2nf )/3 and nf = 5 is the number of quark

flavors that we treat as massless. The top quark is considered to be infinitely heavy and is
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Above the Z peak, relevant backgrounds are subtracted; the most important among them

is W -pair production. The experimental uncertainties are estimated by varying event- and

particle-selection cuts. They are below 1% at LEP1 and slightly larger at LEP2. Further

details of the experimental analysis can be found in ref. [16].

In fig. 1, we compare ALEPH LEP1 data [16] for 1/σtotdσ/d ln y
−1
45 with the hadron-

level predictions of three event generators – PYTHIA, HERWIG and ARIADNE. We

observe that these event generators describe experimental data fairly well; differences

between data and theoretical predictions are below twenty five percent in the central

4.5 < ln y−1
45 < 9 region of the distribution, where the statistical accuracy of the data

is good. This is an impressive accomplishment since σ−1
totdσ/d ln y

−1
45 changes by three or-

ders of magnitude in this range of lny−1
45 . On the other hand, it is clear from the upper pane

of fig. 1 that hadronization corrections are very large and change from 0.5 to 1.5 in that
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Figure 3: ALEPH LEP1 data compared to leading and next-to-leading order predictions in QCD,
without hadronization corrections. We use αs(MZ) = 0.130 at the leading and αs(MZ) = 0.118 at
the next-to-leading order in perturbative QCD. The renormalization scale is chosen to be 0.3MZ.
The uncertainty bands are obtained by considering the scale variation 0.15 MZ < µ < 0.6 MZ .
Solid lines refer to NLO QCD results evaluated with µ = 0.3MZ.

with resummations suggests that L ! 5 is what can be considered as a large logarithm.

Clearly, 5 " L < 6 leaves very little room for the validity of this approach. It should be

possible to improve on the resummation by including sub-leading logarithms and matching

to NLO QCD computations. However, since we do not perform any resummation in this

paper, we require ln y−1
45 , ln y−1

cut
<
∼ 6 for the comparison of the NLO QCD computation with

data. Interestingly, a similar upper bound on lny−1
45 appears because we neglect the mass of

b-quarks in our computation. This implies that the resolution parameter times the center

of mass energy should be larger than the b-quark mass, i.e. sy45 > m2
b , which translates

into ln(y−1
45 ) < ln(s/m2

b)
<
∼ 6, for s = M2

Z .

When fixed-order perturbative QCD calculations are compared to experimental data,

the choice of the renormalization scale becomes an important issue. Traditionally, multi-

jet observables in e+e− annihilations are computed in perturbative QCD by evaluating

the strong coupling constant at the center-of-mass energy. However, for large numbers of

jets this choice should be reconsidered, since the hardness of each jet decreases with their

number. Dynamical renormalization scales used in event generators account for this effect

by relating the choice of the renormalization scale to the event kinematics. Our choice

of the renormalization scale is also motivated by dynamical considerations. To this end,

we consider the clustering history of five- and six-parton configurations that results from

using the Durham jet algorithm. We compute the average value of
√

y23, where y23 is the

three-jet resolution parameter, using only phase-space weights. We find this average to be

approximately equal to 0.3. Since
√

y23s is, roughly, the relative transverse momentum of

production in the range 3 < ln y−1
cut < 7.
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Figure 3: ALEPH LEP1 data compared to leading and next-to-leading order predictions in QCD,
without hadronization corrections. We use αs(MZ) = 0.130 at the leading and αs(MZ) = 0.118 at
the next-to-leading order in perturbative QCD. The renormalization scale is chosen to be 0.3MZ.
The uncertainty bands are obtained by considering the scale variation 0.15 MZ < µ < 0.6 MZ .
Solid lines refer to NLO QCD results evaluated with µ = 0.3MZ.

with resummations suggests that L ! 5 is what can be considered as a large logarithm.

Clearly, 5 " L < 6 leaves very little room for the validity of this approach. It should be

possible to improve on the resummation by including sub-leading logarithms and matching

to NLO QCD computations. However, since we do not perform any resummation in this

paper, we require ln y−1
45 , ln y−1

cut
<
∼ 6 for the comparison of the NLO QCD computation with

data. Interestingly, a similar upper bound on lny−1
45 appears because we neglect the mass of

b-quarks in our computation. This implies that the resolution parameter times the center

of mass energy should be larger than the b-quark mass, i.e. sy45 > m2
b , which translates

into ln(y−1
45 ) < ln(s/m2

b)
<
∼ 6, for s = M2

Z .

When fixed-order perturbative QCD calculations are compared to experimental data,

the choice of the renormalization scale becomes an important issue. Traditionally, multi-

jet observables in e+e− annihilations are computed in perturbative QCD by evaluating

the strong coupling constant at the center-of-mass energy. However, for large numbers of

jets this choice should be reconsidered, since the hardness of each jet decreases with their

number. Dynamical renormalization scales used in event generators account for this effect

by relating the choice of the renormalization scale to the event kinematics. Our choice

of the renormalization scale is also motivated by dynamical considerations. To this end,

we consider the clustering history of five- and six-parton configurations that results from

using the Durham jet algorithm. We compute the average value of
√

y23, where y23 is the

three-jet resolution parameter, using only phase-space weights. We find this average to be

approximately equal to 0.3. Since
√

y23s is, roughly, the relative transverse momentum of

production in the range 3 < ln y−1
cut < 7.
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Figure 1: ALEPH data [16] for the y45 distribution at LEP1, compared to PYTHIA, HERWIG
and ARIADNE results. The upper panes show detector and hadronization corrections, respectively.
The lowest pane shows the relative difference between data and event generator predictions. This
figure was provided to us by H. Stenzel.

range of ln y−1
45 . In addition, it follows from fig. 1 that the difference between hadronization

corrections, as calculated using different event generators, can be as large as 20-30%.

