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Early Colliders

I luminosity low
I detectors poor



Early Theory



ModernColliders

I luminosity higher
I detectors better
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we needprecisetheory predictionsfor "Expected" !



The Standard Model

important concepts:
I local gaugetheory SU(2) � U(1) � SU(3)c

I renormalizability
I perturbation theory



StrongInteractions

basicprinciplesof Quantum Chromo-Dynamics(QCD):
I asymptoticfreedom:coupling� s(Q2) ! 0 for Q2 ! 1

I factorisation: systematicseparation of long-distancee�ects
(non-perturbative) and short-distancecrosssections(\hard
scattering")



factorisation

x1P1

x2P2

P2

P1

f a

f b

�̂ c
ab

Dc

� pp! X =
X

a;b;c

fa(x1; � 2
f )fb(x2; � 2

f ) 
 �̂ ab(p1; p2;
Q2

� 2
f

;
Q2

� 2
r

; � s(� 2
r ))


 Dc! X (z; � 2
f ) + O(� =Q)

fa; fb: parton distribution functions(from �ts to data)

�̂ ab: partonic hard scatteringcrosssection

calculableorder by order in perturbation theory

Dc! X (z; � 2
f ): describingthe �nal state e.g. fragmentation function, jet observable,etc.



Perturbativeexpansion

expansionin strong coupling� s:

�̂ = � k
s (� )

�
�̂ LO + � s(� ) �̂ NLO (� ) + � 2

s(� ) �̂ NNLO (� ) + : : :
�

� -dependencecomesfrom truncation of perturbativeseries

calculationat n-th order:

d�̂ (n)=d ln(� 2) = O(� n+1
s )

truncation of perturbativeseriesat LO

) large renormalisation/factorisation scaledependence



shortcomingsof leadingorder predictions

example:

3-jet observable
in e+ e� annihilation
[A. Gehrmann-De Ridder,

T. Gehrmann, N. Glover, GH '09]

uncertainty bands:
MZ =2 < � < 2MZ



Shortcomingsof LeadingOrderPredictions

[Anastasiouet al. 04]
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I poor jet modelling

I caseswhereshapesof distributionsare not well predictedby
LO (new partonic processesbecome possiblebeyond LO)

I Minimal SupersymmetricStandard Model (MSSM):
would be ruled out alreadywithout radiativecorrections:

massof lightest Higgs boson at LO: Mh � min(MA; MZ ) � j cos2� j
I : : :
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IdentifyingNewPhysicsat HadronColliders

I peak: easy, backgroundscan be measured
I shape: hard

needsignal/backgroundshapesfrom theory
I rate (e.g. H ! W + W � ): very hard (counting experiment)

needboth shape and normalisationfrom theory
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exampleheavySUSYparticles
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multi-particle �nal states

I to establishsignalsof New Physics
I to measuremodel parameters

LeadingOrder is not su�cient !

I at LHC: typicallymulti-particle �nal states

) calculationsof higherordersincreasinglydi�cult



multi-particle �nal states

I to establishsignalsof New Physics
I to measuremodel parameters

LeadingOrder is not su�cient !

I at LHC: typicallymulti-particle �nal states

) calculationsof higherordersincreasinglydi�cult

I examplefor time scaleto add oneparton:
pp ! 2 jets at NLO (4-point process): Ellis/Sexton1986
pp ! 3 jets at NLO (5-point): Bern et al, Kunszt et al '93-95
pp ! 4 jets at NLO (6-point): not yet available



ingredientsfor m-particle observableat NLO

virtual part (one-loop integrals):

A V
NLO = A2=� 2 + A1=� + A(v)

0

d� V � Re
�

A y
LO A V

NLO

�

real radiation part: soft/collinea r emissionof masslessparticles

) needsubtractionterms

)
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NLO calculations

exploit modular structure

TreeModules One-Loop Module IR Modules

jA LO j2 � 2Re(A LO yA NLO;virt ) � integrated IR subtraction terms

jA NLO;realj2 	 soft/collinea r subtraction terms

(4.9,5.)

6

(2.3,4.) hasbeenbottleneckso far
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One-loop methods

basicallytwo categories:

I methods basedon Feynmandiagrams

+ integrals with less legs

non-trivial tensor structure scalar 6-point function

=
6P

i =1
bi . . . factorial growth in complexity

i

reductionto set of basisintegrals(4-, 3- and 2-point funcs.)

