The Path Integral Formalism

Christopher Lepenik

30.1.2015



Introduction Basics Quantization of the Electromagnetic Field The QED Ward-Takahashi Identities
0000000 0000000000000000 00000000 0000000

Overview

Introduction
Idea and Motivation
Path Integrals in Quantum Mechanics
Path Integrals in Field Theory

Basics
The Two-Point Function
The Generating Functional
Path Integral for Fermions

Quantization of the Electromagnetic Field
Faddeev-Popov Quantization

The QED Ward-Takahashi Identities
General Identity
The Ward-Identity



Introduction Basics Quantization of the Electromagnetic Field The QED Ward-Takahashi Identities

®000000 000000000000 0000 00000000 0000000

W =

» Thought Experiment in Quantum Mechanics:
» Double slit experiment: Magyt14siit2 = Msiisr + Masiise
» More slits and/or more screens — Addition of all amplitudes
with possible paths through slits.
» What happens in the continuum limit of infinitely many screens
and slits? Total amplitude: Sum over all possible paths. —
Path Integral.

Idea
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Motivation: Some great Things about the Path Integral in
QFT

» No operators, just (anti-)commuting functions.

v

Very simple quantization.

v

Useful to quantify non-perturbative effects (e.g. Lattice QCD).

v

Intrinsic Lorentz invariance due to Lagrangian formalism.

v

Difficulty of calculation depends on specific problem.

v

Hard to see that Hamiltonian is positive and hermitian.
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Path Integrals in Quantum Mechanics - Definition

» Consider transition matrix with 1 d.o.f.:
('t |z, t) = <3;" ‘exp (—i]f[(t’ - t)) ‘ x>

with 2 (t) |z, t) = x|z, t), g |z) = = |x).

» To write down our thought experiment in a mathematical form,
we divide time interval (¢’ — t) into n + 1 equal parts of length
e:

t'=t+(n+ 1), tj ==t+je
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Path Integrals in Quantum Mechanics - Definition

» Using completeness relation [ dx; |z;,t;) (x;,t;] = 1:

<x’,t'|x,t> /dxz Tj+1, L4t |xj7t]>
=0
=1

2

» Using f 52 |p;) (pj| =1 and assuming H =2 4+V(&) fora

short-time matrix element:

m

(@i, by |2jm1,t-1) = (wj |exp (—ieH) | ;1)
= <:vj |(1 - zsﬁ) | xj71> + O(e?)

- / D nileimeimt) (1 ieH(py,5-1)) + O)
m

:/iﬂ oiPi (25— 1) —ieH(pjz51) +0(?)
™
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Path Integrals in Quantum Mechanics - Definition

» Using all that for the full transition matrix element we get

<x t|xt = hm/(Hdm)/(anpj
n—oo J ! 271'

j=1
n+1
o (@ (5360

Jj=1

n+1 2,
:NRILII;O/ <de3> exp < Z <(J32:Jg_l)

j=1

—Tj-1) — H(Pjafﬂjlk))

- V(%’l)))

:;N/Dx exp iZdT (xzm —V(x)) :N/m exp (iS[z])

=L

> Boundaries: z(t) =z, z(t') = z’.

2
> We used f (12% exp (i(ijx - %)) = /272 exp (Azim).
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Path Integrals in field theory

» Generalization to more degrees of freedom.

» z(t) = ¢(x,t): D.o.f. labeled by “index” x — infinite d.o.f.

» Various mathematical issues in defining the path integral in
field theory (e.g. discrete — continuous).

» Much more ambiguous than in quantum mechanics,
nevertheless of great value.
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Path Integrals in field theory

v

Heuristically, the previous derivation can be done also for fields.

v

Intermediate states much more complicated.

v

Completeness relation:

[ Po1é) 0l =1

v

Analogous to quantum mechanics:
T
(90(®)] 7] 60(®)) :N/D¢> exp z'/d%w
0

with ¢(07‘f) = ¢a(Z), O(T,7) = (bb(f)
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Basics - The Two-Point Function

» We want to do something useful with our new formulation.
» What's the equivalent to ([T ¢ (z1)pm(x2) Q2)?
» Consider

T
7= /qugi)(xl)gb(:z:z)exp i_/Td4:Jc£

with ¢(=T, ) = ¢o(7), ¢(T, ) = ¢b(f)
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Basics - The Two-Point Function