We attribute these features to the inability of PYTHIA, HERWIG and ARIADNE

to describe hard perturbative radiation correctly. Indeed, these programs generate high-

multiplicity final states starting from hard low-multiplicity processes; they produce addi-

tional jets by means of parton/dipole showers. Since these showers describe hard large-angle

emissions only approximately, the so-called hadronization corrections attempt to correct

for this (perturbative) deficiency. While this problem is unavoidable if traditional event

generators are used to describe high-multiplicity final states, techniques exist to match

parton showers and high-multiplicity matrix elements in a consistent manner, thereby im-

proving the pure-perturbative part of event generators. One such technique is the CKKW

matching procedure [44], which is implemented as default in the SHERPA event gener-

ator. The comparison of ALEPH LEP1 data with SHERPA predictions, as well as the

hadronization corrections derived from SHERPA, are shown in fig. 2. Two hadronization

models – Lund string [60] and cluster [61] – are employed. In the central part of the

– 9 –
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Figure 3: ALEPH LEP1 data compared to leading and next-to-leading order predictions in QCD,
without hadronization corrections. We use αs(MZ) = 0.130 at the leading and αs(MZ) = 0.118 at
the next-to-leading order in perturbative QCD. The renormalization scale is chosen to be 0.3MZ.
The uncertainty bands are obtained by considering the scale variation 0.15 MZ < µ < 0.6 MZ .
Solid lines refer to NLO QCD results evaluated with µ = 0.3MZ.

with resummations suggests that L ! 5 is what can be considered as a large logarithm.

Clearly, 5 " L < 6 leaves very little room for the validity of this approach. It should be

possible to improve on the resummation by including sub-leading logarithms and matching

to NLO QCD computations. However, since we do not perform any resummation in this

paper, we require ln y−1
45 , ln y

−1
cut

<
∼ 6 for the comparison of the NLO QCD computation with

data. Interestingly, a similar upper bound on lny−1
45 appears because we neglect the mass of

b-quarks in our computation. This implies that the resolution parameter times the center

of mass energy should be larger than the b-quark mass, i.e. sy45 > m2
b , which translates

into ln(y−1
45 ) < ln(s/m2

b)
<
∼ 6, for s = M2

Z .

When fixed-order perturbative QCD calculations are compared to experimental data,

the choice of the renormalization scale becomes an important issue. Traditionally, multi-

jet observables in e+e− annihilations are computed in perturbative QCD by evaluating

the strong coupling constant at the center-of-mass energy. However, for large numbers of

jets this choice should be reconsidered, since the hardness of each jet decreases with their

number. Dynamical renormalization scales used in event generators account for this effect

by relating the choice of the renormalization scale to the event kinematics. Our choice

of the renormalization scale is also motivated by dynamical considerations. To this end,

we consider the clustering history of five- and six-parton configurations that results from

using the Durham jet algorithm. We compute the average value of
√
y23, where y23 is the

three-jet resolution parameter, using only phase-space weights. We find this average to be

approximately equal to 0.3. Since
√
y23s is, roughly, the relative transverse momentum of

production in the range 3 < ln y−1
cut < 7.
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Figure 1: ALEPH data [16] for the y45 distribution at LEP1, compared to PYTHIA, HERWIG
and ARIADNE results. The upper panes show detector and hadronization corrections, respectively.
The lowest pane shows the relative difference between data and event generator predictions. This
figure was provided to us by H. Stenzel.

range of ln y−1
45 . In addition, it follows from fig. 1 that the difference between hadronization

corrections, as calculated using different event generators, can be as large as 20-30%.

We attribute these features to the inability of PYTHIA, HERWIG and ARIADNE

to describe hard perturbative radiation correctly. Indeed, these programs generate high-

multiplicity final states starting from hard low-multiplicity processes; they produce addi-

tional jets by means of parton/dipole showers. Since these showers describe hard large-angle

emissions only approximately, the so-called hadronization corrections attempt to correct

for this (perturbative) deficiency. While this problem is unavoidable if traditional event

generators are used to describe high-multiplicity final states, techniques exist to match

parton showers and high-multiplicity matrix elements in a consistent manner, thereby im-

proving the pure-perturbative part of event generators. One such technique is the CKKW

matching procedure [44], which is implemented as default in the SHERPA event gener-

ator. The comparison of ALEPH LEP1 data with SHERPA predictions, as well as the

hadronization corrections derived from SHERPA, are shown in fig. 2. Two hadronization

models – Lund string [60] and cluster [61] – are employed. In the central part of the
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Figure 3: ALEPH LEP1 data compared to leading and next-to-leading order predictions in QCD,
without hadronization corrections. We use αs(MZ) = 0.130 at the leading and αs(MZ) = 0.118 at
the next-to-leading order in perturbative QCD. The renormalization scale is chosen to be 0.3MZ.
The uncertainty bands are obtained by considering the scale variation 0.15 MZ < µ < 0.6 MZ .
Solid lines refer to NLO QCD results evaluated with µ = 0.3MZ.

with resummations suggests that L ! 5 is what can be considered as a large logarithm.

