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Classical scale invariance

I Example: massless φ4-theory

S =

ˆ
d4x

(
∂µφ∂µφ+

λ

4!
φ4
)

I Scale transformation

x → ρx , d4x → ρ4d4x

φ→ 1
ρ
φ , ∂µ →

1
ρ
∂µ

I Mass term m2

2 φ
2 breaks scale invariance



Veff of the massless φ4-theory
I Veff in the MS scheme

Veff =
λ

4!
φ4 +

λ2φ4

256π2

(
ln

λ
2φ

2

µ2 −
3
2

)
I One-loop correction breaks scale invariance:ˆ

d4x φ4 lnφ2 →
ˆ

d4x φ4 (lnφ2 − ln ρ2)

0 Φ

VeffHΦL



I The value of φ at which the „new” minimum occurs is
determined by

λ ln
〈φ〉2

µ2 = −32
3
π2 +O(λ)

I Perturbation theory is only valid for small λ → new minimum
lies outside the range of validity of the one-loop approximation



Massless Scalar Electrodynamics

I Calculations in dimensional regularization → gauge invariance
is preserved

I Lagrangian L in Euclidean-space

L =
1
4

FµνFµν +
ξ

2
(∂µAµ)2 + (Dµφ)∗Dµφ+

+ V (φ)− JµAµ − f ∗φ− f φ∗

with
V (φ) = µ4−d λ

6
(φ∗φ)2

I Introduction of µ, [µ] = 1, to keep λ and q dimensionless
I ξ

2(∂µAµ)2.... gauge fixing term, Rξ gauge



Introduction of real scalar fields ϕ1,ϕ2

I φ = ϕ1+iϕ2√
2

φ∗φ =
ϕ2

1 + ϕ2
2

2
=

1
2
ϕTϕ, with ϕ =

(
ϕ1
ϕ2

)
V (ϕ) = µ4−d λ

4!
(ϕTϕ)2

(Dµφ)∗Dµφ =
1
2

(Dµϕ)T Dµϕ

I with Dµϕ = (∂µ − µ
4−d

2 qAµε)ϕ and ε =

(
0 1
−1 0

)
I f = f1+if2√

2

f ∗φ+ f φ∗ = f Tϕ, with f =

(
f1
f2

)



I Manipulation of terms to get an expression for the action
S =
´

dd x L
ˆ

dd x

(
1
4

FµνFµν +
ξ

2
(∂µAµ)2

)
=

=−
ˆ

dd x
1
2

Aµ
(
δµν∂

2 + (1− ξ)∂µ∂ν
)

Aν

ˆ
dd x

1
2

(Dµϕ)T (Dµϕ) = −
ˆ

dd x
1
2
ϕT DµDµϕ

⇒ S =

ˆ
dd x

{
−1
2

Aµ
(
δµν∂

2 + (1− ξ)∂µ∂ν
)

Aν

−1
2
ϕT DµDµϕ+ µ4−d λ

4!

(
ϕTϕ

)2
− JµAµ − f Tϕ

}



Saddle point method
I Expansion of the action S around ϕcl and Acl ,

δS[ϕ,Aµ]
δϕa

∣∣∣ = 0
ϕ=ϕcl ,A=Acl

,
δS[ϕ,Aµ]
δAµ

∣∣∣ = 0
ϕ=ϕcl ,A=Acl

I Aµ = Acl
µ + Bµ , ϕ = ϕcl + α

S
[
ϕcl + α,Acl

µ + Bµ
]

w/o cl
= S [ϕ,Aµ] +

+ terms linear in α and Bµ+

+

ˆ
ddx

{
−1

2
Bµ
(
δµν∂

2 − (1 − ξ) ∂µ∂ν
)
Bν−

− 1
2
αTDcl

µD
cl
µα+ µ

4−d
2

q

2
αTBµεD

cl
µϕ+

+ µ
4−d

2
q

2
αTDcl

µ (Bµεϕ) + µ
4−d

2
q

2
ϕTDcl

µ (Bµεα)

+ µ
4−d

2
q

2
ϕTBµεD

cl
µα− µ4−d q

2

2
ϕTBµεBµεϕ

+ µ4−d λ

6
(αTϕ)2 + µ4−d λ

12
ϕTϕαTα

}
+ terms cubic and quartic in α and Bµ



The differential operator D

I Terms quadratic in α and Bµ represent the one-loop correction
to W [f ]

Z [f ] =
1
N

ˆ
[dBµdα] e−

S
~ = e−

W
~ = e−

W L=0
~ e−W L=1....