» We want to use our expression for matrix elements from above,
so we break up the integral:

[pot@) = [pora <*> [ Dot
)=61(@)

» Assuming z{ < 23 we get
- / Do (7) Do) 1 (31) ()
o) o)
v <¢,1 efiH(w‘f+T)‘¢a>
= (on] e T Dpg(a0) D (a) D )

= (v | e T [prr(21)pm (x2)] e 77| 6o )

e—iH(T—zg) e—iH(zg—z?)
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Basics - The Two-Point Function

» Something we know from particle physics 2! Take limit
T — oo(1 — ie€) to get correlation function.
» Conditions:
» J overlap of |¢,) and |Q2),

> there is a finite step between the ground energy Ej and the
next energy state.

e ga) = 7 In) (nda)

T—o00(1—1€)

e—iEooo(l—ig) <Q ’¢a> ’Q)
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Basics - The Two-Point Function

> Like in particle physics 2, the overlap factor vanishes, if we
normalize the expression.

» Analogous to the operator formalism, the normalization factor
corresponds to vacuum bubbles.

fDquS(acl)qS(xg)exp (z f d4:c£>

-7

QT ou(z1)pu(x2)| Q) = lim

T—oo(1l—1ie)

f”qu) exp <z fT d*x £>
T
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Basics - The Generating Functional

» Generating functional: Great way to calculate correlation
functions in the p.i. formalism.

» Consider an action in presence of an ext. source J(z). In this
case J(x) is just an auxiliary field without physical meaning.

» The vacuum amplitude is then the generating functional:

Z[J] = / D¢ exp (iS[gb] + i / dtz J(w)gb(x))
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Basics - The Generating Functional

Z[J] = / D¢ exp <¢5[¢] +i / dtz J(x)¢>(3:)>

» Why is it called the generating functional? We see

_i 0Z1J] —/Dqﬁ eiS[¢]+ifd4x](m)¢(ﬂf)¢(x1)

5J(.T1) a
. _1 6Z[J] _
= —iZ[0] eniiie (Qpm(x1)| )
> Analogous:
snZ1J)

(=i)"z[0]~* = (QTou(z1) - dr(zn)l Q)

§J(x1) 8 (xn) | g

» Comment: Possible do define special generating functionals for connected and
1PI Green's functions.
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Example 1 - Free scalar

» Possible to get closed expression for generating functional if we
assume that 3 continuum version of

[e.e]
/d% o 5T AF+iTE _ (=2mi)" osJTATLT
det A
—0o

» Our generating functional

ZtreelJ] = /D¢> eifd4gc(—%fb(r)(D+m2_is)¢(x)+J(gc)¢(g:))

has this form with A = (O + m2 — i€).

> je-term needed for convergence. Needed sign corresponds to
Feynman-Stiickelberg interpretation without additional
thinking!

» Square root: Canceled by normalization constant.
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Example 1 - Free scalar

» To use the integral formula, we need the inverse of A, a
function S(z — y), which satisfies

(Op +m? —ie)S(x —y) = —idW(x — y)

» This is the Feynman propagator:

d*p i -
— ) = —ip(z—y)
Sz =) / (2m)4 p?2 —m? +ie ¢

S Zneld] = Nexp (= [ty 2386 - 0)I0) )

» Easy to check:

52 Zfree [J]

(O[T ¢ (x1) ¢ (22)] 0) = (—1)* Ztree[0] 57(1) 6 (x2) .

= S(z1 — x2)
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Example 2 - ¢*

» L= Efree_%¢4
> No analytical expression known. We use the free expression
and get the known perturbative expansion:

Z[J] = /D¢ ei(Sfree[¢>]+Smt[¢>Hf dz J(2)¢(x))
_ iSmeligh] / D Steeeldlt [ d*o (@) ()

= ) Zieel )

expandable in A—perturbative series



Introduction Basics Quantization of the Electromagnetic Field The QED Ward-Takahashi Identities
0000000 000000000e000000 00000000 0000000

Example 2 - ¢*

» Check:

82Z[J]
5](3:1) 6J(I2)

i\ 0" Ztree|J
(zﬁee o -2 / d's Mf]‘ )
i\ d4 5 Zfree[J]
41 0J(x1)0J(x2) 8J(x)*

=S(z1 — x2) — i)\/d4x S(x1 —2)S(z2 — x)S(x — 2) + O(N?)