Clearly, 5 " L < 6 leaves very little room for the validity of this approach. It should be

possible to improve on the resummation by including sub-leading logarithms and matching

to NLO QCD computations. However, since we do not perform any resummation in this

paper, we require ln y−1
45 , ln y

−1
cut

<
∼ 6 for the comparison of the NLO QCD computation with

data. Interestingly, a similar upper bound on lny−1
45 appears because we neglect the mass of

b-quarks in our computation. This implies that the resolution parameter times the center

of mass energy should be larger than the b-quark mass, i.e. sy45 > m2
b , which translates

into ln(y−1
45 ) < ln(s/m2

b)
<
∼ 6, for s = M2

Z .

When fixed-order perturbative QCD calculations are compared to experimental data,

the choice of the renormalization scale becomes an important issue. Traditionally, multi-

jet observables in e+e− annihilations are computed in perturbative QCD by evaluating

the strong coupling constant at the center-of-mass energy. However, for large numbers of

jets this choice should be reconsidered, since the hardness of each jet decreases with their

number. Dynamical renormalization scales used in event generators account for this effect

by relating the choice of the renormalization scale to the event kinematics. Our choice

of the renormalization scale is also motivated by dynamical considerations. To this end,

we consider the clustering history of five- and six-parton configurations that results from

using the Durham jet algorithm. We compute the average value of
√
y23, where y23 is the

three-jet resolution parameter, using only phase-space weights. We find this average to be

approximately equal to 0.3. Since
√
y23s is, roughly, the relative transverse momentum of

production in the range 3 < ln y−1
cut < 7.
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Figure 1: ALEPH data [16] for the y45 distribution at LEP1, compared to PYTHIA, HERWIG
and ARIADNE results. The upper panes show detector and hadronization corrections, respectively.
The lowest pane shows the relative difference between data and event generator predictions. This
figure was provided to us by H. Stenzel.

range of ln y−1
45 . In addition, it follows from fig. 1 that the difference between hadronization

corrections, as calculated using different event generators, can be as large as 20-30%.

We attribute these features to the inability of PYTHIA, HERWIG and ARIADNE

to describe hard perturbative radiation correctly. Indeed, these programs generate high-

multiplicity final states starting from hard low-multiplicity processes; they produce addi-

tional jets by means of parton/dipole showers. Since these showers describe hard large-angle

emissions only approximately, the so-called hadronization corrections attempt to correct

for this (perturbative) deficiency. While this problem is unavoidable if traditional event

generators are used to describe high-multiplicity final states, techniques exist to match

parton showers and high-multiplicity matrix elements in a consistent manner, thereby im-

proving the pure-perturbative part of event generators. One such technique is the CKKW

matching procedure [44], which is implemented as default in the SHERPA event gener-

ator. The comparison of ALEPH LEP1 data with SHERPA predictions, as well as the

hadronization corrections derived from SHERPA, are shown in fig. 2. Two hadronization

models – Lund string [60] and cluster [61] – are employed. In the central part of the
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Figure 2: ALEPH data for the y45 distribution at LEP1, compared to SHERPA results. Two
hadronization models – Lund string [60] and cluster [61] – are employed. The lower pane in the left
plot shows the relative difference between Sherpa predictions with the two hadronization models,
and ALEPH data. In the right plot, the hadronization corrections for the two models are shown.

distribution, SHERPA results agree with ALEPH data to 20− 25%, similar to traditional

event generators. Moreover, in the region of moderately small values of ln y−1
45 , where fixed-

order perturbative description is reliable, the hadronization corrections are below twenty

percent, in sharp contrast with estimates of hadronization corrections based on PYTHIA,

HERWIG and ARIADNE. It is important to emphasize that, although in that region of

ln y−1
45 traditional event generators provide slightly better description of data compared to

SHERPA, this does not mean that hadronization corrections extracted with the former

codes are more reliable. Indeed, traditional event generators achieve agreement with data

at the price of very large hadronization corrections. This feature precludes a clear sep-

aration between long- and short-distance phenomena, which is crucial for the procedure

outlined below eq. (1.1) to be meaningful.