= e−
Scl

~
1
N

e−
1
2

´
dd xΦT DΦ.... , with Φ =

(
α

Bµ

)
I with Aµ = 0, D is determined by

D =


−∂2 + µ4−d λ

6ϕ
Tϕ+ µ4−d λ

3ϕϕ
T µ

4−d
2 qεϕ∂ν

µ
4−d

2 qϕT ε∂µ δµν(−∂2 + µ4−d q2ϕTϕ) + (1− ξ)∂µ∂ν





D in momentum-space, with ϕ(x) = const

∂µ → ikµ , −∂2 → k2

D̃ =


k2 + µ4−d λ

6ϕ
Tϕ+ µ4−d λ

3ϕϕ
T iµ

4−d
2 qεϕkν

iµ
4−d

2 qϕT εkµ δµν(k
2 + µ4−dq2ϕTϕ)− (1 − ξ)kµkν



D̃ =


(

k2 + µ4−d λ
6ϕ

Tϕ
)
12 + 2µ4−d λ

3ϕϕ
T iµ

4−d
2 qεϕkT

iµ
4−d

2 qkϕT ε δµν(k2 + µ4−d q2ϕTϕ)1d − (1− ξ)kkT





Eigenvalues of D̃

EW1 = k2 + µ4−d λ

2
ϕTϕ

EW2 = k2 + µ4−d q2ϕTϕ , (d − 1)-fold degenerate

EW3 · EW4 =ξ

k2 +
1
2
µ4−d λ

6
ϕTϕ

1−

√
1− 4!q2ϕTϕ

ξλϕTϕ

×
×

k2 +
1
2
µ4−d λ

6
ϕTϕ

1 +

√
1− 4!q2ϕTϕ

ξλϕTϕ





I one-loop correction written as det of differential operators

e−
W
~ =e−

W L=0
~ e−W L=1

...

=e−
Scl

~
1
N

e−
1
2

´
dd xΦT DΦ...

=e−
Scl

~

(
detD0

detD

) 1
2

...

I with D0 characterized by f = 0⇔ ϕ = 0

W =Scl +
1
2
~ ln

detD

detD0
+ ...

= Scl︸︷︷︸
=W L=0

+ ~
1
2
Tr
(

ln
D

D0

)
︸ ︷︷ ︸

=W L=1

+ ...



Calculation of W L=1

W L=1 =
1
2

ˆ
dd x

ˆ
dd k

(2π)d

[
ln

k2 + µ4−d λ
2ϕ

Tϕ

k2 +

+ (d − 1) ln
k2 + µ4−d q2ϕTϕ

k2 +

+ ln
k2 + 1

2µ
4−d λ

6ϕ
Tϕ

(
1−

√
1− 4!q2

ξλ

)
k2 +

+ ln
k2 + 1

2µ
4−d λ

6ϕ
Tϕ

(
1 +

√
1− 4!q2

ξλ

)
k2


I Landau gauge: ξ →∞



Calculation of W L=1 in Landau gauge

W L=1 =
1
2

ˆ
dd x

ˆ
dd k

(2π)d

[
ln

k2 + µ4−d λ
2ϕ

Tϕ

k2 +

+ (d − 1) ln
k2 + µ4−d q2ϕTϕ

k2 +

+ ln
k2 + µ4−d λ

6ϕ
Tϕ

k2

]

f (x , y) =

ˆ
dd k

(2π)d
ln

k2 + x

k2 + y

=

ˆ x

y
du

ˆ
dd k

(2π)d

1
k2 + u

=
2
d

1

(4π)
d
2

Γ

(
1− d

2

)
u

d
2

∣∣∣x
y



Calculation of W L=1 in Landau gauge

W L=1 =
1
2

ˆ
dd x

2
d

1

(4π)
d
2

Γ

(
1− d

2

)((
µ4−d λ

2
ϕTϕ

) d
2

+

+ (d − 1)
(
µ4−d q2ϕTϕ

) d
2

+

(
µ4−d λ

6
ϕTϕ

) d
2
)



Calculation of W L=1 in Landau gauge

I d → 4− 2ε

W L=1 =
1

4(4π)2

ˆ
d4−2εxµ−2ε

[
−10

(
1
ε

+ Γ′(1) +
3
2

+ ln(4π)

)(
µ2ελ

6
ϕTϕ

)2

− 3
(
1
ε

+ Γ′(1) +
5
6

+ ln(4π)

