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Motivation – the analogy with color The analogy with color, su(N)

In QCD we translate color structures to flows of color

SU(N) Fierz identity: remove adjoint indices (TR “ 1)

a

b

c

d
g

loooooomoooooon

tgac t
g
bd

“

a

b

c

d
loooooomoooooon

δadδbd

´
1

N

a

b

c

d
loooooomoooooon

δacδbd

Remove gluon vertices similarly

if abc “

a

b

c

“

a

b

c

´

a

b

c

In the end every amplitude is a linear combination of products of δs
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Motivation – the analogy with color Lorentz structure, two copies of su(2)

Can we do something similar for spacetime?

At the algebra level, the Lorentz group consists of two copies of su(2)
sop3, 1q – sup2q ‘ sup2q

The Dirac spinor structure transforms under the direct sum
representation p1

2 , 0q ‘ p0,
1
2q, in the chiral/Weyl basis

uppq Ñ

˜

e iθ
σ̄
2
`η σ̄

2 0

0 e iθ
σ̄
2
´η σ̄

2

¸

uppq

i.e. actually two copies of SL(2,C), generated by the complexified

su(2) algebra, projected onto by P`́ “ 1
2p1 `́ γ

5q, γ5 “

ˆ

´1 0
0 1

˙

For m “ 0 uppq “

ˆ

u´ppq
u`ppq

˙

“

ˆ

λ̃ 9α
p

λp,α

˙

, ūppq “
`

λ̃p, 9α λαp
˘

,

vppq “

ˆ

v`ppq
v´ppq

˙

“

ˆ

λ̃ 9α
p

λp,α

˙

, v̄ppq “
`

λ̃p, 9α λαp
˘
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Motivation – the analogy with color Lorentz structure, two copies of su(2)

Can we do something similar for spacetime?

Lorentz inner products formed using the only SL(2,C) invariant object
εαβ, ε12 “ ´ε21 “ ε21 “ ´ε12

εαβλi ,β
loomoon

”λαi

λj ,α “ λαi λj ,α “ xijy, ε 9α 9βλ̃
9β
i

loomoon

”λ̃i, 9α

λ̃ 9α
j “ λ̃i , 9αλ̃

9α
j “ rijs , xijy, rijs „

?
sij

Note: antisymmetric xijy “ ´xjiy, rijs “ ´rjis
The Dirac Lagrangian ψ̄piBµγ

µ´mqψ gives after requiring local gauge
invariance couplings „ Aµūpp1qγ

µupp2q, i.e., the photon couples to

ūpp1qγ
µupp2q “

`

λ̃1, 9α λα1
˘

looooomooooon

ūpp1q

˜

0
?

2τµ, 9αβ
?

2τ̄µ
α 9β

0

¸

loooooooooooomoooooooooooon

γµ

˜

λ̃
9β

2

λ2,β

¸

looomooon

upp2q

where
?

2τµ “ p1, ~σq ,
?

2τ̄µ “ p1,´~σq, Trpτµτ̄νq “ gµν

giving vertices „ λ̃1, 9ατ
µ, 9αβλ2,β and λα1 τ̄

µ

α 9β
λ̃

9β
2
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Motivation – the analogy with color Lorentz structure, two copies of su(2)

Can we do something similar for spacetime?

Lorentz four-vectors transform under a direct product representation
„ p1

2 ,
1
2q and are mapped to

p 9αβ ” pµτ
µ, 9αβ “

1
?

2
pµσ

µ, 9αβ “
1
?

2

ˆ

p0 ` p3 p1 ´ ip2

p1 ` ip2 p0 ´ p3

˙

,

p̄α 9β ” pµτ̄
µ

α 9β
“

1
?

2
pµσ̄

µ

α 9β
“

1
?

2

ˆ

p0 ´ p3 ´p1 ` ip2

´p1 ´ ip2 p0 ` p3

˙

,

It can be proved that transforming (only) the spinor indices in τµ, 9αβ

or τ̄µ
α 9β

, using the direct product transformation gives the Lorentz

four-vector transformation. It can also be can be read off from the
Lagrangian that this must be the case.

For lightlike momenta p2 “ 0

p2 “ 0 ô detrp 9αβs “ 0 ÝÑ
loomoon

Dirac

{p ”
?

2p 9αβ “ λ̃ 9α
pλ

β
p
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Motivation – the analogy with color Lorentz structure, two copies of su(2)

Can we do something similar for spacetime?

Similarly {̄p “
?

2pµτ̄
µ

α 9β

p2“0
“ λp,αλ̃p, 9β

Multiplying this with τν,
9βα, summing over indices, and using

Trpτµτ̄νq “ gµν we get

?
2pµτ̄

µ

α 9β
looomooon

λp,αλ̃p, 9β

τν,
9βα “

?
2pµg

µν “
?