(T ¢n(1)dn (w2)| Q) = — Z[0] 7

0

(SZree 2
X(M(xl)gj(m) - O)+O(A)

» Obviously the same as in operator formalism:

0T g1 (x1)gr(x2)] 0) — 2 / z (0| Tor(z1)dr(x2)ér(x)']0) + O(A?)
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Example 2 - ¢*

» The known combinatorial factors arise from the multiple
functional derivative.
» Graphical representation:

() —iX [d'z () ) +((><>) +0(\?)

(¢ J) fi)\/d‘lm +0(\?)
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Basics - Path Integral for Fermions

» How to quantize fermionic fields?
> For 1 # x9:

<Q ‘T¢H(x1)¢H($2)‘ Q> = - <Q ‘7’1/7H($2)¢H($1)( Q>

» “Classical” Fermi fields must be anticommuting numbers:
These are called “Grassmann numbers”.

» For Grassmann variables n and :

{nxt=0 = 7=0
= For some function f(n): f(n) = fo + fin

» Taylor expansion stops after the linear term.
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Fermions - Grassmann Numbers

» Definition of left/right derivative:

-
4 a4,
dnn N ndn N
» Integral over Grassmann variables: Has to maintain shift
invariance
= /dn 1 =0 (from shift invariance)
/dnn =1 (normalization)
> Check:

/dnf(ﬁ) =fo/dn1+f1/dnnn_2+x (f0+Xf1)/d771+f1/dT]77=f1
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Fermions - Grassmann Numbers

» Remember the important integral

[ee]
/dnl, o 5T AF+iTE _ (—2mi)" o3 JTATLT
det A
—0oQ

» For Grassmann variables:
/' " d"y eiﬁTAﬁ+iE-ﬁ+iﬁ-§ — det(—iA) e—iETA—lé
» Check in 1 dimension using n — 1 —a™ '3, 7 — 7 — Ba™":
= inan+ifn+inB _ ,—ifa='p - ifian
/dn dne e /dn dn e

=1+1inan
. —iBa~1
= —jge P B
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Fermions - Dirac Propagator

» Dirac propagator from the generating functional:
Z[a,a) = /DQE Dy oi [die (V(@) (i@ —m+ie))(2)+a(z) () +d(x)a(r))
_ Ne—ifd42:d4y64(ac)(iﬁ—m+i5)*1a(y)

— N Jd'zdtya(@)S(z—y)a(y)

d4 ie—iP(W—y)
PRy Ly — i@ o) — p e Y
(if @) —m+ie)S(z — y) = i6V (x—y), S(z—y) /(%)4 Jomtic

» Check:
e
Z[0]7! (—i)? 0 Z[a, @ d = S(xy — x2)
sa(z) T salay)| OV
0
» Attention!
—i)? L i (2 4 g
) 5o et 0’ (=9 5aer) dalza) 2,
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Fermions - Fermion Loops

» For fermion loops one has something like
(0] T o (@) (x)d(w)ew)|0)
= Z[0]! <12> 6*Z|a, al

2 ) sa(x)da(x)daly) saly) |,
- 1 §*Za, al
=20 55 bae) 6alx) baly) |,

=Sy —z)S(z —y)

— minus sign for fermion loops.
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Quantization of the Electromagnetic Field - Faddeev-Popov

» Consider
/DA oiS14]

S[A] = /d% (-i (FW)Q) = %/d‘leM(m) (Ogh” — 818" Ay ()

d4k A 2 pv rLv\ A
WA#(k) (=k2g"" + KMEY) Ay (—k)

1
)
» Redundant integration over continuous infinity of physically

equivalent field configurations due to gauge invariance.

> Very bad: A* = k*a is gauge equivalent to 0!
» This related to the problem that

(—k2g" + k“k”)S},’})(k) = ik

has no solution.
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Quantization of the Electromagnetic Field - Faddeev-Popov

» We want to count every physical configuration just once!

» Let G(A) be a function we want to be zero as a gauge fixing
condition (e.g. G(A) = 9, A*).

> Idea: Insert “functional delta function” 6(G(A)). We insert
this by using

- /Da S(G(AY)) det <5G§Aa)>

a
where Afj(z) = A, (z) + 19,a(z).