The ALEPH data exhibit a characteristic turnover shape. This turnover means that

for small values of y45, the result is dominated by exclusive five-jet production with very

small resolution parameter, where fixed order perturbation theory fails and a resummation

is required to achieve meaningful results. A resummation of αn
sL

2n and αn
sL

2n−1 terms,

where L = ln y−1
cut, was performed for R5 in [25], while no resummation is currently available

for the five-jet resolution parameter distribution. However, there seems to be no region in
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Figure 3: ALEPH LEP1 data compared to leading and next-to-leading order predictions in QCD,
without hadronization corrections. We use αs(MZ) = 0.130 at the leading and αs(MZ) = 0.118 at
the next-to-leading order in perturbative QCD. The renormalization scale is chosen to be 0.3MZ.
The uncertainty bands are obtained by considering the scale variation 0.15 MZ < µ < 0.6 MZ .
Solid lines refer to NLO QCD results evaluated with µ = 0.3MZ.

with resummations suggests that L ! 5 is what can be considered as a large logarithm.

Clearly, 5 " L < 6 leaves very little room for the validity of this approach. It should be

possible to improve on the resummation by including sub-leading logarithms and matching

to NLO QCD computations. However, since we do not perform any resummation in this

paper, we require ln y−1
45 , ln y−1

cut
<
∼ 6 for the comparison of the NLO QCD computation with

data. Interestingly, a similar upper bound on lny−1
45 appears because we neglect the mass of

b-quarks in our computation. This implies that the resolution parameter times the center

of mass energy should be larger than the b-quark mass, i.e. sy45 > m2
b , which translates

into ln(y−1
45 ) < ln(s/m2

b)
<
∼ 6, for s = M2

Z .

When fixed-order perturbative QCD calculations are compared to experimental data,

the choice of the renormalization scale becomes an important issue. Traditionally, multi-

jet observables in e+e− annihilations are computed in perturbative QCD by evaluating

the strong coupling constant at the center-of-mass energy. However, for large numbers of

jets this choice should be reconsidered, since the hardness of each jet decreases with their

number. Dynamical renormalization scales used in event generators account for this effect

by relating the choice of the renormalization scale to the event kinematics. Our choice

of the renormalization scale is also motivated by dynamical considerations. To this end,

we consider the clustering history of five- and six-parton configurations that results from

using the Durham jet algorithm. We compute the average value of
√

y23, where y23 is the

three-jet resolution parameter, using only phase-space weights. We find this average to be

approximately equal to 0.3. Since
√

y23s is, roughly, the relative transverse momentum of

production in the range 3 < ln y−1
cut < 7.
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Figure 3: ALEPH LEP1 data compared to leading and next-to-leading order predictions in QCD,
without hadronization corrections. We use αs(MZ) = 0.130 at the leading and αs(MZ) = 0.118 at
the next-to-leading order in perturbative QCD. The renormalization scale is chosen to be 0.3MZ.
The uncertainty bands are obtained by considering the scale variation 0.15 MZ < µ < 0.6 MZ .
Solid lines refer to NLO QCD results evaluated with µ = 0.3MZ.
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jets this choice should be reconsidered, since the hardness of each jet decreases with their

number. Dynamical renormalization scales used in event generators account for this effect
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we consider the clustering history of five- and six-parton configurations that results from
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!s(MZ) fit

Using the world average for the strong coupling, gives a 
good agreement between the NLO computation and the data

We can turn this consideration around: using the data and 
the predictions we can extract the value for the strong 
coupling
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where σ5−jet
incl is the inclusive five-jet production cross section in e+e− annihilation. The

second observable that we study is the five-jet rate R5(ycut). It is defined as follows

R5(ycut) =
σ5−jet

excl (ycut)

σtot
, (3.3)

where σ5−jet
excl (ycut) is the exclusive five-jet production cross section. It is calculated by

applying the Durham jet algorithm to the given event, and by requiring that exactly five

jets are reconstructed.

When we compute σ−1
totdσ/d ln y−1

45 and R5 in perturbative QCD, we obtain a power

series in the strong coupling constant

σ−1
tot

dσ

d ln y−1
45

=

(

αs(µ)

2π

)3

A45(y45) +

(

αs(µ)

2π

)4 (

B45(y45) + 3b0A45(y45) ln
µ√
s

)

,(3.4)

R5(ycut) =

(

αs(µ)

2π

)3

A5(ycut) +

(

αs(µ)

2π

)4 (

B5(ycut) + 3b0A5(ycut) ln
µ√
s

)

, (3.5)

where µ is the renormalization scale, b0 = (33− 2nf )/3 and nf = 5 is the number of quark

flavors that we treat as massless. The top quark is considered to be infinitely heavy and is

completely neglected in our computation. It is important to emphasize that the coefficients

A45,5 and B45,5 depend on y45 and ycut, respectively, but not, say, on the total center-of-mass

energy squared. This feature is a consequence of the following approximations employed

in our computation: 1) all particles, except the Z boson, are treated as massless; 2) the

observables that we are interested in are sufficiently inclusive so that the vector and the

axial currents do not interfere; 3) we neglect triangle fermion diagrams that lead to the

axial anomaly so that (for equal couplings) vector and axial current contributions to the

final result are equal. These three points are sufficient to ensure that A45,5 and B45,5 are

independent of the electroweak parameters and the center-of-mass energy squared.

Experimentally [16], five-jet observables are computed using the reconstructed mo-

menta and energies of charged and neutral particles. Measurements are corrected for

detector effects, so that final distributions correspond to stable hadrons and leptons, and

for initial- and final-state photon radiation, which is a sizable correction for LEP2 data.