)(
µ2εq2ϕTϕ

)2
+

+

(
µ2ελ

2
ϕTϕ

)2

ln
λ
2ϕ

Tϕ

µ2 +

(
µ2ελ

6
ϕTϕ

)2

ln
λ
6ϕ

Tϕ

µ2 +

+
(
µ2εq2ϕTϕ

)2
ln

q2ϕTϕ

µ2

]

I Divergent terms ∼ ϕ4 → because of renormalizability of the theory



Effective action Γ [ϕ], effective potential Veff (ϕ)

Γ
[
ϕcl
]

=S
[
ϕcl
]

+ ~W L=1 + counter terms +O(~2)

I Terms ∼
(1
ε + Γ′(1) + ln(4π)

)
absorbed by counter terms →

MS scheme
I ε→ 0
I CW Potential Veff :

Veff (ϕ) =
λ

4!
(ϕTϕ)2+

+
1

4(4π)2

[(
λ

2
ϕTϕ

)2
(
ln

λ
2ϕ

Tϕ

µ2 − 3
2

)
+

+ 3(q2ϕTϕ)2
(
ln

q2ϕTϕ

µ2 − 5
6

)
+

+

(
λ

6
ϕTϕ

)2
(
ln

λ
6ϕ

Tϕ

µ2 − 3
2

)]



The CW Potential
S. Coleman, E. Weinberg, Phys. Rev. Vol. 7, Nr. 6, 1888 (1973)

I Instead of MS , renormalization condition employed by Coleman and
Weinberg:

d4Veff

dϕ4

∣∣∣∣
ϕ=M

= λcw

Veff (ϕ) =
λcw

4!
(ϕTϕ)2+

+

(
5λ2

cw

1152π2 +
3q4

64π2

)(
ϕTϕ

)2(
ln
ϕTϕ

M2 −
25
6

)
I Like in the massless φ4-theory: Veff has a minimum away from the

origin

0 Φ

VeffHΦL



SSB generated by one-loop corrections 1

Veff (ϕ) =
λcw

4!
(ϕTϕ)2+

+

(
5λ2

cw

1152π2 +
3q4

64π2

)(
ϕTϕ

)2
(
ln
ϕTϕ

M2 −
25
6

)

I Second coupling constant q : minimum obtained by balancing
a term of O(λ) against a term of order q4 ln ϕ2

M2

I Choosing M = 〈ϕ〉, with V ′ (〈ϕ〉) = 0 → λ is of order q4

Veff =
λcw

4!
(ϕTϕ)2 +

3q4

64π2

(
ϕTϕ

)2
(
ln
ϕTϕ

〈ϕ〉2
− 25

6

)



SSB generated by one-loop corrections 2

I From V ′ (〈ϕ〉) = 0

λcw =
33
8π2 q4

I Redefinition of coupling leads to an expression of λcw

in terms of q

I 2 dimensionless free parameters λcw , q → 2 free parameters q
(dimensionless), 〈ϕ〉 (dimensional)

I → Dimensional transmutation



Veff =
3q4

64π2

(
ϕTϕ

)2
(
ln
ϕTϕ

〈ϕ〉2
− 1

2

)

I Further analysis like for the Abelian Higgs model:
scalar electrodynamics with a negative mass term

I Determination of mass of the scalar meson m(S)

m2(S) =V ′′ (〈ϕ〉) =
3q4

8π2 〈ϕ〉
2

I Photon mass m(V ) is given by

m2(V ) = q2 〈ϕ〉2

I Scalar-to-vector mass ratio to lowest order

m2(S)

m2(V )
=

3
2π

q2

4π



Summary

I Massless scalar electrodynamics → Abelian Higgs model:
massive real scalar meson, massive vector meson

Veff =
3q4

64π2

(
ϕTϕ

)2
(
ln
ϕTϕ

〈ϕ〉2
− 1

2

)
I Scalar-to-vector mass ratio to lowest order

m2(S)

m2(V )
=

3
2π

q2

4π

I Remark: renormalization group analysis → restriction
λcw ∼ q4 not necessary; λ ∼ q2 � 1 sufficient



Recent Applications

I One can see: all terms in the action of SM scale invariant,
except Higgs mass term in the Higgs potential

rH†H

I Attempts of scale invariant extensions of SM:
I Introduction of an additional field φ:

singlet under SU(3)color×SU(2)×U(1)

r → λφ∗φ

I scale invariant term
λφ∗φH†H