A = C4 + C3 + C2 + C1 + R



One-loop methods

I "unitarity based":

A =
P

cuts

R
d PS + R

I useanalyticity structure to composeloop amplitudesfrom cuts

I e�cient for coe�cients of boxes,triangles,bubbles
(usecuts in D = 4)

I cut conditionsleadto systemsof equationswhich can be
solvednumerically[OPP method, Ossola, Papadopoulos, Pittau ]

I obtaining rational terms R needsD 6= 4



Progressmonitor

LesHouchesNLO wishlist for LHC, Status 2007

process status
(V 2 f Z ; W ; 
 g)

1. pp ! V V jet WW jet:
Dittmaier, Kallweit, Uwer;
Campbell, Ellis, Zanderighi;
Binoth, Guillet, Karg, Kauer,Sanguinetti

2. pp ! V V V ZZZ:
Lazopoulos,Melnikov, Petriello

3. pp ! t �t b�b
4. pp ! t �t + 2jets
5. pp ! V V b�b
6. pp ! V V + 2jets
7. pp ! V + 3jets
8. pp ! b�bb�b
9. pp ! 4 jets
10. EW correctionsto W,Z prod.



StatusLesHouches2009

pp ! W W jet Dittmaier/Kallw eit/Uw er; Campbell/Ellis/Zanderighi

Binoth/Guillet/Ka rg/Kauer/Sanguinetti

pp ! Z Z jet Binoth/Gleisb erg/Ka rg/Kauer/Sanguinetti; Dittmaier/Kallw eit

pp ! t �t b�b Bredenstein/Denner/Dittmaier/P ozzorini;

Bevilacqua/Czakon/P apadopoulos/Pittau/W orek

pp ! t �t + 2 jets Bevilacqua/Czakon/P apadopoulos/Worek

pp ! Z Z Z Lazopoulos/Melnik ov/P etriello; Hankele/Zeppenfeld

pp ! V V V Binoth/Ossola/P apadopoulos/Pittau; Zeppenfeld et al.

pp ! V V b�b

pp ! W 
 jet Campanario/Englert/Spanno wsky/Zeppenfeld

pp ! V V + 2 jets VBF: Bozzi/J •ager/Oleari/Zepp enfeld, VBFNLO coll.

pp ! W + 3 jets BlackHat coll.; Ellis/Giele/Kunszt/Melnik ov/Zanderighi
�

pp ! Z + 3 jets BlackHat collaboration

qq ! b�bb�b Binoth/Greiner/Gu�anti/Guillet/Reiter/Reuter

� done � partial results � leading colour only



Now

I pp ! W + W � b�b Denner,Dittmaier, Kallweit, Pozzorini '10 ;
Bevilacqua,Czakon, van Hameren,Papadopoulos,Worek '11

I pp ! W =Z + 4jets BlackHat collaboration '10/'11
I pp ! W =Z=
 + 3 jets BlackHat collaboration '09/'10
I pp ! t �t +2 jets Bevilacqua,Czakon, Papadopoul., Worek '10
I pp ! t �t b�b Bredenstein,Denner,Dittmaier, Pozzorini '09;

Bevilacqua,Czakon, Papadopoulos,Worek '09
I pp ! W 
 
 j Campanario, Englert, Rauch,Zeppenfeld'11
I pp ! W + W + j j Melia, Melnikov, Rontsch,Zanderighi'10
I pp ! W + W � j j Melia, Melnikov, Rontsch,Zanderighi'11
I pp ! 4b Binoth et al '09; Greiner,Gu�anti, Reiter,Reuter

'11
I NGluon(N < � 14) Badger,Biedermann,Uwer '11 (public)

I e+ e� ! 5 jets Frederix,Frixione,Melnikov, Zanderighi'10



Now

I pp ! W + W � b�b Denner,Dittmaier, Kallweit, Pozzorini '10 ;
Bevilacqua,Czakon, van Hameren,Papadopoulos,Worek '11

I pp ! W =Z + 4jets BlackHat collaboration '10/'11
I pp ! W =Z=
 + 3 jets BlackHat collaboration '09/'10
I pp ! t �t +2 jets Bevilacqua,Czakon, Papadopoul., Worek '10
I pp ! t �t b�b Bredenstein,Denner,Dittmaier, Pozzorini '09;

