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Motivation — the analogy with color The analogy with color, su(N)

In QCD we translate color structures to flows of color

@ SU(N) Fierz identity: remove adjoint indices

BT O

tac £ badObd 5ac5bd

@ Remove gluon vertices similarly

b b b
i = & - gﬁﬁé% - gﬁﬁé%
a C a C a C

In the end every amplitude is a linear combination of products of ds
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Motivation — the analogy with color Lorentz structure, two copies of su(2)

Can we do something similar for spacetime?

@ At the algebra level, the Lorentz group consists of two copies of su(2)
s0(3,1) = su(2) ®su(2)

@ The Dirac spinor structure transforms under the direct sum
representation (3,0) @ (0, 3), in the chiral/Weyl basis
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i.e. actually two copies of SL(2,C), generated by the complexified

su(2) algebra, projected onto by P+ = %(1 ++%), +°= (_01 (1)>

o For m—0 u<p>:<“—§"§)=(xg), (0) = (ips X2),

Apa
- (- (5) . -
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Motivation — the analogy with color Lorentz structure, two copies of su(2)

Can we do something similar for spacetime?

@ Lorentz inner products formed using the only SL(2,C) invariant object

e
€INig N = = (i), ey N R = Ko ke =[] i L] ~ /s
~—— ——
=)\ -
i =i

Note: antisymmetric (ij) = —{ji), [ij] = —[ji]
@ The Dirac Lagrangian 1,/1(16“7“ — m)1) gives after requiring local gauge
invariance couplings ~ A, i(p1)y"u(p2), i.e., the photon couples to

; 0 V2rmdd\ (54
d(p ) u(p2) = (A1a AY) ( —u > ( 2 )
V27l 0 A2

|\ —
a(p1) ~
L u(p2)
where  V27# = (1,8), 27 = (1,-4&), Tr(th7") = g
o giving vertices ~ A 47?5 5 and A7 )\6
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Motivation — the analogy with color Lorentz structure, two copies of su(2)

Can we do something similar for spacetime?

@ Lorentz four-vectors transform under a direct product representation
~ (3,1) and are mapped to

; ; 1 ; 1 + —
&F _ o pmef _ paB _ po+p3 pi Pz)
= p,T = o = . ,
P Pu V2 Pu V2 (Pl +ip2 po— p3
_ _ I 1 [ po—p3s —p1+ip2
L= 7-/"' = — 0’” = — ( R R
Pop = Pulog = pPu%s = o \—pr—ip2  po+p3

It can be proved that transforming (only) the spinor indices in 7"

or 7'-55., using the direct product transformation gives the Lorentz
four-vector transformation. It can also be can be read off from the
Lagrangian that this must be the case.

@ For lightlike momenta p?> = 0
2 _ vB1 _ — VB YayfB
p> =0 < det[p®] =0 _— p=v2p* = X3N]
Dirac
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Motivation — the analogy with color Lorentz structure, two copies of su(2)

Can we do something similar for spacetime?

- 5 =n P?=0 %
o Similarly pP= \@pﬁTaB = )\p@)\p’ﬁ

o Multiplying this with 7-”76@, summing over indices, and using
Tr(TH7Y) = g we get

= v,3 v v v P ;
\/Ep‘u,]—:‘ﬁ T 750( — ,\/Ep#gu/ — \/ip _— p WAP7B 760()\p’a
—_—

)‘P’O‘S‘P,B
@ Note: A lightlike four-vector same spinor structure as vertex ~
pseudo vertex

@ Need polarization vectors for external photons
\OF K )\B

Xp.aTH 0N, o
&Jfr(pur):%: Eli(pur):p[pirﬁ

@ Note: Also same spinor structure as vertex ~ pseudo vertex
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Building the flow picture

Building the flow picture
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Building the flow picture

Let's compare to QCD color

@ Color single su(N) o Lorentz structure su(2), su(2)
@ Quarks in fundamental rep. o Spinors in different irreps. A, A
@ Gluons in adjoint rep — @ Four-vectors in direct product
combination of fundamental rep — combination of spinor
rep. indices reps
o t2td — 80k — 5 0ji o THAS 7 o, §dgl
S’JUIEg) ggrl:i:torslv P not exalégii/ su(26) ;enerators...
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Building the flow picture

Creating a helicity flow picture

@ Recall the QCD Fierz identity

PN O

~—

tac £ ad(sbd SacObd

@ Spinor Fierz in flow form is (always read indices along arrow):
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@ No 1/N-suppressed term even better than QCD!
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Building the flow picture