» Continuum limit of 1 = (H fdai ) 5(m)(§(@)) det (391-_
* J

da

)

> For non-Abelian theories (A%)f, = Af, + %Duoﬂ



Introduction Basics Quantization of the Electromagnetic Field The QED Ward-Takahashi Identities
0000000 0000000000000000 00®00000 0000000

Quantization of the Electromagnetic Field - Faddeev-Popov

» After insertion of 1 we have

det (‘5G (4%) )/D DA S5 (G(AY))

> Next step: Change of variables from A to A®. Shift and gauge
invariance = DA = DA, S[A] = S[A?].

» Now A“ is just a dummy variable — Rename back to A

det (50 (4%) ) (/D >/DA iS5 (G A))
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Quantization of the Electromagnetic Field - Faddeev-Popov

det (5(;5(2104)) (/ Da) /DA 5 (G (A))

» Specify gauge-fixing function G(A): G(A) = 0" Au(x) — w(x)
= det (g—g) = det (%) independent of any field — can be
treated as normalization constant.

det (S) ( / Da> | / DA AP A, — w(z))

» This is not valid in a non-Abelian gauge theory, because
det (8“9DH) is not field independent.




Introduction Basics Quantization of the Electromagnetic Field The QED Ward-Takahashi Identities
0000000 0000000000000000 0000e000 0000000

Quantization of the Electromagnetic Field - Faddeev-Popov

» Valid for any w = can replace with normalized linear

combination over all w with Gaussian weight function centered
at w = 0.

det (E> </Da> N(ﬁ)/Dw eiifd%% /DA eSlAlsor A, — w(z))
e
= det (9)) (/D(y) N(E)/DA eiS[A] efi.[,d4 Tlg(auA#)2

where £ can be any finite constant.

> Effectively we added the new term —% to the Lagrangian!

» |t seems like we introduced £ as a new parameter, but we didn’t!



Introduction Basics Quantization of the Electromagnetic Field The QED Ward-Takahashi Identities
0000000 0000000000000000 00000e00 0000000

Quantization of the Electromagnetic Field - Faddeev-Popov

» Is it now possible to derive the photon propagator? We define
the generating functional

/DA Jat x( Ap(2)(@gh =01 0") Ay (2) — 5z (9" Ap)? +JMAH)
_ [ Da s i (G- (- ) )
_ N3 Sty du@) (09 -0 (1-3)) )

» In momentum space wee need to solve

(—k2g”l, n ( §> kuk )s( ’ (k) = id,

. i , kY kP
= 80 = (- 0- 95
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Quantization of the Electromagnetic Field - Faddeev-Popov

» Correlation functions N [ DA O(A) e*5l4] of gauge invariant
operators O(A) is clearly independent of &.
> In practice: Insert specific value for £. Popular choices:
» Feynman gauge: ¢ =1,
» Landau gauge: £ = 0.



Introduction Basics Quantization of the Electromagnetic Field The QED Ward-Takahashi Identities
0000000 0000000000000000 0000000e 0000000

Faddeev-Popov: Comments on Non-Abelian Gauge
Theories

> In non-Abelian theory: Problem of functional determinant
solved by using

H . = : ac\.c
det (&LD > N /DEDC ol [ dteet (=0"Dpe)e
g :

where ¢! and &' are scalar Grassmann fields and
_ be Ab
D€ = 9,59 + g fabe 4D,
» This results in an additional term in the Lagrangian.

» ¢ and ¢ unphysical, but can be treated as additional excitations
in diagrams — “Faddeev-Popov ghosts”.

» QED: “ghosts” are propagating fields, but they do not interact:

. 4 -
det (E> = /DEDC elfd 2&(-De
e
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The QED Ward-Takahashi Identities - General

» We will now derive the famous Ward-Takahashi ldentities.