Bevilacqua,Czakon, Papadopoulos,Worek '09
I pp ! W 
 
 j Campanario, Englert, Rauch,Zeppenfeld'11
I pp ! W + W + j j Melia, Melnikov, Rontsch,Zanderighi'10
I pp ! W + W � j j Melia, Melnikov, Rontsch,Zanderighi'11
I pp ! 4b Binoth et al '09; Greiner,Gu�anti, Reiter,Reuter

'11
I NGluon(N < � 14) Badger,Biedermann,Uwer '11 (public)

I e+ e� ! 5 jets Frederix,Frixione,Melnikov, Zanderighi'10
I also: BIG advancesin automation



AutomatedNLO Tools

One-loop
I FeynArts/FormCalc/LoopTools (public) Thomas Hahn et al

I GRACE Fujimoto et al.

I Helac-NLO(public) Bevilacqua, Czakon, van Hameren, Papadopoulos, Pittau, Worek

I MadLoop/ aMC@NLOHirschi,Frederix,Frixione,Garzelli,Maltoni,Pittau

uses CutTools (public) [Ossola, Papadopoulos, Pittau] and MadFKS
I GoSam(public) Cullen, Greiner, GH, Luisoni, Mastrolia, Ossola,Reiter, Tramontano

Samurai(public) [Mastrolia, Ossola, Reiter, Tramontano],

golem95(public) [Binoth, Cullen, Guillet, GH, Kleinschmidt, Pilon, Reiter, Rodgers]

I dedicatedprogramsalsoinvolvehigh levelof automation
Denner, Dittmaier, Pozzorini et al, VBFNLO coll., Blackhat, Rocket, MCFM, . . .



AutomatedNLO Tools

One-loop
I FeynArts/FormCalc/LoopTools (public) Thomas Hahn et al

I GRACE Fujimoto et al.

I Helac-NLO(public) Bevilacqua, Czakon, van Hameren, Papadopoulos, Pittau, Worek

I MadLoop/ aMC@NLOHirschi,Frederix,Frixione,Garzelli,Maltoni,Pittau

uses CutTools (public) [Ossola, Papadopoulos, Pittau] and MadFKS
I GoSam(public) Cullen, Greiner, GH, Luisoni, Mastrolia, Ossola,Reiter, Tramontano

Samurai(public) [Mastrolia, Ossola, Reiter, Tramontano],

golem95(public) [Binoth, Cullen, Guillet, GH, Kleinschmidt, Pilon, Reiter, Rodgers]

I dedicatedprogramsalsoinvolvehigh levelof automation
Denner, Dittmaier, Pozzorini et al, VBFNLO coll., Blackhat, Rocket, MCFM, . . .

automationof subtractionfor IR divergentreal radiation
I MadDipole Frederix, Greiner, Gehrmann 08

I TevJet Seymour Tevlin 08

I AutoDipole Hasegawa, Moch, Uwer 08,09

I Helac-PhegasCzakon, Papadopoulos, Worek 09; polarized

I MadFKS Frederix, Frixione, Maltoni, Stelzer 09



Golem-Samurai(GoSam)

http://p rojects.hepforge.org/gosam/

arXiv: 1111.6534[hep-ph]



Golem-Samurai(GoSam)

GeneralOne-Loop Evaluator of Matrix elements&
Scattering Amplitudesfrom Unitarity basedReductionAt Integrandlevel
[ Cullen,Greiner,GH, Luisoni,Mastrolia, Ossola,Reiter,Tramontano]

I algebraic generationof D-dimensionalintegrandsbasedon
Feynmandiagrams

I QCD, EW, BSM
I usesQGraf [Nogueira], FeynRules[Duhr et al], Form/Spinney

[Vermaseren/Cullen et al], Haggies[Reiter] to generateintegrands
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Golem-Samurai(GoSam)

GeneralOne-Loop Evaluator of Matrix elements&
Scattering Amplitudesfrom Unitarity basedReductionAt Integrandlevel
[ Cullen,Greiner,GH, Luisoni,Mastrolia, Ossola,Reiter,Tramontano]

I algebraic generationof D-dimensionalintegrandsbasedon
Feynmandiagrams

I QCD, EW, BSM
I usesQGraf [Nogueira], FeynRules[Duhr et al], Form/Spinney

[Vermaseren/Cullen et al], Haggies[Reiter] to generateintegrands

I reductionby D-dimensionalextensionof cut-basedmethod
options:

� OPP-type reduction
[Ossola, Papadopoulos, Pittau; Ellis, Giele, Kunszt, Melnikov]

� traditional tensor reduction(using golem95library)
� tensorial reductionat integrandlevelGH, Ossola,Reiter, Tramontano '10

I interfacewith existingtools for real radiation
(MadGraph/MadEvent,Sherpa,Powheg,. . . )



Golem-Samuraistructure



Golem-Samurai

usage:

I edit "input card"

I gosam.py process.in
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Golem-Samurai

usage:

I edit "input card"

I gosam.py process.in
I make doc ) documentationand diagrampictures
I make source) source�les
I make compile) fully compiledcode
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NLO samplediagrams
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Exampleu �d ! W � W + �sc ! e� �� e� + � � �sc

code generation:



Exampleu �d ! W � W + �sc ! e� �� e� + � � �sc

result compared with
Melia, Melnikov, Rontsch,Zanderighi(MMRZ) 1104.2327[hep-ph]

NLO/LO GoSam MMRZ

1=�2 -5.333333333 -5.333333
1=� 7.5870504959 7.587051
�nite -15.915751119 -15.91575



Tested5- or 6-point processes

I u �d ! W + s�s ! e+ � e s�s
I u �d ! W + gg ! e+ � egg
I d �d ! Z gg ! e+ e� gg
I u �d ! W + b�b ! e+ � e b�b alsowith massiveb's
I 
 
 ! 
 
 
 

I q �q ! b�bb�b
I gg ! b�bb�b
I u �d ! W + W + s�c ! e+ � e� + � � s�c
I u �u ! W + W � �cc ! e� �� e� + � � �cc
I u �d ! W + W � s�c ! e� �� e� + � � �sc
I u �d ! W + g ! e+ � e g EW corrections
I plus a large number of 2 ! 2 processes



golem95integral library

Example:production of a
heavyneutral MSSM Higgs
and a b�b pair with unstable
particles (squarks, neutralinos)
in the loop

H
~q

�b

b

~q

�

�

r1 r2

r3r4

p5

p4

p3

-2e-09

-1.5e-09

-1e-09

-5e-10

 0

 5e-10

 1e-09

 900  950  1000  1050  1100  1150  1200

sqrt(s45)

Re A40
Im A40

real masses

-2e-09

-1.5e-09

-1e-09

-5e-10

 0

 5e-10

 1e-09

 900  950  1000  1050  1100  1150  1200

sqrt(s45)

Re A40
Im A40

complexmasses

containedin golem95Clibrary: 1101.5595[hep-ph]
Binoth, Cullen, Guillet, GH, Kleinschmidt, Pilon, Reiter, Rodgers

http://p rojects.hepforge.org/ � golem/95/



Options

reduction:
I samurai, samplingof groupsof diagrams
I samurai, samplingof individualdiagrams
I tensorial reconstruction+ samurai
I tensor reductionwith golem95
I samurai+ tensor reductionwith golem95if

reconstructionfails
I tensorial reconstructionwith PJFry [V.Yundin]
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Options

reduction:
I samurai, samplingof groupsof diagrams
I samurai, samplingof individualdiagrams
I tensorial reconstruction+ samurai
I tensor reductionwith golem95
I samurai+ tensor reductionwith golem95if

reconstructionfails
I tensorial reconstructionwith PJFry [V.Yundin]

scalar integral libraries: optionally
I golem95CCullenet al., link to LoopTools [T.Hahn] possible
I QCDLoop Ellis, Zanderighi
I OneLOopA. van Hameren

renormalisation/regularisation schemes:
I 't Hooft/V eltman
I DRED (dimensionalreduction)
I CDR (conventionaldimensionalregularisation)
I on-shell(masscounter terms for massivequarks)



RationalParts

A = C4 + C3 + C2 + C1 + R

two categories: R = R1 + R2 [Ossola,Papadopoulos,Pittau]

N(q) = N̂(q̂) + ~N(q; � 2; � ) ; q2 =
�
q̂(4)

� 2
� ~q2 = q̂2 � � 2

R2 =
Z

dD k
(2� )4

~N(q; � 2; � )
D0 : : : Dn� 1



RationalParts

A = C4 + C3 + C2 + C1 + R

two categories: R = R1 + R2 [Ossola,Papadopoulos,Pittau]