Above the Z peak, relevant backgrounds are subtracted; the most important among them

is W -pair production. The experimental uncertainties are estimated by varying event- and

particle-selection cuts. They are below 1% at LEP1 and slightly larger at LEP2. Further

details of the experimental analysis can be found in ref. [16].

In fig. 1, we compare ALEPH LEP1 data [16] for 1/σtotdσ/d ln y−1
45 with the hadron-

level predictions of three event generators – PYTHIA, HERWIG and ARIADNE. We

observe that these event generators describe experimental data fairly well; differences

between data and theoretical predictions are below twenty five percent in the central

4.5 < ln y−1
45 < 9 region of the distribution, where the statistical accuracy of the data

is good. This is an impressive accomplishment since σ−1
totdσ/d ln y−1

45 changes by three or-

ders of magnitude in this range of lny−1
45 . On the other hand, it is clear from the upper pane

of fig. 1 that hadronization corrections are very large and change from 0.5 to 1.5 in that
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Data used in the fit

All data points are assumed to be separate measurements and 
treated as such (taking correlations in uncertainties into account)

Number of data points between brackets is used to determine the “fit-range uncertainty”
32

Collision energy (GeV)Collision energy (GeV)

1/$ d$/dy451/$ d$/dy45 R5R5

Collision energy (GeV)Collision energy (GeV)

range
data 

points*
range

data 
points*

LEP1 91 3.8 < -ln(y45)< 5.3 7 (11) 4.0 < -ln(ycut)< 5.6 8 (13)

LEP2

183 4.8 < -ln(y45)< 6.4 2 (1) 2.1 < -log10(ycut)< 2.9 4 (2)

LEP2

189 4.8 < -ln(y45)< 6.4 2 (1) 2.1 < -log10(ycut)< 2.9 4 (2)

LEP2

200 Not availableNot available 2.1 < -log10(ycut)< 2.9 4 (2)

LEP2

206 4.8 < -ln(y45)< 6.4 2 (1) 2.1 < -log10(ycut)< 2.9 4 (2)
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Uncertainties

Fit range
The difference in !s obtained by changing the range of data points that are included in 
the fit “in a reasonable way”

Statistical (experimental)
Assumed to be fully uncorrelated between different center-of-mass energies. Also the 
data points for 1/$ d$/dy45 at a given energy are uncorrelated, but they are correlated for 
R5 and between R5 and 1/$ d$/dy45. We have explicitly computed the correlation matrix

Systematic (experimental)
Assumed to be 100% correlated for all data points, except between LEP1 and LEP2 
results (for which it’s assumed to be uncorrelated)

Perturbative
Varying the renormalization scale used in the theoretical predictions by a factor two up 
and down around the central value. Assumed to be 100% correlated for all data points

Hadronization
Difference for the value of !s using the Lund and Cluster models for hadronization as 
available in Sherpa. Assumed to be 100% correlated for all data points
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LEP1

Agreement with and without 
hadronization is remarkable

Smaller perturbative 
uncertainty when including 
hadr. corr. due to smaller 

central value for !s

Five-jet observables are very 

sensitive to !s which is 
reflected in the very small 
statistical error 

LEP1 results

34

LEP1, hadr. LEP1, no hadr.

σ−1
totdσ/dy45, R5 σ−1

totdσ/dy45, R5

stat.
+0.0002

−0.0002

+0.0002

−0.0002

syst.
+0.0027

−0.0029

+0.0027

−0.0029

pert.
+0.0062

−0.0043

+0.0068

−0.0047

fit range
+0.0014

−0.0014

+0.0005

−0.0005

hadr.
+0.0012

−0.0012
–

αs(MZ) 0.1159
+0.0070

−0.0055
0.1163

+0.0073

−0.0055

Table 2: Values of the strong coupling constant αs(MZ) obtained from fits to ALEPH LEP1 data
for σ−1

totdσ/dy45 and R5. NLO QCD predictions are used. Hadronization corrections are estimated
with SHERPA. Default fit ranges are 3.8 ≤ − ln y45 ≤ 5.2, and 4.0 ≤ − ln ycut ≤ 5.6. See the text
for details.

SHERPA. We use the Lund string model to estimate systematic uncertainties related to

hadronization effects.

Since we use fixed-order perturbative results and do not perform any resummation, it

is not possible to describe the data in the full kinematic ranges studied by experiments.

This feature makes the choice of the kinematic range used in the fit an important but,

unfortunately, somewhat a subjective issue. In general, we attempt to take the fit range

as large as possible, with the condition that our computations are reliable and that the

data quality is good. In the determination of the central value of αs at LEP1, we consider

3.8 ≤ − ln y45 ≤ 5.2 (7 data points) for the five-jet resolution parameter distribution, and

4.0 ≤ − ln ycut ≤ 5.6 (8 data points) for R5. In order to estimate the error on αs related

to our choice of the fit range, we extract the value of αs by performing a second fit, with

larger ranges 3.4 ≤ − ln y45 ≤ 5.6 (11 data points) for the five-jet resolution parameter,

and 3.4 ≤ − ln ycut ≤ 6.0 for R5 (13 data points). The difference between the values of

αs obtained in the two fits is called the “fit range” error; it is supposed to quantify the

uncertainty on αs due to the choice of the data points included in the fits.