2pν ùñ pν
p2“0
“

1
?

2
λ̃p, 9βτ

ν, 9βαλp,α

Note: A lightlike four-vector same spinor structure as vertex „
pseudo vertex

Need polarization vectors for external photons

εµ`pp, rq “
λ̃p, 9ατ

µ, 9αβλr,β
xrpy , εµ´pp, rq “

λαp τ̄
µ

α 9β
λ̃

9β
r

rprs

Note: Also same spinor structure as vertex „ pseudo vertex
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Building the flow picture

Building the flow picture
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Building the flow picture

Let’s compare to QCD color

Color single su(N)

Quarks in fundamental rep.

Gluons in adjoint rep Ñ
combination of fundamental
rep. indices

taij t
a
kl Ñ δilδjk ´

1
N δijδkl

SU(3) generators

Lorentz structure sup2q, sup2q

Spinors in different irreps. λ, λ̃

Four-vectors in direct product
rep Ñ combination of spinor
reps

τµ, 9αβ τ̄µ,γ 9δ Ñ δ 9α
9δ
δβγ

not exactly su(2) generators...
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Building the flow picture

Creating a helicity flow picture

Recall the QCD Fierz identity pTR “ 1q

a

b

c

d
g

looooooomooooooon

tgac t
g
bd

“

a

b

c

d
looooooomooooooon

δadδbd

´
1

N

a

b

c

d
looooooomooooooon

δacδbd

Spinor Fierz in flow form is (always read indices along arrow):

α β̇

γ̇η
loooooooooomoooooooooon

τ̄µ
α 9β
τ 9γη
µ

“

η

α β̇

γ̇
looooooooomooooooooon

δ η
α δ 9γ

9β

No 1{N-suppressed term even better than QCD!
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Building the flow picture

Photon exchange

Above we had a “flow”, coming from photon exchange, applicable for
τ̄µ
α 9β
τ 9γη
µ , but photon exchange may also give two τ or two τ̄

τ̄µ
α 9β
τ̄µ,γ 9η “ ε 9β 9ηεαγ does not create a flow!

Pictorially, problem seen by arrows pointing towards or away from
each other

τ̄µ
α 9β
τ̄µ,γ 9η “

α β̇

γη̇
loooooooooomoooooooooon

τ̄µ
α 9β
τ̄µ,γ 9η

??
“

α β̇

γη̇
loooooooooomoooooooooon

ε 9β 9ηεαγ
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Building the flow picture

Photon exchange: The arrow flip

Can fix with charge conjugation of a current

λαi τ̄
µ

α 9β
λ̃

9β
j “ λ̃j, 9ατ

µ, 9αβλi,β

Or in pictures, an arrow flip:

µ
j

i
“

j

i
µ

Can replace τ Ø τ̄ if also replace the spinors

Considering the complete diagram we have:

1

34

2

looooooooooomooooooooooon

pλα1 τ̄
µ

α 9β
λ̃

9β
2 qpλ

γ
3 τ̄µ,γ 9ηλ̃

9η
4 q

“

1

34

2

looooooooooomooooooooooon

pλα1 τ̄
µ

α 9β
λ̃

9β
2 qpλ4, 9ητ

9ηγ
µ λ̃3,γq

“

1

34

2

loooooooooooomoooooooooooon

λα1 λ3,αλ̃4, 9β λ̃
9β

2”x13yr42s
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Building the flow picture

Creating a helicity flow picture

Here we have used

λαi λj,α “ xijy “ i j

λ̃i, 9βλ̃
9β
j “ rijs “ i j

and before we had

δ βα “
α β

δ
9β
9α “

β̇ α̇

analogous to QCD δij “
i j

(color delta function)

In general we let

λj,α “
j , λαi “ i

λ̃i, 9α “ i , λ̃ 9α
j “

j
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Building the flow picture

Creating a helicity flow picture: external photons

We also need external photons

εµ`pp, rq “
λ̃p, 9ατ

µ, 9αβλr,β

xrpy , εµ´pp, rq “
λαp τ̄

µ

α 9β
λ̃

9β
r

rprs

External photons are just f f̄ γ vertices with a denominator

So we can Fierz (with possible arrow swap) any external photon

εµ`pp, rq Ñ
1
xriy

p
r , or εµ`pp, rq Ñ

1
xriy

p
r

εµ´pp, rq Ñ ´ 1
rris p

r
, or εµ´pp, rq Ñ ´ 1

rris p
r
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Building the flow picture

Creating a helicity flow for QED: fermion propagators

So far: vertices, internal and external photons, external fermions

Missing QED piece: Fermion propagators, containing {p

We split {p4ˆ4
” pµγ

µ split into two terms

{p “
?

2pµτ 9αβ
µ

p2
“0
“ λ̃ 9α

p λ
β
p “ α̇ β

p

”
p

α̇ β

{̄p “
?