N(q) = N̂(q̂) + ~N(q; � 2; � ) ; q2 =
�
q̂(4)

� 2
� ~q2 = q̂2 � � 2

R2 =
Z

dD k
(2� )4

~N(q; � 2; � )
D0 : : : Dn� 1

Golem-Samuraio�ers di�erent options for calculationof R2

I implicit: � 2 terms are kept in the numerator and reducedat
runtime

I explicit: � 2 terms are reducedanalytically
I only: only the R2 term is kept in the �nal result

(does not require any additional libraries)

I o�: all � 2 terms are set to zero



Interface

I standard interfaceto real radiation programs
(Binoth LesHouchesAccord) implemented

I testedwith Sherpaand Powheg
I examplepp ! W +jet [�gures by G. Luisoni,J. Archibald]
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Interface

I standard interfaceto real radiation programs
(Binoth LesHouchesAccord) implemented

I testedwith Sherpaand Powheg
I examplepp ! W +jet [�gures by G. Luisoni,J. Archibald]
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ExampleMSSM:pp ! � 0
1�

0
1

NLO SUSY-QCDcorrections
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�gure by G. Cullen,N. Greiner



Beyond OneLoop



NNLO

I full NNLO crosssections:
I e+ e� : partonic eventgenerator programEERAD3

for 3-jet observablesin e+ e� annihilation
[A. Gehrmann-De Ridder, T. Gehrmann, N. Glover, GH '07]

[S. Weinzierl '08/'09]



NNLO

I full NNLO crosssections:
I e+ e� : partonic eventgenerator programEERAD3

for 3-jet observablesin e+ e� annihilation
[A. Gehrmann-De Ridder, T. Gehrmann, N. Glover, GH '07]

[S. Weinzierl '08/'09]

I hadroniccollisions:
I one colour-neutral �nal state particle (W/Z, Higgs)

Anastasiou, Dixon, Melnikov, Petriello; Grazzini, Catani, DeFlorian, Cieri, Ferrera

I t �t , W + W � , 
 
 , V +jet, dijet under construction

I di�erent methods for doublereal radiation
I antennasubtractionGehrmann-DeRidder,Gehrmann, Glover '05

I Dipole-like subtractionGrazzini, Catani, DeFlorian; Trocsanyi, Somogyi et al.

I sector decomposition Binoth, GH '00, Anastasiou, Melnikov, Petriello '03

I FKS+sector decomposition Czakon '10/'11, Boughezal, Melnikov, Petriello '11



Sector Decomposition

I allows to extract UV and IR singularities from (dimensionally
regulated)parameterintegralsin an automatedway

I producesa Laurent seriesin �
I coe�cients are �nite parameterintegrals

) integratenumerically
I can be appliedto multi-loop integralsand phasespace

integrals



Sector Decomposition

public programs:
I sector decomposition (usesGinac) Bogner, Weinzierl '07

I FIESTA (usesMathematica) A. Smirnov, V.Smirnov,M. Tentyukov '08

I SecDec(usesMathematica and Fortran/C) Jon Carter, GH '10

http://p rojects.hepforge.org/secdec

limitation until recently:
multi-scaleintegralslimited to Euclideanregion
(e.g. no thresholds)

extensionof SecDecto generalkinematicsunderconstruction

method: contour integration in complexplane
S. Borowka, J. Carter, GH



basicsof sector decomposition

y

x

� ! + � !(2)

(1)

+

y

x

t1

t1

I =
Z 1

0
dx

Z 1

0
dy x� 1� � (x + y) � 1 [�( x � y)

| {z }
(1)

+ �( y � x)
| {z }

(2)

]

subst. (1) y = x z (2) x = y z to remapto unit cube

I =
Z 1

0
dx x� 1� �

Z 1

0
dz (1 + z) � 1

+
Z 1

0
dy y � 1� �

Z 1

0
dz z� 1� � (1 + z) � 1

singularities are disentangled, number of integralsdoubled



SecDec

SecDec1.0: [J. Carter, GH]
programfor the automatednumericalevaluationof

I multi-loop integrals

G =
(� 1)N

Q N
j =1 �( � j )

1Z

0

NY

j =1

dxj x� j � 1
j � (1 �

NX

l =1

xl )
UN� (L+1) D=2

F N� LD=2

I generalmulti-dimensionalparameterintegrals
(e.g. phasespaceintegrals)