At LEP2 the situation is different. Firstly, data are given with a coarser binning and,

secondly, large fluctuations are present in experimental results at small values of lny−1
45

and ln y−1
cut (for example, for some center-of-mass energies the corresponding observables

are not even monotonic). Because of this, we decided to exclude those data points from

our fits, effectively reducing the fit ranges. We note that those data would have had a

modest impact on the final result anyhow, because they are affected by fairly large errors.
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as large as possible, with the condition that our computations are reliable and that the

data quality is good. In the determination of the central value of αs at LEP1, we consider

3.8 ≤ − ln y45 ≤ 5.2 (7 data points) for the five-jet resolution parameter distribution, and

4.0 ≤ − ln ycut ≤ 5.6 (8 data points) for R5. In order to estimate the error on αs related

to our choice of the fit range, we extract the value of αs by performing a second fit, with

larger ranges 3.4 ≤ − ln y45 ≤ 5.6 (11 data points) for the five-jet resolution parameter,

and 3.4 ≤ − ln ycut ≤ 6.0 for R5 (13 data points). The difference between the values of

αs obtained in the two fits is called the “fit range” error; it is supposed to quantify the

uncertainty on αs due to the choice of the data points included in the fits.

At LEP2 the situation is different. Firstly, data are given with a coarser binning and,

secondly, large fluctuations are present in experimental results at small values of lny−1
45

and ln y−1
cut (for example, for some center-of-mass energies the corresponding observables

are not even monotonic). Because of this, we decided to exclude those data points from

our fits, effectively reducing the fit ranges. We note that those data would have had a

modest impact on the final result anyhow, because they are affected by fairly large errors.
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Figure 2: ALEPH data for the y45 distribution at LEP1, compared to SHERPA results. Two
hadronization models – Lund string [60] and cluster [61] – are employed. The lower pane in the left
plot shows the relative difference between Sherpa predictions with the two hadronization models,
and ALEPH data. In the right plot, the hadronization corrections for the two models are shown.

distribution, SHERPA results agree with ALEPH data to 20− 25%, similar to traditional

event generators. Moreover, in the region of moderately small values of ln y−1
45 , where fixed-

order perturbative description is reliable, the hadronization corrections are below twenty

percent, in sharp contrast with estimates of hadronization corrections based on PYTHIA,

HERWIG and ARIADNE. It is important to emphasize that, although in that region of

ln y−1
45 traditional event generators provide slightly better description of data compared to

SHERPA, this does not mean that hadronization corrections extracted with the former

codes are more reliable. Indeed, traditional event generators achieve agreement with data

at the price of very large hadronization corrections. This feature precludes a clear sep-

aration between long- and short-distance phenomena, which is crucial for the procedure

outlined below eq. (1.1) to be meaningful.

The ALEPH data exhibit a characteristic turnover shape. This turnover means that

for small values of y45, the result is dominated by exclusive five-jet production with very

small resolution parameter, where fixed order perturbation theory fails and a resummation

is required to achieve meaningful results. A resummation of αn
sL

2n and αn
sL

2n−1 terms,

where L = ln y−1
cut, was performed for R5 in [25], while no resummation is currently available

for the five-jet resolution parameter distribution. However, there seems to be no region in

L where this resummation can be valid since two conditions L " 1 and αsL # 1 should

be satisfied simultaneously. Taking αs ∼ 0.15 as a typical value of the strong coupling

constant4, we find that L should be smaller than 6. On the other hand, practical experience

4We take 5− 20 GeV as a reasonable estimate of the scale of the strong coupling constant for five-jet
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LEP1

Agreement with and without 
hadronization is remarkable

Smaller perturbative 
uncertainty when including 
hadr. corr. due to smaller 

central value for !s

Five-jet observables are very 

sensitive to !s which is 
reflected in the very small 
statistical error 

LEP1 results

34

LEP1, hadr. LEP1, no hadr.

σ−1
totdσ/dy45, R5 σ−1

totdσ/dy45, R5

stat.
+0.0002

−0.0002

+0.0002

−0.0002

syst.
+0.0027

−0.0029

+0.0027

−0.0029

pert.
+0.0062

−0.0043

+0.0068

−0.0047

fit range
+0.0014

−0.0014

+0.0005

−0.0005

hadr.
+0.0012

−0.0012
–

αs(MZ) 0.1159
+0.0070

−0.0055
0.1163

+0.0073

−0.0055

Table 2: Values of the strong coupling constant αs(MZ) obtained from fits to ALEPH LEP1 data
for σ−1

totdσ/dy45 and R5. NLO QCD predictions are used. Hadronization corrections are estimated
with SHERPA. Default fit ranges are 3.8 ≤ − ln y45 ≤ 5.2, and 4.0 ≤ − ln ycut ≤ 5.6. See the text
for details.

SHERPA. We use the Lund string model to estimate systematic uncertainties related to

hadronization effects.

Since we use fixed-order perturbative results and do not perform any resummation, it

is not possible to describe the data in the full kinematic ranges studied by experiments.