» Consider the generating functional of QED
L0t = [ DA G.0) o (EATDI e i)

and an infinitesimal gauge transformation
V(@) = (1 —ig(x))p(z), A () = Au(x) + ;9u9()

» Gauge dependent quantities in Z: Gauge-fixing and source
terms.
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The QED Ward-Takahashi Identities - General

» After applying the transformation, we expand in g(x) up to
O(g):

/d4$ /D(A,q;,w) ei(S[Av”Lyw]-&-Source)

% (1= 9(@) (~£0uT" (@) — ia(@)(e) + iD(a)a(a) - 10,0 A () )

with O, = Og, — (1= 1) 940,
» We get rid of the 1 by subtracting the original expression
(— 0Z). We now arrive at the Ward-Takahashi Identity:

67

d9(y)

o aly)—Z 422 1) 02
= 2%, W)Z +ia(y) + a(y) + Lo

g=0 saly) " daly) et TWEI(y)
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The QED Ward Identity - Special Case

1 0z 1 0Z 0z
_ 29w — —H 7 +ia )
eau ) 5JV(y) ea(y) J/,L(y) + Za(y) 5&<y) + Z(Sa(y) Oé(y)

» Ward-identity: Important special case in a
S-matrix element: p, M"(p) = 0 with Py
M(p) = eu(p)M*(p).

» For a special case with two fermions and photons, we apply
) )

5
579(7) 5a(x) da(a7) |, aNd get
Lo ey 'z Lo 50 ’ 27
—-o¥o = 2o eW(y —y) — 22
W 57 (y) 877(y) ba(x) sala’) || e " W=Y) SE@ e .
3z 3z

i@ (p — — i@y — 2!

P S satnsat |, YT S sat@ sat) |
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The QED Ward Identity - Special Case

» In terms of correlation functions:

0L (A ) AW )(@)(e)) = 0,5 (y = o) ((@)b(a))
+e (5(4>(a: —y) — 5@ (y — xl)) <Ap(y')¢(iv)lzj(fﬂl)>

where we used the notation (Q |7 @(x1) - o(xn)| Q) =: {(w(z1) - - p(Tn)).
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The QED Ward Identity - Special Case

pv "
» Note that D( ) |sz( (v)) ()!

» Fourier transform:

/

. . YA
/d4:E d4yd4:E/ d4y/ e~ T o —IPY oiq T’ i’ Y

5 (@ = y) (Ap(y ) (@)P(2')) = (A )(d) | v(a +p))@m)*6@ (@ +p—a — )
8@ (y —2') (A, (¥ )p(2)i(a")) — < p>wqu|wq)> @2m)*s@(g+p—d - 1)
a6 (y —y) (v(@)b(a")) ¥(a))(2m)%6 P (q — )8 (p — ')

o (s4)" <y>< <y)A<)w<m>«Z<x’)>

= (503) " 0 Yo(a)] A (p)(@))(2m)*6@ (g +p— o' — )

> (p(p1)---e(pn)|e(q1) - ©(gm)) are momentum space Green's functions.
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The QED Ward Identity - Special Case

Pu §Dq+p—d —p)

—ipy (+ O ) - D - p)

+e . - . §Dq+p—q —p)

» Our relation in momentum space:

( m) ) (Ap(0 (@) Av(P)(@))d (g +p —d' — P
= ipp (V(@)] ¥(a))(2m)*6@ (¢ — ¢)s (p — p')
+e{ A ()e(d — )| ¥(@))sD (g +p—d —p)
—e{(A,(0)0(d)|v(a+p))dD(a+p—d —p)
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The QED Ward Identity - Special Case

» Final step: The right hand side vanishes when applying the
various inverse propagators for the amputation procedure and
taking the on-shell limit for the left hand side:

e (52) 0 (s

=ipp (V)| ¥(@) @)D (@ - )P p-p) = 0 @£ a#d)
+6<Ap(pl)¢(ql*p)|w((1)>5(4)(q+p*q'71)/) — 0 (no pole at ¢2 :mi)
_6<AP(P/)¢(¢1/)‘¢(Q+p)>6(4)(q+p—q'—p') — 0 (no pole at ¢°> = m,)

(@) 8D (g+p—d'—p) — puM*,(p)S(...)

» Note: For a physical scattering process p # p’, ¢ # ¢’ and
p#0.
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Conclusions

» Different approach to quantum theory.

» Explicit Lorentz Symmetry.
» Depending on problem, much easier or much more difficult
calculation than in operator formalism.
» Easy to derive Feynman rules directly from the Lagrangian.
» Easy derivation of the Ward-identity from gauge symmetry.
» Essential for quantizing gauge theories (especially non-Abelian).
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