2pµτ̄
µ

α 9β

p2
“0
“ λp,αλ̃p, 9β “

α β̇

p

” α β̇p

For massless tree-level propagators we have pµ “
ř

pµi , p2
i “ 0

Convenient shorthand:

{p “
p

α̇ β
“

ř

i λ̃
9α
i λ

β
i for p2

i “ 0

{̄p “ α β̇p
“

ř

i λi,αλ̃i, 9β for p2
i “ 0
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Building the flow picture

Add extra fermion lines

What if we now exchange more than 2 pairs of fermions?

Can we still use the flow picture?

Yes (at least at tree level)
Conjugation of a current holds for full fermion line
λi τ̄

µ1τµ2 . . . τ̄µ2n`1 λ̃j “ λ̃jτ
µ2n`1 τ̄µ2n . . . τµ1λi

Pictorially:

λi τ̄
µ1τµ2 . . . τ̄µ2n`1 λ̃j “

τ̄µ1 τµ2 τ̄µ3 τµ2n τ̄µ2n+1
. . .
. . .

i j. . .

“
τµ1 τ̄µ2 τµ3 τ̄µ2n τµ2n+1

. . .
. . .

i j. . .
“ λ̃jτ

µ2n`1 τ̄µ2n . . . τµ1λi

i.e. arrow swap (and Fierz) works for any fermion line!
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Building the flow picture

The QED flow rules: external particles

Feynman Flow

i
−

i

−
i j

i
+

i

i
+

j

i
− ´ 1

rris i
r

i
+ 1

xriy

i
r

Everything already Fierzed, in terms of spinors
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Building the flow picture

The QED flow rules: vertices and propagators

Feynman Flow

−

+
µ

ie
?

2 β

α̇

+

−
µ

ie
?

2

α

β̇

Feynman Flow

p−→ i
p2

α β̇p
or i

p2

p
α̇ β

p−→µ ν ´ i
p2 or ´ i

p2

Everything already Fierzed, in terms of spinors
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QED examples (massless)

QED examples (massless)
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QED examples (massless)

Simplest QED example, all particles outgoing

Regular spinor-helicity ” easy

e−
+

e+
−

µ+

+

µ−
−

“
2ie2

se`e´
pλ̃e´, 9ατ

9αβ
µ λe`,βqpλ

α
µ´ τ̄

µ

α 9β
λ̃

9β
µ`
q

“
2ie2

se`e´
λ̃e´, 9αλ̃

9α
µ`λ

β
µ´
λe`,β ”

2ie2

se`e´
re´µ`sxµ´e`y

Helicity flow ” super easy and intuitive
e−
+

e+
−

µ+

+

µ−
−

“
2ie2

se`e´

e−

e+

µ+

µ−
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QED examples (massless)

Next simplest QED example

Regular spinor-helicity ” easy

e−
+

e+
−

µ+

+

1

µ−
−

+

“
´i2

?
2e3

se`e´ sµ`1

´

λ̃e´, 9ατ
9αβ
µ λe`,β

¯́

λα
µ´
τ̄µ
α 9β
p{p1

` {pµ`
loooomoooon

{pi“λ̃
9β
i λ
η
i

q
9βη
{ε`η 9γp1, rq
loooomoooon

λr,ηλ̃1, 9γ
xr1y

λ̃ 9γ

µ`

¯

“
´i2

?
2e3

se`e´ sµ`1xr1y

´

λ̃e´, 9ατ
9αβ
µ λe`,β

¯

λ̃1, 9γ λ̃
9γ

µ`

ˆ

´

λα
µ´
τ̄µ
α 9β
λ̃

9β
1 λ

η
1λr,η ` λ

α
µ´
τ̄µ
α 9β
λ̃

9β

µ`
λη
µ`
λr,η

¯

„

´

λ̃e´, 9αλ̃
9α

1 λ
η
1λr,η ` λ̃e´, 9αλ̃

9α
µ`
λη
µ`
λr,η

¯

λ̃1, 9γ λ̃
9γ

µ`
λβ
µ´
λe`,β

Correct Answer

´i2
?

2e3

se`e´ sµ`1xr1y

´

re´1sx1ry ` re´µ`sxµ`ry
¯

r1µ`sxµ´e`y
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QED examples (massless)

Next simplest QED Example

Helicity flow ” super easy and intuitive

e−
+

e+
−

µ+

+

1

µ−
−

+
“

´i2
?

2e3

se`e´sµ`1xr1y

e−

e+

µ+

1

µ−
r

p 1
+
p µ

+

Immediately read off inner products

Correct Answer

´i2
?

2e3

se`e´sµ`1xr1y

´

re´1sx1ry ` re´µ`sxµ`ry
¯

r1µ`sxµ´e`y
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QCD helicity flow (massless)

QCD helicity flow (massless)
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QCD helicity flow (massless) Non-abelian vertices in flow picture

Extending to QCD: What’s different?