Z
d� (D) jMEj2 �

Z
ds13 ds23 s� 1� �

13
F (s13; s23)
s13 + s23

�
Z 1

0
dx dy x� 1� � F (x; y)

x + y



SecDec

param:input

Template:m

makeFU:pl

decompose:pl

r esults:pl

graph � :out
M athematica output

:=launch

compilation

BASES
subexp:pl

subtractions

expansion

launch executables

F ortr an or C + +

polestructure=� :f

dir ectory loopor general subdirectory; e:g: graph

graph[point]f ul l :r es

epstothe[i ]=point[i ]:out

CUBA

f unctions :

polestructure=� :c

integration



SecDec

userinput:
parameter.input:



SecDec

userinput:
template graph.m:



3-loop example

masterintegralsfor 3-loop form factors



3-loop example



2-loop examplewith threshold

p3
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p2
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P126 - Finite, real part, m^2=1

SecDec
Analytic
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s

P126 - Finite, imaginary part, m^2=1

SecDec
Analytic

S. Borowka, J. Carter, GH
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Summary andOutlook

I automation is necessary to haveNLO predictionsas a
standard at LHC

I Golem/Samurai(GoSam) is a powerful and 
exible

automatedtool for one-loop multi-leg amplitudes
I not limited to Standard Model
I numericallyrobust due to stability test and rescuesystems
I standard interfaceto real radiation programs(BLHA)
I GoSamis publicly availableat

http://p rojects.hepforge.org/gosam/

I usefulbeyond one loop: program SecDec availableat

http://p rojects.hepforge.org/secdec/
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Numericalstability

severaldetectionand rescuesystems

I local/global N = Nrec test: usedecomposition of numerator
function after coe�cients havebeendetermined:

N(�q) =
n� 1X

i << m

� ijk `m(�q)
n� 1Y

h6= i ;j ;k;`; m

Dh +

+
n� 1X

i <<`

� ijk ` (�q)
n� 1Y

h6= i ;j ;k;`

Dh +
n� 1X

i << k

� ijk (�q)
n� 1Y

h6= i ;j ;k

Dh +

+
n� 1X

i < j

� ij (�q)
n� 1Y

h6= i ;j

Dh +
n� 1X

i

� i (�q)
n� 1Y

h6= i

Dh

and compare with original numerator for
I local: comparisononly for speci�c cuts
I global: compare full numerator function at arbitrary q values
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Numericalstability

I local/global N = Nrec test
I pole test
I power test: checkcertain combinationsof coe�cients which

shouldsum to zero if reconstructionwas successful
(e.g. if power of integration momentumis higher than in original
function)

I tensorial reconstruction
rewrite numerator function as a linear combinationof tensors

N (q) =
RX

r=0

C� 1:::� r q� 1 : : : q� r

C� 1:::� r q� 1 � � � q� r =
X

(i1;i2;i3;i4)` r

Ĉ(r )
i1 i2 i3 i4

� (q1) i1(q2) i2(q3) i3(q4) i4

determinethe coe�cients by samplingq



Tensorial reconstruction

advantages:
I tensor basisavoidsnumericalinstabilitiesdue to vanishing

Gramdeterminants(as the latter occur in the reductionto a
scalar basis)

I "rescue-system":unstablepoints will be reprocessed
automaticallyusingtensorial decomposition + tensor
integralsfrom golem95



Tensorial reconstruction

further advantage:
I reconstructedtensor integrandcan be usedas input for the

"standard" reduction(more e�cient, askinematic information is
alreadystored in the tensorial coe�cients, disentanglespart of
integranddependingon the loop momentafrom dependenceon
kinematic invariants)

I ) "hybrid method": evenfor stablephasespacepoints,
feedingthe reconstructedtensor integrandto the reduction
can improve the timings:

# Lines Time ratio \hybrid"/standard
N Rank= 4 Rank= 6
1 1.3 1.6
10 1.1 1.4
100 0.51 0.85
1000 0.30 0.59
10000 0.27 0.55



Numericalstability

Example:masslessfermion loop with two light-like and two
massivelegs

p1;2 = (E; 0; 0; � E)

p3;4 = (E; 0; � Q sin� ; � Q cos� )

E =
p

M 2 + Q2 ; p2
3;4 = M 2

detG = 32E4 Q2 sin2 �

investigate limit Q2 ! 0

p1

p2 p3

p4



Numericalstability
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