This feature makes the choice of the kinematic range used in the fit an important but,

unfortunately, somewhat a subjective issue. In general, we attempt to take the fit range

as large as possible, with the condition that our computations are reliable and that the

data quality is good. In the determination of the central value of αs at LEP1, we consider

3.8 ≤ − ln y45 ≤ 5.2 (7 data points) for the five-jet resolution parameter distribution, and

4.0 ≤ − ln ycut ≤ 5.6 (8 data points) for R5. In order to estimate the error on αs related

to our choice of the fit range, we extract the value of αs by performing a second fit, with

larger ranges 3.4 ≤ − ln y45 ≤ 5.6 (11 data points) for the five-jet resolution parameter,

and 3.4 ≤ − ln ycut ≤ 6.0 for R5 (13 data points). The difference between the values of

αs obtained in the two fits is called the “fit range” error; it is supposed to quantify the

uncertainty on αs due to the choice of the data points included in the fits.

At LEP2 the situation is different. Firstly, data are given with a coarser binning and,

secondly, large fluctuations are present in experimental results at small values of lny−1
45

and ln y−1
cut (for example, for some center-of-mass energies the corresponding observables

are not even monotonic). Because of this, we decided to exclude those data points from

our fits, effectively reducing the fit ranges. We note that those data would have had a

modest impact on the final result anyhow, because they are affected by fairly large errors.
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LEP2

LEP2

Hadronization effects are
negligible at LEP1: not even
considered for LEP2 (they
decrease with energy)

Larger fit-range uncertainties,
because we need to include
data at smaller ycut: more
affected by large logarithms

Statistical uncertainties are
also larger due to less
luminosity collected

Perturbative uncertainty is much smaller due to smaller effective strong 
coupling at the higher energies

35

LEP2, no hadr. LEP2, no hadr. LEP2, no hadr.

σ−1
totdσ/dy45 R5 σ−1

totdσ/dy45, R5

stat.
+0.0020

−0.0022

+0.0022

−0.0025

+0.0015

−0.0016

syst.
+0.0008

−0.0009

+0.0012

−0.0012

+0.0008

−0.0008

pert.
+0.0049

−0.0034

+0.0029

−0.0020

+0.0029

−0.0020

fit range
+0.0038

−0.0038

+0.0030

−0.0030

+0.0028

−0.0028

αs(MZ) 0.1189
+0.0066

−0.0057
0.1120

+0.0050

−0.0047
0.1155

+0.0044

−0.0039

Table 3: Values of the strong coupling constant αs(MZ) obtained from fits to ALEPH LEP2
data with Ecm ≥ 183 GeV for σ−1

totdσ/dy45 and R5. NLO QCD predictions are used. Hadronization
corrections are not included. Default fit ranges are 4.8 ≤ − ln y45 ≤ 6.4, and 2.1 ≤ − log10 ycut ≤ 2.9.
See the text for details.

We use 4.8 ≤ − ln y45 ≤ 6.4 for the five-jet resolution parameter (2 data points per
√
s),

and 2.1 ≤ − log10 ycut ≤ 2.9 for R5 (4 data points per
√
s), to find the central values of αs.

In order to estimate the fit-range error, we employ 4.8 ≤ − ln y45 ≤ 5.6 (1 data point per√
s), and 2.1 ≤ − log10 ycut ≤ 2.5 (2 data points per

√
s), since the choice of these ranges

leads to the largest changes in the values of the strong coupling constant compared to the

αs values obtained from fitting with the default ranges.

The results of our fits to LEP1 data are shown in table 2. The agreement between

the two values of αs(MZ) extracted with and without hadronization corrections is impres-

sive; the difference is completely negligible compared to the overall uncertainties. This

result could have been anticipated by inspecting fig. 2, which shows that, in the fit region,

hadronization corrections are small, in particular when the default SHERPA choice, the

cluster model, is used. We note that if we use the hadronization corrections as given by con-

ventional HERWIG, PYTHIA, or ARIADNE, without matching them to high-multiplicity

matrix elements, the picture changes drastically and the values of αs(MZ) extracted with

or without hadronization corrections are quite different from each other. We also note

that the overall errors of the two results given in table 2 are slightly smaller when in-

cluding hadronization corrections. This is due to a marginally better description of the

data in the central region of the fit range – which leads to smaller value of αs(MZ) and

thus to smaller perturbative errors. However, the error reduction is partially compensated

by the degradation of the fit quality when including larger values of ln y−1
45 , ln y

−1
cut, where

hadronization corrections increase. This feature leads to larger fit-range error compared to

the no-hadronization case. Note also that if we extract the values of αs(MZ) by fitting6 the

6Hadronization corrections are included.
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Final estimate

Our final estimate for the value of the strong coupling by 
combining LEP1 and LEP2 data

Statistical and systematic uncertainties are assumed to be 
uncorrelated, while perturbative uncertainties are assumed to 
be fully correlated

We find

36

five-jet resolution parameter distribution and R5 separately, we obtain 0.1168+0.0076
−0.0060 and

0.1151+0.0071
−0.0056 respectively. These values are consistent with the result of the combined fit

shown in table 2 but have slightly larger errors. From table 2, it is clear that the sensitivity

of the five-jet observables to αs is very high, as illustrated by the tiny statistical errors.

