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Some motivation: value of special angles

It is well known that the

cosine function takes peculiar
values for special angles 9

0<0<w/2)

Are there more such angles?

To be precise, what are the
solutions to the equation

cos (1) = /g2 for q1,¢2 € Q

This is a Diophantine equation ...
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Diophantine equations

Even simple Diophantine equations
can be very hard to solve:

These are equations where the

variables are only allowed to

take discrete values am bt = o

/ a,b,e,n € N

There are infinite solutions for n=1,2 but none
for n>3 according to Fermat’s Last Theorem

In Physics, we deal mostly

with continuous parameters However, there are exceptions
(derivatives, integrations, ...)

As I will point out latter, discrete groups are related to Diophantine
equations, and they have been used in particle physics (for example)

Renato Fonseca

ot



cos{gqim) — /o5 for g1,05 € B

Coming back to our equation

cos (1) = 5 (€+&*)  where € = exp (iq17) is a root of unity

7 As a formal sum of roots of
cos (17) = /¢ unity, this can only be s

g 0=0 0 (1 2)=0
E+E =2/0 so\ox,\o“ or g (1+w+w?)
o )

|2—4QQ‘:1$C]2:

Tl = kg b et Ty S R Ry

The root of unity £ plus the

root of unity £*2 plus (2 — 4q2)
times the root of wunity 1
equals zero. R\

£2 = —£% 1 2—4g; = 0 =]|qo
\
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Vanishing sums of roots of unity
(1)

This is a problem that has received
the attention of mathematicians

c1§1+cbo + -+, =0

(&; =roots of unity; ¢; =some coefficients)

For it to make sense, the coefficients _
must be restricted to some set (ring) Consider henceforth ¢; € Z (88

L k.
Y ~2 g 3 = We know of course of some vanishing sums of
S v roots of unity with integer coefficients:
$ 52 \ 2
73 . 1—1:0 1+w+w :O
i X ‘ [ R e e e e s
74
o 63 S
2t 6 Are there more vanishing sums?
. 2
‘~..w ”)”53'354‘»
.'-,. Hin --—.-‘ Th . TiE] 71’:)/ et 71_
S w:exp(%) 8= exp (QT) == NG (%)
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Vanishing sums of roots of unity
(1)

Consider formal
sums of roots of — S = Z Giks
unity i=1

should be seen as a vector, with the
basis vectors given by the &;

In this way, S =14+ w+w” and S’ =1+ i+ i%+i° are different,
even thought they have the same value.

If S is a vanishing sum of roots of unity, Factor out rotations
then so is cfS for any root of unity 0, of § and multiplica-
and c € Q tions by ¢ € Q

If S and S’ are vanishing

sums, then so is S + S’ \ Consider only minimal* sums
(those which do not have any

B!
ltwt+w’ =0 P vanishing [proper| subsum)
14+i4+i243=0 O
1+06+ 52 fr ,83 =r 54 =) P *Not to be confused

with primitive sums
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Vanishing sums of roots of unity
(T11)

Renato Fonseca 9