Photon exchange

@ Above we had a “flow”, coming from photon exchange, applicable for

"5 ,7” but photon exchange may also give two 7 or two 7

° €q~ does not create a flow!

a[gTu i = Epy
@ Pictorially, problem seen by arrows pointing towards or away from
each other
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Building the flow picture

Photon exchange: The arrow flip

o Can fix with charge conjugation of a current

o A7 j‘ﬁxf NaThN; 5

@ Or in pictures, an arrow flip:
J J
- _ -

@ Can replace 7 < T if also replace the spinors

@ Considering the complete diagram we have:

4 ---»--A 3

v

O AN T ™) PP SOl an) AP Asady )3 =13 [42)
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Building the flow picture

Creating a helicity flow picture

@ Here we have used
o MNo={)=i—n
.X.-X@:[U]: i . j

i,B7J
@ and before we had
° (Sdﬁ =2 B
° 6% 8, ¢

analogous to QCD §;; = i, J

@ In general we let
e No= @7, A=
° )\i,d = .”*4 ***** [ )\JO‘ =

Malin Sjodahl (Lund) Helicity-Flow Method

December 3™ 2019

14 / 31



Building the flow picture

Creating a helicity flow picture: external photons

@ We also need external photons

o chi(p,r) = % e (p,r) = Af;[*;::rﬁs\é
o External photons are just ff~ vertices with a denominator
@ So we can Fierz (with possible arrow swap) any external photon
o pr) = H@ s o) A @
o (p.r)— ] O—=— p sore’(pr)— i @—— »
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Building the flow picture

Creating a helicity flow for QED: fermion propagators

@ So far: vertices, internal and external photons, external fermions
e Missing QED piece: Fermion propagators, containing p
o Wesplit p, , = puy" split into two terms

p
o p2=0 - o . P
° p= \/EP“TE“‘B p=0 )\g)\g =a \& = ”f‘,._ﬁH
p
_ _ 2=0 ~ | b p/‘
R o N AN A G L

o For massless tree-level propagators we have p* = > p!', p? =0
@ Convenient shorthand:
. P Y b
op= S gl =X forp2=0
- P g

[0}

°op= +.f3>~ = Z;Ai,n:\,;g for p? =0
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Building the flow picture

Add extra fermion lines

o What if we now exchange more than 2 pairs of fermions?
@ Can we still use the flow picture?

o Yes (at least at tree level)
e Conjugation of a current holds for full fermion line
° )\i7‘—N17—M2 L. TH2n+1 )\j — )\J.Tuzn+17‘—u2n LT )\’.

o Pictorially:

. FHL pH2 F . THon  FH2n+41 j
- — N 2 - R ———
NiTHirh o phenl ) = ? ’? ’?
T e . FH2n 2041

- ilg‘?‘ "?‘] = Xjrtentiphan | iy,

@ i.e. arrow swap (and Fierz) works for any fermion line!
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Building the flow picture

The QED flow rules: external particles

Feynman

Everything already Fierzed, in terms of spinors
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Building the flow picture

The QED flow rules: vertices and propagators

Feynman Flow
+ ‘\\\(‘J/,
o,
>\NM ieﬂ//ﬁ—‘i
_ \&—F
p . e
>«m ]
+ -
Feynman Flow
p i o p /B i ¢ P B
—— @ T @
p
EANANAN Y —h T ek o
Everything already Fierzed, in terms of spinors ]
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QED examples (massless)

QED examples (massless)
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QED examples (massless)

Simplest QED example, all particles outgoing

@ Regular spinor-helicity = easy

- I .
2ie” 6] -n 38
) = (Aem Ty )\e+75)()\2‘,7'ar3)\u+)
e I
2ie? . y 2ie?
e WS 0 G W et uet
Sot o e, aM\ut Ny et.B 5e+e—[ 1% ]<M >

@ Helicity flow = super easy and intuitive

_ +
H y e o
2ie? .
= e
S+ e—
+ - ete
e I e m
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QED examples (massless)