This sensitivity is ultimately related to the high power of αs that enters the five-jet ob-

servables. In spite of this, the overall error is not particularly small, since the perturbative

uncertainty is still quite sizable at this order in perturbative QCD.

Compared to LEP1, there are important differences when we extract αs by fitting to the

LEP2 data. Firstly, because hadronization corrections are negligible at LEP1, and because

these corrections decrease with energy, we do not consider them for LEP2. Secondly, for

the reasons explained above, we do not consider the data points at small values of lny−1
45

and ln y−1
cut. This fact, combined with coarser binning of data, pushes us to the region of

y45 that may be affected by large logarithms of the resolution parameter. As a result, we

find larger fit-range errors at LEP2 than at LEP1. The statistical errors are also much

larger at LEP2 than at LEP1, as one expects given the luminosities collected. On the other

hand, since the effective strong coupling is smaller at LEP2, the perturbative uncertainty

affecting five-jet observables decreases, making theαs extraction at LEP2 competitive with

that done at LEP1. In table 3 we present the αs values obtained by fitting separately the

five-jet resolution parameter and R5 at LEP2, since they differ from each other by a larger

amount than at LEP1. Still, both values are within one standard deviation from the strong

coupling constant that we obtain by performing a simultaneous fit to the two observables.

We take the latter value, given in the third column of table 3, as our best determination

of αs from LEP2 data.

We obtain our final estimate of the strong coupling constant by combining the values

of αs(MZ) extracted from LEP1 and LEP2 data. We assume that the statistical and sys-

tematic errors of the two results are not correlated (an assumption which is strictly correct

for the former, and a very good approximation for the latter), while the perturbative errors

are considered to be fully correlated. The correlation of the perturbative uncertainties is

due to the fact that we estimated them by varying the renormalization scale, which results

in changes of the cross sections whose pattern is independent of the center-of-mass energy.

It is quite likely that a more sophisticated approach to estimating perturbative errors (see

e.g. ref. [66]) will result in a smaller uncertainty on αs. Hence, the procedure that we

employ in this paper is rather conservative. Using the results of tables 2 and 3, we finally

obtain

αs(MZ) = 0.1156+0.0041
−0.0034 . (4.1)

We note that if we perform the fit to both LEP1 and LEP2 data simultaneously, we obtain

αs(MZ) = 0.1156+0.0045
−0.0041, in perfect agreement with eq. (4.1).

The value of αs(MZ) that we extract from five-jet observables at LEP can be compared

with other recent determinations of this quantity, shown in table 4. We see that both the

central value of αs and its error, obtained from fitting five-jet observables, compare well

with other determinations. On the other hand, it is interesting that αS(MZ) in eq. (4.1)

is lower than the world average. It is peculiar that a number of recent determinations of
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Our result: 0.1156 + 0.0041 - 0.0034  (e+e- ! 5 jets)

37

αs(M 2
Z)

S. Alekhin, J.B., S. Klein, S. Moch, Phys. Rev. D81 (2010) 014032

δαs(M
2
Z)/αs(M

2
Z) ≈ 1%

αs(M2
Z)

ABKM 0.1135± 0.0014 HQ: FFSNf = 3

A.Hoang et al. 0.1135± 0.0011± 0.0006 e+e− thrust

ABKM 0.1129± 0.0014 HQ: BSMN-approach

BBG (2006) 0.1134
+0.0019

−0.0021
valence analysis, NNLO

JR (2008) 0.1124± 0.0020 dynamical approach

MSTW (2008) 0.1171± 0.0014

H1/ZEUS (2010) 0.1145± 0.0042 (combined H1/ZEUS data, prelimiary)

ABM (2010) 0.1147± 0.0012 (FFN, combined H1/ZEUS data in)

BBG (2006) 0.1141
+0.0020

−0.0022
valence analysis, N3LO

WA (2009) 0.1184± 0.0007

J. Blümlein Status of DIS and PDFs for the LHC Wien, January 13th 2011 – p.33
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Conclusions

We have calculated the process e+e- ! 5 jets for the first time 
at the Next-to-Leading Order

We used the automated MadFKS code to set-up the 
calculation and we interfaced the virtual (loop) corrections by 
re-using amplitudes computed for pp ! W+3j at NLO

The predictions agree very well with the LEP data in the 
region of phase-space where fix-order perturbation theory is 
supposed to work

Hadronization corrections are negligible when estimated with 
the Sherpa event generator, which uses CKKW matching to 
incorporate higher order matrix elements, in contrast to the 
traditional approaches using Pythia, Herwig and Ariadne

38
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Conclusions

Given that this process starts at !s
3 at the Born level, it’s very 

sensitive to the value of the strong coupling

The five-jet observables R5 and 1/$ d$/dy45 have been used 
to extract a value of the strong coupling

          !s = 0.1156 + 0.0041 - 0.0034
consistent with known results, but with a sizable uncertainty

The total uncertainty is mainly due to remaining dependence 
on the renormalization scale as reflected in the “perturbative 
uncertainty”

This calculation essentially closes the pure perturbative 
QCD studies of exclusive jetty final states at LEP
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