Color is added – can be stripped away so no problem

Non-abelian vertices:

3-gluon:

µ3, a3
p3←−

µ1, a1

p2
−→

µ2, a2

←−p1
“ ´

gs f
abc
?

2
gµ1µ2pp1 ´ p2q

µ3` œ

4-gluon:
µ1, a1 µ2, a2

µ3, a3µ4, a4

“ ig2
s

ř

Zp2,3,4q

f a1a2bf ba4a3
`

gµ1µ4gµ2µ3 ´ gµ1µ3gµ2µ4
˘
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QCD helicity flow (massless) Non-abelian vertices in flow picture

Momentum: The last piece of the flow puzzle

Recall pµ “ 1?
2
λαp τ̄

µ

α 9β
λ̃

9β
p “

1?
2
λ̃p, 9ατ

µ 9αβλp,β

ñ we can see pµ as a pseudo-vertex!

ñ we can use it as a helicity flow!

What does pµ get contracted with?

τµ Ñ {p{
?

2 “ 1?
2

p
α̇ β

, τ̄µ Ñ {̄p{
?

2 “ 1?
2

p
α̇ β

kµ Ñ p ¨ k “
Trp{p {̄kq

2 “ 1
2

p q

To conclude, we can always write

pµ Ñ
p

α̇ β , or pµ Ñ α β̇p
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QCD helicity flow (massless) Non-abelian vertices in flow picture

The non-abelian massless QCD flow vertices

Feynman Flow

µ3, a3
p3←−

µ1, a1

p2
−→

µ2, a2

←−p1
´

gs f
abc

2

˜

1− 2

1

2 `

2− 3

3

2

`

3− 1

1

3

¸

µ1, a1 µ2, a2

µ3, a3µ4, a4

ig2
s

ř

Zp2,3,4q
f a1a2b f ba4a3

«

1 2

34

´

1 2

34

ff
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QCD helicity flow (massless) QCD helicity-flow example

QCD example: q1q̄1 Ñ q2q̄2g

q+1

q̄−1

q̄+2

q−21+

“
ig3

s

2sq1q̄1sq2q̄2xr1y

„

q−1

q̄+1

q̄−2

q+2r1

2(p
q
1 +

p
q̄
1 )

`

q̄−2

q+2r1

q−1

q̄+1

−2p1 `

q−1

q̄+1 r 1

q̄−2

q+2

2p1



«ff

”

"

2rq1q̄2sxq2q̄1y
`

r1q1sxq1ry ` r1q̄1sx1ry
˘

´ 2rq11sx1q̄1yxq2ryr1q̄2s ` 2rq11sxr q̄1yxq21yr1q2s

*
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Conclusion and outlook

Conclusion and outlook
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Conclusion and outlook

Conclusion

The helicity flow formalism gives a transparent and intuitive way of
understanding the Lorentz inner products appearing in amplitudes

Spinor helicity formalism: 4ˆ 4 matrices γµ Ñ to 2ˆ 2 matrices σµ

Helicity flow method: 2ˆ 2 matrices σµ Ñ scalars

Shorter calculation of Feynman diagrams

In contrast, spinor-hel method:

Requires intermediate steps
Final result non-transparent/unintuitive

Massless QED and QCD tree-level done, initial paper coming soon

Should be useful for any generator using diagrams to avoid dealing
with Lorentz algebra
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Conclusion and outlook

Outlook

Add masses complicates calculations, but seems doable...

Electroweak sector easy?

Loop calculations

Applications within generators

Amplitude-level calculations
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Backup Slides

Backup Slides
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Backup Slides

A word about reference momenta

Reference momentum r represents a gauge choice

Only require r2 “ 0, r ¨ p1 ‰ 0

Choose r to simplify life the most

r can be different for each gauge-invariant sum

analogy with QCD color-ordering

ñ

e−
+

e+
−

µ+

+

1

µ−
−

+
`

e−
+

e+
−

µ+

+

1

µ−
−

+
is gauge invariant

Inner product is anti-symmetric (xiiy “ riis “ 0)

Choosing r “ µ´ ñ

e−

e+

µ+

1

µ−

r
p
1 +

p
µ −

“ 0
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Backup Slides

What if k2 ‰ 0

For momenta with k2 “ m2 we can use a decomposition. Consider an
arbitrary light-like four-vector aµ with a2 “ 0, k ¨ a ‰ 0 and define

α “
m2

2a ¨ k
, k 1µ “ kµ ´ αaµ

such that
kµ “ αaµ ` k 1µ

with

k 12 “ k2 ´ 2αa ¨ k “ m2 ` 2
m2

2a ¨ k
a ¨ k “ 0

So we can treat a massive spinor as a linear combination of two massless
spinors
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