Next simplest QED example

@ Regular spinor-helicity = easy

e /fr
¥ +
—I‘2\/§63 3 af a =p Br 39
_ = 7 4+ o
L s u+1()\e_"'ﬂ“ )‘GJ”[’)()‘H*TaB(Pl + )" s (L) /\u+)
— o 3 Aroo Xy -
e " p=AN (G
—i2v2ed /e v s
= (S o )M )
Sete— u+1<f1>( e
x (XA RN Ay + S TS AT A )
~ PO - ~ , ~ ~3 8
~ (Ae—,aA?)‘p‘nn T A oA+ AZ+)‘r,n>)‘1,‘y}‘Z+ A=At 5

Correct Answer

—i2+4/2e3

Sete— u+1<r1>

(le™ 11ty + [e™ ¥ I ) ) [t 1™ e™)
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QED examples (massless)

Next simplest QED Example

@ Helicity flow = super easy and intuitive

Iz ot
i 4 e < ,M

—i24/2€3 T

. -  Sere-Su+1(rl) m

@ Immediately read off inner products

—_

Correct Answer

—i2v/2¢e? - . o
m([e 11r) + [ p" [ p r>>[1ﬂ Ku—e™
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QCD helicity flow (massless)

QCD helicity flow (massless)
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QCD helicity flow (massless) Non-abelian vertices in flow picture

Extending to QCD: What's different?

@ Color is added — can be stripped away so no problem

@ Non-abelian vertices:

e 3-gluon:
H1, a1

abc
po, a2 = *%guwz(Pl —p2)*+ O

e 4-gluon:
H1, ay 12, an
_ 52 ajarb fbasa
= ig? Z far1a2b fbas 3(gu1u4guzu3 _ gulusgmm)
Z(2,3,4)
g, Qg u3, az
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QCD helicity flow (massless) Non-abelian vertices in flow picture

Momentum: The last piece of the flow puzzle

@ Recall p* = \})\g (’:B)\ﬁ \]Exp,dTMdﬁAp’ﬁ

e = we can see p" as a pseudo-vertex!

e = we can use it as a helicity flow!

@ What does p* get contracted with?

p _ p@
o pNI=d Sl . mopN2Z=d Sfell
Tr(pk p q
NP

@ To conclude, we can always write

. P g 2
pr— Sl o pto gl
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QCD helicity flow (massless) Non-abelian vertices in flow picture

The non-abelian massless QCD flow vertices

fabc ST
2, a2 —EST( o

1, a1 12, a2

,-gSZ Z £a1 azbfba4a3 |:
Z(2,3,4)

4, aq U3, as
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QCD helicity flow (massless) QCD helicity-flow example

example: g1g1 — g8

q @ 7 @
'3
a igs {
25(11615q2t72<r1>
qf 1+ q;
q 7 a, @
4 \i . <
-9, ;)
+ -, + L e }
a1 @ @ M1

“ - {2[q1c721<q2c71><[1q1]<q1f> + @)

—2[q11]<1q1 ){q2r)[1G2] + 2[q1 1]<f(71><q21>[1q2]}
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Conclusion and outlook
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Conclusion and outlook

Conclusion

@ The helicity flow formalism gives a transparent and intuitive way of
understanding the Lorentz inner products appearing in amplitudes

e Spinor helicity formalism: 4 x 4 matrices v* — to 2 x 2 matrices o*
e Helicity flow method: 2 x 2 matrices o# — scalars
@ Shorter calculation of Feynman diagrams

@ In contrast, spinor-hel method:

e Requires intermediate steps
e Final result non-transparent/unintuitive

@ Massless QED and QCD tree-level done, initial paper coming soon

@ Should be useful for any generator using diagrams to avoid dealing
with Lorentz algebra
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Conclusion and outlook

Outlook

@ Add masses

@ Electroweak sector

Loop calculations

Applications within generators

Amplitude-level calculations
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Backup Slides

A word about reference momenta

@ Reference momentum r represents a gauge choice
@ Only require r> =0,r-p; #0
@ Choose r to simplify life the most

e r can be different for each gauge-invariant sum

° analogy with QCD color—orderlng

>«/ww< >WW< is gauge invariant

@ Inner product is anti-symmetric ((ii) = [ii] =

e /,’/1

e Choosing r = =~ = T L =0
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Backup Slides

What if k? # 0

For momenta with k2 = m? we can use a decomposition. Consider an

arbitrary light-like four-vector a* with a®> = 0, k - a # 0 and define

2
o= 2m E kK'* =kt — qat
a.
such that
k= aa® + k'H
with )
k’2:k2—2aa-k=m2+22mka-kzO
a-

So we can treat a massive spinor as a linear combination of two massless
spinors
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